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ABSTRACT. We associate a von Neumann algebra with each pair of complete wandering
vectors for a unitary system. When this algebra is nonatomic, there is a norm—continuous
path of a simple nature connecting the original pair of wandering vectors. We apply this
technique to wavelet theory and compute the above von Neumann algebra in some special
cases. Results from selection theory and ergodic theory lead to nontrivial examples where
both atomic and nonatomic von Neumann algebras occur.

1. INTRODUCTION

We consider a particularly simple type of continuous path of orthonormal (mother) wavelets
that may connect two given wavelets. The general connectedness problem for wavelets has
been studied by several authors over the past decade, and there is a literature concerning
it. The solution is known to be yes (i.e. they are path-connected in the L?(IR)-norm) for
the special case of the dyadic MRA (multiresolution analysis) wavelets on IR, (by the Wutam
Consortium [27]), and for the case of the MSF-wavelets, or equivalently the wavelet measur-
able sets (by Speegle [26]). The general problem for arbitrary orthonormal wavelets remains
open. This article is in an essentially different (but related) direction. The difference is that
we focus on a special type of continuous path between wavelets, rather than consider the
existence of generic paths.

The primary motivation for this paper is the development of the mathematics underlying
the subject of wavelet theory in Hilbert space. New connectivity results can be used for
classification purposes in that two wavelets can be considered to be related in a particular
way if there is a particular type of continuous path of wavelets connecting them. In ad-
dition, new results for continuous paths of wavelets have potential use in development of
perturbation techniques for wavelet analysis. We were led to this paper by an attempt to
gain a better understanding of the known positive results in [27] and [26] mentioned above,
and its relationship with our work in [2] and [15]. We discovered that certain (but not all)

pairs of wavelets can be connected by a direct path (see definition below) analogous to the
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manner in which two measurable sets of the same measure can be connected in the sym-
metric difference metric by continuously displacing a continuously increasing portion of the
first set by an equivalent portion of the second set, fixing the intersection. This concept
is natural within the class of wavelet sets and we discovered that it can be modeled and
analyzed very effectively using operator algebra techniques, and generalized appropriately,
leading to our definition. Examples abound, and there are simple examples of wavelets which
are connected but not directly connected. Direct connection is quite special. However, using
some earlier results of the authors leading up to this paper, many pairs of wavelet sets,
hence MSF-wavelets, can be shown to be directly connected. Speegle’s interesting paths
constructed in [26], which prove connectivity of all wavelet sets, are not direct paths. The
direct connectivity of arbitrary pairs of wavelet sets still remains an open problem.

Following [3], a unitary system U acting on a Hilbert space H is a collection of unitary
operators in B(H) containing I. A complete wandering vector for U, if one exists, is a vector
¢ € H with the property that U1 is an orthonormal basis for H. Let W(U) denote the set
of all complete wandering vectors for Y. If S C B(H) is a set of operators and £ C H is a
set of vectors, define the £-commutant of S to be

Ce(S):={AeB(H): (AS — SA)E = {0}, for all S € S}.

This is a W.O.T. closed linear subspace of B(H). If x € H, define the local commutant of

S at x to be C;(S) 1= C(3(S) = {A € B(H) : (AS —SA)z =0, forall S € §}. Then

Ce(S) = ﬂng(S). (It follows that Cg(S) is 2-reflexive, see ([1]).) An easy argument shows
zE

that if z is cyclic for U, in the sense that \/ Uz = H, then z is separating for C,(U).
veu
If ,n € W(U), let V] denote the unitary operator defined by

VIO awUy) =Y cwlUn, {cv} € £MU).

veld veu

Then, an easy computation shows that V] € Cy(U). Reversing this argument, one can show
that if V' is any unitary operator in C, () then Vi) € W(U). Since 1) separates Cy(U), it
follows that V] is the unique unitary operator in Cy({/) that maps ¢ to 7.

If ,n € W(U), let us say that {¢),n} is a nonatomic pair of complete wandering vectors
for Y if {U4,V]}' (the operators commuting with V;/ and all the unitaries in /) is a nonatomic
von Neumann algebra (i.e. it contains no nonzero minimal projections). In general, we will

call {U,V]}' the essential von Neumann algebra for the pair {1, n} and write

Mi/w = {Ll, VJ)’}’.
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A standard argument using Fuglede’s Theorem shows that M, , is a von Neumann algebra.
Since V] = (V;¥)* we have My, = M.
We have the following simple fact.

PROPOSITION 1.1. If {4, n} is a nonatomic pair in W(U), then there exists a continuous
path o(t)icpo, in W(U) with «(0) =9 and (1) = 1.

