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1. Introduction

Suppose H is a Hilbert space, B(H) is the set of (bounded linear) operators on
H, F(H) is the set of finite-rank operators on H, and K(H) is the set of compact
operators on H. Suppose M is a Hilbert space, A is a unital C*-subalgebra of
B(H), the map 7 : A — B(M) is a unital *-homomorphism, ¢,v : A — B(M)
are linear maps with ¢ unital and completely positive and 1 completely bounded.
The theorems of W. Stinespring [12] and Wittstock [14] say that there is are unital
representations p, o of A, an isometry V, and operators A, B with ||A|| || B|| = [|%/]|
such that

p(z) =V7p(x)V,
and
Y(z) = Ao(x)B

for every z in A. Two unital representations 7y, mo of A are approzimately (unitarily)
equivalent, denoted my ~, 72, if there is a net {U,} of unitary operators such that

1i§n HU;TFl(Jﬁ)U)\ - 772(37)” =0

for every x € A. It was proved by D. Voiculescu [13] that if A and m, 7o are
separable, then 71 ~, 7o implies that there is a sequence {U,,} of unitary operators
such that, for every z € A

lim ||U;m(z)U, —m2(z)|| =0,

n—oo

and such that for every n € N, and every = € A,
Uymi(x)Uy, — m2(x) is compact.

The following results were proved by the first author [5],[6], [7] ; the first re-
sult is a reformulation of D. Voiculescu’s beautiful characterization of approximate
equivalence [13] when H is separable. Note that id4 denotes the identity repre-
sentation on A. For an operator T € B(H) we let rankT denote the Hilbert-space
dimension of the closure of the range of T.

THEOREM 1. Suppose A, H, M are separable and 7, ¢, are as above. Then
1. m ~gida if and only if 1| ANF(H) ~q ida|ANF(H) if and only
rankm(A) = rankA

for every A € A.
2. T@M ~q ida for some representation w1 of A if and only if w|F(H)®ma ~q
id anF(m) for some representation wo of AN F(H) if and only if

rankm(A) < rankA

for every A € A.
3. The following are equivalent:



a There is a unital representataion p of A with p ~g ida and an isom-
etry V' such that ¢p(x) = V*p(z)V for every x € A.

b ¢ is rank-nonincreasing and there is a representation p; of ANF(H)
with py ~q id agnFmy and an isometry W such that ¢(x) = W*py (x)W
for every x € ANF(H).

¢ There is a sequence {V,,} o f isometries such that V. AV, — ¢(A) in
the weak operator topology for every A € A.

4. The following are equivalent:

a There is a unital representataion o of A with o ~g id4 and operators
A, B with ||A||l |B|| = ||¢|, such that (x) = Ac(x)B for every
ze A

b v is rank-nonincreasing and there is a representation p1 of ANF(H)
with p1 ~q id gnF(my and operators Ay, By such that ¢(x) = Ayo1(x) By
for every x € ANF(H).

¢ there are norm-bounded sequences {Cy},{Dyn} such that C,AB, —
W(A) in the weak operator topology for every A € A.

The beauty of the first two statements in Theorem 1 is that they give purely
algebraic characterizations (in terms of rank) of very geometric relationships. It is
tempting to hope that the statements in (3) and (4) in Theorem 1 are equivalent
to the respective statements that ¢ and v are rank-nonincreasing. However, this is
not case (see section 2).

It is the purpose of this paper to provide a different characterization, solely in
terms of rank, of the statements (3) and (4) in Theorem 1. More precisely, if S is
a linear subspace of B(H) and ¢ : S — B(M) is a linear mapping, then, for each
n € N, we define the maps ¢, : M, (S) — M,, (B(M)) by

bn ((5i5)) = (¢ (si)) -

We say that ¢ is completely rank-nonincreasing if, for each n € N and each (s;;) €

M., (S)
rank¢, ((si;)) < rank (s;;).

The following is our main theorem.

THEOREM 2. Suppose H and M are separable Hilbert spaces, A is a separable
unital C*-subalgebra of B(H), ¢,% : A — B(M) are linear maps with ¢ unital and
completely positive and 1 completely bounded. Then

1. There is a unital representataion p of A with p ~4 id4 and an isometry V
such that ¢(x) = V*p(z)V for every x € A if and only if ¢ is completely
rank-nonincreasing.

