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Abstract

A linear subspace B of L(H) has property P; if every element of its predual B,
has the form x + B; with rank(z) < 1. We prove that if dimH < 4 and B is a
unital operator subalgebra of L(H) which has property Py, then dimB < dimH. We
consider the question of whether this is true for arbitary H.

1 Introduction

The duality between the full algebra L(H) of bounded linear operators on a Hilbert space
H and its ideal L, of trace class operators plays an important role in invariant subspace
theory. Indeed, it is easy to use rank one operators in the preannihilator of an operator
algebra B to construct non-trivial invariant subspaces for B and conversely (see [11]). In his
proof [3] that subnormal operators are intransitive, S.Brown focused attention on a more
subtle connection between rank one operators and invariant subspaces. He showed that
certain linear subspaces B of L(H) have the following property: every element of its predual
B, has the form x + B, with rank(z) < 1, where B, = {a € L, : Tr(ba) = 0, Vb € B} is
the preannihilator of B. This property was called Py property by the third author([11]).
Working independently, D.Hadwin and E.Nordgren [7] and the third author observed the
connection between this property and “reflexivity”. Although neither property implies the
other, if an algebra B has property P; and is also reflexive (B = AlgLat(B)) then so are
all of its ultraweakly closed subalgebras.

Azoff obtained many results about linear subspaces of L(H) which have property P;.
Among them, he proved the following simple but beautiful result by using ideas from
algebraic geometry. If dimH = n € N and a linear space S C L(H) = M, (C) has property
Py, then the dimension of S is no larger than 2n — 1. Furthermore, there exists a subspace
S C M, (C) which has property P; and dimS = 2n — 1. For an expository account of these
and related results, we refer to Azoff’s paper [1]. (Note that linear spaces with property
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P, are called elementary spaces in [1]. For this article the original term P; seemed more
suitable because we want to work with the more general property Py in the same context.)
In this paper we consider the analogue of Azoff’s result for the subcase of unital operator
subalgebras in L(H) = M,(C) (an operator algebra is unital if it contains the identity
operator of L(H)). If B is the diagonal subalgebra of L(H), it is easy to show that B has
property P; and dimB = n. In section 5 we show that if n < 4 and B C M, (C) is a unital
subalgebra which has property Py, then dimB < n. It is natural to conjecture that this is
also true for arbitrary n. We make this formal:
Question 1: Suppose dimH =n € N and B C L(H) = M,(C) is a unital operator
algebra with property P;. Must dimB < n?
Note that if the above conjecture is true, then we can deduce Azoff’s result as a corollary.
Indeed, if S C L(H) = M,(C) is a linear space with property Py, then

B:{(é f\):)\EC,SES}CL(H@))EM%(C)

is a unital operator algebra with property P; (see [9, 10, 1]). So dimB < 2n implies
dimS < 2n — 1.

An algebra B C L(H) is called a Py algebra if A has property P1. An algebra B C L(H)
is called a maximal Py algebra if whenever A is a subalgebra of L(H) having property Py
and A D B, then A = B. We consider a subquestion of Question 1:

Question 2: Suppose dimH =n € N and B C L(H) = M,(C) is a unital operator
algebra. If B has property P; and dimB = n, is B a maximal P; algebra?

In section 3 and section 4, we prove that if a unital P; subalgebra B C M, (C) is
semi-simple or singly generated and dimB = n, then B is a maximal P; algebra.

In [11], the third author showed that if a weakly closed operator algebra B has property
Py, then B is 3-reflexive [2], i.e., its three-fold ampliation B®) is reflexive. (This result also
holds for linear subspaces with the same proof). He raised the following problem: Suppose
dimH =n € Nand B C L(H) = M,(C) is a unital operator algebra with property Pj.
Is B 2-reflexive? Note that this question also makes sense for linear subspaces. In [1],
Azoff showed that the answer to the above question is affirmative for n = 3 (for all linear
subspaces of M3(C) with property P;). Very little additional progress has been made on
this problem since the mid 1980’s. The purpose of the research project resulting in this
article was to push further on this problem. In section 6 of this paper, we will show that
the answer to the above question for unital algebras is also affirmative for n = 4. The proof
requires a detailed analysis of several subcases undertaken in the preceeding sections.

We would like to pose the following subquestion:

Question 3: Suppose dimH = n € N and B C L(H) = M,(C) is a unital operator
algebra with property P; and dimB = n. Is B 2-reflexive?

Throughout this paper, we will use the following notation. If H is a Hilbert space and
n is a positive integer, then H™ denotes the direct sum of n copies of H, i.e., the Hilbert



space H @ ---@® H. If a is an operator on H, then a™ denotes the direct sum of n copies
of a (regarded as an operator on H™). However, we will use I, instead of 1™ to denote
the identity operator on H™. If B is a set of operators on H, then B = {b(") . be B}.

This paper focuses on problems concerning operator algebras and linear subspaces of
operators in finite dimensions. All of our results and proofs are given for finite dimen-
sions. However, many of the definitions are given in the mathematics literature for infinite
(as well as finite) dimensions, where the Hilbert space is assumed to be separable. The
Hahn-Banach Theorem and the Riesz Representation Theorem, the definitions of reflexive
algebras and subspaces, the properties P; and Py, are all given in the literature for infinite
dimensions, but we will only use them here in the context of finite dimensions. In cases
where proofs of known results are given for sake of exposition, we will usually just give the
proofs for finite dimensions. However, we will adopt the convention that if the statement
of a result or definition in this article does not specify finite dimensions then the reference
we cite actually gives the infinite dimensional proof, or, if no reference is cited then the
proof we provide is in fact valid for infinite dimensions.

2 Preliminaries

Let H be a Hilbert space with dimH = n. Then L(H) = M,(C). Let {e;}"; be an
orthonormal basis of H. If a € L(H) = M,,(C) is an arbitrary operator, then the trace of

a is defined as
n

Tr(a) = Z(aei, e;).
i=1
It is easy to show that Tr(a) does not depend on the choice of {e;}! ;. Moreover, the trace
has the important property that Tr(ab) = Tr(ba) for all a,b € L(H) = M,(C). In this
case, the space of trace class operators on H, denoted L,, can be identified algebracially
with M, (C), and is equipped with the trace class norm:

lall = Tr((aa)"/?).

Recall that the dual of a linear space is the space of all (continuous) linear functionals
on the space. In the case of L, = M,(C), every linear functional on L, has the form
a — Tr(ab) for some b € L(H) = M, (C). In this way, L(H) is identified as the dual space
of L,, and L, is called the predual of L(H). If S C L(H) is a linear subspace, then as a
linear space itself S can be identified as the dual of the quotient linear space L, /S, where
L, = {a € L.|Tr(ba) = Oforallb € S} is the preannihilator of S. Here, as usual, the
quotient space L./S, means the set of all cosets of L., {x + S, |z € L.}. We also write
x+ S, as [x]. We write S, = L./S,. The duality between S and S, is that if [x] € S, for



some x € L,, and associate the linear functional on S given by
b— Tr(bzx), VbeS.