PROOF. A standard argument implies that M, , contains a nest {P; : 0 < ¢t < 1} of
projections with Py = 0, P, = I, such that ¢ — P, is (strong-operator-topology)-continuous.
Let

(1) at)=(I—-P)yp+Pn, 0<t<1

Then «(t) is a norm-continuous path of vectors in H. Let W := I — P, + PtVJ’ ,0<t< 1.
Clearly a(t) = Wyp. Since P; € U’ and C,(Y) is closed under left multiplication by elements
of U' (notice that V], I € Cy(U)), we have W; € Cy(U) for all ¢ € [0,1]. Moreover since P
commutes with V/, one can easily check that W, is unitary. So, a(t) € W) for allt. =

We will call the path (1) connecting the elements of a nonatomic pair a direct path of

wavelets, and we will say that the wavelets in a nonatomic pair are directly connected.

2. ORTHONORMAL DYADIC WAVELETS

For the reader convenience let us introduce the notation and terminology of the classical
case of dyadic orthonormal one-dimensional wavelets. For this setting we let H be the L2-
space with respect to u (Lebesgue measure) on IR, which is denoted as usual by L?(IR). The
unitary system U is determined by the unitary operators D and T (bilateral shifts of infinite
multiplicity) defined on L?(IR) by

(Df)(z) = V2f(2z) and (Tf)(z) = f(z—1), ae. z€ R, fe L*(R),
in the following way:
U(=Upr) :={D"T": k,l € ZZ}.
A function w € L?*(IR) is called simply a wavelet if w € W(Upr). It is well-known (see,
e.g. [13]) that @ is bounded if w is a wavelet. We say that a subset G of IR of positive
measure is a wavelet set if \/#27)((; = @, where w is a wavelet in L?(IR) and ¥ denotes the

Fourier-Plancherel transform of the function f, which for functions in L'(IR) N L*(IR) is
defined by

fla) = \/%_W /}R e~ f(D)du(t), = € R.
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The inverse Fourier transform of a function f € L?(IR) is denoted by f. A wavelet w
satisfying \/#27)((; = || for some wavelet set G is called a (MSF)-wavelet, and we call G the
support of @. One knows (see, e.g. [3]) that the set of exponentials {€"*|c : n € Z} is an
orthonormal basis for L?(G).

One of the simplest examples of such sets is the Littlewood-Paley wavelet set E :=

[—2m, —m) U [m,27). One less obvious example of a wavelet set is the following union of

_Am Smy | _2m) |5 _m) (4 2
3° 74 T 8’ 2 73

U3_7r U4_7rll7rU4327rU117r6
e 378 ™y 9 0T )

which was constructed in [14]. The wavelet corresponding to the Littlewood-Paley wavelet

eight intervals

set (via the Fourier transform) is called the Shannon wavelet.
For an arbitrary wavelet set F' it was proved in [15] that there exists another wavelet set F

(called regularized ) with the properties that F = F a.e. [u] and such that IR = U (F + 2km)
keZ
(disjoint union) and IR\ {0} = U (2% F)(disjoint union). Let us denote by W8 the class of

keZ
all regularized wavelet sets.

Hence, for F' € WS we can define the following two maps associated with F: let 77 :
IR — F be the function defined by 77(z) = x + 2j7, where j is the unique integer satisfying
T+ 2j7 € F and let 05 : R\{0} — F be the map defined by dr(z) = 2¥z, where k is the
unique integer for which 2fz € F'. If G is another regularized wavelet set it is clear that the
restrictions of 77 and dr to G are measurable bijections. Thus we can associate with every
F, G € WS (F, G regularized) a measurable bijection on F' [resp. G] defined by

(3) hre :=Trig 0 0rg, [resp. har = Tap © dajp -

In case F' := E (Littlewood-Paley wavelet set) we simply denote hgrg by hg.
It turns out that the conjugation hg := £ohgo &t : [0,1) = [0,1) of hg, by the function
£:E —[0,1) defined by

(4) §(z) =
—+1, z€[-2m —m),
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takes a simpler form than hg. The following characterization for the class of wavelet sets
in terms of the corresponding maps kg has been established in in ([14]). We shall term the

maps %G wavelet induced maps.

PROPOSITION 2.1. ([14]) Let G € WS and hg be defined as above. Then the map hg
has the following properties:

(i) hg is a measurable bijection of 0,1),
(ii) there ezists a measurable partition {Ap}rez of [5,1) and a measurable partition
{Bi}rem of [0,3), such that
B |12z], z€ Ay, k€ Z,
(5) ha(z) =
|12¥(x —1)], z€ By, ke Z,

where | x| denotes the fractional part of the real number x.

