EXTENSIONS OF OPERATORS

D. HAN, D. LARSON, Z. PAN AND W. WOGEN

ABSTRACT. We introduce the concept of the extension spectrum of a Hilbert space
operator. This is a natural subset of the spectrum which plays an essential role in
dealing with certain extension properties of operators. We prove that it has spectral-
like properties and satisfies a holomorphic version of the Spectral Mapping Theorem.
We establish structural theorems for algebraic extensions of triangular operators
which use the extension spectrum in a natural way. The extension spectrum has
some properties in common with the Kato spectrum, and in the final section we
show how they are different and we examine their inclusion relationships.

0. Introduction

Let B(H) be the algebra of all bounded operators acting on a separable complex
Hilbert space H. An extension of an operator A € B(H) by an operator C € B(K)

is an operator of the form

(1)

acting on H @ K for some B € B(K, H). The extension is called null if C' is the
zero operator on K. The extension is called finite if the extension space K is finite
dimensional. An operator T in B(H) is called triangular if H has an orthonormal
basis {ej,es,...} with the property that Te, € span{es,...,e,} for each n € N.
Then T is said to be triangular with respect to {e,}. This article has its roots
in the earlier papers [W, LW1, LW2]. In [W] the fourth author proved several
counterexamples which answered some old open questions in operator theory. A
few of the counterexamples had the form of finite extensions of triangular operators.
Further investigation of these and other examples led to the papers [LW1], [LW2]
and [HLW], and subsequently [LW3], [LW4] and [GLW]. The term semitriangular

was first used in [LW1] to denote a finite extension of a triangular operator.
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An operator is called algebraic if it satisfies a nontrivial polynomial identity.
Algebraic operators are easily shown to be triangular, and in fact have a wide
family of triangular bases. A finite extension of an algebraic operator is algebraic,
hence is triangular. However, it is a curious fact that finite extensions of triangular
operators need not be triangular. Indeed, this ”fact” is at the bottom of some of the
interesting pathology mentioned above (including several of the counterexamples
to well-known open questions) that has been discovered concerning single operators
on Hilbert space and their invariant subspace and reflexivity properties (cf. [AS1],
[AS2], [HN], [HLW], [LW1], [LW2], [W]). We refer to [Az], [Ha] [HNR], [RR1] and
[RR2] etc. for more related work on reflexivity and triangularization of operators
and subspaces of operators.

This paper is a new much improved version of an earlier unpublished article “ The
triangular extension spectrum and algebraic extensions of operators ” which dealt
only with extensions of operators which were triangular; This paper supercedes that
article and is far less restrictive. We found to our surprise that many of the concepts
and results make sense and are valid for arbitrary operators, sometimes with only
a slight degree of increase in technical difficulty of proofs, and other times with the
need for new innovative techniques. So this present version is more general, and
also more natural. Likewise, although much of our interest lies in finite extensions
of operators, we discovered that many proofs go through sometimes with no more
difficulty, for the wider class of extension by algebraic operators; i.e., the case where
C in (x) satisfies a polynomial identity. So when appropriate we state and prove
our results in the wider context.

This paper is organized as follows: In section 2 we shall prove a spectral map-
ping theorem and two stability results for the extension spectrum. The stability
results are needed in obtaining the structural theorems for algebraic extensions of
triangular operators in section 3. Section 4 is devoted to examining the relationship

between the extension spectrum and the Kato spectrum of operators.
1. Preliminaries

Semi-triangular operators frequently fail to be triangular. For instance, if A =
diag(1,1/2,1/3,...), B is the column vector with entries (1,1/2,1/3,...), and C is
the one-dimensional zero matrix, then it is not hard to show that there is no or-
thonormal basis for the direct sum space for which the operator T in (x) is triangular
(The operator T is triangular in the generalized sense of having a multiplicity free
nest of invariant subspaces, but not in the standard, more restrictive, sense of tri-

angularity defined in the first paragraph). In fact, one of the main results in [HLW]|
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states that if a triangular operator is not algebraic then it has a 1-dimensional ex-
tension which is not triangular. (And hence some scalar translate of A has a null
extension which is not triangular.)

