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'AHNIHILATORS OF OPERATOR ALGEBRAS

" David R.Larson .

The structure of the predual of an ultraweakly closed overa=
tor algebra can be very revealing of internal structural proper=-
tles of the algebra. This relationship has been most important 1nl
the theory of von Neumann algebras, and has recently become signi=
ficant in the study of more general ultraweakly closed algebras.’

The purpose of this note is to show that, analooously, know~
ledge of the annfhilator of such an algebra can be reveq}ihq of
external structural properties of the algebra and seems to 1gnd
perspective to certain open questions., In partlcula:,-the notions
of reflexivity, n-reflexivity, and the Arveson distance estlmate
have natural formulations in this setting.

Let H be scparable Hilbert ‘space. The usual notation Lat(&)
will denote the lattice of invariant subspaces tor nrojectiqns)
for a subset AcL(H}, and Alq(L}) will denote the algebra of bouded
linear operators leaving invarlant every ‘member of A fanily L o£
subspaces (or prcjectlons). A is reflexive LIf A-Aquat(A) and L
is reflexive if [sLatAlg(l). An operator T is sald to be refle-
xive 1f the weakly closed alqebra generated by T and I denoted
W(T), 1s reflexive. T is said to be u-refse::ve if the n~fold inw
flation ™ ar © T ® ... © T, acting on K™ eH @ ... ® K, 15 re-
flexive, -and an algebra A is n-teflexive if A(ﬂ) {T(n):TcA} is -

reflexive. If (A, ] ‘is'a family of algebras then nLat(A, !1atmk P
N :

and 1f [La’ is a family of lattices then nAlg(L,)=Ala(yl,). So~
: A A

arbltrary intersections of reflexive algebras (lattices) are re- .
flexive. The same is. not trye of. Joins,

Let L, denote the trace class operators in L(H). Then L(B)
is idontified with (L) via the pairing (£,T)=%r(Tf), fel, ,
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TelL{H). Let X denote the compact operators‘in L{HY, Then tﬁe s
pairing identifies L, with (K)*. Let lPfll, dencte the t e
notm of £ in l,. By annih({A) we mean the sét of all trac:fc:(ﬂass
operators £ such that Tr(Af}=0, AcA. The ultraweak (u—weakf :55 -
logy on L{H) is the w"-topology under the identification L(H):po
=({L,)%. If A is o-weakly closed then A is identified as the du
of the gquotient [, /annih A, We write predual{A)=L /annih(:} u;;
[SA:LcA) is § faiiii of o-weakly closed linear sub;paces of ;(H)
then annih(25x1=span{zannih{Sl)], where closure denotes |[-|]
elosure, and annih(usx)=nannih(sk)- l 1

A

. A
If x,ycH we denote the rank—-l operator u+(u,x)y by x ® y. If

A is an algebra containing I and PcLat(A) with P#0, I let

nonzero vectors in P ' i
'n H, PH, respectively. If f=x (9 y then

frannih{A) since Tr{Al}=(Ay,x)=0, AeA. Conversely, if f=x @Yy is
a rank-1 operator in annih{A) then (Ay,x)=0, AcA, so [Ay] is a
nontrivial invariant subspace for-A. Thus A has a nontrivial in=-
-yariant subspace 1££f annih({A) contains a rank-1 operater. More
can be said in this direction.

IEMMA 1, If A <2 an arbitrary operator algebra containing I
ghan annih(A) ard annih{AlgLat A) contain the gama rank-1 opera=
tors. If £ fe rank-1, then fcannlh(A) {7 and only if gapept’
soma Pclat(A}. T g

. PROOF. Suppose f{=x  ycannih{A}. Then for AcA we have 0=

- i

r(Af)=(Ay,x). Let P be the projection onto the subspace [Ay],

| If B:AlgLat A then BPH¢PH, and Plx, so Tr(Bf)-(By.x)-O- so fe

. cannih(Alglat A). ' .