This is well-defined by the definition of S| . In order to obtain S as exactly the dual of
the space S,, one needs to apply a version of the Hahn-Banach Theorem (cf [5]). We say
a linear subspace S of L(H) = M, (C) has property P; if every element of its predual B,
has the form x + B, with rank(z) < 1.

Let B C L(H) = M,(C) be a unital operator subalgebra. If z € L(H) is an invertible
operator, elementary computations yield (2Bz71), = z7'B 2 and (:Bz71), = 27!B,z,
where the multipilcation action of z on the quotient space B, is given by

N o+ B)z=z2"twz+2'Biz=z2"taz+ (2Bz7h),.

From this it is easy to see that if B has property P, then so does zBz~!. It is also true
that B has property Py if and only if its ajoint algebra B* = {b*|b € B} has property P;.

Lemma 2.1. [11] An algebra B has property Py if and only if every element b* € B* has
the form x + B, with rank(z) < 1.

Proof. “only if” is trivial. Suppose every element b* € B* has the form x + B, with
rank(x) < 1. Note that for each b € B and each b, € B, Tr(bb;) = 0. This implies that
L(H) = B*® B, with respect to the inner product (z,y) = Tr(y*x). So for each a € L(H),
a =b*+ b, for some b* € B* and b, € B,. Therefore, a = x + B, with rank(z) < 1 by
the assumption of the lemma. n

Lemma 2.2. Let B be a subalgebra of L(H). If B has property Py and p € B is a
projection, then pBp C L(pH) also has property Pj.

Proof. Suppose z € B, and b € B. Then Tr(pbppzp) = Tr(pbpz) = 0. So pzp € (pBp)..
For each a € L(H), there exists a b, € B, such that the rank of a + b, is at most 1. So
the rank of pap + pb, b = p(a + b, )p is at most 1. This proves the lemma. n

Recall that a vector & € H is a separating vector of B if b = 0 for some b € B then
b = 0. The following result is the finite-dimensional special case of Proposition 1.2 of [6].

Theorem 2.3. If B is a subalgebra of L(H), with H finite dimensional, such that either
B or B* has a separating vector, then B has property P.

Property Py, a generalization of property P;, was also introduced by the third author
n [11]. Recall that an algebra B has property Py, if every element of its predual B, has the
form = 4+ B, with rank(x) < k.



Lemma 2.4. [11] Let B be a subalgebra of L(H). Then B has property Py, if and only if
B® = {p®|b e B} ¢ L(H®) has property P;.

Proof. “=". By Lemma 2.1, we need to show that each operator (b*)*), b € B, can be
written as f + B, with rank(f) < 1. Note that

B(f) = {(zij)exklzin + -+ 2 € Bi} D {(ij)kxklz1n -,z € BL}.

By the assumption, B has property P,. So there exists a b; € B, such that the rank of
b* + b, is at most k. We can write b* +b, =& @ + - -+ + & @ ng, where & ® n; is the
rank one operator defined by & ® n;(§) = (£, 1:)&. Let 2z = k& @ mi — D 1cpcn & @ 0,
1<i<Ek, and let S

211 k& @mp -+ K& @y
_ | kKa®m oz o EGQme
k& @m k& ®@mny - Zkk
Then 2z € B(f) and
Sm L®n - § @
Y0 1 () ® g | SEM EEm o GEn
LM Lm0 & QM

is a rank 1 matrix.

“=7. By the assumption, for each a € L(H) there exists z € B(f) such that the rank
of a™ + z is at most 1. Write z = (2ij)kxk- Then 217 4+ -+ + 2z € By and the rank of
a + z; 1s at most 1. So the rank of

((CL—|—211) + -+ (a+zkk))

| =

1
a—i—E(zn—l—-”—i—zkk):

is at most k. O

Corollary 2.5. If B is a subalgebra of L(H) and dimH = k, then B®) < L(H®) has
property Pi.

3 Semi-simple maximal P; algebras

Suppose B is a subalgebra of M, (C) which has property P;. Recall that B is a maximal Py
algebra of M, (C) if whenever A is a subalgebra of M, (C) having property P; and A O B,
then A = B. The main result of this section is the following theorem.



Theorem 3.1. Let B C M,(C) be a unital semi-simple algebra. If B has property Py,
then dimB < n. Furthermore, if dimB = n, then B is a maximal Py algebra.

To prove this theorem, we will need prove the following lemmas.

Lemma 3.2. Let B C L(H) = M,(C) be a semi-simple algebra. If B has property Py,
then dimB < n.

Proof. We will use induction on n. The case n = 1 is clear. Suppose this is true for n < k
and let B C M,1(C) be a semi-simple algebra. We need to show dimB < k + 1. Suppose
B has a non-trivial central projection, p, 0 < p < 1. Then, B = pBp @ (1 — p)B(1 — p).
By Lemma 2.1, pBp C L(pH) and (1 — p)B(1 — p) C L((1 — p)H) are both semi-simple
algebras with property P;. By the assumption of induction dimpBp < dim(pH) and
dim(1—p)B(1—p) < dim(1—p)H. Therefore, dimB = dim(pBp)+dim((1—p)B(1—p)) <
dimpH + dim(1 — p)H = dimH = k + 1. Suppose B does not have a nontrivial central
projection. Then, B = M, (C). Since B has Py, 2 <n+1by Lemma 2.4. Sor <n+ 1.
O

Lemma 3.3. Suppose 0 # a € M, (C). Then there exists finite elements by, -+ by, c1,- -+, Cx,
such that Zle biac; = I,.

Proof. Note that M, (C)al,(C) is a two sided ideal of M, (C) and M, (C)aM,(C) # 0.
Since M, (C) is a simple algebra, M, (C)aM,(C) = M, (C), which implies the lemma. [

The following well known lemma will be very helpful.

Lemma 3.4. There are finitely many unitary matrices uy, us, - - - ,ur, € M,(C) such that
LS aut = B9 for all a € M,(C).

The following lemma is a special case of Lemma 3.6. However, we include its proof to
illustrate our idea.

Lemma 3.5. Suppose B is a unital subalgebra of M,(C) and B = My(C), then B is a
mazximal Py algebra.

Proof. We may write M,(C) as My(C) ® M,(C) and assume B = M,(C) ® I,. Note
that with respect to the matrix units of Iy ® M5(C), each element of B = M,(C) ® I,
has the following form (¢9),a € My(C). By Corollary 2.5, B has property P;. Assume
B C R C My(C) and R is an algebra with property P;. We can write R = Ry + J, where
Ry D B is the semi-simple part and J is the radical of R. Since R has property P, R; has
property P;. By Lemma 3.2, dimR; < 4. Since dimB = 4, we have R; = B.