2. There is a unital representataion o of A with o ~4 ids and operators A, B
with ||A|| || Bl = ||%|| such that ¢¥(x) = Ao(x)B for every x € A if and
only if ¥ is completely rank-nonincreasing.

REMARK 1. We can see the significance of the preceding theorem with a simple
application. Suppose T € B(H) and A € B(M). It follows from Stinespring’s
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theorem [12] that there is a Hilbert space H' D M and operator S € B(H') with an
operator matrix
A B
= (0 ¢)

and a unital representation m : C*(T) — B(H') with m(T) = S if and only if
there is a unital completely positive map ¢ : C*(T) — B(M) with ¢(T) = A and
O(T*T) = A*A.

Adding the condition that ¢ is completely rank-nonincreasing is equivalent to
being able to choose S so that, for every e > 0, there is a unitary operator U. and
a compact operator K. with ||K.|| < € such that

A B
@T@:(O C>+&.

The notion of completely rank-nonincreasing maps arose from an attempt to
characterize the linear maps on a linear subspace of B(H) that are point-strong
limits of similarities or point-strong limits of skew-compressions introduced in [9].
Suppose S is a linear subspace of B(H) and ¢ : S — B(M) is linear. We are not
assuming that S is norm-closed or that ¢ is bounded. We say that ¢ is a similarity
if there is an invertible operator W such that, for every S € S, ¢(S) = W~LSW.
We say that ¢ is a compression if there is an operator V' such that, for every S € S,
¢(S) = V*SV. Finally, we say that ¢ is a skew-compression if there are operators
A, B such that, for every S € S, ¢(S) = ASB. If {¢,} is a net of maps on S, we say
that ¢p — ¢ point-strongly (resp., point-weakly, point-norm) if, for every S € S,
dA(S) — ¢(S) in the strong (resp., weak, norm) operator topology.

In [9] the authors proved the following results that, in a sense, parallel those
of Theorem 1.

THEOREM 3. : The following statements are true.

1. The map ¢ is a point-strong limit of skew-compressions if and only if
O|SNF(H) is a point-weak limit of skew-compressions.
2. Suppose 1 € §. Then ¢ is a point-strong limit of similarities if and only if
o(1) =1 and ¢|SNF(H) is a point-weak limit of skew-compressions.

It was shown in [9] that the problem of characterizing the maps that are point-
strong limits of similarities or skew-compressions reduces to the case when H is
finite-dimensional. In finite-dimensions the problems of characterizing limits of
similarities is equivalent to determining closures of joint similarity orbits, a problem
studied in [4]. This is because if dimH < oo, then every linear subspace S of B(H)
is spanned by finitely many elements Si, Ss, ... , Sk, and a linear map ¢ : S — B(H)
is a limit of similarities if and only if (¢(S1),. .., $(Sk)) is in the closure of the joint
similarity orbit of (S, Sa,...,Sk).

This paper contains counterexamples to conjectures in [4], and we replace them
with what we believe are the correct conjectures.

2. The basic conjecture

We begin this section with an example that shows that the condition on
d|(ANF(H)) in part (3) of Theorem 1 cannot be dropped. In other words, the



characterizations for representations solely in terms of rank cannot be directly car-
ried over to completely positive and completely bounded cases. In fact, the rank-
decreasing condition does not even imply that a linear map is a point-strong limit of
skew-compressions. A simple counterexample is based on the following elementary
fact:

There do not exist nets {ex} and {f\} in C? such that, for every 2 x 2 matrix
A,

(Aex, fa) — tr(A),

where tr denotes the normalized trace on Ms.

This follows from the fact that the above assertion is equivalent to the rank-two
matrix %IQ being the weak*-limit in the dual space of My (which is Ms) of the net
rank-one elements ey ® fy.

To construct the counterexample, let ¢ = tr : My — C. Clearly ¢ is linear,
unital, completely positive, and completely bounded, and, for every A € Mo,

rank¢(A) < rankA.