Moreover, if h is a map satisfying (i) and (i7) then there exists a (reqularized) wavelet set G
such that h = hg (a.e. [du]).

For the wavelet set S given by (2) for instance, one can compute hs and obtain the

following wavelet induced map

(2% -1)] on [0%)U[§%)
) 222 on B%)u [%Z)
12-'2] on [;g)u E1)

o ()

We denote the class of all wavelet induced maps by WZ. By Proposition 2.1, there exists

a one-to-one correspondence between WS and WZ.

Before we state our results about the essential algebra for a pair of wavelets we introduce
more terminology and point out some simple observations.

Let D, (a > 0) and T, (b € IR) denote the unitary operators on L?(IR) defined by
(D.f)(z) = Vaf(az), z € R, f € L*(R) and (Tf)(z) =z —b, z € R, f € L*(R). It is
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easy to check that we have the following relations satisfied by these operators:
(7) TyD, = DaTab7 DaD; = Daa’; T, = Tb—l—b’; a, a € (0, OO), b, b eR.

For A € B(L*(IR)) we write A for the bounded linear operator defined by Af = Af,
f € L2(R). If A C B(L®(IR)) then A := {4 : A € A}. It is easy to check that (Df)(z) =
%f(g), z € R, f e L2R), and (Tf)(z) = e®f(z), z € R, f € L2(R). In [3] it was
proved that

8) {D,TY(=DP):={M;: feL®R), f(s)=F(2s) ae [y, s€R},

(M; is the operator of multiplication by f on L?(R)). DP is called the dilation-periodic-
algebra. Hence, in the classical case /\//IE, is just a subalgebra of DP which, in particular,
implies that My, is an abelian von Neumann algebra for every ¢,n € W(U). For an
arbitrary F' € WS, it is clear from (8) that the algebra DP is isomorphic to L>°(F'), via the
isomorphism f — M5, f € L>°(F), where

(9) flx) = f(or(z)) ae. [p, z€RR.

PROPOSITION 2.2. Let ,n € W(U), A € B(L*(R)) such that A commutes with D and
T. Let us assume that the representation of Ay in the basis {D"T')}y, ez is given by:

(10) Ap =Y ag DT, (D lagl® < 00).

ERISY/A ERISY/A
Then the following are equivalent:

(i) A E Md’ﬂl:
(ii) A(D'T™n) = Z as,tVJ’Dl+sTt+23m¢ for every l,m € 7Z,

ERISY/A
(iii) (under the assumption that v is a (M SF)-wavelet)

(11) A(D*T'n) = ZaO,kaT“’mn, for every k,l € Z.
meZ

PrROOF. Let A € B(L*(IR)) an operator commuting with and D and 7. Then A €
My if and only if A commutes with V. The equation AV,] = V/A is equivalent to
AV(D'T™p) = VJA(D'T™y) for every I,m € Z. Since A commutes with D and T we
have equivalently:

(12) A(D'T™y) = V] D'T™(Ay), I,m € Z.



DIRECT PATHS OF WAVELETS 7

Using the representation of At in (10) the relations in (12) completely determine A on the
elements of the basis {D'T™n}; ez
AD'T™)) = Y a, VDT D* T, I,m € Z.
s, tEZ
Therefore, taking into account that 7% = Ty, D* = Dy for all s € Z and the relations (7),
the condition AV)] = VA becomes equivalent to

A(Dlen) = Z asytVIZ’Dl+sTt+23m’(/}7 lym e,
ERISY/A

(13) or
AD'T™y) = Y as D Theemmn+ > as,tVIZ’DHSTtHsz/J, I,m e Z,
$,6€ 7,5 >0 $,t€ 7,5 <0

This shows the equivalence of (¢) with (4).
Remark: If ¢ is a (MSF)-wavelet it turns out that the coefficients a,; of the second sum
in (13) are zero and these equations become considerably simpler.

Indeed, if ¢ is a (MSF)-wavelet then ¢ = \/#27 g for some measurable function g of mod-
ulus one supported on F' € WS. Since A € {D,T} we may assume that A = My with

~ 1 1 .
€ L*(IR). Hence Ay = M = ——e" ) em 18

an orthonormal basis for L?(F), we have a representation of fir in this basis, say f(z) =

> ez Cm€™, © € F, with convergence in L?(F). Then, AY(z) = — Z cm€™ g(z) =

firg. Now, since {e,(z) =

1 ~
VT Z cm(T~™g)(z), with convergence in L?(F') which is the same, in this case, as conver-
€7

gence in L2(IR). Thus, Ay = Y mez cmT ™™, which implies that agm = ¢ and agm =0
for all k # 0, k,m € Z. The condition on A to commute with V! (equalities in (13)) is then

equivalent to the condition (11) in (i44). u

THEOREM 2.3. Let ¢ be a MSF-wavelet supported on F' € WS and let n € W(U). Then
My, is isomorphic (via the Fourier transform) to the subalgebra of DP

(14) (M; €DP: (f— forp)i=0}.