For the special case where A is triangular we define the extension spectrum of
A, denoted by oa(A), to be the set of all complex numbers A such that A — A\I has
a l-dimensional null extension which is not triangular. So an algebraic operator
has empty extension spectrum, and the above mentioned result from [HLW] implies
that a non-algebraic triangular operator has non-empty extension spectrum. For
a general (not-necessarily-triangular) operator T the appropriate definition of ex-
tension spectrum is necessarily a bit more abstract (see Definition 2.1). With this
more general definition, it remains true (see Remark 2.4) that the extension spec-
trum is non-empty for an arbitrary non-algebraic operator. This is a consequence
of a result in [HLW], Corollary 2.6, which was one of the motivating factors for the
present paper.

A vector z in H is called an algebraic vector for an operator A € B(H) if there is
a non-zero polynomial p in one variable satisfying p(A)z = 0. We use F 4 to denote
the set of all algebraic vectors for A. Clearly E,4 is an invariant linear manifold of
H. Let [X] denote the closed linear span of X for any subset X C H. It is known
that A is triangular if and only if [E4] = H, and A is semi-triangular if and only if
[E4] has finite co-dimension in H.

The following observation, and its ”converse”, will be useful: Let T" € B(H)
have the form (%) with respect to a decomposition H = M & K with A € (A) and
C' algebraic. Thus M @0 = [E4] ® 0 C [Er]. Let p be a non-zero polynomial such
that p(C) = 0. Then we have that p(T)H C M &0 C [Ep]. This has a converse:
if T'e B(H) is an operator such that p(T)H C [Er] for some non-zero polynomial
p, then T has the form (%) with M = [Er] and A € (A) and C algebraic. Indeed,
since [E7] is an invariant subspace of T', it follows that 7" has the form (). Thus
every element in Frp is an algebraic vector for A. So A is triangular. We claim that
p(C) = 0. In fact, for any x € [Er]t, we have p(T)z = y @ p(C)x € [E7] for some
y € [Er]. However, p(C)x € [Er]t. Thus p(C)x =0. So p(C) =0 .

If T is an algebraic extension of a triangular operator, the fact that there exists a
nonzero polynomial p such that p(T)H C [Er| implies that there is a unique monic
polynomial which is minimal with respect to this property. We denote this by pr.
It is clear that if p is any polynomial with p(T')H C [Er], then pr divides p.

We will define the triangular part of an operator T' € B(H) to be T'|(g,), and
we will call [Ep] the domain of triangularity of T. We write ia(T) = codim[Er].
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This generalizes the index of semitriangular, which was written iga(7") in [HLW],
to operators that are not necessarily semitriangular. An operator is semitriangular
precisely when ia(T') < 0.

An operator T is said to be bi-triangular if both T and T* are triangular. We
use (A) to denote the set of all triangular operators. For an operator T' € B(H),

we also use o(T") and o.(T) to denote the spectrum and essential spectrum of T,

(4 2)

be an algebraic extension of A on H @& K. We call T a minimal algebraic extension

respectively.
Let A € (A) and let

of Aon H® K if [Er] = H®O0. In this case pr is precisely the minimal polynomial
of the “pure extension part” C. It is useful to note that an algebraic extension
T of a triangular operator A is a minimal algebraic extension if and only if the

triangular part of T is A.
2. The Extension Spectrum

The extension spectrum of a triangular operator was defined in section 1. The
following is the corresponding definition of the extension spectrum for an arbitrary

operator.

Definition 2.1. Let A € B(H) be an operator. The extension spectrum of A,
denoted by oa(A), is the set of all X\ € C for which there exists b € B(C, H) with
the property that Ep = E4 @ 0, where

- r-(40)

Loosely put, A is an element of the extension spectrum of A if and only if T
and A have the ”same” domain of triangularity when one regards H as a subspace
of H® C. In the case when A is triangular, [F4] = H and so A € oa(A) if and
only [Ep_x;] = H @ 0, which is in turn equivalent to the condition that A — AT
has a 1-dimensional null extension that is not triangular. So this definition is
consistent with the extension spectrum of triangular operators given in section 1.

The following lemma will be frequently used in the rest of the paper.

Lemma 2.2. Let A€ B(H). Then
(i) AN € oa(A) if and only if Eo +ran(A\ — A) # H.
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(ii)) A ¢ oa(A) if and only if there exists an ng such that ker(A — A)™ +
ran(A\ — A)=H.

(11i)) Let A € B(H). If Eo +ran(A\] — A) = H, then E4 +ran(\ — A)" = H
for all positive integers n.