However, it follows from the preceding observation that ¢ is not a point-weak limit
of skew-compressions. To get an infinite-dimensional example, we can assume H is
infinite-dimensional, let V : C> — H be any isometry, let A = CI + K(H), let P
be a rank-one projection, and define ¢ : A — B(H) by

I+ K)=z2I+[tr(V'KV)| P

for every z € C and every K € K(H). Since ¢ is the sum of a unital * homomorphism
and a completely positive map, we see that ¢ is unital, completely positive, com-
pletely bounded, and, for every A € A, we have rank¢(A) <rankA. However, if Q)
is the projection onto the range of V, the restriction of ¢ to QK (H)Q looks exactly
like tr on M, and hence ¢ is not even a point-weak limit of skew-compressions.

Although being rank-nonincreasing is not sufficient for a map to be a point-
strong limit of skew-compressions, it may still be possible to find a characterization
solely in terms of rank. Suppose S is a linear subspace of B(H) and ¢ : S — B(M)
is linear. As mentioned above, for each positive integer n, the map ¢, : M, (S) —
My (B(M)) is defined by

O (8i5) = (H(si5)) -

It is easy to see that if ¢(S) = limy A\SB) is a point-strong limit of skew-
compressions, then, for every n € N and every (S;;) € M, (S), we have

Ay O 0 By 0 0
¢ ((Sy)) =lm | o " ¢ Si)l o . 0
0 0 A, 0 0 B,

Hence a necessary condition for ¢ to be a limit of skew-compressions is that ¢ be
completely rank-nonincreasing. We now make our fundamental conjecture. We
will prove our main theorem (Theorem 2) by verifying this conjecture when the
domain is a C*-algebra. We can also give a characterization in terms of rank of the
elementary operators on B(H), i.e., linear combinations of skew-compressions (See
Theorem 7)
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CONJECTURE 1. Suppose S is a linear subspace of B(H) and ¢ : S — B(M)
is linear. Then ¢ is a point-strong limit of skew-compressions if and only if ¢ is
completely rank-nonincreasing.

We are not yet able to completely settle the above conjecture, but we will
reduce it to the case where ¢ is a linear functional.

Let’s return to our example where ¢ is the normalized trace on Ms. If we define
the matrix T € My(Mys) by

20 0 2
0 0 0 0
= 0 0 0 0 ’
2 0 0 2
we see that rank(T') = 1, ¢2(T) = ( é (1) ) has rank 2. Thus, although ¢ is rank-

nonincreasing, ¢o is not. This gives an easy way to see that ¢ is not a limit of
skew-compressions.

EXAMPLE 1. Let S be the set of upper triangular 2 X 2 matrices and let ¢ :
S — C be the trace. There is no rank-one 2 X 2 matriz K such that ¢(S) = tr(SK)

for every S € S. However, for every S € S, ¢(S) = lim,, (S 1l ) , < 71z )) ,

n
s0 ¢ is a point-strong limit of skew compressions and is therefore completely rank-

nonincreasing. It is not difficult to show that every completely rank-nonincreasing
linear functional on S is a limit of skew-compressions.

3. The MainResults

Our results require a more general notion of completely rank-nonincreasing. If
k € N, we say that a map ¢ : S — B(M) is k-rank nonincreasing if

ranke(S) < krankS

for every S € S. We say ¢ is completely k-rank nonincreasing if ¢, is k-rank
nonincreasing for every n € N. This is the first step in proving our main result
(Theorem 2).

LEMMA 1. Suppose T is a trace class operator and ¢ : K(H) — C is defined
by ¢(A) = trace(T A), then the smallest k for which ¢ is completely k-rank nonin-
creasing is rank(T).

PROOF. Suppose {e1,...,e,} is a linearly independent set such that
{Tei,...,Te,} is orthonormal. Then if, for e, f € H, e ® f denotes the operator
defined by (e ® f) (h) = (h, f)e, then

Ple® f) =trace(T(e® f)) =trace(Te® f) = (Te, f).

