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ABSTRACT

We discuss three applications of operator algebra techniques in Gabor analysis: the parametrizations of Gabor frames,
the incompleteness property, and the unique Gabor dual problem for subspace Gabor frames.
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1. INTRODUCTION

In 1946, D. Gabor in his “Theory of Communication” [16] formulated a fundamental approach to signal decomposition
in terms of elementary signals. His approach has become the paradigm for the spectral analysis associated with time-
frequency methods, and more uses are being found for the theory such as optics, filterbanks, signal detection and many
other applications. Traditionally Gabor and wavelet analysis was studied by using classical Fourier analysis methods.
But in recent years more abstract tools (operator algebra, abstract harmonic analysis and Group-representations,
etc) have been introduced. Gabor analysis actually has it roots in von Neumann algebra theory which can be traced
back to von Neumann’s work [29] in the 30’s about the von Neumann lattice, and the relatively recent work [26] in
the 80’s by Rieffel about the incompleteness property for Gabor families. In the past few years the authors of this
article and the co-authors have been interested in working on some basic problems on wavelets and Gabor frames
from a functional analysis point of view, and some of the results we obtained were reported in [5], [8], [13], [14], [15],
[18] [19], [20], [21], [24], [25] etc. The purpose of this paper is to discuss a few applications of operator algebra and
operator theory in Gabor analysis. For other recent developments on Gabor analysis, we refer to the excellent survey
papers in the book [12] edited by H.G. Feichtinger and T. Strohmer and the survey paper [2] by Pete Casazza (see
also [1, [3], [4] etc).

Let L and K be two full-rank lattices in Rd, and let g(x) ∈ L2(Rd). The Gabor family associated with L, K and
g is the collection:

G(L,K, g) :=
{

e2πi<`,x>g(x− κ)
∣∣∣ ` ∈ L, κ ∈ K

}
.

In signal processing, it is often required that the Gabor family is either an orthonormal basis or a frame of L2(Rd).
Recall that a family of vectors {fj} in a separable Hilbert space H is a frame if there exist constants C1, C2 > 0 such
that

C1‖f‖22 ≤
∑

j

| < f, fj > |2 ≤ C2‖f‖22

for all f ∈ H. If C1 = C2 = 1 we say that {fj} is a normalized tight frame, and {fj} is called a Bessel sequence if at
least the upper frame bound in is satisfied.

For any (s, t) ∈ Rd×d, the translation and modulation unitary operators are defined by:

Ttf(x) = f(x− t)

and
(Esf)(x) = e2πi<s,x>f(x)

∗Correspondence: Email: hand@icarus.math.mcmaster.ca; Telephone: (905)525-9140 ext. 27108



for all f ∈ L2(Rd). Write UL,K = {E`Tκ : ` ∈ L, κ ∈ K}. Then it is easy to check by the definition that the
group generated by UL,K is contained in TUL,K, where T denotes the unit circle. We will call UL.K a Gabor unitary
system. More generally, a unitary system (see [8]) is a countable set of unitary operators U acting on a separable
Hilbert space H which contains the identity operator. Denoting by group(U) the group generated by U and letting
T = {λ ∈ C : |λ| = 1}, we call U a group-like unitary system if U has the property that

group(U) ⊂ TU := {λU : λ ∈ T, U ∈ U}
and if different U and V in U are always linearly independent. Typical examples include group unitary systems,
Gabor-type unitary systems (cf [18], [20]), the Gabor unitary systems and their restriction to any of their invariant
subspaces.

For a unitary system U , a vector ξ ∈ H is called a frame vector (resp. normalized tight frame vector or Bessel )
for U if {Uξ}U∈U is a frame (resp. normalized tight frame or Bessel family) for [Uξ], the closure of the linear span
of {Uξ}U∈U . When [Uξ] = H, then the frame vector is said to be complete. In case that {Uξ : U ∈ U} is an
orthonormal basis (resp. Riesz basis) for H, ξ is said to be a complete wandering vector (resp. complete Riesz vector)
for U . A Bessel vector ξ is called a dual frame vector of η if Uξ is a dual for Uη, i.e.

x =
∑

U∈U
< x, Uξ > Uη

holds for all x ∈ H, where the convergence is in the norm topology of H. More generally, if {xi} and {yi} are two
frames for a Hilbert space H such that

x =
∑

i

< x, yi > xi

holds for all x ∈ H, then {yi} will be called a dual frame of {xi}. It is well known that a frame has a unique dual if
and only if it is a Riesz basis.