Suppose 0 # x = (2;;)1<ij<2 € J with respect to the matrix units I, ® M5(C). Without
loss of generality, we may assume x1; # 0. By Lemma 3.3, there exists a finite elements
by, -+ ,bg,c1, -+, cx € My(C), such that

k
Zbizllci = IQ. (]_)
i=1

Let y = (yij)i<ijez = Sory (b ® L)z(c; ® ) € J. By (1), we have yy; = I,. Choose
unitary matrices uy, ..uy, as in Lemma 3.4. Let 2 = (2;;) = S (u; ® L)y(uf @ L) € J.
Then, 21 = I and z;; = A\;j1 for some \;; € C,1 <4,5 < 2. So, z € I, ® M(C). Since
2z € J, 2> =0, as elements in the radical are nilpotent. By the Jordan Canonical theorem,
there exists an invertible matrix w € I, ® M(C) such that wzw™ =L ® (3}).
Replacing R by wRw ™!, we may assume that R contains B and I,®(J}). Furthermore,

we may assume that R is the algebra generated by M>(C) ® Iy and Io ® (3 ). Then

R:{(g 2) :a,bEMg((C)}.

Simple computation shows that R does not have property P;. This is a contradiction.
Therefore J =0 and R = B. m

Lemma 3.6. Let B be a unital subalgebra of M,2(C) such that B = M, (C). Then B is a
mazximal Py algebra.

Proof. We may write M,2(C) as M,,(C) ® M,,(C) and assume B = M,,(C) ® I,,. Note that

with respect to the matrix units of 1, ® M, (C), each element of B = M,,(C) ® I,, has the

a0 - 0
Oa - 0

following form | ... . |,a € M,(C). By Corollary 2.5, B has property P;. Assume

B C RC M,(C) Oa%d Rais an algebra with property P;. We can write R = Ry + J, where
Ry D B is the semi-simple part and J is the radical of R. Since R has property P;, R; has
property P;. By Lemma 3.2, dimR; < n?. Since dimB = n?, we have R; = B.

Suppose 0 # © = (x;;)1<ij<n € J With respect to the matrix units 1, ® M, (C). Without
loss of generality, we may assume x1; # 0. By Lemma 3.3, there exists a finite elements
by, -+ ,bg,c1,++ ,cx € M,(C), such that

k
Z bi:vllci = In (2)
=1

Let y = (yij)i<ijen = Yoy (b @ L)x(c; ® I,) € J. By (2), we have y1, = I,,. Choose
unitary matrices uy, ...uy, as in Lemma 3.4. Let z = (2;) = Yo, (u; ® L)y(uf @ I,) € J.
Then, 2z; = I,, and z;; = \;;1,, for some \;; € C,1 <i,5 <n. So, z € I, ® M, (C).



Since z € J, 2" = 0, as elements in the radical are nilpotent. By the Jordan Canonical
theorem, there exists an invertible matrix w € I,, ® M,,(C) such that 0 # wzw™! = ®F_,2; €
I, ® M,(C) and each z; is a Jordan block with diagonal 0. Replacing R by wRw™!, we
may assume R contains B and wzw™! € I,, ® M,,(C).

Suppose r = max{rankz; : 1 < i,< k}. We may assume rankz; = ... = rankz, = r
and rank z; < r for all s < ¢ < k. Then 2! = [, ® (®&_,2"')®0). Note that

0..01
000
2l = ( : ) We may assume R is the algebra generated by M, (C) ® I,, and 2"

0..00
Without loss of generality, we assume r = 2, and s = . The general case can be proved

similarly. Then
( )
a b
()

a b
o ()
\ ERE /
Simple computations show that
T * «
Y1 T2
RJ_: xzay'LEM sz Zyz—o

N ( In—l k ) =1
T
Ys n sxs J

Let m = (}" 8") Since R has property P, we can write m® = x + R, such that
the rank of z is at most 1. This implies that I,, + y1, I, + y2, - -+, I, + ys are all rank-1

matrices for some y, -+ ,y, € M,(C) with y; + -+ + ys = 0. Therefore, the rank of
Li+y+1In+y2+ -+ In+ys = sl is at most s = § < n. This is a contradiction. So
J=0and R=B. O

The following is a key lemma to prove Theorem 3.1, which has an independent interest.

Lemma 3.7. Let A\ # 0 be a complex number, and let yi,ys, ..., yn € M,(C) satisfy y; +
Yo+ -+ y, = 0. Suppose n1,m2, -+ ,n, € C" are linearly dependent vectors, and

A * * ¥ .- *
m In+ * * *
* *

t= | * I, + o

Mn * * x -0 L4 yn



Then rankt > 1.

Proof. We may assume that ny,--- ,nx_1, k < n, are linearly independent vectors, and each
i1
n;, k < j < n, can be written as a linear combination of 7y, --- ,ny_1. Write n;, =
Oin,

We may assume that the (k — 1) x (k — 1) matrix (07;)(k—1)x@#—1) is invertible. Using row
reduction, we can transform t to a new matrix

A * * * e *
m o In+y % ox e *
7% * I,+vy, x .. *
m, o * I

such that the k-th row of each 7} is 0 for 1 < j < n, and y; +--- +y, = 0. So the
(jk + 1,1)-th entry of ¢’ is zero for all 1 < j < n.
Suppose t is a rank 1 matrix. Then t’ is also a rank 1 matrix. By the assumption,
A # 0. This implies that each entry of the (jk + 1)-th row of ¢’ is zero for all 1 < j < n.
In particular, the (k, k)-th entry of I,, + ¢} is 0 for all 1 < j < n. Therefore, the (k, k)-th
of L, + v + I, +yy+ -+ I, +y,, = nl, is zero. This is a contradiction. So rankt > 1.
O

The following lemma is a special case of Lemma 3.10. However, we include its proof to
illustrate our idea.

Lemma 3.8. Suppose dimH =5 and

A0 0
B = 0 a 0] :X2eC,ae My(C)p C L(H) = M;(C).
0 0 a

Then, B is a maximal Py algebra.

Proof. Since B has a separating vector, B has property P; by Theorem 2.3. Suppose
B C R C M5(C) and R has property P;. We can write R = R; + J, where R; D B is the
semi-simple part and J is the radical part. By Lemma 3.2, B = R;.

Suppose 0 #£ x € J. Let p = <é§§> and ¢ = (81026)2) Then ¢Bq C qRq C B(PH) =

00y I
0 & qt

M,(C). By Lemma 3.5, ¢Bq = qRq. This implies we may assume 0 #z = [0 0y 09 |,
0 0y 09

where &,n € C2.
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Case 1: £ and n are linearly independent vectors. Note that

0 00 0 &a nla
z-10 a O =10 0 0 | €eR.
0 0 a 0 0 0

Since ¢ and 7 are linearly independent, and a € Ms(C) is arbitrary, this implies that

Aot
RDO 0 a 0 ]:XeC,&neC?ac My(C)
0 0 a

Simple computation shows that

0 *x =
RiC|0 yi x| :y,y2€ Mao(C)yn +1y2=0
0 * yo

Since R has property Py, we can write Iy = x + R, such that the rank of x is at most 1.

1 *
This gives us a rank 1 matrix = of the form R, = (8 y1+12 : ), where y; +y2 = 0. This
* Y212

contradicts Lemma 3.7.

Case 2: ¢ and 7 are linearly dependent. Without loss of generality, assume n = t£. So
0T €T 000 0¢Ta teTa . ) .
=100, 0o | and z <0a0) = (0 0 0 > Since £ # 0, and a € M,(C) is arbitrary,

0 02 O2 00a 00 O
this implies that

T T
RO {(égg 5 ) :AeC,&eCz,aeMg(C)}.
Simple computation shows that
0 *x =
R, C {<% ) y*2>y1,y2 € My(C) :yy +y2 =0, n1,my € C?, 771_|_t772:()}. (3)

Since R has property Py, we can write Is = x + R, such that the rank of x is at most 1.