Let W be the n x n matrix over KC(H) defined by W = (e; ® T'e;) . Then rankW =
1, but ¢,(W) = ((Tej,Te;)) is the identity matrix, which has rank n. Hence,
if ¢ is completely k-rank-nonincreasing, then k& > rankT. On the other hand, if
rankT =1, say T = u ® v, then ¢(A) = (Au,v) is a skew compression, which is
completely rank-nonincreasing. If rankT = k < oo, then T is the sum of k rank-one



transformations, so ¢ is the sum of & completely rank-nonincreasing maps, which
means ¢ is completely k-rank-nonincreasing. [l

We reduce our conjecture to the case of linear functionals. The key idea is a
classical identification of the set of all linear maps from a vector space X into My
and the set of linear functionals on M (X). This correspondence has been used in
the study of completely positive and completely bounded maps [1], [11]. Suppose
¢: X — My is linear. We can write

o(x) = (¢35 (x)) ,

where each ¢;; is a linear functional on X. We define a linear functional $ :
MN(X) — C by

N
~ 1
¢ (2i5) = > bij(wig)-
ij=1

Let E;;,1 <1i,j <k, the k x k complex matrix with a 1 in the (4, j)-entry and 0’s in
the other entries. If x € X, let 2 E;; € My (X) denote the k x k matrix with « in the
(4,7)-entry and 0’s in the other entries. We can write each matrix (z;;) € My(X)
as

N
(2ij) = Y x5 Eij,
i,j=1
and we can recover ¢ from 3 by noting that

¢ij(z) = No(zEy;).

THEOREM 4. Suppose N, k are positive integers, S is a linear subspace of B(H)
and ¢ : S — My is linear. Then

1. ¢ is completely k-rank-nonincreasing if and only if q@ is completely k-rank-
NONINCTreasing. R

2. ¢ is a point-strong limit of skew-compressions if and only if ¢ is a point-
strong limit of skew-compressions.

PROOF. Suppose ¢ is completely k-rank-nonincreasing. We will show that g/zﬁ\ is
k-rank-nonincreasing. The proof that ¢ is completely k-rank-nonincreasing follows
similarly. We have that

1
~ 1 1
¢ (si5) = N(lv L....Don (si Eij) | .
1

and that the matrices (s;;) and (S”EJ have the same rank. Since ¢y is k -rank-

o~

nonincreasing, we conclude that ¢ is k -rank-nonincreasing. Conversely, suppose ;ﬁ\
is completely k-rank-nonincreasing. It follows, for each x € S, that

o) =N (9) (@Ey).
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Since (¢) is k-rank-nonincreasing and x has the same rank as (zE;;), we con-

N
clude that ¢ is k-rank-nonincreasing. A similar argument shows that ¢ is actually
completely k-rank-nonincreasing. Next suppose ¢ is a point-strong limit of skew-
compressions, i.e., there are nets {A,} and {B\} of operators such that, for every

SeS,

with convergence in the strong operator topology. It follows from the above ar-
gument, that if W®) denotes a direct sum of N copies of W, then, for every
(sij) € Mn(S), we have

~ 1

(b (Sij) = h{n N(l, 1, ceey 1)AE\N) (SijEij) Bg\N)
However, there is a unitary matrix U such that, for every (s;;) € Mn(S),

* Sij 0
(SijEij):U ( é j) 0 ) U.
Also there is a partial isometry V' such that
Sij 0 *
( é ]) 0 ) =V (Sij)v'

Hence

~

. 1 XY 7k
9 (sig) = lim (1,1, .. D)AMU YV (si5) VOB,

which shows that <$ is a point-strong limit of skew-compressions. A similar argument
shows that if ¢ is a point-strong limit of skew-compressions, then so is ¢. O

COROLLARY 1. Suppose ¢ : K(H)— M., is linear and continuous. Then ¢ is
completely k-rank-nonincreasing if and only if there are operators C' and D such
that

o(T) = C*T® D
for every T € K(H).

PROOF. The “if” part is easy; we only show the “only if” part. Since M,, (K(H))
is isomorphic to K(H ® C™), it follows from the preceding theorem that we can as-
sume n = 1. Thus there is a trace-class operator K such that, for every A € K(H),

#(A) = tr(AK).