For the last sent

t_Ptpl'for ol . ence, Lf f is a trace class operator with
PeLat(A) then feannih(A) trivially. The converse fol-

lows from above. &

LE%MA'?. Let A de a o-weakly elosed algebra containing I.
Then & {5 reflezive if and only if annih(A) fe the Ll-tl, ~olosad
l{acar spen of rank-l operatora. :

PROOF. We hava Alglat{A)aA so annlh{Alglat A)eannih (A), If
annih{A)} is generated by rank=l cperators this 1ast_inc1us$dﬁfia

H
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an equality by Lemma 1, 8O RlgLat A=A,

" conversely, suppose A islpeflexive and let l=Lat(A). For each
Pcl let L _=(0,P,1}. Then p.-n(ng(t.p) :Pel} . It is easily verifled
that annih(Alg{l ))=PL,P1 which is the closed linear span ef 1ts
rank-1 elements since l_ is. Since annih (A) i3 the II-!Il-closed
span of u{m?ﬁhﬂughgzPeU it also is generated by rank-1 elementii

while n-reflexivity for n>1 does not imply the existence of
a single nontrivial invariant subspace, it remains an Lnterestinq
structural property that has a natural chaxac:erizhtion in terms
of the annihilator.

" LEMMA 3. Let A be a g-weakly cloged linear subapace of LB},
gnd let lsn<=. Then-annih(A(n)i ia the aset of all trace class

n
operators f'(fij’?,j-x'iu L{H(“)) such that 121£11cann1h(A),

’ . n .
PROOF. For AcL(H) we have Tr(A{™ 1= I Tr(af ). The concluc
=1 -

elusion follows.W

THEOREM 4. Let A be a g-weakly alosed jubalgcbré of L(H)
containing 1 and let lsn<=. Then A £8 n-reflezive if and only £f
annih{A) ts the trace eclass norm elosed linear span of operators

of ranksn.

PROOF. Let § be the trace-class norm closed linear span of

.operators in annih(A(n)) of ranksl. We will show thatsxmvuh(kk“).

thus proving reflekiyity. Let fi(fij) be an element of annihifA )).

50 Efiieannih(A). Every zero-diagonal operator matrix with trace

eclass entries is clearly in §, thus we reduce to the case in

which £ }é diagonal. We use the notation f=d1ag(£11.f22,...,fnn).
First suppose that each fii has ranksl. Write f‘i:l:xi QY

for Vgctors xliﬁ}cn. Let g 7%y @Y. 1€1i, J=n and let g-(ng).

Then geannih(A

Yy ® Y3 ®...0y, 8049 has rank<l. By a standard argument f is

a convex combination of operators unitarily ecuivalent to ¢ having

the same diagonal. These operators are in annih(k‘n}), which pro=-

ves fe5.
_Po:_!ii of arbitrary rank proceed as follows. For lgisgnrl

), and the range of a is the span of the vector
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let h1 be the diagonal matrix with i,i-element equal to- f +f ot

..+£11 . 1+1, i+l-element equal to-(f )
ther elements 0,
£1i+"‘+£nn

ot +E ) -
11¥522 fi4) s and all o
lLet h be the diagonal matrix with n,n~ element

and
all other elements 0. Then- hi . hcannih(A;n)):

and £=h1+...+hn_1*h. From Lemma 3 it is clear that h,e$
.We must show heS. o
Since f11+

. 1sisn-l.
) ...+£nncann1h(A), by hypothesis this can be'appro-
ximated by finite sums of operators in annih{A) of rank<n. Tﬁus
it will suffice to show that every operator of the form diag{(0,0
Y.
seey0,r) with recannih{A), rank(r)sn, is in S, Write FEr 4. 4T
where rank(ri)gl, r; not necessarily in annih(A). Now write fi:

=r, and I=diag(f 1.? 2....,? Y. Then fcannih(A(n)), and fcS since

rark(f¢i)sl. Now repeat the argument in the previous paragraph
replacing £ with ¥ and £, with ¥ 14 + obtaining f=h +h +...+h .+
+h with %, h ¢S and h=diag{¢,0,...,r}. Hence heS, ThuszA(n; is i
xeflexive.
For the converse, assume A ) is reflexive. Let rsannih(A)
and let R=diag{0,0,...,0,r}. We have Rwlim RZ where Rz i3 a firta
L :