PROOF. By Proposition 2.2, it suffices to analyze how (11) changes when we apply the
Fourier transform to it. For A € My, there is f € L*(IR) such that f(s) = f(2s) a.e.
scR,and A= Mjy. Then (11) becomes:

k —m)x
13

k —ile__ (T _k =i N )
272 f(x)e 2 77(2_k) = Zcm2 2e 2 77(2_1@)’ k,l € Z, in L*(R),
meZ
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where, for the convenience of the reader, we recall that ¢, = \/#2—77 < flF,em >12(r), m € ZL.

x
After obvious simplifications and the change of variable oF = Y we obtain that the above

equality is equivalent to

( Z Cm€’ ) = 0 with convergence in L*(IR).

meZ.
Taking into account that f is 2-dilation periodic the last equality together with the above
remarks imply the following equivalent condition on f:
(16) fl@) =) cme™ in LR, [7*dp).
meZ.
Let us first show now that the relation in (14) follows from (16). Indeed, using (16), we
obtain that for some increasing sequence of integers {ny}reny Wwe have

lim (f(:v) — ik cmeim) n(z) =0ae z € R.

NE—00
m=—nyg

. = . . .
But the sequence of functions {} =™ cie®}rew contains a subsequence which converges

a.e. on R to f(7r(z)) and so the above equation implies that (f(z) — f(7(z)))7(z) = 0 for
a.e. z € IR.
Next, we show that the condition on f in (14) implies (16). Since (f(z)— f(7(z)))7(z) =0

a.e. on IR, we write
@) Pdu(o) = [ |

e CY g

R m=—k

Z cme™ | [7j(z)|*dpu(z)

m=—k

Since 7 is a wavelet one can show that Y, [i(z + 2i7)[> = 27 for a.e. z € IR (see for
instance [13]). Hence we may continue with the right hand side of the above equality as

follows:
/ Z cme™ | |7(z)Pdu(z) = lzz / _Z_kcme () [*dp(z)
=¥ [ 1@ ;%m )Pdp(z) =

27rf‘f m:_kcme"’””‘ du(z) — 0 .

as k,n—o0

This concludes our proof. [ |
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COROLLARY 2.4. Suppose ¢ is a MSF-wavelet supported on F € WS and n € W(U) is
supported on G € WS. Then My, is isomorphic to the subalgebra of L*(F') [resp. L*(G)]

(19) {fel>(F): f=Ffohre}, [resp{f€L¥(G): f=Ffohar}]

where hpg| resp. hgr| is defined by (3).

PROOF. Any 2-dilation periodic function on IR can be regarded as a function f € L*°(F')
extended as in (9) simply by setting f(z) := f(dr(z)) for x € R\ {0}. Then the equality
(f — f oTr)7 = 0 means that f(z) = f(7r(z)) for a.e. x € G. Now, if we take z = 6F|_G1(y)
with y € F, by using (3) we get f(y) = f(hpe(y)) for a.e. y € F. [ |

DEFINITION 2.5. Let = be a group of bijections of the set X and [z]z = {{(x) : € € 5},
xz € X, be the orbit of a point x under the action of 2 on X. A set W is called a cross-
section for 2 if W contains one and only one point from each orbit [z]z, x € X. IfE is singly
generated by a bijection h of X then a cross-section for = will be simply called a cross-section

for h.

We have been using the term wandering set instead of cross-section in [2], [15]. The term
wandering is used with a slightly different meaning in the thory of dynamical systems. To
avoid any further confusion we decided to use a different terminology.

It is easy to see that the algebra described by (19) is nonatomic if hre admits a measurable
cross-section. Let us observe then that Corollary 2.4 together with Proposition 1.1 and the
above remark give, in particular, the result of Theorem 2.1 contained in [15]. A natural
problem which arises in this context is to characterize the measurable isomorphisms A of F'
for which the algebra given as in (19) (with hre = h) is nonatomic. It is easy to see that in
general we have the following proposition.

PROPOSITION 2.6. Let (X, M,v) be a measure space, h : (X, M,v) - (X, M,v) be a
measurable bijection which preserves null sets (i.e. sets of v measure zero) and A := {f €
L>*(X,v): f = foh}. The following are equivalent:

(i) A is a nonatomic von Neumann algebra,

(ii) there exists a continuous map €2 :[0,1] = (M, d) such that Q(0) =0, Q(1) = X and
h(Q(t)) = Q(t), where (M, d) is the metric space of equivalent classes of measurable
subsets of X modulo null sets with the distance d(A, B) := v ((A\B) U (B\A)), A,B €
M,
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(iii) there exists no measurable set of positive measure w C X such that h(w) C w and hy,
is an ergodic transformation with respect to v (i.e. for w' C w such that h(w') C '
it follows that either v(w') =0 or v(w\w') = 0).