We want to show that rank(K) < k. Write K = >, Aje; ® f;, with {eq,...} and
{f1...} orthonormal sets and A; > 0 and Zj Aj < oco. Suppose m is a positive
integer and m < rankKK, and let T' be any invertible operator such that 7 f; =
)\%ej for 1 < j < m and such that T* ({fl,... ,fm}l-) = {e1,... ,em}t. Then
KT = YA (e @ ;)T =3, (e; @T"f;) is reduced by sp{ei,... ,em} and its
restriction to sp{ei, ..., en} is the identity. Consider the matrix W € M,,, (K(H))
defined as

W = (T (ej ® ei))lﬁi,jfm .
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Then rank(W) = 1, but ¢, (W) = (tr [T (e; ® ;) K]) = (tr[(e; ® e;) KT)) = L.
But ¢ is completely k-rank-nonincreasing, so m =rank(¢,,(W)) < krank(W) = k.
Hence rankK < k, and K = 3770 Aje; ® fj, so ¢(A) = 37 (ANjey, f;). Define

fi Arer
C,D:C—Ckb fm Am
,D:C — y C(A) = A 0 and D(\) = 0 . Then, for every
0 0

A€ K(H), we have
¢(A) = C*AD.
O

The following lemma is a key result. It allows us to keep track of the cb-norms
(in terms of ||C|/||D|| in Corollary 1) of representations of completely bounded
completely k-rank-nonincreasing maps on KC(H).

LEMMA 2. Suppose ¢ : K(H)— M, is linear, continuous and completely k-
rank-nonincreasing, m is a cardinal, and A, B are matrices such that, for every
T e K(H),

H(T) = AT™ B,
Then there is a projection P such that

1. P is in the commutant of KC(H)(™ = {T™) . T ¢ K(H)}

2. K(H)™ |ran(P) = {T™) |ran(P) : T € K(H)} is unitarily equivalent to
KC(H)™®) (i.e., there is a unitary U such that T |ran(P) = U*T®U for
every T € K(H)),

. K(H)™ |ran(P) has a cyclic vector, and
4. for every T € K(H),

w

¢(T) = APT"™ PB = APU*TWUPB.

PROOF. We first consider the case when n = 1. In this case we have, by the
preceding corollary, a trace-class operator K with rank(K) = k such that, for every
T € My, ¢(T) = tr(TK). The equation ¢(T) = AT™ B translates to ¢(T) =

U U1
U2 V2

(Tu,v) with u,v € H™ . Write u = ) , U = ) . Thus we have
U, U,

O(T) = 3770 (Tuj,v) = tr(T Y071, uj @ vy), which implies K = 377" u; @ ;.
Since rank(K) = k, it follows that m > k. If the desired conclusion fails, we can
assume m is the smallest cardinal for which failure exists. Since the restriction of
KC(H)™) to a nontrivial reducing subspace is unitarily equivalent to C(H)® for
some t < m, and since the range of A is finite-dimensional, we have m < oco. It
follows from the minimality of m that K(H)"™u = K(H)™v = H™). Hence,
{u1,... ,um} and {v1,... ,v,} must be linearly independent. Choose operators
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V,W € K(H) so that Vu; = W*v; =e; for 1 < j < m, where {e1,...,es} is some
orthonormal set in H. It then follows that

m
VEW =V > ujeuv |W

j=1

m m
= ZVU'J ®W*’Uj = Zej X ej.
j=1 j=1

Comparing ranks, we see that m < k, which implies m = k, contradicting the
assumption that the desired conclusion fails. We now turn to the general case.
Define ¢ : M, (K(H)) — C as above. For 1 < j < n, let V; : C — C" be the map
into the j*"— coordinate. The equation ¢(T) = AT(™ B therefore yields ¢;;(T) =
ViF¢(T)V; = V¥ AT™ BV}, and

o(Ty) = 3 VAT BY; = O (T5) D
ij=1
where C = (V*A,...,VFA) and D = . It follows from the case in
BV,
which n = 1 that there is a projection @ in the commutant of Mn(IC(H)(m)) =
{(Tz(jm)) 1Ty € IC(H)} such that M., (K(H)"™) [ran(Q) is unitarily equivalent to
Mn(IC(H)(k)) and such that

o(Ty) = CQ (1) QD

always holds. However, being in the commutant of M, ( K(H)(m)), () must have the
form @ = diag(P, P, ..., P) for some projection P in the commutant of IC('H)(m).
It follows that K(H)(m) |ran(P) is unitarily equivalent to IC(H)(k) and we always

have

PBV,
H(Ty) = (AP, Viap) (T |
PBYV,
If we define ¢ by
W(T) = APT"™ PB,
it is clear that QZ = q@; hence, ¢ = . O