Let U be a group-like unitary system. We will denote by l2(U) the Hilbert space of square-summable sequences
indexed by U and by BU the set of all Bessel vectors for U . It is clear that BU is invariant under the commutant
U ′ = {T ∈ B(H) : TU = UT,U ∈ U}, i.e., Tx ∈ BU if x ∈ BU and T ∈ U ′.

Given x ∈ H, the analysis operator Tx is defined by

Txy =
∑

U∈U
< y, Ux > χU

for all y ∈ H such that {< y,Ux >}U∈U is in l2(U), where χU denotes the element in l2(U) which takes value 1 at U
and 0 everywhere else. Clearly, x ∈ BU if and only if Tx is a bounded linear operator from H into l2(U). In general,
if BU is dense in H, then Tx would be a densely defined and closed operator for each x ∈ H. Let η be a complete
frame vector for a group-like unitary system U acting on H. The S = T ∗η Tη is an invertible positive operator on
H. It is easy to verify by the definition of analysis operator that S ∈ U ′ and S−1/2η is a complete normalized tight
frame vector for U . Moreover,

x =
∑

U∈U
< x, US−1η > Uη, x ∈ H.

Thus S−1η is a dual frame vector for η, which is called the standard dual frame vector.

A von Neumann algebra is a *-subalgebra of B(H) such that it contains the identity operator I and is closed in
the weak operator (or strong operator ) topology. We use w∗(U) to denote the von Neumann algebra generated by
U . We will also use M to denote the von Neumann algebra generated by UL,K for two full rank lattices in Rd.

For a given group-like unitary system U , we investigate three questions about the parametrizations of frame
vectors, the incompleteness property and the characterization of the frame vector that has a unique dual frame
vector. Applying these results to Gabor systems, we are able to obtain some new results, as well as some new
approach to old problems. Details about each question will be given in the the corresponding section.



2. PARAMETRIZATIONS OF GABOR FRAMES

One of the basic problems in Gabor analysis is to identify those functions g such that G(L,K, g) is a frame for L2(Rd).
There have been some very nice and useful sufficient or necessary conditions for a function g to be a generator for a
Gabor frame (cf. [2]). One of the natural questions we are interested in here is the following:

Question 1: Let L and K be two full-rank lattices in Rd. how large is the set of all the functions that generate
Gabor frames for L2(Rd)?

It seems to us that, even in the one-dimensional case(d = 1,L = αZ,K = βZ), those known sufficient conditions
(for a function to generate a Gabor frame) do not provide an answer to this question except for some special cases
such as the case αβ = 1. In this special case one can use Zak transform (see definition in Section 4) to deduce the
fact that the set of all the functions that generate Gabor frames (in fact Riesz bases in this case) is dense in L2(Rd).
In order to answer the above question in general, we will use some operator algebra techniques to prove the following
parametrization result (Theorem 2.2) for arbitrary group-like unitary systems. We start with the following special
case which was observed by Dai and Larson [8] for more general unitary systems.

Proposition 2.1 Suppose that η is a complete wandering vector for a group-like unitary system U on a Hilbert
space H. Then a vector ξ is a complete wandering vector for U if and only if there is a (unique) unitary operator
T ∈ U ′ such that ξ = Tη. Similarly, ξ is a complete Riesz vector for U if and only if there is a (unique) invertible
operator S in U ′ such that ξ = Sη.

Proof. Define T : H → H by TUη = Uξ for all U ∈ U . Then T is well-defined and unitary if and only if Uξ is an
orthonormal basis for H. It is also easy to check that T ∈ U ′ and is unique. The second statement follows from a
similar argument.