We should mention here that the condition on A to admit a measurable cross-section
is just sufficient but not necessary to insure that A is nonatomic. Indeed, let us take
X =10,1) x [0,1), v the product Lebesgue measure and h(z,y) = (z, |y + «]) with o € Q.
Then one can choose Q(t) = {(z,y): 0 <z <t y€[0,1] } and observe that the property
(ii) in Proposition 2.6 is satisfied but there exist no measurable cross-section for A since h is
invariant with respect to v.

Nevertheless, in [15] it is conjectured that every map in WZ admits a measurable cross-
section and it is shown in [2] that this is the case for a special subclass of WZ which includes
most of the known example of wavelet induced maps. One can ask whether the condition
on hp € WI to admit a measurable cross-section is also necessary in order for M, , to be
nonatomic. For a real-valued measurable map f we use the notation supp(f) for the set
{z|f(z) # 0}

The following corollary can be regarded as a generalization of Corollary 2.4.

COROLLARY 2.7. Let ¢ ne an MSF wavelet supported on F' and n € W(U) a wavelet
having the property that supp(n) C UP Gy, where G, € WS, k= 1,..., m. Then My, is
wsomorphic to

{f e L=(F): f(2) = (f o hra,) (),

a.e. x € dp(supp(n) N Gy) fork=1,..., m}.

(20)

PROOF. As in the proof of Corollary 2.4, the result follows easily from (3) and Theo-
rem 2.3. [ ]

There are many wavelets n which satisfy the hypotheses of this corollary. In fact, every band-
limited wavelet whose Fourier transform is a continuous function (for instance Lemarié-Meyer
wavelets) are such examples. Indeed, the supp(@) is contained in a compact set which does
not contain zero ([13]). Using a result proved in [17] one can always cover any such compact
set with finitely many wavelet sets.

The following proposition combined with Corollary 2.7 can be regarded as a generalization
of the result obtained in [15].

PROPOSITION 2.8. Let F, Gy, € WS, (k = 1,...,m) and assume that the group = gen-
erated by hrg, admits a measurable cross-section. Then the algebra {f € L>®(F) : f =
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f o hrg, for every k = 1,...,m} is nonatomic. Consequently, if Ay, (kK = 1,...,m) are

measurable subsets of F' then the algebra
{feL>*(F): f=fohpg, a.e on Ay foreveryk=1,..,m}
18 nonatomic.

PROOF. Let us denote Fy = F' N (—oo, tan(tw — 7 /2)) for every ¢ € [0,1]. Clearly, Ey =,

Ey = F and p(Fy v Fs) — 0 ast — s for s € [0,1]. Also, we denote by Q; = Uf(Ft)
g€z
(t € [0,1]). For every t € [0,1] and k£ = 1,...,m, the set €, is invariant under hpg, by

construction. Hence f; := xq, has the property f; = f; o hpg, for every k = 1,...,m. So
{ft}tcpo,1) is a nest of projections in our algebra joining 0 and 1. To finish the proof, we
only need to show that this nest is SOT-continuous. It suffices to show that ¢ — p(€) is
continuous. In order to do so, let us observe that = is a countable group and then the proof

follows using the same argument as in the proof of Lemma 2.2 in [15].

2.1. Examples of nonatomic and atomic pairs. The following result shows that, using
our technique, every wavelet support is contained in some region of the real line can be
connected by a direct path of wavelets to the Shannon wavelet. In the next theorem this
region is just one of the simple extensions from E. A natural question which appears at this
point is whether or not there exists a maximal region (relative to inclusion) containing E
with the property that any wavelet whose support is compactly contained in this region is
directly connected with the Shannon wavelet. If such a region exists it would be interesting
if one could exhibit it. On the other hand, the whole real line is not such a maximal set

because of Proposition 2.10.

THEOREM 2.9. Let ¢ be the Shannon wavelet and n € W(U) be such that supp(7) C
[—27,—€) U [m, 4w — €) for some € > 0. Then ¢ and n are directly connected.