We now want to extend the preceding lemma with K(H) replaced with an
arbitrary C*-subalgebra of K(H). Suppose S is a C*-subalgebra of IC(H). It follows
from [2] that we can write H as a direct sum H = Hy & Z?;I H™ (each m; a
positive integer) and we can, up to unitary equivalence, write S as the C*-direct
sum

D
S={00 Y K™ K; e K(H,), {| K|} € co(])}.
el
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This gives, for each i € I, a representation m; : S — K(H;) so that, for every S € S,

52
S=0aY a"(s),

il
that is, the identity representation ids on S is unitarily equivalent to

&
ids = 0& Zﬂ}(mi).
icl
Moreover, in [2] it is shown that if p : S — B(H),) is any * homomorphism of S,
then there is a Hilbert space My and a family {x; : ¢ € I} of cardinals (possibly 0)
such that p is unitarily equivalent to

D
00y x"(S)

i€l

on the Hilbert space My @ Eze] H™.

THEOREM 5. Suppose S is a C*-subalgebra of K(H), p: S — B(H,) is a *
homomorphism, A, B are operators and ¢ is defined on S by

¢(S) = Ap(S)B
If ¢ is completely k-rank-nonincreasing, then there is a projection P in the com-
mutant of p(S) such that the restriction of p to ranP is unitarily equivalent to a
subrepresentation (direct summand) of idfsk) and such that, for every S € S,

#(S) = APp(S)PB.

PROOF. Write ids = 0 @ Ezel ™) and p = 0@ Elel f" )(S) on H, =
MOEBZ'LEI H[ . Foreach j € I, define 7; : K(H,;) — S so that for every K € K(H;),

Ti(K)=06& Zzel (m‘ , where K; = K, and K; = 0 when i # j. Clearly, ¢ o 7;
is completely m k- rank—nonincreasing. Since (poT;)(K) = A(poTj) (K)B, it
follows from the preceding lemma that there is a projection P; in the commu-
tant of (po7;) (K(H;)) such that ran(P;) C HR" and (po ;) (KK(Hj)) |ran(P;)
is unitarily equivalent to KC(H;)(™) for some n; < mjk (where n; is the mini-
mal integer such that ¢ o 7; is completely nj-rank-nonincreasing) and such that
(por;) (K) = A(por;)(K)B for every K € K(H;). Let P =} . P;. Since the
ranges of the P;’s are orthogonal, P is a projection, and P is in the commutant of

p(S) and ¢(S) = APp(S)PB for every S € S. Also p|ranP is unitarily equivalent
to ;ee I 7r§"j , which is clearly a direct summand of idgk). [l

COROLLARY 2. If § is a C*subalgebra of K(H) and ¢ : S — B(M) is a
completely bounded, completely rank-nonincreasing linear map on S , then there
are operators A, B such that ||A| ||B|| = ||¢[|,, such that, for every S € S,

¢(S) = ASB.
Moreover, if ¢ is completely positive, we can choose A = B*.

The preceding corollary, combined with Theorem 1 clearly implies Theorem 2.
The following is an equivalent formulation of Theorem 2.
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THEOREM 6. Suppose A us a unital separable C*-algebra, H is a separable
Hilbert space, m : A — B(H) is a unital * homomorphism, and ¢ : A — B(M) is a
unital completely bounded linear map. The following are equivalent:

1. There is a representation p of A that is approximately equivalent to © and
operators A, B with ||Al| ||B|| = ||¢l|, such that, for every S € A,

¢(S5) = Ap(9) B.
2. For every n € N, and for every T € M,,(A),rank(¢n(T)) <rank(m,(T)).
Moreover, if ¢ is completely positive, we can choose A, B in (1) so that A = B*.

PROOF. We can assume that S C B(H) and = is the identity map on S. Then
the condition in (2) is that ¢ is completely rank-nonincreasing. It follows from the
results in [6],[7] that statement (1) holds if and only if it holds for ¢ |(ANK(H)) .
Hence the implication (2) = (1) follows from the preceding theorem. The reverse
implication is obvious. O

We can show that our main conjecture is true for C*-algebras of operators.