1 * *
This gives us a rank 1 matrix z of the form R, = (m y1+12 —*H ), where 7, +tn, = 0 and
2 * o YaTi2

y1 + yo = 0. This contradicts Lemma 3.7. n

D) zijacib =0 ,Va € M,(C),Vb € M,(C).
i=1 j=1

If cj; # 0 for some 1 <i <s,1 <j<r, then z; are linearly dependent.
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Proof. We may assume c¢1; # 0 and the (1, 1) entry of ¢q; is 1. Replacing c;; by

10 -« 0 10 - 0
00 — 0 00 — 0
SRS N3N IR I
00 - 0 00 - 0

10 - 0
00 ~ 0
we may assume cj; = A;j (: - :>, where A\;; = 1.
00 - 0 . ‘ .\ .
Let z; be the k-th column of z;;. Simple computation shows that 7 > im1 %ijCi =0
00 ~ 0
10~ 0
is equivalent to 7 D77 Azl = 0. Leta= | ... . ) . Simple computation shows that

00 - 0
Sy i1 Zijacy; = 0 is equivalent to >/, Z;Zl Aijzi; = 0. Choosing a appropriately, we
have 377 377 Aijzf = 0 for all 1 <k < n. This implies Y7, Y77 Ajjzi; = 0.
O
Lemma 3.10. Suppose dimH = (r? + s?) and
B={a" @b® :ae M(C),be M,(C)} C L(H) = M2, )(C).

Then B is a mazximal P algebra.
Proof. Since B has a separating vector, B has property P; by Theorem 2.3. Suppose
B C R C M(;24,)(C) and R has property P;. We can write R = Ry +J, where R; D B is
the semi-simple part and J is the radical part. By Lemma 3.2, B = R;.

Suppose 0 £ x € J. Let p= I @0 and ¢ = 0® I, Then, pBp C pRp C B(pH)
and pRp has property P;. By Lemma 3.6, pRp = pBp. Similarly, ¢Rq = qBq. So we may
assume 0 7é r = <OTT c ) Write ¢ = (Cij>1SiST,1§jSS' Note that ¢ 7é 0.

o of
Suppose
Al *
* T2
z = " € RJ_.

211 12 R Y1 ok *

Zo1 Ro2 ot R2r K Y2 *

Zs1 Rs2 "t Zsr * * e Ys

Since Ry C By, #1 4+ 2 + ... + @, = 0, and g1 + ya + ...y = 0,. Note that z(a™) @ b)) =
(r) s
<OT % )>- Since z € R| and x(a(r) ® b(s)) € R, we have

0o o
211 - 21r C11 ... Cls b
Tr (( E ) ( E > ( . '. )) B 0‘
Zsl .-+ Zsr Crl ... Crs b
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Simple computation shows that Tr (Zle > i1 zijcjl-b> = 0. Since b € M,(C) is an

arbitrary matrix, > ;_, 2521 zijcji = 0.
Note that

(r)
r s ’(r'r) CL(T)C (s) Or aCi'b <3 T, 1<s
(a( ) @O)x(OGBb( )) — (00 ogg ) _ < . ( J )1025)< 1<5< )

By similar arguments as above, we have > 37, > 7"_, zijac;;b = 0 for all a € M,(C) and b €
M(C). By Lemma 3.9, this implies that {z;;}1<i<s1<j<r are linearly dependent matrices.

Since R has property Py, [,2,, = v+ R, for some z such that the rank of z is at most
1. So z is a matrix of the form

Ir + T k
* [r + Zo
* * e I+, * * *
Z11 212 e 21y I+ * *
291 222 aE Zor * I+ y2 *
Zs1 Zs2 o Zsr * * e [8 + Ys
Since z is a rank 1 matrix, (z;;)1<i<s1<j<r are rank 1 matrices. So there are &, - ,§; €
C*,m,---,n € C" such that z; = {®@n; for 1 <7 < sand 1 < j < r . Since

{zij}1<i<si<j<r are linearly dependent matrices, either {¢;}5 ; are linearly dependent or
{nj}j=, are linearly dependent. Without loss of generality, assume {;};_, are linearly
dependent. Now, x is a matrix of the form

I, + 2 *
* Ir+33'2
* * e I+, * *
Gom &®m - Gen ILi+uy *
E0m L@m - Len * I+ o
£s®n1 €s®771 £s®nr * * [s+ys

Since z1 + ... + x, = 0, one entry of I, 4+ x; is not zero for some 1 < i < r. We may assume
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al
[

the (1,1) entry of I, + 1 is A # 0. Let n; = ( N ) Then the matrix

Oy

A * cee *
&y Ity - *
@155 * e Is + Ys
has rank 1 since it is a submatrix of . This contradicts Lemma 3.7. So R = B. O

Proof of Theorem 3.1. By Lemma 3.2, if B has Py, then dimB < n. Assume B has
property Py, and dimB = n. We claim B = @&[_ M, (C)™) and n = Y| n?. We
will proceed by induction on n. If n = 1, this is clear. Assume our claim is true for
n < k. Let B C My41(C) be a semi-simple Py algebra and dimB = k + 1. Suppose B
has a nontrivial central projection p, 0 < p < 1. Then, B = pBp @ (1 — p)B(1 — p). By
Lemma 2.1, pBp C B(pH) and (1—p)B(1—p) C B((1—p)H) are both semi-simple algebras
with property P;. By Lemma 3.2, dim(pBp) = dim(pH) and dim((1 — p)B(1 — p)) =
dim((1 — p)H). By induction, pBp = &, My, (C)™), (1= p)B(1 — p) = &2, My, (€)™,
and Y it n? 432, m? = k+ 1. Suppose B does not have a nontrivial central projection.
Then B = M,(C) € M, 41(C) and dimB = r? = n+ 1 by Lemma 2.4.

Suppose B C R C My (C) € L(H) and R is an algebra with property P;. Let 0 # = €
R\ B. Note that B = ®&[_, M, (C)™). Let p; be the projection of B that corresponds to
the summand M,, (C)). Then, we have p; Bp; C p;Rp; € L(p;H) and p; Rp; has property
P,. By Lemma 3.6, p; Rp; = p; Bp;. So we may assume

0531) Ti2 Tz e Z1in,
222) To3 T Ton,
0#z=
0z,
0 05

We may assume that x5 # 0. Then

(p1 +p2)z(pr + p2) € (1 +p2)R(p1 + p2) \ (p1 + p2)B(p1 + p2).

By Lemma 2.1, (p1 + p2) R(p1 + p2) has property P;. By Lemma 3.10, (p; +p2) B(p1 +p2) =
M, (C)™) & M,,(C)™) is a maximal P; algebra. This is a contradiction. So B is a
maximal P; algebra. [l
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4 Singly generated maximal P, algebras

In this section, we prove the following result.

Theorem 4.1. Suppose B is a singly generated unital subalgebra of M, (C) and dimB = n.
Then B is a maximal Py algebra.

