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IRREDUCIBLE WAVELET REPRESENTATIONS AND ERGODIC
AUTOMORPHISMS ON SOLENOIDS

DORIN ERVIN DUTKAY, DAVID R. LARSON, AND SERGEI SILVESTROV

ABSTRACT. We focus on the irreducibility of wavelet representations. We present some connec-
tions between the following notions: covariant wavelet representations, ergodic shifts on solenoids,
fixed points of transfer (Ruelle) operators and solutions of refinement equations. We investigate
the irreducibility of the wavelet representations, in particular the representation associated to the
Cantor set, introduced in [DJ06a], and we present several equivalent formulations of the problem.
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1. INTRODUCTION

The interplay between dynamical and systems and operator theory is now a well developed
subject [Tom92, Fur99, BJ91, Con94|. In particular, the operator theoretic approach to wavelet
theory has been extremely productive [DL98, HL00, BJ99, BEJ00]. We will work along the same
lines: we are interested in the connections between irreducible covariant representations, ergodic
shifts on solenoids and fixed points of transfer (or Ruelle) operators.

1.1. Classical wavelet theory. In the theory of wavelets (see e.g., [Dau92]), orthonormal bases
for L2(R) are constructed by applying dilation and translation operators, in a certain order, to a
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given vector ¢ called the wavelet. Thus from the start of this construction, we have two unitary
operators:
Ut =551 (5). TH@=f@=-1. (el®.ach)
which satisfy a covariance relation:
UTU !t =12
Using Borel functional calculus, one can define a representation of L*°(T), where T is the unit
circle:

m(f) = f(T)
so in particular 7(2™) = T", and this representation will satisfy the covariance relation
(L.1) Un(HU ==(f(z), (f € L¥(T))

The main technique of constructing wavelets is by multiresolutions: one starts with a quadrature-
mirror-filter (QMF) mo € L*(T), (T is the unit circle) that satisfies the QMF-condition

1
92 Z |m0(w)|2 =1, (z€7),
w2=z

the low-pass condition mg(1) = /2, and perhaps some regularity (Lipschitz, etc.)
Then, a scaling function is constructed by an infinite product formula

< mpg (627”'21")

¢(z) = ;
where we denote by f the Fourier transform of the function f
fo) = [ fme e a, @ e
R

Definition 1.1. We call the function ¢ the scaling function associated to the QMF myg. The scaling
function satisfies the scaling equation

(1:2) Up = m(mo)e,
and it generates a sequence of subspaces V,,, n € Z:
Vo = span{T*p| k € Z} = span{=(f)p| f € L>(T)},
Vo=U"Vy, (nez).

We call (Vp,)nez the multiresolution associated to . The multiresolution has the properties that
Vo, C Voq1 (this follows from the scaling equation),

(1.3) U v =L*®).

nez

If mg is carefully chosen, one gets an orthonormal scaling function ¢, i.e., its translates are orthog-
onal

<T’“¢, Tl¢> = 0w, (k,1€2).
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Equivalently
(1.4) (e, o) = /T fdu, (f € L(T))

Once the orthonormal scaling function and the multiresolution are constructed the wavelet is
obtained by considering the detail space Wy := V1 ©Vj. Analyzing the multiplicity of the represen-
tation 7 on the spaces Vy and Vi, one can see that there is a function ¢ such that {T% |k € Z} is
an orthonormal basis for Wy. Applying U™, one gets that

{U"T* |n,k € Z}
is an orthonormal basis for L?(R), thus ¢ is a wavelet.

1.2. Wavelets on the Cantor set. Let C be the Middle Third Cantor set. A quick inspection
shows that its characteristic function satisfies the following scaling equation:
x
Xc (5) =xc(z) + xc(z —2), (z€R).

This enables one to construct a multiresolution structure where xc is a scaling function, not in
L?(R) where C has measure zero, but in L? of a Hausdorff measure (see [DJ06a]). More precisely,

let L
'R::U{C—I—gnﬂc,nGZ}

and let $° be the Hausdorff measure associated to the Hausdorff dimension s = logs 2 of the Cantor
set, restricted to R.