‘sum of operator in annih(A(n)) of ranksgl.
[N ' k
Write Rl th. Now let Rlij denote the 1,j-matrix element of

k
3£ , and let Rlij dencte the £,j-matrix element of Rl' We have

lim R, _w=r and lim R -0 1 -
t tan ; 241™9, sizn-1, so 1ém aniivr. Also, 111'
n

- :11 , 80 r-l%mx zRS, . Each sum E Rﬁii 18 in annih(A) and has

ranksn.l

COROLLARY 5, If an algedra A £s n-reflezive than zt t8 m-rg=
fZe:;va for all m2n,

Let A be o-weakly closed operator algebra containing I. For
13n<= note that AlgLat{A'™) (s contained in (L)} ™™ since the
latter is reflexive and let An-[AeL(H):A(“}ehquat(A‘n’!l..Then
A is the smallest n-reflexive algebra containing A. We say that
A is the n-reflexive algebra generated by A, If Ais an algecbra
containing I and i%n<= let E be the I} lll-closed span of the

e
.
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operatore in annih(A} of ranRSn;-while it may not seem obvious’
that the polar of E in L(H) is an algebra, this is- indeed the
case and we have A (E }

COROLLARY 6. The annthiiatdr of A, ia the trace-class morm

closéd Linear epan of the operatore in annih{A) of ranksn.

PROOF. By (2}, (3) ang {4}, annth{A_ ) is the Ii-ll '°1°‘°d

linear span of operators 11 where the operator matrix (fij
iul

is a rank-1 operator.in the annihilator of Aquat(A(n’). EBach !fi‘
has ranksn and is contained in annih(A) since AcA . Conversely,

if geannih(A) has ranksn write g=g te .o tg, where rank(gi)sl. qA
pot necessarily in annih(A}. Then G=diac({ag 17927 9 Yecannih (A

As in the proof of Theorem 4 there exists a rank-l operator with
the same diagonal as G hence in annih(4 {ndy, By (2) this is also
in annih(AlgLat(A(n)))._Thus q-zgicannihlk ). &

REMARK. It ls easlly proven from duality considerations that

a a-weakly closed linear subspace of L(H) is weakly closed if and

only if its annihilator is the Ilﬂll-closed linear span of finite

rank operators. If A is a weakly closed algebra with I and Tel(X)

it i8 well known that dist(T,A)=lim d.i.st("l‘(n, (Alglatd tn} )=lim cush(‘r.A ).
This can be seen intuitively from Corollary 6 since annih(4} is
the closed span of finite rank elements and the distance from T-

. o any o-weakly closed algebra B ie-suo{lTr(Tf)I-fcannihB,llfH <

€1} . For any algebra A containing.I the weak clogure of A is nA .

These annihilator considerations seem to polnt out the npecial
role of the weakly closed algebras in the general theory of ul-
traweakly closed algebras. In particular it can become of interest
to know when, for a given operator T, the c-weakly closed alaehra
genarated by T and I 18 in fact weakly closed. Questions of this
nature do not seem to have been pursued in the literature. The
following simple application of Theorem 4 suggests that these
questions could be interesting.

 COROLLARY 7. Lot A be a weakly olosed algebra containisg T.
Suppose aevery e¢lement of L,/annin{A) kae the form g+annih (A) with
rank(2)si. Thon A To 3-rafilexive.
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PROOF, A is weakly closed so annih{A) is the closed span of

? finite rank elements. Let g be a finite rank element of annih (A}
© and write g-g1+...+gIn where 95 is rank-1, not necessarily in

annih{A}. By hypothesis there exist hl,...,h with rank(h;) sl
such that" each term in the decomposition g=(gx+gz-h 1+ {h +g3-h2)+
=2t TP 1)+h -1 is in annih(A). Then A is 3-reflexive
by Theorem i.m

let us say that an algebra Ac<L(H) has pronerty Py if it has
the predual property in Corollary 6: every element of L /annih(A)