The above proposition provides us a parametrization of all the complete wandering vectors in terms of the
unitary operators in the commutant U ′ (which is a von Neumann algebra) of U and a fixed complete wandering
vector. Moreover, the correspondence is one to one and onto. However, this is no longer true in general if we replace
complete wandering vector by normalized tight frame vector (In section 4, Theorem 4.1, we will give a
characterization for those normalized tight frames vectors that have the property described in Proposition 2.1). But
the following result can be regarded as a “substitute”([15], [20]).

Theorem 2.2 Let η be a normalized tight frame vector for a group-like unitary system U on a Hilbert space H and
let ξ ∈ H. Then we have

(i) ξ is a complete frame vector for U if and only if there is an invertible operator T ∈ w∗(U) such that ξ = Tη.

(ii) ξ is a complete normalized tight frame vector for U if and only if there is a unitary operator T ∈ w∗(U) such
that ξ = Tη.

Theorem 2.2 can be regarded as a parametrization result for all the complete frame vectors by the set of all
the invertible operators in the von Neumann algebra generated the the unitary system. We remark that unlike the
complete wandering vector case, the correspondence is not one to one in general. Applying Theorem 2.2 to the Gabor
unitary system UL,K, we get

Corollary 2.3 Suppose that G(L,K, g) is a normalized tight frame for L2(Rd) and h ∈ L2(Rd).

(i) G(L,K, h) is a frame for L2(Rd) if and only if there is an invertible operator T ∈ M such that h = Tg.

(ii) G(L,K, h) is a normalized tigh frame for L2(Rd) if and only if there is a unitary operator T ∈ M such that
h = Tg.



Let G(L,K) be the set of all the functions h such that G(L,K, h) is a Gabor frame for L2(Rd), and respectively,
NG(L,K) the set of all h such that G(L.K.h) is a normalized tight frame for L2(Rd). Let v(L) denote the volume
of the foundamental domain of L, i.e. v(L) = |det(A)| for L = AZd. Then we have

Theorem 2.4 Suppose that v(L)v(K) ≤ 1. Then G(L,K) is dense in L2(Rd). Moreover, both G(L,K) and
NG(L,K) are path connected sets in the norm topology of L2(Rd).

Proof. It is a well-known fact the the set of all the invertible operators in a von Neumann algebra is a dense subset
in the strong operator topology. Since v(L)v(K) ≤ 1, NG(L,K) is not empty (see [22], or Theorem 3.3 below). Now
let us fix a normalized tight Gabor frame G(L,K, g), and let f ∈ L2(Rd) be an arbitrary but fixed function. For any
ε > 0, there exits c`,κ ∈ C, (`, κ) ∈ Λ such that

||f −
∑

(`,κ)∈Λ

c`,κE`Tκg|| < ε/2

where Λ is a finite subset of L × K. Clearly A :=
∑

(`,κ)∈Λ c`,κE`Tκ ∈ M . Thus, since the set of all the invertible
operators in M is dense in M in the strong operator topology, there is an invertible operator T ∈ M such that
||Tg −Ag|| < ε/2. By Corollary 2.3, Tg generates a Gabor frame and

||Tg − f || ≤ ||Tg −Ag||+ ||Ag − f || < ε.

Therefore G(L,K) is dense in L2(Rd).

The second statement follows from Corollary 2.3 and the fact that the set of all the invertible operators in M
(resp. the set of unitary operators) is path-connected in the operator norm topology.

We remark that Theorem 2.4 is clearly true for any group-like unitary system U , provided that U has a complete
frame vector. The other consequence of Theorem 2.2 (ii) is the following (which is an analogy of a similar result for
the orthogonal wavelet case [25]):

Corollary 2.5 Supose that G(L,K, g) and G(L,K, h) are normalized tight frames for L2(Rd). Then λg + (1− λ)h
generates a Gabor frame for L2(Rd) whenever λ 6= 1

2 .

Proof. Write h = Tg for some unitary operator T in M . Then λg + (1 − λ)h = λ(I + 1−λ
λ T )g. Note that

I + 1−λ
λ T ∈ M . Thus in order to have a Gabor frame we need this operator to be invertible(by Corollary 2.2). So

the corollary follows from the fact that the spectrum of the unitary operator T is contained in the unit circle.