PROOF. Let us consider the following family of wavelet sets from ([3]):
F,=[-2r4+20,—7m+ o) U[1+ a, 21 + 2a)
with « € [—7, 7). For n € N we let oy, = 7 — 37 and write h, = hr, . Let us observe that
[—2m,0) U [m,47m) = EU | F,

nelN

and so, by our hypothesis, it follows that there exists an L € IN such that
L

supp(7) C EU U F,,

n=1
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The result follows then from Corollary 2.7 and Proposition 2.8 provided we show that the
group E;, generated by the maps hy (k = 1,..., L) admits a measurable cross-section. This is
certainly the case if we show that =y, is a finite group. One can easily find that hy is given
by

((27Fg 4+ 21, € [-2m, —7)
3
2r — 4, S |:7T,?7T>
hi(z) = S 3
2¢ — 2m, T € [gﬂw—%)
s
2 — 20,2m)
| & T€ [ T— o 2M

It is more convenient to work with the wavelet induced maps %k = £ohyo& ! and
%_k = foh_po& . We write 1, for the corresponding group generated by hg, h_g,
k=1,..., L. It turns out that %k can be given in only three pieces:

(

1

127F(z—-1)], z€ [0, 3

1 1

1
\IE, xE[l—ﬁ,:l)

1 1
_27,...,1_%

1
Let us denote by A the set of points {0, 37 1 } We observe that each

Ry, leaves the set A invariant and since %,(ckﬂ) = id it follows that %,;1 leaves A invariant

—

too. Therefore every map in =j, leaves A invariant. Moreover, every element in Zj, is a
composition of finitely many of the maps hy (k = 1,...,L) and therefore it is a piecewise
linear right continuous bijection of [0,1) whose points of discontinuity can only possible be
in the set A. Hence every element of 25 is uniquely determined by what it does to the set A.
Therefore there cannot be more elements in Z;, then (L + 2)! (the order of the permutation
group of the elements of A). u

It is interesting to note that a class of wavelets known as Lemarié-Meyer wavelets has been
reconstructed in [3] using the natural notion of an interpolation pair of wavelets (for instance,
a pair (E,F), F € WS, for which h% = id). In [11] and [12], smoothing of the same Shannon
wavelet also led to these Lemarié-Meyer wavelets. So, there are reasons to believe that one
can obtain a result similar to Theorem 2.9 which will apply to Lemarié-Meyer wavelets.

We continue with examples of pairs of wavelets which are not directly connected. Let us
consider 1 be the Shannon wavelet and 1 = X[o,1/2) — X[1/2,1) (the Haar wavelet). A simple
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i (ei:c/2_1)2
Vor
the whole real line and so, the following proposition shows that ¢ and ¢ cannot be connected

computation shows that 7j(z) = , € R\{0}. This map is clearly supported on

by a direct path.

PROPOSITION 2.10. Let 7 be the Shannon wavelet and n € W(U) be such that supp(7) 2
[—4m, —27| U [27,47]. Then My, =CI and so ¢ and n are not directly connected.

PROOF. Let f € L*(E) such that M7 € /\//lw\,, where f is defined by (9) in the case
F := E. Using Theorem 2.3, we obtain that f(0g(z)) = f(7g(x)) a.e. z € 2F since by
hypothesis 2F C supp(7). Hence, we have that

(23) f(x) = f(6r(22)) = f(1e(22)) a.e. z € E.

We write f = f o £~ where ¢ was defined in (4). It is clear that fe L*([0,1)) and (23)
becomes

o~

fl@) = f(|22]) a.e. z € [0,1),
where by |z| we denoted the fractional part of the real number z. In [25] it was proved that
the transformation T'(z) = |2z] is an ergodic transformation on [0,1) with respect to an
invariant measure v which is equivalent to Lebesgue measure. By ergodicity theorem (see
for instance Theorem 4.4 in [24]), for every g € L'([0,1),v)(= L'([0,1), 1)) we have

1
lim —
n—oo 1,

> or*@) = [ g aell(la) = € 10,1)

[0,1)

Since f = foT in L*([0,1)) it follows that f is essentially just a constant function. Hence,
we get that /\//IE, =CI. u

Remark: It was proved in [20] that every piecewise C! function f on [0,1) such that
inf [f'| > 1 admits an invariant measure which is absolutely continuous with respect to
Lebesgue measure. In [21](see also [18]), the authors improved upon this result and showed
that there exist finitely many sets L; (j = 1,...,n) ( n is the number of discontinuities of f
and/or f') such that f is ergodic on L; with respect to the Lebesgue measure. This result

can be used to prove the following more general result than Proposition 2.10.

PROPOSITION 2.11. Let ¢ be the Shannon wavelet and n € W(U) be such that supp(n)
contains a finite union of intervals |J, Jy C (—o0, —27) U [27, 00) with the property that
0 (Ui Jk) = E. Then My, C €™ for some m € IN and so v and 1 are not directly

connected.