COROLLARY 3. Suppose S is a separable unital C*-algebra, H, M are separa-
ble Hilbert spaces, m : & — B(H) is a unital * homomorphism, and ¢ : S —
B(M) is a (not necessarily bounded) linear map. Then ¢ is a point-strong limit
of skew-compressions of 7 if and only if, for every n € N and every T € M, (S),
rank(pn(T)) < rank(m,(T)) .

PROOF. We can assume S C B(H) and 7 is the identity map on S. Suppose
¢ is completely rank-nonincreasing. To show that ¢ is a point-strong limit of skew
compressions, it follows from [9] that it is enough to show that ¢ |(SNF(H)) is
a point-strong limit of skew-compressions. In turn we need only look at finite
dimensional subspaces of SNF(H). Since every finite subset of SNF(H) generates
a finite-dimensional C*-algebra contained in S N F(H) € S N K(H), the desired
conclusion follows from the preceding theorem. [l

An operator ¢ : B(H) — B(H) is called elementary if there are finitely many
operators Ay, By, ..., A,, B, so that, for every T € B(H),

o(T) = ATB;.
j=1

Call the smallest possible n in the above representation the degree of ¢. It is clear
that elementary operators on B(H) are weak™-weak* continuous and completely
bounded. The continuity implies that such maps are determined by their restric-
tions to KC(H). Also the above representation is equivalent to a representation of
the form ¢(T) = X T(™Y. We can therefore describe elementary operators in terms
of rank.

THEOREM 7. The following are true for a linear map ¢ : B(H) — B(H) :

1. ¢ is elementary with degree(¢) < n if and only if ¢ is completely bounded,
weak*-weak* continuous, and completely n-rank-nonincreasing.

2. In the subset of completely bounded weak*-weak* continuous linear maps on
B(H), the set of all elementary operators of degree at most n (n < 00) is
closed under point-weak limits.
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3. If ¢ is elementary with degree n, then there are operators Ay, By, ..., Ay, Bn
so that HZ;L:1 AjA; Z;LZI BB, 7o ¢, and, for every T € B(H),

2

¢(T)=>_ A;TB;.
j=1

EXAMPLE 2. Define ¢ : M,, — M,, be the transpose map. It is clear that ¢
is linear, completely bounded, and trivially weak*-weak* continuous. Hence ¢ is an
elementary map. If T = (E;;) € My (My,), then rank(T) = 1, and rank(¢n(T) )=
n?. Hence the degree of ¢ must be at least n®. On the other hand, every linear map
on M., has degree at most n?, since, for A = (a;;), ¢ (A) = > aiid(Eij) and

each summand is a rank non-increasing linear map. Hence the degree of ¢ is exactly

n2.

EXAMPLE 3. Suppose A = (a;;) is an n x n matriz. We let ¢ :M,, — M,

be Schur multiplication by A, i.e., ¢ ((tij)) = (aiiti;). We then have the map 5:
M, (M,,) — C is given by the formula

B(A) = trace(T A),

where T = (a;;E;j) . However, T is unitarily equivalent to A®0, so rankT =rankA.
It follows from Lemma 1 that ¢ has degree equal to rankA.

4. Closures of joint similarity orbits

We now construct examples to provide negative solutions to two conjectures in
[4]. ¥ T = (T,...,T,) € (Mg)™ is an n-tuple of d x d matrices, the similarity
orbit &(T) of T is defined as

S(T)={(A'"T1A,... ,A"'T,A) : A€ Mg, A invertible}.

The following two conjectures appear in [4]

1. [4, Conjecture 8.14] Suppose T € (Mg4)™. Then S € &(T')~ if and only if
rankp(S) <rankp(T') for all noncommutative polynomials p.
2. [4, Conjecture 9.1] Suppose T € (Mg)™. Then A € &(T)~ if and only if for
every noncommutative polynomial p, p(A) € &(p(T))".
The first conjecture was proved when n = 1 in [3]. Hence it follows immediately
that these two conjectures are actually the same.