Recall (see [Fal03]) that the Hausdorff measure for dimension s is defined as follows: for a subset
E of R, define for § > 0:

93(E) = inf {Z diam(4;)* : E C | ] 4;, diam(4;) < 5} .
icl iel
Then
H°(F) = lim H5(F)
6—0
defines a metric outer measure. The Hausdorff measure is the restriction of $° to Caratheodory-

measurable sets.
The dilation and translation operators on L?(R,$?*) defined by

1 T
Uf(x) = — <—>, Tf(x)=f(x—1),
f@) =5/ (5). TI@= 1=
are unitary and satisfy the covariance relation UTU ™! = T3. Moreover ¢ = xc is an orthogonal
scaling function: it satisfies the scaling equation

1
Usoz\ﬁ(soJrTzso),

its integer translates are orthogonal, and it generates a multiresolution, in the same sense as the
one described above for L?(R).

At the FL-TA-CO-OK Workshop in February 2009 in Iowa City, after discussions with Judy
Packer and Palle Jorgensen, the following question arose: is this representation irreducible, i.e., is
the commutant of {U, T} trivial in B(L?(R,$H*))?
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This is one of the questions that motivated the investigation in the present paper. Even though
we do not give a definite answer to this question, we will present some positive evidence that the
respresentation is not irreducible.

1.3. Wavelet representations. Although specific examples of wavelet representations have been
studied for some time by many authors, a useful generalization of this concept which can be used in a
variety of situations was first introduced in [DJ07] to extend the multiresolution techniques to other
discrete dynamical systems, and to construct orthonormal wavelet bases on other spaces beside
L?(R). The idea was to keep some of the essential properties of the multiresolutions mentioned
above, but now as axioms in some abstract Hilbert space.

For more connections between wavelet representations, generalized multiresolutions and direct
limits we refer to [BCM02, BMM99, BEFMP09a, BFMP09b, BLPT09, BLM*08].

Let X be a compact metric space. Let r : X — X be a Borel measurable function and assume
that 0 < #r~!(x) < oo for all # € X. Assume that p is a Borel probability measure on X which is
strongly invariant, i.e.,

1
(15 [ran=[ i ¥ W), (fec),
#r—1(z)
r(y)=z
Theorem 1.2. [DJ07, Corollary 3.6] Let mq be a function in L>°(X, u) such that

; m 2 = x
(1.6) #T_l(x)%;m\ oW =1, (z€X)

Then there exists a Hilbert space H, a unitary operator U on H, a representation m of L*°(X) on
H and an element ¢ of H such that
(i) (Covariance) Un(f)U~t =m(for) for all f € L®(X).
(ii) (Scaling equation) Up = mw(mg)e
(iii) (Orthogonality) (w(f)e, ¢) = [ fdu for all f € L™®(X).
(iv) (Density) {U "n(f)e|n €N, f € L*°(X)} is dense in H.

Moreover they are unique up to isomorphism.

Definition 1.3. We say that (H,U, 7, ¢) in Theorem 1.2 is the wavelet representation associated
to my.

The paper is structured as follows: in Section 2 we describe a concrete realization of the wavelet
representation on the solenoid. This was mainly done in [DJOT7], but we present here a slightly
different form. We show how the irreducibility of the wavelet representation is related to the
ergodic properties of the shift on the solenoid, and to the fixed points of a transfer operator.

In Theorem 2.4 we describe the multiresolution structure that comes with a wavelet representa-
tion.

In Section 3 we investigate two examples. The first one is the wavelet representation associated
to an arbitrary map r, and the constant function my = 1. Using the multiresolution structure we
show in Theorem 3.1 that the shift on the solenoid is ergodic iff r is ergodic.

The second example is the wavelet representation associated to the Cantor set, introduced in

[DJO6b]. That is r(z) = 2® on the unit circle and mg(z) = %(1 + 22). We show in Proposition 3.7

that there is an L?(T, u) function which is a fixed point for the transfer operator R,,,. However,
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this function is not bounded, and it does not satisfy the conditions of Theorem 2.5, so we cannot
conclude that the representation is irreducible. In any case, this does provide some evidence that
the representation might not be irreducible.

2. REPRESENTATIONS ON THE SOLENOID

When the function myg is non-singular, i.e., u({z € X |mg(z) = 0}) = 0, the wavelet representa-
tion can be realized more concretely on the solenoid. We describe this realization. The basic idea is
to regard the multiresolution as a martingale; the idea appeared initially in [CR90] and [Gun00]. It
was then developed in [DJO7] for a larger class of maps r and low-pass filters my (see also [Gun07]).
Since we will need this representation in a slightly different form we include some of the details,
and we refer to [DJ07] for a more rigurous account.