Proof. (i) Let T' = 61 g)\ . Then it follows from Corollary 2.2 of [HLW] that

Er =FE,®0if and only if b ¢ Ep + ran(A — AI).

(7i) “ <7 Clearly, for any n we have that ker(A — A)" +ran(Al — A) C E4 +
ran(A — A) C H. If there exists an ng such that ker(AI — A)" +ran(\[ —A) = H
then E4 +ran(A — A) = H. By (i), A ¢ oa(4).

“ = 7 Suppose that A ¢ oa(A). By (i), Ea + ran(A\ — A) = H. Note that
E4 = Ex;_a. Therefore, Ex;_ 4 +ran(A — A) = H. By Theorem 2.4(i) in [HLW],
H = u¥(ker(M — A)™ + ran(A\ — A)). Let P, be the orthogonal projection
on to ker(A — A)". Then H = U¥(ranP, + ran(Al — A)). By Theorem 2.2
in [FW], ranP, + ran(\l — A) = ran\/(M — A)(A\I — A)* + P, Pz. Thus, each
subspace ker(AI — A)™ + ran(Al — A)) is an operator range and hence an F, set.

An application of the Baire Category Theorem shows that there exists an ng such
that ker(Al — A)™ +ran(A — A) = H.

(7i7) Suppose that E4 + ran(A — A) = H. Let © € H be arbitrary. Write
x=e+ (M —Ay and y = es + (M — A)z for some ej,es € E4 and some
y,2 € H. Then z = e; + (M — A)eg + (A — A)?z. Note that e; + (M — A)ey €
E4. So x € Ea + ran(A\ — A)%2. Repeating the above process, we have that
x € Eg+ran(Al — A)" for alln. O

Note that from Lemma 2.2(i) we immediately have oa(A) C o(A).

Theorem 2.3. For any T € B(H), oa(T) is a closed subset of o(T). If T is

triangular, then oa(T) is contained in o.(T).

Proof. As noted above, oa(T) C o(T). To show that oa(T) is closed, let A ¢
oa(T). We will show that there is a neighborhood of A which has empty intersection
with oa (7). Without losing generality, we can assume that A = 0. So Er+ranT =
H. By Lemma 2.2(ii), there exists k such that kerT* + ranT = H. Let P be the
orthogonal projection of H onto (kerT*)L. Then P(ranT) = ran(PT) = PH, so
ran(PT) is closed.

It follows that there exists e > 0 such that

ran(PT — uP) = PH = ran(PT)

for all 4 with |u| < e. To see this, let Q = support(PT) = proj((ker(PT))*). By
the open mapping theorem, PT|qy is invertible as a mapping from QH onto PH,
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so for sufficiently small p, (PT — uP)|gm is also invertible as a mapping onto PH.
Hence PT — uP has range PH.
Now for |u| < €, since Er_,r=Fr 2 kerT*, we have that

Er_,1 +ran(T — pl) 2 kerT® + ran(T — pl)
=(I—-P)H+ (I — P)ran(T — pI) + Pran(T — plI)
D PYH +ran(P(T — ul)) = H.

So, by Lemma 2.2(i), u ¢ oa(T) for all |u| < e.

Thus oa(T) is closed.

In the case T is triangular, Er is dense in H. If A € p.(T), then A\ — T
is a Fredholm operator so has closed range with finite codimension. It follows
that Ep + ran(A — T') = H. Therefore A ¢ oa(T) by Lemma 2.2(i). Hence
oa(T) Coe(T). O

Remark 2.4. We note that the extension spectra of all non-algebraic operators are
non-empty. This follows from Lemma 2.2 (i), and a result from [HLW], Corollary
2.6, which states that if Ep 4+ ran(T — AI) = H for all values of A in the boundary
of the essential spectrum of 7', then 7" must be algebraic.

Also, if T is not triangular then oa(7) need not be contained in o.(7). For
instance, let T be the forward unilateral shift. Then o.(T') is the unit circle, o(T)
is the unit disk, and Er = {0}. Moreover, ran(T — XI) # H for all |A| < 1. Since
A € oa(T) if and only if Ep + ran(T — ) # H, it follows that oa(T") is the unit
disk.