To prove Theorem 4.1, we need several lemmas. Let J, be the n x n Jordan block.

Lemma 4.2. Let B be the unital subalgebra of M, (C) generated by the Jordan block J,,. If
N D B is a subalgebra of the uptriangular algebra of M, (C) and N has property Py, then
N = B.

Proof. Suppose N 2 B is a subalgebra of the uptriangular algebra and N has property
P;. Note that
n—1
B= {Zxkuﬂ)k X0y Anot € (C} .
k=0
A special case. Suppose N contains an operator x of the following form
0 --- 0 A
e 0

= 0

O3 O

0

)

( )\1 >\n—2 a 7
)\1 o )\n—2 ﬁ
ND A1 An—2 :)\1,"',)\71,2704,5,")/6(?
( A )
Simple computation shows that
([ % * 0 0Y\)
* * 0
NJ_ C * PR *
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It is easy to see that the operator (J,)" 2 can not be written as a sum of a rank one

operator and an operator in N ;. This contradicts to the assumption that N has property
P;.

The general case. Suppose z € N\ B. By the assumption of the lemma, z = (2; j)nxn
is an uptriangular matrix. Since z ¢ B, we may assume that z; ;151 # 2j4rjtrik—1 fOr
some positive integers j,k,7, and z,; = 0 for t < s +k — 1. Without loss of generality,
we assume that 2y # 22145 and 1 <k <n —1. If k = n — 1, then this implies that N
contains an z as in (4). If k < n—2, then (J,)**2 (or consider z(.J,,)* " if 2, 1,1 # 2nn)
is a matrix in N. If we write (J,)*"2 = (¥ij)nxn- Then y1x41 # Yors2 and ys, = 0 for
t < s+ k. Repeating the above arguments, we can see that N contains an x as in (4). This

completes the proof.
O

Lemma 4.3. Let B be the unital subalgebra of M, (C) generated by the Jordan block J,.
Then B is a mazximal Py algebra.

Proof. Suppose N D B is a subalgebra of M,,(C) and N has property P;. By Wedderburn’s
Theorem,
N = Mm((c) ®-- 'Mns(c) ®J,

where J is the radical of V.

Case 1. ny = --- = ng, = 1. Then N is triangularizable, i.e., there exists a unitary
matrix v € M, (C) such that uNu* is contained in the algebra of uptriangular matrices
(see Proposition 2.5 of [4]). Since J, € B C N, uJ,u* is a strictly uptriangular matrix.
Simple computation shows that u has to be a diagonal matrix. Therefore, N = u*(uNu*)u
is contained in the algebra of uptriangular matrices. Since N has property P;, N = B by
Lemma 4.2.

Case 2. Suppose n; > 2 for some i, 1 < i < s. Choose a nonzero partial isometry
v € M,,(C) such that v> = 0. Then eithe v ¢ B or v* ¢ B since B does not contain
any nontrivial projections. We may assume that v ¢ B. Consider the subalgebra N
generated by v and B. An element of N can be written as bjvbyv - - - vb,,, where b; € J for
2<i<n—-1,bp=1orb €J,b,=1orb, €J. By Lemma 2.1 of [4], N =Cl ® J,
where J is the radical part of N such that v € J. Note that N also has property P;. By
Case 1, N = B. So v € B. This is a contradiction. n

Lemma 4.4. Let B; C M, (C) be the unital subalgebra generated by the Jordan block J,,
fori=1,2. Then B = By ® By is a mazimal Py subalgebra of M, ,,(C).

Proof. Suppose B C N C M,,4n,(C) and N has property P;. Let p; be the central
projections of B corresponding to B;. Then B; C pyNp; C M,,(C) and p; Np; has
property P;. By Lemma 4.3, py Np; = By. Similarly, poNps = Bs. Suppose z € N \ B.
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Then we may assume that 0 # = = pyxpy. With respect to matrix units of M, (C) and

M,,(C), we can write z as
_ 0 (xij)m XM
v ( 0 0 ’

where (Z;;)n, xn, 18 & nonzero matrix. Multiplying on the left by a suitable matrix of B,
we may assume that z;; = 0 for all ¢ > 2 (which can be easily seen for the case ny, = 1,
other cases are similar). Multiplying on the right by another suitable matrix of B, we may
further assume that z;,, =1 and z;; =0 for 1 < j <ny — 1. So we may assume that

0O --- 1

0O --- 0

m e On]‘xnl DY ..
O n1Xng

0 OTLQXTLQ

Let N be the algebra generated by B and x above. Then

¢ \
Ao\ 0 --- «
! " 0O --- 0
) . \ 0 e
N = n1Xng I/\Z‘7T]j,Oé€(C
771 o .. T]TLQ
0 : :
\ 0 n J
Simple computation shows that
(
] *
NL C * * * *
* 0
* *
\ Vs
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Let
0 1
0 0
o 0. 0n1><n2
- 0 0
v 0 1
0 0
O o .. “ .. .« ..
0O --- 0
It is easy to see that the operator y can not be writtens a sum of a rank one operator and
an operator in NV, . This contradicts to the fact that N has property P;. O]

Proof of Theorem 4.1. Suppose B is generated by a matrix 7. By the Jordan Canonical
Theorem, we may assume that 7' = @®!_, (\;+.J,,,) and Y _;_, n; = n. Note that dim(B) =n
if and only if A\; # A; for ¢ # j, and if and only if B = ®]_, B;, where each B; is the
subalgebra of M, (C) generated by the Jordan block J,,,.

Suppose B C N C M,(C) and N has property P;. Let p; be the central projection
of B corresponding to B;. Then B; C p;Np; C M,,(C) and p;Np; has property P;. By
Lemma 4.3, B; = p;Np;. Since B # N, there is an element 0 # x € N such that x = p;xp;
for some i # j. Without loss of generality, we may assume that 0 # = = pjrp;. Now
we have By @ By € (p1 + p2)N(p1 + p2) € My, 40,(C) and (p1 + p2)N(p1 + p2) also has
property P;. On the other hand, by Lemma 4.4, By @ By = (p1 + p2)N(p1 + p2). This is a
contradiction. O

5 P; algebras in M,(C), n <4

Let B be a subalgebra of M,,(C). Then B = M,,(C) & --- & M, (C) & J, where J is the
radical part of B. If ny,--- ,n, = 1, then B is uptrianglizable, i.e., there exists a unitary
matrix u such that uBu* is a subalgebra of the uptriangular algebra of M, (C) (see [4],
Proposition 2.5 or [8], Corollary A, p.17). The following lemma will be useful.

Lemma 5.1. [Azoff] Let S be a subspace of L(H) and consider the subalgebras of L(H®)
defined by

e a e a
Bz{(o Ag).)\GC,CLES}, Cz{(o Me).A,uGC,aES}.