Definition 2.1. Let
(2.1) Xoo 1= {(mo,ajl, )€ XN r(zpyy) =y, for all n > O}

We call X, the solenoid associated to the map 7.
On X, consider the o-algebra generated by cylinder sets. Let ro : Xoo = Xoo
(2.2) Too(Z0, 21, ... ) = (r(zg), 0, z1,...) for all (xg,z1,...) € Xoo

Then ry is a measurable automorphism on X.
Define 6y : Xoo — X,

(2.3) 90(1’0,1’1,...) = X0-

The measure po on Xo will be defined by constructing some path measures P, on the fibers
Q= {(z0,71,...) € Xoo | mo = x}.

Let
c(x) == #r(r(x), W(z) = |mo(z)]*/c(z), (ze X).
Then
(2.4) Y W) =1, (ze€X)

r(y)==
W (y) can be thought of as the transition probability from = = r(y) to one of its pre-images y under
the map r.
For z € X, the path measure P, on (1, is defined on cylinder sets by
(2.5) P.({(zn)n>0 € U |z1 =21,...,2n =2 }) = W(z1) ... W(zy)

for any z1,...,2z, € X.

This value can be interpreted as the probability of the random walk to go from x to z, through
the points z1,...,z,.

Next, define the measure ps, on X, by

(2.6) /fd,uooz/x A flz,z1,...)dPy(z,x1, ... ) du(x)

for bounded measurable functions on X.
Consider now the Hilbert space H := L?(Xso, jtoo). Define the operator

(2'7) Uf = mOOQOfOTCXM (f € LZ(Xwaﬂoo))
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Define the representation of L>°(X) on H

(2.8) m(f)g=foboyg, (fe€L®(X),g€eH)
Let ¢ = 1 be the constant function 1.

Theorem 2.2. Suppose mg is non-singular, i.e., p({x € X |mo(x) = 0}) = 0. Then the data
(H,U,m,p) from Definition 2.1 form the wavelet representation associated to my.

Proof. We check that U is unitary, all the other relations follow from some easy computations. To
check that U is an isometry it is enough to apply it on functions f on X, which depend only on
the first n + 1 coordinates f = f(zo,...,2zy). Then fory depends only on xg,...,z,—1. We have,
using (2.5) and the strong invariance of u:

/‘m0090\2’fo7’oo\2d,uoo _

/\mo(azo)\2 Z Wi(x1)...W(zp-1)f(r(zo), o, 21, ..., Tn—1) du(xo)
X r(z1)=20,....7(Tn_1)=Tn_2
1
= | i 2 ) W) o W ()
r(y)=z r(z1)=y,r(x2)=x1,....,r(Tn-1)=Tn—2

-f(r(y),y,ml, s ,l‘n_l) d,u(l‘) =
J3 W) W) dule) = [ Fdie.

Y1,--Yn
This shows that U is an isometry.
The fact that mg is non-singular insures that U is onto and has inverse

1 _
Uf:—_lforool
mg © g o roo

O

The commutant of the wavelet representations, i.e., the set of operators that commute with both
the “dilation” operator U and the “translation” operators 7(f),has a simple description that we will
present below. Also the operators in the commutant are in one-to-one correspondence with bounded
fixed points of the transfer operator. The commutant of the classical wavelet representation on
L?(R) was computed in [DL98]. We will be interested in computing this commutant for other
choices of filters, such as mg = 1 or for the wavelet representation associated to the Cantor set.

Theorem 2.3. [DJ07, Theorem 7.2] Suppose my is non-singular and let (H,U, 7, ) be the wavelet
representation as in Theorem 2.2.

(i) The commutant {U,w} in B(H) consists of operators of multiplication by functions f €
L*®°(Xoo, ftoo) which are invariant under roo, i.e., f ors = f. We call these functions
cocycles.

(ii) There is a one-to-one correspondence between cocycles and bounded fixed points for the
transfer operator Ry, defined for functions on X:

(2.9 Ruof(@) = 7= 3 mo@E@), (@€ X)
r(y)=z
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The correspondence is defined as follows:
For a bounded cocycle f on X the function

(2.10) h(z) = flz,xy,...)dPy(z, 21, 29,...)
Qy
15 a bounded fized point for Ry, i.e., Rp,h = h.
For a bounded measurable fized point h for the transfer operator R,,,, the limit exists
Moo= €.

(2.11) f(zo,z1,...) = lim h(z,), ((zo,z1,...)€ Xo)

n—o0

and defines a bounded cocyle.

Next, we describe the multiresolution structure associated to a wavelet representation. The proof
is standard in wavelet theory, but we include the main ideas for the benefit of the reader.

Theorem 2.4. Let
Vo :=span{n(f)e|f € L=(X)},
Vo :=U"Vy, (nez).
Then
(i) UVp C V.