14 EDWARD A. AZOFF, EUGEN J. IONASCU, DAVID R. LARSON, AND CARL M. PEARCY
3. THE n-DIMENSIONAL CASE

Let R™ be, as usual, n-dimensional Euclidian space and take H = L?(IR™) the complex
Hilbert space of (equivalence classes of) square integrable complex-valued functions on R™
relative to Lebesgue-Borel measure y,, on R”™. The Fourier transform of f € L?(IR*)NL' (IR™)

is defined by
-~ 1

Fl@) = Gy [ € 100
R
The unitary systems pertinent to orthonormal wavelet theory in higher dimensions arise
in the following way. For k£ € IN, let M, (IR) denote the algebra of k X k£ matrices with entries
from IR. If A € M,(IR) is invertible and v € IR™ then the operators D4, T, in B(L*(IR"))

defined by
(Daf)(z) = |det A|2f(Az) (a.e) z€R®,  fe LR,

(T, f)(z) = f(x —v) (a.e.) z € R", f € L*(R"),

are clearly unitary operators. Let e, es, ...,e, be the standard basis for IR® and let L :=
{z € R* : x = >0, zxex, x € Z} be the group of vectors generated by integer linear
combinations of the basis {e;}. Then we set

U(=U,) = {D T, : k€ Z, ve L}.

If f € L*(IR™) is a complete wandering vector for the above unitary system, then f is called
a (single-function) dilation-A orthonormal wavelet, and the collection of all such wavelets
relative to this unitary system will be denoted by W,4. One can consider that {ej} is just
an arbitrary basis of R™ but it was shown in [16] that we can always change the matrix A
accordingly to obtain an equivalent wavelet theory using the standard basis. In fact, two
such unitary systems generated by matrices A and B are weakly equivalent (in the sense of
[16]) if and only if A = CBC~! where C is a matrix with integer coefficients and determinant
+1.

It is known [4] that wavelets exist when A is an ezpansive matriz (i.e. all the eigenvalues
of the matrix A have modulus greater than 1). Various examples of dilation-A wavelets
corresponding to different matrices A of interest are explicitly constructed in [5] and [9]. All
of this examples are (MSF)-wavelets (i.e. the absolute value of their Fourier transform is the
characteristic function of a measurable set).

Most of the facts from one-dimensional case can be generalized to this setting. First we

need the following lemma.
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LEMMA 3.1. Let A € M,,(IR) be an expansive matriz and L be the group of vectors in R™
defined above. Then the set {AFv :v € L, k € Z} is dense in R".

PROOF. Clearly, lim,,_,,, A~™e, = 0 for every k = 1,...,n. Hence, given an € > 0 there
exist . € IN such that [|[A™™e;|| < eforallk=1,...,n. Foru e R"let A™u =", ugey be
the writing of A™u in the basis {ex}. Then, if we denote by [z] the greatest integer smaller

than the real number z, we have

lu = A7 [ulen) | = 1A (we = [wel)er)l| < Y Lu) Al < ne,
k=1 k=1 k=1
which proves our lemma. [ |

An interesting problem which arises naturally is to characterize all matrices A with the
property that {A*v :v € L, k € Z} is dense in IR". Next, we state and sketch the proof of
the multi-dimensional equivalent of (8).

PROPOSITION 3.2. Let A € M,(IR) be an expansive matriz and Uy defined as above.
Then
U (= {7 e BULA(R™) : TS = ST, S els}) =
(24)
{M; € B(L*(R"™)) : f € L(R"), f(z)= f(A'z) a.e. z € R"}

where At is the transpose of the matriz A.

PrOOF. The proof follows exactly the same steps as in the one-dimensional case and
we include it here just for completeness. It easy to see that Dg-nT,Dgm = T4m, for every
m € Z and v € L. Then if T € U; then T commutes with all the translation operators of the
form Tym, (m € Z, v € L) and then by Lemma 3.1, T' commutes with all the translations
Ty, uw € R™ Let K :=1[0,1) X ... x [0,1) be the generalized cube in IR™. It is easy to see that

. 7
-~

n times

the vector xg is cyclic for the abelian von Neumann algebra generated by all translation
operators which is denoted by 7. Hence, T is a m.a.s.a (maximal abelian selfadjoint algebra).
It follows that U/, is contained in 7' = 7. A simple computation shows that li: = Dy
and T\u = M,-i<u> for every u € IR". Hence, 7 is a m.a.s.a and it is generated by the
multiplication operators M,-i<-.>. Since the algebra M of all multiplication operators with
functions in L(IR™) contains 7 and it is a m.a.s.a itself, it follows that 7 = M. Now, for
f € L*°(IR™), it is clear that M is in ZT{TA if and only if it commutes with 1/7;, or equivalently,
it commutes with Dge. Since MyDyg = DMy is equivalent to f(z) = f(A’z) for a.e.
z € IR™ the proposition is proved. [ |
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As in the one-dimensional case and following the terminology in [4] and [5], we say that a
subset F' of IR™ of positive measure is a dilation-A wavelet set if the inverse Fourier transform
of (1n(F))® xr is a dilation-A orthonormal wavelet.