1. B has property Py if and only if S has property P;.

2. C has property Py if and only if S has property Py and is intransitive.
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Proposition 5.2. Let B be a unital subalgebra of My(C) with property Py. Then B is
unitarily equivalent to one of the following three subalgebras:

(a X)eep {00 g)neef {(5 1) aoecy

Proof. 1t is easy to verify that the above algebras have property P;. Suppose B has
property P;. Then the semi-simple part of B must be abelian. Conjugating by a unitary
matrix, we may assume that B is a subalgebra of the algebra of uptriangluar matrices.
Note that the algebra of uptriangular matrices does not have property P;. So B must be
one of the algebras listed in the lemma. O]

Proposition 5.3. Let B be a unital subalgebra of Ms(C) with property P1. Then either B
or B* has a separating vector. Therefore, dimB < 3. Furthermore, if dimB = 3, then B
is similarly conjugate to one of the following algebras

)\1 0 0 >\1 0 >\3

Al = 0 X O 2)\1,)\2,)\3 eC , AQZ 0 XN O 2)\1,)\2,)\3 e C s
0 0 X3 0 0 X
A1 A3 0 Al Ao A3

A3: 0 A O : )\1,)\2,)\3 e C , Ay = 0 A A : )\1,)\2,)\3 e C ,
0 0 )\2 0 0 )\1
Al Ao A3 At 0 Ao

As = 0 XA O : )\1,)\2,)\3 eC , Ag = 0 A A3 : )\1,)\2,)\3 eC
0 0 /\1 0 0 /\1

Proof. Suppose B has property P;. Then the semi-simple part of B must be abelian.
Conjugating by a unitary matrix, we may assume that B is a subalgebra of the algebra of
uptriangluar matrices. We consider the following cases.

Case 1. Suppose the semi-simple part of B is C® C @ C. Then B = A; by Theorem 3.1.
Case 2. Suppose the semi-simple part of B is C®C. We may assume that the semi-simple

A 000
part of B consists of matrices 0 A1 0 |]. We consider two subcases.
0 0 X
Subcase 2.1. Suppose B is contained in the following algebra
A1 0 A3
By = 0 )\1 )\4 :>\1,~~,)\4€C

0 0 X
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Simple computation shows that By does not have property P; (the identity matrix can not
be written as x + (B1), such that the rank of x is at most 1). So B is a proper subalgebra
of By. This implies that there exist a, 3 such that

)\1 0 /\30[
Bl - 0 )\1 )\3ﬁ : )\1,)\2,)\3 € (C
0 0 X
If a #0, let
a 0 0
s=| g 10
0 01
Simple computation shows that sA,s™! = B, i.e., s 'Bs=A,. If a = 0,8 # 0, let
0 10
s=1|1 06 00
0 01

Then sAys™ = B, ie., s '1Bs = A,. If a = 3 =0, then clearly B has a separating vector.

Subcase 2.2. Suppose B is not contained in B;. Since B is an algebra, B contains Aj. It
010

is easy to see that Aj is the algebra generated by the matrix | 0 0 0 | and dimAz = 3.
0 01

So B = A3 by Theorem 4.1.

Case 3. Suppose the semi-simple part of B is C. Then B is contained in the following

algebra

A1 A2 As
BgI 0 )\1 )\4 2)\1,"',)\46@
0 0 N\

It is easy to see that Bs does not have property P;. So B is a proper subalgebra of Bj.
We consider the following subcases.
Subcase 3.1 Suppose B contains an element

b —

o oo
o oR
o w2

such that o # 0 and g # 0. Conjugating by an invertible uptriangular matrix, we may
assume that b = J3 is the Jordan block. So B contains A;. By Theorem 4.1, B = A,.

Subcase 3.2 Suppose B does not contain an element b as in subcase 3.2. Then B C Aj
or B C Ag. Note that A} has a seperating vector and Ag has a separating vector. So both
As and Ag have property P;. ]
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Lemma 5.4. Let

)VED VD VW
B 0 A A 0 |
B= 0 0 a0 | MeCh M)
0 0 0 X\

Then B is a mazximal Py algebra.

Proof. Note that B* has a separating vector. So B has property P;. Suppose A D B is a
P, algebra. Suppose A contains a matrix

0 a * %
o0 B =
Lo o0 N o
00 0 X\

such that v # 0. Since B C A, we may assume that a # 0 and 3 # 0. Conjugating by an
upper-triangular invertible matrix, we may assume that A contains the matrix

0100
0010
0 001
0000

So A is the algebra generated by the Jordan block by Theorem 4.1 and dimA = 4. However,
dimB =4 and B C A. This is a contradiction.
Therefore, A is contained in

Al ox % %
0 AN * %
0 0 X O
0O 0 0 X\

Since A is an algebra containing B and A # B, we may assume that A contains a matrix
of the following form

:)\1€C

000 0
a:OOSt
2 000 0 [’

00 0 X\

where either s # 0 or ¢t # 0. Furthermore, we can assume that s = 1 and ¢ # 0. Let A; be
the algebra generated by B and ay. Then

AA A3 N
0 M X+ As tAs
0 0 A1 0

0 0 0 A1

A= 2)\1,"',>\5€(C
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Simple computation shows that the predual space of A; is

Mm% % %
tns M2 * %
0 —tns ns O
0O ns 0 m

s EC, ) e+ N3+ N =0

It is easy to show that the following matrix

0 000
0 000
-t 0 0 0
1 100

can not be written as x+(A;), such that the rank of = is at most 1. This is a contradiction.

So B is a maximal P; algebra.
O

Proposition 5.5. Let B be a unital subalgebra of My(C) with property P1. Then B satisfies
one the following conditions:

1. B has a separating vector,
2. B* has a separating vector;

3. B is similarly conjugate to an algebra of the form

)\[2 S .
{( 0 771.2).)\,776((3,565},

where S is a subspace of My(C) with dimension 2.
In particular, dimB < 4.

Proof. Suppose B has property P;. Then the semi-simple part of B must be My(C) or
abelian. If the semi-simple part of B is M(C), then B = M(C)® by Theorem 3.1. So
B has a separating vector. Suppose the semi-simple part of B is abelian. Conjugating by
a unitary matrix, we may assume that B is a subalgebra of the algebra of uptriangluar
matrices. We consider the following cases.

Case 1. Suppose the semi-simple part of Bis C® C @ C @ C. Then

A0 0 O
o oa o0 0 |
B 0 0 A 0 .)\1, ,)\46@

0 0 0 M\
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by Theorem 3.1. So B has a separating vector.
Case 2. Suppose the semi-simple part of B is C @ C & C. We may assume that the

A 0 0 0
semi-simple part of B consists of matrices 0 A 00 . Let
0 0 X O
0 0 0 X3
1000 0000 0000
o — 0100 o — 0000 o — 0000
""loooo0o " loo0o10]"* 10000
0000 0000 0 001
By Lemma 2.1, (e3 + e3)B(es + e3) C Ms(C) has property P;. By Theorem 3.1 and the

Ao 0

assumption of case 2, (es + e3)B(es + e3) = { ( 0
3

) S Ao, A3 € (C}. We consider two

subcases.