(1) Upez Vi = M.

(iii) Vo is an invariant subspace for the representation w. The spectral measure of the represen-
tation w restricted to Vo is p and the multiplicity function is constant 1.

(iv) Vi is an invariant subspace for the representation w. The spectral measure of the represen-
tation 7 restricted to Vi is u and the multiplicity function is my, (x) = #r~1(z), v € X.

(v) Let Wy := Vi ©Vy. Then Wy is invariant for w. The multiplicity function of m on Wy is

my, (z) = #r~1(z) — 1.

<@ U"W0> &) V="
ne”L nez
(vii) Let N = sup,cx #r 1(z) € NU {oc}. There exists functions i1, ...,1n (if N is oo then
the functions v are just indexed by natural numbers, we don’t have a o) in Wy with the
following properties:
(2.12)

(U (f)i, Umn(g)y) = 5mn5ij/ng{#r1(m)2i+1} dp, (f,g€ L=(X),m,n € Z,i,j€{l,...,N})

(2.13) span {U"n ()| f € L*(X),neZie{l,...,N}}=HS [V
nez

Proof. (i) follows from the scaling equation, (ii) follows from the desity property of the wavelet
representation, (iii) follows from the orthogonality. The fact that V; is invariant for 7 follows from
the covariance relation. The multiplicity function for V; was computed in [DJ07, Theorem 4.1]. (v)
follows from (iv). (vi) follows from the fact that U is unitary so U"Wy = V,,11 ©V,, for all n € Z.
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For (vii) consider the space
L2(X, p,myy,) = {f : X = UpexC™0@) | f(2) € C™0@) for all z € X,/ £ (@)% du(z) < oo} .
X

On this space we have the representation of L°°(X) by multiplication M;. By (v) there is an
isomorphism J : Wy — L%(X, i, myy, ) such that Jr(f) = M;J for all f € L=(X).
Let e; be the canonical vectors in C". Define the functions n; € L?(X, oy My, )

nix) = { i ifmw(@) = 7 () — 1 20

0, otherwise.

Let v; = J_lm.
It is then easy to see that if i # j then (n;(z), n;(x)) = 0 for all z, so (w(f)v;, m(g)¥;) = 0 for
all f,g € L>®(X), 1 # j. Also

(fni, gmi) =/ fgdu.
{#r—(x)—1=i}
This, together with (vi) implies (2.12).
Equation (2.13) is also a consequence of (vi) if we show that 7(f)y; span Wy. But it is clear
that Myn; span L?(X, u, myy,) so, applying J~! we get the result. O

Finally, we present several equivalent formulations of the problem of the irreducibility of a wavelet
representation.

Theorem 2.5. Suppose mg is non-singular. The following affirmations are equivalent:

(i) The wavelet representation is irreducible, i.e., the commutant {U, 7} is trivial.

(ii) The automorphism ro on (Xoo, lieo) 1S ergodic.

(iii) The only bounded measurable fized points for the transfer operator R, are the constants.

(iv) There does not exist a non-constant fized point h € LP(X, ) with p > 1 of the transfer
operator R,, with the property that

(2.14) sup [ (@) h(a) P dpa) < o0
where
(2.15) mén) (z) = mo(x)mo(r(z))...mo(r" Y(z)), (z€ X).

/

(v) If ¢ € H, satisfies the same scaling equation as ¢, i.e., Up' = w(mg)y', then ¢’ is a

constant multiple of .

Proof. The equivalences of (i)—(iii) follow immediately from Theorem 2.3. It is also clear that (iv)
implies (iii), because bounded functions satisfy (2.14) with any p > 1. Indeed, using the strong
invariance of u:

J S AR di < e [l = e | s = [l

We prove that (ii) implies (iv) by contradiction. Suppose there is a non-constant h with the
given properties. Define the functions on X,

hn(zo,21,...) = h(zn), (x0,21,...) € Xeo-
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Then (hy,), is a martingale with respect to the filtration 6, 1(B), where B is the Borel o-algebra
in X and 0, : Xoo — X, 0,(x0,21,...) = x,. We denote by E, the conditional expectation onto

01(B). We have, since h,,.1 depends only on g, ..., Zni1:
1
Ep(Pns1) (0, - Tpye o) = TE > mo(@ni) o (o, @t ) =

P(Tn+1)=Tn

M S mo(ns ) Ph(zas1) = h(zn) = ha(zo, 21, ).