1000 001 0
01 00 00 0 0
EXAMPLE 4. Define Th = 0010 Ty = 00 0 0 Ty =
00 01 00 0 0
00 0O 0 0 0O 0 0 0 1
0 010 0 0 01 00 0 0
0 0 0O » Ta = 00 0 0 » Is = 00 0 0 , and let T =
00 00 0 0 00 00 0 0
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1000 00 3 0
010 0 00 0 0
(T1)T25T37T4)T5)' LetAlz 0 0 1 0 7A2_ 0 0 0 O )A3_
00 0 1 00 0 0
0000 0040 0000
00 0 0 00 0 0 0000 .
0000 | "M=looool|l" =000 o] Sincethe
00 00 00 0 0 0000

product of any two elements of {Ts,T3,T4,T5} is 0, the algebra A generated by
T1,T5, T3, Ty, Ts equals the linear span of Ty, T, T3, Ty, Ts. Furthermore, the linear
mapping ¢ 1 A — My defined by f(T;) = A; (1 < j < 5) is an algebra homo-
morphism. Moreover, the algebra A can be described as the set of all 2 x 2 block

matrices of the form < 3 f ) with X\ a scalar and A € Ms. Then the mapping

o((o 2))=(5 "),

where £ = ( 0 0 > . Let S = < 3 f ) If X # 0, then rankS =rankp(S) = 4. If

S =0, then rankS =rankp(S) = 0. If \ =0 and S # 0, then rank$(S) < 1 <ranksS.

It follows that if A = (A1, Ag, A3, Ay, As) and T = (T1,T2,T5,T4,T5), then,
for every polynomial p,rankp(A) <rankp(T). It follows from a result of [3] that,
for every polynomial p, p(A) € S(p(T'))~. However, the statement A € S(T)~ is
equivalent to the statement that ¢ is a point-norm limit of similarities. However,
the restriction of ¢ to sp{T,T5,T4,T5} looks exactly like tr on Ma, so ¢ is not a
point-norm limit of similarities. This shows that Conjectures 8.14 and 9.1 in [4]
are both false.

¢ can be expressed as

1 0

Using the ideas in the preceding paragraph, we can construct a simpler coun-
terexample to the conjectures in [4].

EXAMPLE 5. [t follows immediately from the Jordan canonical form that every
complex matrixz is similar to its transpose. However, the transpose map is not a
homomorphism. But it is a homomorphism on commutative algebras of matrices.

010 0 0 1
Let Ty = 0 0 0 |,Iy= 0 0 0 |, and let A; be the transpose of T}
0 00 0 00

for 5 =1,2. It follows that, for any polynomial p(x,y), p(Ai, A2) is the transpose
of p(T1,Ta), so we have p(Ty,T2) and p(A;, A2) are similar for every polynomial
p(z,y). However, the map ¢ that sends p(Th,Ta) to p(Ai, As) is not completely
rank-nonincreasing, since

T Ty T Ty
mnkd)g(o 0 >>mnk(0 0 )

Note that if dimH < oo and ¢(1) = 1, then ¢ is a limit of similarities if
and only if ¢ is a limit of skew-compressions. To see this, assume that ¢(S) =
lim,, o0 ApSBy, for every S € S. Thus A, B, — ¢(1) = 1. Hence, for sufficiently
large n, A, B, is invertible, which, in finite dimensions, implies that both A,, and
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B,, are invertible. Thus
$(S) = lim (A,B,) " A,SB, = lim B;'SB,.
n—oo

n— oo

Hence our main conjecture, when restricted to unital maps in finite-dimensions
gives what we feel is the correct conjecture for joint similarity orbits.

CONJECTURE 2. Suppose S,T € (My)". Then S € &(T)~ < the map that
sends p(T) to p(S) for each noncommutative polynomial is well-defined and com-
pletely rank-nonincreasing.

Note that our main conjecture implies in finite-dimensions, that a unital com-
pletely rank-nonincreasing linear map must be a limit of similarities. It has been
proved in [8] that, in finite-dimensions, a unital completely rank-nonincreasing lin-
ear map on a linear space S of matrices can be uniquely extended to a completely
rank-nonincreasing algebra homomorphism on the algebra generated by S.

Acknowledgment. The authors wish to thank the National Science Founda-
tion for its support while this research was undertaken. We also thank Jinjuan Hou
for corrections in the last example.
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