Subcase 2.1. Suppose B is contained in the following algebra
)\1 0 )\4 >\6
0 M A5 A7
0 0 X O
0 0 0 X

By Lemma 2.1, (e; + e3)B(ey + e3) C M3(C) has property P;. Note that

A 0 N\
(61+62)B(61+€2) Q 0 )\1 /\5 I)\l,"' ,/\56@
0 0 X

By the proof of Subcase 2.1 of Proposition 5.3, there exists an invertible matrix

AL, A eC

®
I
o % %
o % %
— % %

such that
/\1 0 )\3
s (er + e2)B(er + e3)]s C 0 X\ O c AL A, A3 € C
0 0 X

Conjugating by (s®1)~! € My(C), we may assume that B is contained in the following
algebra
A0 A g
Blz 8 /\1 0 )\6 :/\1,---,)\6€C
0

0 A O
0 0 Xs



23

It is easy to see that By is similarly conjugate to the following algebra

A0 X 0

0 M X M |

0 0 A 0 DA, ,A ¢ € C

0 0 0 X

So we may assume that
A0 XN O
B 0 M A5 X |
B, = 0 0 A 0 DI A € C

0 0 0 X

Repeating the above arguments, we may assume that B is contained in the following algebra

A0 A O
B 0 A 0 X |
BQ— 0 0 )\3 0 ./\1, ,)\56@
0 0 0 X

Simple computation shows that By does not have property P; (the identity matrix can not
be written as x 4 (By), such that the rank of x is at most 1). So B is a proper subalgebra
of B,. Therefore, there exist «, § such that

)\1 0 )\40& 0
B 0 AN 0 NS |
B = 0 0 Ay 0 : )\1, 7)\4 eC
0 0 0 A3

If a = 8 =0, then clearly B has a separating vector.
If « 40 and § # 0, let

a0 00

¢ = 0 100

a 0 0 10

0 0 01

Simple computation shows that
A0 A O
-1 _ 0 )\1 0 A4 .
tBt™ = 0 0 A O P A €C

0 0 0 As
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So B has a separating vector.
Ifa#0,=00r a=0,8%#0, then B is similarly conjuagate to the following algebra

A0 A O
0 A 0 0 |

0 0 a0 |MMeC
0 0 0 X

So B has a separating vector.
Subcase 2.2. Suppose B is not contained in B;. Since B is an algebra, B contains the

following algebra

M oA 000
B 0 A 0 O .
B3 = 0 0 X 0 iAo, €C

0 0 0 X
01 00
. . . 00 00

It is easy to see that Bj is the algebra generated by the matrix 00 1 0 and

00 0 2

dimB3 = 4. So B = B3 by Theorem 4.1 and B has a separating vector.
Case 3. Suppose the semi-simple part of B is C @ C.
Subcase 3.1. Suppose B contains the following subalgebra

(/AN 0O 0 0
0 AN 0 0 |
0 0 X 0 ‘A, A e C
(N0 0 0 X
Let

1000 0000
0100 0000

f1_0000’f2_0010
0000 000 1

By Lemma 2.1, f; Bf; C Ms(C) has property Py. By Proposition 5.2, f;Bf; = {< 6\ E]\ ) N E C}

or f;Bf; = {( A > tA\,nE (C}. We consider the following subsubcases.

0 A
A0
0 A

)\IQ * .
b (M Vi)

Subsubcase 3.1.1. Suppose f1Bf; = foBfs = {( > A E (C}. This implies that
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By Lemma 5.1,

(AL S\
s {(% 5 )amec),

where S has property P; and is intransitive. By [[2],Table 5A, page 34|, S is equivalent to
one of the following spaces: zero space, or

(6 0)eeeh (5 ¢)reecp {0 5)seech
e o) eese (6 ¢)roceef q(5§)ecesy

Note that in the last four cases neither B nor B* has a separating vector.
Subsubcase 3.1.2. Suppose f1Bfi = foBfs = {( 8 Z ) A\, nE (C}. This implies
that B contains the following subalgebra

AM X 0 O
B 0 N 0 O '
By = 0 0 A A .)\1, ,)\4 eC
0 0 0 s
0100
) ) ) 0 00O
It is easy to see that B, is the algebra generated by the matrix 00 1 1 and
0 001

dimB, = 4. So B = B, by Theorem 4.1 and B has a separating vector.
Subsubcase 3.1.3. Suppose f1Bf; = {( ?)\ ())\ ) A E C} and foBfy = {( 6\ Z ) A\ E (C}.

0, a . Let Bj be the subalgebra
0y 0o

generated by f1Bfi, foBfs and b. Then dimB; = 4 and Bs is the algebra generated the
matrix

If dimB > 3, then B contains a nonzero matrix b =

02 a
11
» (01)

)\1]2 )\4@

B = 0 )\2 )\3 I)\l,"',)\4€(c 5
? 0 A

So B = By by Theorem 4.1 and
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where a is a 2 x 2 matrix. Let

b 0
(o 1)

Then
)\1[2 )\4b(1,
tBt_l: 0 /\2 )\3 2)\1,"',>\4€(C
? 0 A

So we can choose b appropriately such that ba = 0y, or ba = I, or

10 0 1 11 10
ba—(o O)’ or ba—(o O>’ or ba—(o 0), or ba-(l 0)'

In each case, B has a separating vector.
Subcase 3.2. Suppose B contains the following subalgebra

A0 0 0
0 X 0 O
0 0 X O
0 0 0 X

Z)\l,)\QGC

Let

o O O
o = O

p:

o= O O
_— o O O

0 0
By Lemma 2.1, pBp C M3(C) has property P;. By Lemma 5.2,

A1 Ao A3
po: 0 A Ao I>\1,>\2,>\3€C
0 0 X\

)\1 0 )\2
pBp = 0 X O AL e C
0 0 X\
We consider the following subsubcases.
A2 A3 N\
Subsubcase 3.2.1. Suppose pBp = 0 A2 A3 | : A, A3, €C ). Then B con-
0 0 X
tains the following subalgebra

A0 0 0
0 X A3 M\
0 0 X As
0 0 0 X

BGZ :/\17"'a)\4€C
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0000
. . . 0110
It is easy to see that Bg is the algebra generated by the matrix 00 1 1 and
0001
dimBg = 4. So B = Bg by Theorem 4.1 and B has a separating vector.
A0 Ao
Subsubcase 3.2.2. Suppose pBp = 0 A O AL A € Ch. If dimB > 3,
0 0 X\
then B contains a nonzero matrix b = ( 8 g . Let B; be the subalgebra generated by
3

(1 —p)B(1—p), pBp and b. Then dimB; = 4 and By is the algebra generated the matrix

0 a
1 01
0 010
0 01
So B = B; by Theorem 4.1 and
)\1 >\4CL
B Ao 0 As '
B = 0 0 A 0 : )\17 ,)\4 e C
0 0 X
Conjugating by an appropriate invertible matrix
10 00
¢ 0 A % =
0 0 x|’
00 0 A
we have
(/A X2 0 0 )
-1 0 )\2 0 )\3 . o
tBt " = 0 0 XA O DA, A €Cp
(\0O 0 0 X )
or
(/A 0 X O )
1 0 A2 0 As| N
tBt™ = 0 0 A O AL, €C B
0 0 0 X
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or
A0 0 A
N N YA
tBt = 0 0 X\ O DA, A e C
0 0 0 X

In each case, B* has a separating vector.
Case 4. Suppose the semi-simple part of B is C. Consider matrices in B with the following
form

b:

oo o
oo o9
O O W ¥
OS2 ¥ ¥

0

Subcase 4.1. B contains a matrix b with a # 0,6 # 0,7 # 0. Conjugating by an
upper-triangular invertible matrix, we may assume that B contains the matrix

0100

o O O
o O O

1
0
0

o = O

So B is the algebra generated by the Jordan block by Theorem 4.1. Note that B has a
separating vector.