It is shown in [4] that a set F' is an wavelet set if and only if

{(At)k(F)}keZ and {Tu(W)}ueL

are both partitions for R™ (modulo sets of measure zero).

In a proof similar to that given in [15] for n = 1, it can be shown and we will assumed
that F is a regularized wavelet set i.e. {(A%)*(F)}rez is a veritable partition of IR*\ {0} and
{T,(F)}uer is a genuine partition of IR”. We will simply denote by WS(n, A) the collection
of all dilation-A regularized wavelet sets. In what follows we will fix F' € WS(n, A). It is
then natural to define the maps 07 : R*\{0} — F, 7 : R® — Fby setting dr(z) = (A @z
(z € R™"\{0}) and 7p(x) = Tygqz (z € R™), where k(z) € Z and u(z) € L are uniquely
determined by the conditions (4")*®z € F and T,z € F.

If G is another regularized wavelet set then § Flo G — F and TF|G G — F are measurable
bijections and we can define the measurable bijection hrg : F' — F' analogously to the case

n =1 by
(25) hrg = Tr|g © 5F|_G1

Clearly by Proposition 3.2, I/ is isomorphic to the algebra L>°(F) via the isomorphism
f—-M 7 where

(26) f(=) = 1 (6r ().
Let us fix 1,7 € Wa and S € {U}. Then S € {U,V}]} if and only if SV = V/S. If

we take into account that { DT, }rezmucr is an orthonormal basis for L*(IR™) we get that
S e {U,V}]} if and only if

(27) S(DiTun) =V)DiT,S¢, keZ, ue L.

We write S¢ in the basis {DET ¢} rezmucr as Sy = > keZuel ar D% T, and then the

equation (27) becomes

(28) S(DETn) = > aVyDAT,D\T, keZ, uel.

leZLvel

One can check that we do have a similar relations to those in (7)

Tva = Tv—l—wy DBDC = DCB; TUDB = DBTBU7 B,C € Mn(IR), UV, W € R".
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Using these properties, (28) becomes

(29) S(DETn) = > a VD5 Tayynty, kE€Z, uel.

leZl,veL

Now, it becomes clear that if we want to obtain similar results as in case n = 1 we need to
make new assumptions on the matrix A. As in some other papers on n-dimensional wavelets
we will assume that A(L) C L (see for instance [9]). (We observe that the equation (29)
simplifies even more if we assume in addition that A='(L) C L, which it is satisfied let’s say
if A has integer coefficients and determinant 1 or -1. Unfortunately, for dilation matrices of
this type, since they are not expansive, there is no guaranty that the set W, is not empty.)

Hence, we can rewrite (29) as

S(D’leun) = ZZEZ,ZZO,UEL al,vD]ijrlTAlquv?? +
(30)
ZZEZ,Z<O,UEL al,vng,]ZHTAle/}, keZ, ue L.

These equations simplify considerably if we assume that 1 is a (MSF)-dilation-A wavelet de-
fined by |121\| = (,un(F))_TIXF Since S € U', by Proposition 3.2, there exists f € L*®(F)
such that § = My Tt is easy to see that the family of functions {eu}uer (eu(z) =
(n(F)) 7 €<%%> g € F) forms an orthonormal basis for L2(F). Thenif f(z) = ¥ i<zu>

in L?(F), we have as before

wel c,€

(31) Sy =Y e, Tuip.

uelL

Therefore, using (30) for this case, it follows that S € {i/,V]}" if and only if

(32) S(D&Tm) = ceDiTurwn, k€%, uelL.

veL

The following theorem generalizes Theorem 2.3.
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THEOREM 3.3. Let A be a n X n matriz with real coefficients which is expansive and
satisfies the property A(ZZ"™) C Z™. Consider 1 a (MSF)-dilation-A wavelet supported on
F e WS8(n, A) and let n € Wy4. Then

(i) The algebra My, is isomorphic to the following subalgebra of L (F)
AI:{fELOO(F)I (fO(SF—fOTF)ﬁZO)},
(i) If 7] = (un(F)) = x¢ where G € WS(n, A) we have A = {f € L®(F): f = fohpg}.

The proof of this theorem uses (32) and the same idea as in the proof of Theorem 2.3.
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