| has -the form f+annih(A)} with rank{f)sl. Corollary 7 says that a

weakly closed dlgebra containing I with property P, is 3J-refle-
xive. It was shown by Brown, Chevreau and Pearcy in [2] that com-
Pletely nonunitary contractions with "rich spectrum” not only
have nontrivial invariant subspaces, but they showed that such an
operator T which could not be eliminated as having an invariant -

| subspace by preliminary means had the property that the o-weakly

iclosed algebra generated by {T,I} has the predual property Py

QUESTION 1. If T is a completely nonunitary contraction with
"rich spectrum” is the oc-weakly closed algebra qenerated by [T,I}
closed? If so T would be 3-reflexive. This would be interesting
structura1ly, although we note that this property above would not

| 0 our knowledge directly imply the existence of an 1nvariant sube-

Bpace. Rich spectrum yielded much stronger properties that were
ssed in [2] to conclude that T was not transitive.

A strengthening of Q1 would be.

QUESTION 2. Is a o~-weakly closed alqebra with property P
necessarily weakly closed?

1

QUESTION 3. Does a weakly closed algebra with property P,

| (hence 3-reflexive) necessarily have a nontrivial invariant sub-
- space? Equivalently, does annih(A) contaln rank-1 oparators? -

REMARK. Corollary 7 has a natural generalization which we
present for completeness. Let us say that an algebra A has pro-
rerty P 1f every element of L o/annih(A) has the form t+annih(&)

T rith ranx{f)sn.

- LARSON . _ ) L $25

COROLLARY 8. Let A be a weakly oloased aIgcbra cautaiaing b 4
whick has property P« Then A {a 3nwpeflezive.

REMARK. It is in actuality somewhat missleading to refer to
P, as a predual property since it depends on the representation
or a prédual of a g-weakly closed algebra as | o/annih(A) and is

not independent of the particular representation of A as a o-weakly

closed algebra on Hilbert space.

QUESTION 4. Let A be a o¢-weakly closed algebra containing I
and let F, be the set of elements of [,/annih(A} which have the
form f+annih{A) with rank(f)sl. Is F, necessarily closed in the
quotient norm of L, /annih(A)? We feel that the answer is likely
negative without strong conditions imposed on A, Can one find
reasonable general conditions? The motivation for this question
comes from [2]. If it were known independently that F, 1s closed
if A is the o-weakly closed alqebrg generated by (T, I] and T is
a completely nonunitary contraction with rich spectrum, then the
proof in [2] could have been simplified; The beautiful argument .,
in [2] shows that Fy i3 closed by in fact proving that it is all
of L, /annih A,

REMARK., It is known that a weakly cleosed algebra containing

.I with property P; need not be reflexive, even in finite dimen-

slons, However we do have the folleowing:

LEMMA 9. et A be a aeﬁlzxcve algebra with p*opcrty Pi. Then
cvﬂry d-ueakly eloged eubalgebra cautazntng 1 ig also refléxive.

PROOF . Let B be a g-weakly closed subalgebra of A, and let
§-A19Lat 8. Then BSA since A is reflexive. If 848 there exists an
element of Ls/annih(A) that annihilates B but does not annihilate
B. This has the form £rannih(4) with rank(f)=1. But then fcannin(s)
80 by Lefma 1 fcannih(B), a contradiction.®

REMARK, The above proof easily extends to show that §f A Ls
an n-reflexive algebra with property P, then every c-weakly closed
Subalgebra containing I is n—reflexive.

The annihilator of an algebra which is a commutant has a
very simple characterization,
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LEMMA 10. Let A be a gubset of L{H}. Then the annihilater

‘of tha ecommutant A’ e the trace-class norm closed span of {Af«

~fAthAcA, fcl .

PROOF. If AcA, fel, , let g=Af-fA. Then for BeA' , TriBgl}=
-Tr(ﬁA-Aﬁ)f)so so geannih{A'). Conversely, let 8 be an operitor
for which Tr(B(AL~£A)) =0, AcA, fcl,. Then Tr({8A-AB) E}=0, fel,
8¢ BA-AB=0.HM :

COROLLARY 11. Every commutant {a a 2-reflexive algebra.