3. INCOMPLETENESS PROPERTY

The other well known question in Gabor analysis is the so-called incompleteness (or density) problem for Gabor
families:

Question 2: Let L and K be two full-rank lattices in Rd. Under what conditions can we find a function g ∈ L2(Rd)
such that the Gabor family G(L,K, g) is a frame (or more generally, a complete set) for L2(Rd)?

In the one dimensional case the answer to Question 2 is very well-known: Let L = αZ and K = βZ. Then there
is a function g ∈ L2(R) such that the Gabor family G(L,K, g) is a frame (or more generally, a complete set) for
L2(R) if and only if |αβ| ≤ 1. In fact, if g = χ[0,|β|], it is easily checked that G(L,K, g) is a frame when |αβ| ≤ 1
and a Riesz basis when |αβ| = 1. On the other hand, the density theorem tells us that the condition |αβ| ≤ 1 is also
necessary for G(L,K, g) to be a frame (or just a complete set), and that |αβ| = 1 is necessary for G(L,K, g) to be
an orthonormal basis (see [9], [10] and [26]). Analogous necessary conditions for the high dimensional case have been
established (see [28], [27], [17], [6] and [23]). Let L = AZd and K = BZd where A and B are real d × d invertible



matrices. The density result states that one necessarily has | det(AB)| = 1 if G(L,K, g) is an orthonormal basis,
and | det(AB)| ≤ 1 if G(L,K, g) is a complete set for L2(Rd). Interestingly the converse, which is trivial in the one
dimension, remained unsolved until very recently. In [22] the converse was proved by studying a seemingly unrelated
problem concerning lattice tiling in Rd.

In [13] and [14], we introduced a very simple and general approach to the incompleteness property for arbitrary
group-like unitary systems. In particular, we can apply our general results to the Gabor unitary systems and their
restrictions to invariant subspaces to get various density results (see [14] for more details). Here is the simple idea
for our approach:

Let U be a group-like unitary system on H. By definition, there exists a function f : group(U) → T and a
mapping σ : group(U) → U such that W = f(W )σ(W ) for all W ∈ group(U). To see that f and σ are well defined,
let W = λ1U1 = λ2U2 with U1, U2 ∈ U(λ1, λ2 ∈ T ). Then U1 = U2 and λ1 = λ2 since U is an independent set. Hence
both f and σ are well defined. Using this we can define the left (resp. right) regular representation as in the group
case.

For each fixed U ∈ U , we define LU ∈ B(l2(U)) such that

LUχV = f(UV )χσ(UV ), V ∈ U .

Then L is a unitary representation of U onto l2(U) such that LULV = f(UV )Lσ(UV ) and L−1
U = f(U−1)Lσ(U−1) for

all U, V ∈ U . In the group case, this is exactly the left regular representation for the group. Thus we also call L the
left regular representation for the group-like unitary system U . It is obvoius that every subrepresentation of the left
regular representation admits a normalized tight frame vector.

By using the polar decomposition for the analysis operator Tx (usually unbounded) associated with a cyclic vector
x for a group-like unitary system U , we are able to prove that U is unitarily equivalent to a subrepresentation of the
regular representation for the group-like unitary system. Thus we have the following ([14]):

Theorem 3.1 Suppose that x is a cyclic vector for a group-like unitary system U and BU is dense in H. Then there
is a vector η ∈ H such that Uη is a normalized tight frame for H.

In other words, if U is a group-like unitary system such that BU is dense in H, then every cyclic invariant subspace
of U admits a normalized tight frame vector for the subspace. The well-known density theorem for Gabor systems
will follow from Theorem 3.1 and the following simple argument:

Corollary 3.2 [Density Theorem] If there is a function g ∈ L2(Rd) such that G(L,K, g) is complete in L2(Rd).
Then v(L)v(K) ≤ 1.

Proof. Write L = AZd and K = BZd with A,B both d × d nonsingular real matrices. From Theorem 3.1, we
can assume that G(L,K, g) is a normalized tight frame for L2(Rd). It is also possible (see [citenumGH1]) to find a
sequence {fn} ⊂ L2(Rd) such that ⋃

n

G(L,K, fn)

is a normalized tight frame for L2(Rd) with the property that
∑

n

||fn||2 = |det(AB)|.