Subcase 4.2. B does not contain a matrix B as in subcase 4.1 and B contains a matrix B
with two elements of «, 3,7 nonzero. We may assume that a # 0 and 3 # 0. Conjugating
by an upper-triangular invertible matrix, we may assume that B contains the matrix

0100
0010
0000
0000
and therefore,
A1 A A3 0
0 A X O
D .
B> 0 0 A O AL, A, N3 € C
0 0 0 X\

By the assumption of subcase 4.2, we have

Al ox % %
0 A * =
0 0 X O
0O 0 0 X\

BC :)\1€(C . (5)
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Subsubcase 4.2.1 Suppose the (2,4)-entry of every matrix in B is zero. Then B is
contained in the following algebra

Al A2 A A
0 A A3 O
0 0 X O
0 0 0 N

Bg C 2)\1,"',/\5€C

Simple computation shows that Bg does not have property P;. So B is a proper subalgebra
of Bs. By (5), there exist «, 3 such that

)\1 )\2 )\3 )\40&
0 M Mt+MB 0
0 0 A1 0
0 0 0 A1

AL, €C

If =0 and 3 # 0, then B does not have property P;. So we may assume that o # 0. It
is easy to see that B* has a separating vector.

Subsubcase 4.2.2 Suppose the (2,4)-entry of a matrix in B is not zero. By (5), B
contains an element

b:

o oo

o oo
oo wo
o o2 Q

0 0

where 7 # 0. Since B is an algebra, B contains

0100 00 8 v
0010 b 00 0 O
0000 {0000
0000 00 0 O
By (5), B contains
00 0 v
0000
0000
0000
Since B is an algebra, B contains the following subalgebra
A A A3 N\
0 A X O
C : .
By C 0 0 A O : )\1, ,)\4 eC

0 0 0 N
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By Lemma 5.4, By is a maximal P; algebra. Hence, B = By and B* has a separating
vector.
Subcase 4.3. B does not contain a matrix B as in subcase 4.1, subcase 4.2, and B
contains a matrix B with one element of «a, 3, nonzero. We may assume that o # 0.
Conjugating by an upper-triangular invertible matrix, we may assume that B contains the
matrix

o O O

1
0
0

o O O
o O O

0000

By the assumption of subcase 4.3, B is contained in the following algebra

At A Az Ay
B 0 M 0 A |
0 0 0 X\

Simple computation shows that Bjy does not have property P;. So B is a proper subalgebra
of Byg. We consider the following subsubcases.

Subsubcase 4.3.1. If the (1,3) entry of each element of B is zero. Then B is contained
in the following algebra

A A 0 A3
- 0 M 0 M\ |
By = 0 0 A O tAL o, M EC
0 0 0 X\

Simple computation shows that By, does not have property P;. So there exist «, § such
that

)\1 /\2 0 )\30(
- 0 N 0 A8 |
B = 000 A 0 |AAedec
0 0 0 X\

If 5 =0, then B* has a separating vector. If 3 # 0, then B has a separating vector.
Subsubcase 4.3.2. If the (2,4) entry of each element of B is zero. Then B is contained
in the following algebra

At A Az Ay
B 0 AN 0 0 |

0 0 0 N
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Note that Bj, has a separating vector and hence B* has a separating vector.
Subsubcase 4.3.3 Suppose B contains an element

00 a
b— 00 0 v
1000 0|’
00 0 0
where a # 0 and v # 0. Let
10 O 0
‘ 01 0 0
100t -2
00 0 ~°t
Then
0010
1, | 0001
Erbt = 0000
0000

Conjugating by ¢! if necessary, we may assume that « = =1 and 3 = 0. Since B is a
proper subalgebra of Bjy, B is the algebra,

Al A A3 Mg
NI
B 0 0 A O DAL ,)\46@
0 0 0 X\

It is easy to see that B* has a separating vector.
Subcase 4.4. B does not contain a matrix B as in subcase 4.1, subcase 4.2, subcase 4.3.
Then

A0 A A3
0 X 0 M\ |

B C 0 0 A 0 DA, A € C
0 0 0 X\

Combining Lemma 5.1, [[2],Table 5A, page 34|, and similar arguments as in subsubcase
3.1.1,

A A A3 0
)l oo 0 o0 |
B 0 0 A\ O A, A, A3 €C

0O 0 0 N



32

or
(/A 0 0 X )
_ 0 A 0 Az |
B = 0 0 A O AL A A3 €C Sy
(N0 0 0 X\ )
or
(/A 0 X A )
- 0 M 0 X |
B = 0 0 )\1 0 .)\1,)\2,)\36@ R
(N0 0 0 N\ ]
or
(/A 0 X O )
_ 0 A 0 Az |
B = 0 0 A\ O AL A A3 € C
(N0 0 0 X\ )
It is easy to show that in each case either B or B* has a separating vector. O]

6 2-reflexivity and property P;

Let H be a Hilbert space. The usual notation Lat(B) will denote the lattice of invariant
subspaces (or projections) for a subset B C L(H), and Alg(L) will denote the algebra of
bounded linear operators leaving invariant every member of a family L of subspaces (or
projections). An algebra B is called reflexive if B = AlgLat(B). An algebra B is called
n-reflexive if the n-fold inflation B™ = {b() : b € B}, acting on H™, is reflexive (see [1]).
In [11], the third author proved the following result: An algebra B is n-reflexive if and
only if B, the annihilator of B, is the trace class norm closed linear span of operators
of rank< m. In [11], the third author also showed the following connection between n-
reflexivity and Py property: If an algebra B has property Py, then B is 3-fold reflexive.
(This result also holds for linear subspaces with the same proof). He raised the following
problem: Suppose dimH =n € N and B C L(H) = M,(C) is a unital operator algebra
with property P;. Is B 2-reflexive? Note that this question also makes sense for linear
subspaces. In [1], Azoff showed that the answer to the above question is affirmative for
n = 3 (for all linear subspaces of M3(C) with property P;). In this section, we prove the
following result.

Proposition 6.1. If dimH = 4 and B C L(H) = M4(C) is a unital operator algebra with
property Py, then B is 2-reflezive.
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Proof. By Proposition 5.5, either B or B* has a separating vector or B is similarly conjugate

to an algebra of the form
)\]2 S .
{( 0 nIQ).A,nE(C,SGS},

where S is a subspace of My(C) with dimension 2. If B has a separating vector or B* has
a separating vector, then B is 2-reflexive follows from the proofs of Corollary 7 of [11] and
Proposition 1.2 of [6]. If B is similarly conjugate to an algebra of the form

)\Ig S .
{( 0 77[2).)\,776(:,865},

where S is a subspace of M,(C) with dimension 2, then B is 2-reflexive follows from
Proposition 1 of [10].
O
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