r(Tni1)=Tn

We want to apply Doob’s discrete martingale convergence theorem. We have to check that
(2.16) sup/ |hn|P dpioe < 00.
n Xoo
But, using the strong invariance of y applied n times:

o Pdne= [ W WGl dutro) =

r(z1)=z0,...7(Tn)=Tn—1

:/ Rﬁmlh\pdu:/ im™ [P du
X X

Doob’s theorem implies then that
flxg,x1,...) = liTan hn(xo, 21, ...)

exists fioo-a.e., and in L'(Xy, fiso). Then
Eo(f) = limEo(hn) = h
so f is not a constant. But we also have
fors(zo,z1,...) = f(r(zo),z0,x1,...) = lirrlnh(xn_l) = f(xo,x1,...)

loo-a.e. This contradicts the fact that ro, is ergodic.
(i1) = (v). Take a ¢’ as in (v). Then, the scaling equation implies

moo by ore =Ug =m(mg)y’ =mgoy.

Since my is non-singular, this implies that ¢’ o 7o, = ¢’. But since 7, is ergodic it follows that ¢’
is a constant, i.e., ¢’ is a constant multiple of (.

(v) = (). If ro is not ergodic, then one can take ¢’ to be the characteristic function of a
proper roo-invariant set. It follows immediately that ¢’ satisfies the scaling equation, and thus its
existence contradicts (v). O
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3. EXAMPLES

In this section we will consider two examples. The first example is the wavelet representation
associated to mg = 1. The map r can be any map satisfying the conditions above. We show that
the wavelet representation associated to mg = 1 is irreducible if and only if r is ergodic.

The second example is the wavelet representation associated to the Cantor set, representation
that was defined in [DJ06a]. The representation is associated to the map r(z) = 23, for 2z € C,
|z| = 1, and the QMF filter mo(z) := (1 + 2%)/+/2. While we were not able to determine if this
representation is irreducible or not, we present several equivalent formulations of the problem, in
terms of the existence of solutions for refinement equations or the existence of fixed points for
transfer operators. We find a non-trivial fixed point for the associated tranfer operator which
is in L?(T), but it is not bounded (so it does not settle the problem, but gives some positive
evidence that the representation might be reducible). At the same time we show that it is hard
to give a constructive solution for the irreducibility problem: in Proposition 3.4 we prove that
the refinement equation has no non-trivial compactly supported solutions. In Corollary 3.6 we
show that the transfer operator has no non-trivial solutions with Fourier transform in /*(Z). In
Proposition 3.10 we show that the method of successive approximations will not produce a new
solution to the refinement equation, if the seed is compactly supported.

3.1. The wavelet representation associated to mg = 1.

Theorem 3.1. Let mg = 1 and let (H,U,m,¢) be the associated wavelet representation. The
following affirmations are equivalent:

(i) The automorphism roo on (Xoo, lieo) s ergodic.
(ii) The wavelet representation is irreducible.
(ili) The only bounded functions which are fized points for the transfer operator Ry, i.e.,

Rib(z) = s Y hw) = )
r(y)=z

are the constant functions.

(iv) The only L*(X, p)-functions which are fived points for the transfer operator Ri, are the
constants.

(v) The endomorphism r on (X, u) is ergodic.

Proof. The equivalence of (i)—(iv) is given in Theorem 2.5. We will prove that (i) and (iv) are
equivalent.

(i) = (v). Suppose r is not ergodic. Let f be a bounded, non-constant p-a.e., function on X
such that f = for. DeﬁneNf := fobp. Then it is easy to see that f = fors. But since ro
is ergodic this implies that f is constant u..-a.e. But since f = f o 6y depends only on the first
coordinate, this implies that f is constant u-a.e.

(v) = (i). Let f be a bounded function on X, such that f = for,. We use Theorem 2.4. Pick
g€ L>®(X),and i € {1,..., N} arbitrary. Assuming that 7(g)y; # 0, let A :=||7(g)¢i|. (The case
A = 0 can be treated easily) Then we see that for all n € Z we have

(£ v ymtor ) = (Uns o) = (Fors s yntayin) = (. oy )
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Thus these numbers do not depend on n. Moreover, we know that as n varies, the vectors
U "%ﬂ(g)wi are orthogonal. Using Bessel’s inequality, we have

oo-| (£, yntar) 2 (£ 0" o)

=2
nez
This implies that all these numbers < U ”%ﬂ(g)w» have to be 0.