PROOF. The above lemma shows that the annihilatgr of_a com=

mutant is generated by ranks2 operators.t

REMARK, The above shows that if there exists a transitive

cperator then there exists a nontrivial 2-ref1ex;vehtiznzi:::: .

-algebra: namely its commutant. More generally, if t‘: o are

'tra‘msitive. operator algebra with nontrivial comutégaub e .
exists a nontrivial 2-reflexive eransitive algebra: 1ts Bl ©

pe shown that the existence of any non-
trivial weakly closed transitive algebra would 1mi1y?t::t:xi:at

- gence of a-nontr}vial 2-reflexive trans%tive algefia o -

| it would imply the existence of a nontrivial n-re ezf e
“tive algebra for some finité'n. Would the existincetransuwé e

. tive—operator_imply the existencg of a 2-reflexive nsis (

QUESTION 5. Can it

zator?

hK. Corollary 11 shows that wh .
and aiﬁtﬁra# are rather special the larger class oi :;:TE:::iZZ
6pcrators and algebras is significantly richer. L:(A)H[AI“ o
the weakly closed algebra gqenerated by (p,I). If e e
11 is 2-:e£lexi§e. In particular, the Volterra oper:rom e
flexive, although it is unicellular soO it is far

" glexive. .
here
QﬁESTION 6. Which weighted shifts are 2-reflexive? is t?
: . rators
a :éasonable classification of compact 2=-reflexive ope _

ile reflexive operators

REMARK. I£ T 1s am cperator the set. tTf'fT%fEL.} is a'linearj'
. V. inva=-
SP&ce &9 t‘\a q“e‘hiﬂh °£ Uhathﬁr T has a noﬂtri ial- hYPat
[
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‘riant subspace translates to the guestion of whether the Il-lll
~gclosure of this space contains a rank-1 operator. o

The present investigation was motivated in part by'work of
W.Arveson [1] and by independent work of C.Lance. (7} in which &
formula for the distance from an arbitrary operator to a given
nest algebra is obgained in terms of projections in the nest.
This was extended by several authors [3,4,5,6]. The basic gques-
tion remains: for which reflexive algebras A (if not for all) is
there a constant K sdch that for every TeclL(H)} we have dist(T,A) sk
euP[IlPlTPllzchat A}? We show that this question has a natural
formulation in terms of the annihilator of A which seems to illy~
minate the question and raises some related questions. After ob=
taining this it became known te us that this formulation had been

obtained by E.Christensen [4] for the case in which 4 iz a von~
Neumann algebra,

PROPOSITION 12, Lc# A be a reflexive algebra, [Let 81-
={fcannih A: 11£11,21}, and 10%%§{&denat¢ the H+11,-closed convez
ﬁull of the oparators in 81 of ranksl. Then there ezista a con=
atant K such that for all TeL(H) we have dist(T,A)sx-sup(lIPIT?II:
$Pclat A} £f and only if C1 haa nancmbty relative interior tn
annih(A). In this case the smallest constant K for which this
estimate holds is 1/R where R ta the largest radius such that

‘{feannih A: N sriee,

PROOF. We may assume A¢L(H). Suppose €, has nonempty rela-
tive interlor E. Then since c1 is closed and balanced it contains
a ball of maximal radfus R>0 with center 0 in annih(A}. Let k=l/Re
let TcL(H) and let d=dist(T,A). We have d=sup{ITr(Tf)]: :;sl} fran
the duality, and since kclasl we have

dsksup (ITr(T£) 15 £eC )= kaup (ITe(PLI s £c3; , £ of rank-1}.
50 by Lemma 1 we have

dSXsdp[-ITr(TMPI}Ia £ of rank=l, IIfllSl, Pclat Al=
=k gup (1Te (P TP2) |5 £ of zanke=l, {{£}{S), Pelat A)w
=X sup(l W TPI1s Pelatih)},
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desired. . ,-‘ o
* ‘Conversely, suppose a distance estimate holds, The set

=) Hh es m 'IIO ds is clOSEd SO OHtQi“s a mi-
co“sta“t’ t T 1Ch an timate 1 [+]