Let (f)`,κ = e2πi<`,x>f(x− κ). Using the fact

| < g, (fn)`,κ > | = | < (g)−`,−κ, fn > |,



we have

1 ≥ ||g||2 =
∑

n

∑

`∈L,κ∈K
| < g, (fn)`,κ > |2

=
∑

n

∑

`∈L,κ∈K
| < (g)−`,−κ, fn > |2

=
∑

n

||fn||2 = | detAB|.

Thus v(L)v(K) ≤ 1, as expected.

From Corollary 3.2 and the lattice tiling result in [22], we have

Theorem 3.3 [22] Let L and K be two full-rank lattices in Rd. Then the following are equivalent:

(i) v(L)v(K) ≤ 1.

(ii) There is g ∈ L2(Rd)such that G(L,K, g) is complete in L2(Rd).

(iii) There is g ∈ L2(Rd) such that G(L,K, g) is a frame for L2(Rd).

4. THE UNIQUE DUAL PROPERTY

In application, it is also important to know the properties of the dual frames since it is the dual that provides the
discrete data in recovering signals by the reconstruction formula. In general a frame can have many duals. In fact
a frame {xn} has a unique dual if and only if it is a Riesz basis (cf. [20]). However, if we work with special kind
of frames, it is possible that there is only one dual of the same kind even if the frame is not a Riesz basis. We are
interested in characterizing those frames, induced from a special class of unitary systems, that have unique duals of
the same kind. In particular we are interested in the following question:

Question 3: Let L and K be two full-rank lattices in Rd and let g ∈ L2(Rd) be such that it generates a Gabor
frame for the closed subspace generated by G(L,K, g) (In this case, we say that g generates a subspace Gabor frame).
Under what conditions on g do we have a unique function h ∈ spanG(L,K, g) such that G(L,K, h) is a dual of
G(L,K, g) ?

We remark that similar question for wavelet frames has be discussed by C. K. Chui, X. Shi and J. Stockler
[7]. The answer to the above question for a special case is known (cf [2]) because of the density result discussed in
section 3: Suppose that G(L,K, g) is a Gabor frame for L2(R) with L = αZ and K = βZ (α, β > 0). Then from
the density theorem we have αβ ≤ 1. If αβ = 1, then G(L,K, g) must be a Riesz basis and so the dual is always
unique. In the case that αβ < 1 (so 1/αβ > 1), again by the density theorem {e2πi(1/β)mg(x− (1/α)n) : m,n ∈ Z}
is not complete for L2(R). Hence we are able to pick up some non-zero function h1 in the orthogonal complement of
{e2πi(1/β)mg(x−(1/α)n) : m,n ∈ Z} such that G(L,K, h1)) is a Bessel sequence (need some arguments). Assume that
h generates the standard dual for G(L,K, g). Then it can be shown that G(L,K, (h + h1) is a dual for G(L,K, g).
Clearly this dual is different from the standard dual since h1 6= 0. Hence the dual is not unique. However, this
argument does not apply to the subspace Gabor frame case and to the more general group-like unitary system
situation.

To answer the above question, we can apply operator algebra techniques to obtain a characterization for those
frame vectors (for a group-like unitary system) that have unique dual frame vectors. A special application of this
will give us a complete solution for Question 3.

We first note that if two frame vectors η and ξ for a group-like unitary system U are similar (i.e., there is an
invertible operator S on H such that SUη = Uξ for all U ∈ U), and one of them has a unique dual frame vector,
then so does the other. Therefore it suffices for us to consider the normalized tight frame vectors since every frame
vector for a group-like unitary system is similar to a normalized tight one.



Here is the general characterization ([15]):

Theorem 4.1 Assume that η is a complete normalized tight frame vector for a group-like unitary system U . Then
the following are equivalent:

(i) η has a unique dual frame vector.

(ii) < η, UV η > = < η, V Uη > holds for all U, V ∈ U .

(iii) For every complete normalized tight frame vector ξ of U , there is a (unique) unitary operator V in U ′ such
that V η = ξ.

(iv) For every complete frame vector ξ of U , there is a (unique) invertible operator T in U ′ such that Tη = ξ.

(v) span{U ′η} = H.