Thus f is orthogonal to all U"n(g)v;, and, by Theorem 2.4(vii), this shows that f € N,V,. In
particular f € Vj so there exists a function f € L?(X,u) such that f = fo6y. But since f is
invariant under rq, f is invariant under r so it has to be constant u-a.e., so f is constant ps.-a.e.
Therefore po is ergodic. ([l

2
< [IFI* < oo.

3.2. The wavelet representation associated to the Cantor set. Recall ([DJ06a]) that the
wavelet representation associated to the Cantor set is associated to r(z) = 22 on the unit circle T,
and the function
1

3.1 mo(z) = —=(1+2%), (zeT
3.1) (2) \/5( ), (2€T)
As we mentioned in the introduction, in section 1.2, it can be realized on the Hilbert space L?(R, $°)
associated to the Hausdorff measure $° on the subset R.
Theorem 3.2. The following assertions are equivalent:

(i) The wavelet representation associated to my is irreducible.

(ii) If a sequence (ag)kez € 1*(Z) satisfies the properties that >, arz® € L(T, 1) and

1

1
(3.2) ap = Gagk—2 +ag + gazi2, (k€ Z)

then ap, =0 for all k # 0.
(iii) If a function &€ € L?(R,$®) satisfies the refinement equation

E(z) =€&(3x) + £33z — 2), for H®-a.e. z € R,
then & is a constant multiple of the characteristic function of the Cantor set C.

Proof. To prove (i)<(ii) we use the equivalence of (i) and (ii) in Theorem 2.5 and the following
Lemma.

Lemma 3.3. Let f € L?(T,p), f = Y okez frz*. Then f is a fized point for the transfer operator
Ry, iff

1 1
(3.3) fn= §f3n—2 + fan + §f3n+27 (n€7Z)
Proof. We have
1 1
(3.4) Imo(2)]? =1+ 522 + 52_2

Using the strong invariance of p, we compute the Fourier coefficients of R,,,f for a function
f € LX(T, p):

BP0 = (R ) = [ == [ 557 o) )0 di(2)

wd=z



12 DORIN ERVIN DUTKAY, DAVID R. LARSON, AND SERGEI SILVESTROV

= / Imo(2)|2f(2)2~*F du(z) = / (Z_gk + 12_(31“2) - 12_(3k+2)> f(z)du(z) = %f?»k—2+f3k+%f3k+2
T T

2 2
Thus
1 1
(3.5) (Rino f)1 = §f3k—2 + far + §f3k+2, (keZ)
This implies (3.3) U

To see that (i) and (iii) are equivalent, use (v) in Theorem 2.5.
O

Next, we will analyze conditions (ii) and (iii) in Theorem 3.2 and rule out some solutions. More
precisely, in Propositon 3.4 we prove that there are no compactly supported solutions for the
refinement equation in (iii); in Corollary 3.6 we show that there are no /!'-solutions for the fixed
point problem in (ii). However, in Proposition 3.7 we do find an /2-solution. In Proposition 3.10
we show that the method of successive approximations produces highly divergent sequences for the
refinement equation in (iii).

Proposition 3.4. The only Borel measurable solutions for the refinement equation
p(r) = pBz) + p(3x - 2), (v€R)

with bounded support, are constant multiples of the characteristic function of the Cantor set C, up
to H%-measure zero.

Proof. Let a := sup{z € R|¢(x) # 0}. We cannot have a > 1, because then there exists a sequence
xn < a that converges to a and such that ¢(z,) # 0. But then either ¢(3z,) or ¢(3z, — 2) is
non-zero, and both 3x, and 3x,, — 2 are bigger than a for n large. Thus a < 1. A similar argument
shows that 0 is a lower bound for the support of ¢. Thus ¢ has to be supported on [0,1]. Let K
be its support, i.e., K is the closure in R of {x € R|p(x) # 0}. We claim that

(3.6) K=3U—

If 2 € [0,1] and ¢(z) # 0 then either ¢(3x) or ¢(3z — 2) is non-zero, therefore either z € K/3 or
x € (K 4 2)/3. This proves one inclusion.
From the scaling equation, we have that

p(2/3) = p(z) + oz - 2)
But if z € [0,1], then « — 2 is not, so p(x/3) = ¢(z) for x € [0,1]. Similarly o((z + 2)/3) = ¢(z)
for x € [0,1].

If x € K/3 then ¢(3z) # 0 and 3z € [0, 1], so ¢p(z) = ¢(3x) # 0, so x € K. Hence K/3 C K.
Similarly (K + 2)/3 C K. This proves (3.6). Since the Cantor set C is the only compact solution
for (3.6) (see e.g. [Hut81]), it follows that ¢ is supported on the Cantor set.