“1ula1 eleﬂle"t K. et ¥ 1,1:‘ suppo’e thete exLSts fﬁﬂ““ih(“) Hith
Ilt'l 4 a"d ficC,. BY a sta“dﬂrd sepa ation theorem thete xists
1 1 r e
an eleme“t 4 n the d lo al“lih A o norm 1 such that Red ‘q)(
<Re‘ (f ’ Cc . Sitlce 0ceC we must have Reé(f}>o- Sillce C‘ is in-
Vatiallt ulldet I!lultiplication by Scala!s Of lllﬂdulua 1 we have that

. 1elg) I<Red (£)sIg ()1, geCy -

ubspace of the Banach space L, its
3 . If TeL(H) the norm

Thus there exists

ih losed 8
Since ann%h(A)ris ac _
dual is identified isometrically with L{R) /A
of its image in this quotient is disc(T,A).
TcL(H) with dist (T,A}=1 such that

CTr (TN iATE(TEN geCy o

c"‘oose P sLat A suc‘l thﬂt 11“\ P P |l dist T *‘ =Ty and
. | ( [ h
nc L { ) l l n n .
. c t { n n l nn

eC,y o and’

' 1

choose unit vectors un;PnH, vnePnH,
. |,=1, s0 ¢

Let g *u,® Vp. Then gneannihtkl. gl =1, n

L] ce
(Tg M Birv_,u r1=117bTe 11, Thus sup(ITr(Talls geC,)2r. Hen
- ' n |
oo cont ih{A), 11£l1l,sr, and

ITe(TE) 1>, & contrad;ctlon since feann O e, hae ﬂonempty
aist (T,A}=1. SO C12{£€an21h‘Al;o:lfligirx;lln andlaléo nonen
"pelativé interior. The above :

=1/R, B . | .
O e jdeas in the proof of proposition 12 were im- |
e pre nd éspecially,in (7] for nest alge~
y. that every norm 1 trace class ope-
proximated

plicit in the proofs in [11 @
11

. These showed essentla .
e nihilator of a nest algebra could be ap

B e oms perators of norm <1

in norm by convex combinatlons of rank-1 ©
he annihilator.
B e algebra satisfies an

iv
In finite dimensions every reflex i

e constant need not he 1.
7 that a von Neumant algebra
é 1f and only if every deri-

Arveson distance estimate. Th

nite dimensions, it is known [4,6i "
satisfies an Arveson distance estima

.
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vation from it into L{H)} 1is inner. As pointed out 1n'[5], if every
member of a class of reflexive alqebras closed under countable
direct sums satisfies an Arveson distance estimate then there must
be a universal constant for the class. No example is known of a
reflexive algebra which fails to satisfy a distance estimate. Howe
ever, the class of algebras for which a distance estimate (s knoun
to exlst is presently rather limlted. E, Christensen has

shown that 1t céntains "most"™ von Neumann algebras. pistance es~
timates have proven useful when they have been Known to exlst.
From Propositicon 12 it seems that problems cancerninq;distahce
estimates have the appearance of extreme point problems,. Rank-1
Sperators of norm 1 in the unit ball of the annihilator are ex-
treme points, so in the case of a reflexive algebra the unit ball
of the annihilator seems rich in extreme points., These are not

in general the only ones as pointed ocut by finite dimensional
examples for which the distance constant is not 1. (That the
constant need not be 1 for even a von Neumann algebra in finite
dimensions was first pointed out by M.D.Chol.)

QUESTION 7, Dbes the |l-11,-closed convex hull of the set of
extreme points in the unit ball of the annihilator of a reflexive
operator algebra necessarily have nonempty relative interior?

This would be most interesting in the case of a von HeumSnu
algebra or of a ¢SL algebra. A positive resolution would not ne=
cessarily imply an Arveson distance estimate, but Lf a suftable

characterization of the extreme points were obtained other estie
mates might arise. ’

We thank F.Gllfeather and A.Hopenwasser for useful conver=
sations concerning the subject matter presaented in this note.
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 Added in proofs Since submisaion of this article we have learned that

| C.Apostol and J.Langsam have indepandently answered Question 1 affizmatively.
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