Condition (ii) in Theorem 4.1 is the most useful one that can be easily checked and applied to various concrete
unitary systems. For example, the following is immediate from (ii):

Corollary 4.2 If U is an abelian group unitary system, then for each complete frame vector of U there is a unique
dual frame vector.

Applying Theorem 4.1 to Gabor systems we have (U = UL,K, H = M):

Theorem 4.3 Let G(L,K, g) is a normalized tight frame for M , the closure of it linear span. Then g has a unique
Gabor dual in M if and only if

e2πi<`,κ′> < g, g`,κ >= e2πi<`′,κ> < g, g`,κ >

holds for all `, `′ ∈ L and κ, κ′ ∈ K, where g`,κ(x) = e2π<`,x>g(x− κ).

For the one-dimensional (d = 1) case, we can say more. In what follows we always assume that L = αZ and
K = βZ (α, β > 0).

Corollary 4.4 Suppose that g generates a normalized tight subspace Gabor frame for the closure (say, M) of it
linear span. Then G(L,K, g) has a unique Gabor dual in M if and only if the identity

e2πiαβ(nk−ml) < g, (g)mα,nβ >=< g, (g)mα,nβ >

holds for all m,n, k, ` ∈ Z, where (g)mα,nβ = e2πimαxg(x− βn).

Corollary 4.4 will immediately implies that G(L,K, g) has a unique Gabor dual if αβ is an integer, and when αβ
is irrational, then G(L,K, g) has a unique Gabor dual if and only if G(L,K, g) is a Riesz sequence. However it is
much more complicated to deal with the rational (but not integer) case . By Corollary 4.4 and a short argument, we
can get:

Proposition 4.5 Let αβ = p
q with gcd(p, q) = 1 and let G(L,K, g) be a normalized tight Gabor frame for M , the

closure of it linear span. Then the following are equivalent:

(i) G(L,K, g) has a unique Gabor dual in M

(ii) < g, gmα,nβ >= 0 for all (m,n) /∈ qZ × qZ.

(iii)
∑

l∈Z

g(x− l

α
)g(x− l + pk

α
− pj

αq
) = 0, k ∈ Z, 1 ≤ j ≤ q − 1



and ∑

l∈Z

g(x− l

αq
)g(x− l

αq
− pk

αq
)e2πi jl

q = 0, k ∈ Z, 1 ≤ j ≤ q − 1.

Recall that the Zak transform of a function f ∈ L2(R) is

(Zf)(t, ν) =
∑

k∈Z

f(t− k)e2πikν , a. e. t, ν ∈ R,

where the right-hand side has to be interpreted in L2
loc(R

2)-sense. Zak transform is completely determined by its
values in the unit square Q = [0, 1) × [0, 1). Moreover it is a unitary map of L2(R) onto L2(Q). To deal with the
rational case for our problem, we need to introduce the vector-valued Zak transform: Let q be a positive integer.

The vector-valued Zak transform of a function f ∈ L2(R) with respect to q is

(Zqf)(t, ν) =




(Zf)(t, ν)
(Zf)(t + 1

q , ν)
.
.
.

(Zf)(t + q−1
q , ν)




=




∑
k∈Z f(t− k)e2πikν∑

k∈Z f(t + 1
q − k)e2πikν

.

.

.∑
k∈Z f(t + q−1

q − k)e2πikν




Since Z is a unitary from L2(R) onto L2([0, 1]2), it follows that Zq is a unitary transform from L2(R) onto the
super-space L2([0, 1

q ]× [0, 1])⊕ ...⊕ L2([0, 1
q ]× [0, 1]).

Using Proposition 4.5 and the vector-valued Zak transform we are able to prove the following ([15]):

Theorem 4.6 Let G(L,K, g) be a frame for the closure (say, M) of its linear span and g 6= 0.

(i) If αβ < 1, G(L,K, g) has more than one Gabor duals in M

(ii) If αβ = k ∈ N , then G(L,K, g) has a unique Gabor dual in M .

(iii) If αβ is irrational, then G(L,K, g) has a unique Gabor dual in M if and only if G(L,K, g) is a Riesz
sequence.

The case where αβ > 1 is rational but not an integer remains open.
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