The map 7(z) = 3z mod 1 on the Cantor set with the Hausdorff measure $)*, is ergodic, since it is
conjugate to the shift on the symbolic space {0,1}", o(dy,ds,...) = (da,ds,...) with the product
measure, where 0 and 1 get equal probabilities 1/2. The conjugating map is ¥(dy,ds,...) =
> 1 2dn /3™

Moreover ¢ is invariant under the shift since ¢(x/3) = ¢((z + 2)/3) = ¢(z) for x € C. Then, ¢
must be constant on C, and the proposition is proved.
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O

To study solutions for the fixed-point problem in Theorem 2.5(iii) or its particular form in
Theorem 3.2 (ii), we need some background on the transfer operator. The next theorem is contained
in [DJ06a], Theorem 5.1, Proposition 7.1, and Theorem 7.4.

Theorem 3.5. [DJ06a] Let mo(z) = % and let Ry, be the corresponding transfer operator.

(i) If h € C(T) and Ry, h = h then h is constant.
(ii) There are no functions f € C(T) and A € C with |\| =1, A# 1 and Ry, f = \f.
(iii) There is a unique Borel probability measure on T such that

/TRmofdu:/deu, (f € C(T)).

Moreover v has full support, in other words, every non-empty open subset of T has positive

measure.
(iv) For all f € C(T), limy o Ry, f = v(f), uniformly on T.

Corollary 3.6. There is no non-trivial solution for equation (3.2) in I*(Z). By trivial, we mean a
sequence (ay)rkez with ai, =0 for all k # 0.

Proof. Suppose (ag)ez is a solution for (3.2) in I'. Then Y, ., axz* is uniformly convergent to a
continuous function h, and R, h = h. Then, by Theorem 3.5, it follows that h is a constant, so

the sequence (ag)rez is the trivial solution.
O

In the next proposition we present a solution in 1?(Z) for equation (3.2). However, its Fourier
transform, while in L?(T,u), is not bounded, and therefore it does not offer a solution to our
problem. It just gives some evidence that this wavelet representation might not be irreducible.

Proposition 3.7. Define the sequence (an)necz as follows:

2%, if n is an even number between 3¥ +1 and 3F*1 —1, k>0
(3.7) an =1 —o5 if nis an even number between — (3Tt — 1) and —(3" +1), k>0
0, otherwise.

Then the function
(3.8) h(z) :== Zakzk, (zeT)
keZ

satisfies the following properties:
(i) h € L3(T,u) but h & L=(T, p).
(ii) Rmoh = h.
(iii)
Sup/T |m((]n)|2|h|2 dp = oo.
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Proof. First we claim that (a,)nez is in 1?(Z). Indeed, there are 3¥ even numbers between 3% + 1
and 3*+1 — 1. Then

1\2 i o s\ k

2 _

S Jan _22(27) 3 _22(1) < oo
nez k>0 k=0

Thus h € L*(T, u).

Next, we check that R,,,h = h. Using Lemma 3.3 we have to check that (a,)nez satisfies equation
(3.3). If n is odd, then 3n,3n — 2,3n + 2 are all odd, so the equation holds. If n is even we have
three cases. If n = 0 then a_o = —1, ag = 1, and the equation holds. Assume now n is even and
n > 0. If n is between 3* 4+ 1 and 3**! — 1. Then 3n — 2 is bigger than 3¥*! + 1 and 3n + 2 is less
than 3%2 — 1. And of course 3n,3n + 2,3n — 2 are all even. Since we have

1 1
an = 2—k7a3n—2 = a3n = A3n+2 = kT

we see that the equation (3.3) holds.
The case n < 0 can be treated similarly.
To prove (iii), we estimate the integral in (3.8). This is the square of the L?-norm of the function

fn) = m(()")h, which can be computed as the sum of the squares of its Fourier coefficients, which

we denote by (a,(fn)) kezZ-

We have a,(fo) = qy, for all k. Also, f(»+1) = mo(zgn)f(") o)

)4'ag?23n

(1) _ QL
V2
()

(3.9) a,

We prove by induction, that for all n > 0, and all k£ > 3", k even, the sequence (a;, ’)j is decresing
and non-negative. For n = 0, this is clear. Assume this holds for n and prove it for n+ 1. We have
for k even, and k > 3"t k —2.3" > 3" and is even. Then

(n+1) a](€7-?2 + al(;-lr)z—z-?)n < algn) + a](fn—)2'3" __(n+1)

a = =a
k42 V2 = V2 k

and from the formula (3.9) it is clear that a,(:) > 0.
Next, we claim that for & > 3", even,

(3.10) ol > V2" ay.

Indeed, since k — 2- 31 > 371 and oY is decreasing:

(n—1) (n—1) (n—1)
ap Ay 9301 _ 2a n—1
)= > 2% /g

o™ =
F V2 T2

Then, by induction a,(gn) > \/inalgo) = \/Enak for k > 3™ even.
Now, using (3.10), we have

PP =3 0P > 3 jaP =20 Y ol =

kez k>3n k>3n
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2"y Y el =2")"3 (2—m> =2 (Z) T

m>n 3m < k< gm+1 m>n

This proves (iii).
(iii) also implies that h cannot be bounded, otherwise, using the strong invariance of p:

L m§ P die < Wl [ R s = b
T T
O

Remark 3.8. We know that the operators U and T satisfy the commutation relation UTU ! = T3.
this implies that a formal series ), , T' 3* commutes with both U and 7. The problem with this
series is that it is pointwise divergent at many points. For example, if f has bounded support then
the functions 73" f will be disjointly supported for k big enough, but will have the same L?(R, $H*)-
norm, since 7" is unitary. However, it is possible that the geometry of the space L?(R,$*) allows
this formal series to be convergent on a large subspace, in which case an application of the spectral
theorem for unbounded operators might prove that the representation is in fact not irreducible.

This remark and the existence of fixed points for the transfer operator in Proposition 3.7 give
us some positive evidence that the wavelet representation associated to the Cantor set is not
irreducible. On the other hand Proposition 3.4, Corollary 3.6 and the next Proposition 3.10 show
that a constuctive solution will be hard to come by.

One way to try to obtain solutions for the refinement equation is to iterate the cascade operator.
Definition 3.9. The operator M := U~ 17(mg) on H is called the cascade operator.

We prove that convergence of the iterates of the cascade cannot be obtained if one starts with a
function with bounded support.

Proposition 3.10. Let € € L?(R,$®) with bounded support. Suppose & is not a constant multiple
of xc. Then there is a positive constant cg > 0 such that

lim [|M" ¢ — M"¢|* = c.
n—oo
In particular, the sequence (M™),en is not convergent.

Proof. First, we need to introduce the correlation function for &;,& € H. This is defined by
considering the representation on the solenoid.

(3.11) p(&1,&2)(x) ::/Q E(x,z1,.. ) (m, 21, )dPy(z,21,...), (z€T).

Note that the correlation function is in L*(T, u) and has the following property (and it is completely
determined by it):

(3.12) (N &) = [ folnedn (€ 1¥(X.0)
Moreover, we claim that

(3.13) p(ME&r, M&) = Ryop(&1,&2)
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Indeed, we have

/T Fp(Mer, M) du = (n(f)Mér, Més) = (n(lmolf o r)ér , &) =

/\mo\2f07‘p(§17§2)du=/meOp(fl,gg)du.
T T

Now, take £ € H with bounded support, and not a constant multiple of xc. Then M& — € is also
of bounded support. We have

(3.14) [|M™1E— Mg = /T p(M™e — MPE, M~ MPE) dp = /T R p(ME — €, ME—€) dp.

If n € H is a function of bounded support then, by (3.12), we have that

/Tzkp(n,n) dp = <T’“77, 77> , (ke).

Therefore p(n,n) > 0 is a trigonometric polynomial.

Thus hy := p(M& — &, ME— &) > 0 is a trigonometric polynomial. We claim first that hg cannot
be identically 0. If that is the case then from (3.12) it follows that ||[M¢ — &[] = 0 so ME& = &, But
we saw in Proposition 3.4 that the only solutions of the refinement equation that have bounded
support are multiples of xc.

Since hyg is not identically zero and hy > 0 and it is continuous it follows that v(hg) > 0, since v
has full support by Theorem 3.5. From (3.14), using Theorem 3.5 and the fact that hg is continuous
it follows that ||[M"T1¢ — M™¢||? — [Lv(ho) dp = v(ho) > 0, and the result is obtained. O

Remark 3.11. In the interval of time between the submission and the acceptance of this paper, the
first and third author have proved that the wavelet representation associated to the middle-third
Cantor set is actually reducible [DS10]. The proof is not constructive, so it is not clear how the
operators in the commutant, or the L°°-fixed points of the transfer operator look like. The present
paper shows that a constructive approach can be quite complicated.

Acknowledgements. We would like to thank professors Palle Jorgensen and Judith Packer for dis-
cussions and suggestions that motivated this paper.
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