Proposition 2.5. IfT € B(H) is a compact operator which is not algebraic, then
oa(T) = {0}

Proof. If T is triangular, this follows from Theorem 2.3. Suppose T ¢ (A) and
A € 0a(T) is nonzero. Then A is an isolated point of o(T"). Let Py be the spectral
idempotent corresponding to {A}. Then P, is finite rank and P\H, Pi-H are
invariant for T'. Also (T — \I)| pi is invertible. We have P\H C Er, and also

PiH = (T — \)PiH C (T — \)H.

Hence Er + ran(T — A\I) = H, which implies A ¢ oa(T), a contradiction O

Proposition 2.6. IfT is a diagonal operator, then oa(T') is the set of limit points
of o(T). For any compact set K in C, there is a triangular operator T such that
oa(T) =K.
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Proof. Write T' = diag(\1, A2, ...) with respect to an orthonormal basis of H. Let
Q = {A1,A,...} and let ' be the set of limit points of 2. We need to show
oa(T) = . Note that ker(T — A\I) +ran(T — X\) = H if and only if A € C\ Q.
If A € oaA(T), then

ker(T' — X)) +ran(T — NI) C Ep_x; +ran(T — \I) # H.

Thus A € .

Conversely, if A ¢ oa(T), then Er_x; + ran(T — A\I) = H. By Lemma 2.2,
there is a positive integer k such that ker(T — \)* + ran(T — M) = H. Since
ker(T — XI) = ker(T — M )* for our case, we get ker(T — X )+ ran(T — \I) = H,
which implies that A € C\ ©'. For the second statement, use the fact that every
compact set is the set of limit points of some bounded countable set, and let T be
the diagonal operator with diagonal terms the elements of an enumeration of the

countable set. O

The classical Spectral Mapping Theorem states that if f is holomorphic in a
neighborhood G of o(T'), then o(f(T)) = f(o(T)) , where f(T) is defined by the
Riesz functional calculus. If f is a constant function then oa (f(7)) and f(oa(T))
can be different simply because the extension spectrum of a scalar operator is the
empty set. However we can prove an ” Extension Spectral Mapping Theorem” valid
for arbitrary holomorphic functions f such that f is not constant on each component
of G which meets o(T).

Lemma 2.7. Let f be holomorphic on G such that f is not constant on each
component of G which meets o(T'). Then Er = Eyry. Thus T is triangular if and
only if f(T) is triangular.

Proof. We first show that Ep is the linear span of the generalized eigenvectors of
T. That is,
Er = span{ker(T —\)": ne N, X€ o(T)}.

In fact, if z € Ep and if M = {p(T)z : p is a polynomial}, then M is finite
dimensional. The Jordan decomposition of T'|5; tells us that M is the linear span
of the generalized eigenvectors of T|p;. Thus x is contained in the linear span of
all the generalized eigenvectors of T'. The inverse inclusion is obvious.

Now we show that Er = Eyr). Let © € Ep. Then from the previous paragraph
we have that (T'— X\)"z = 0 for some A € C and some n € N. Write f(z) — f(A) =
(z — N)g(z) for some holomorphic function g on G. Then (f(T) — f(N\)I)"x =
(g(T)™(T" = M)"x = 0. Thus z € Ef(r).
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Conversely, if x € Efry, then (f(T) — ul)"z = 0 for some p € C, n € N and
x #0. Thus p € o(f(T)). Note that by the assumption on f, f(z) — u has finitely
many roots in o(7). Thus there is a finite subset {\1, A2, , ..., Ag} of or such

that

k
f2)—p= H(Z — Xj)g(2),

where ¢ is holomorphic on G and g(z) # 0 on o(T'). Hence ¢g(7T) is invertible. But
k

k
9(T) H(T — Aj)z = 0 implies that H(T — X))z =0.Soxe Er O
j=1

j=1
Theorem 2.8. (Extension Spectral Mapping Theorem) Let T f, G be as in Lemma
2.7. Then oa(f(T)) = f(oa(T)). In particular, if T is invertible, then Ep-1 = Ep
and oa(T~Y) = {5 : A€ aa(T)}.

Proof. Suppose that A € oa(T). Then Ep + ran(T — M) # H by Lemma 2.2. As

in the proof of Lemma 2.7, we can write
f(2) = fA) = (2 = Ng(2)
Note that Er = Ey(r) by Lemma 2.7. We have
E¢py +ran(f(T) — f(NI) = Er +ran((T — M)g(T)) € Er +ran(T — \).

Thus Ey¢py + ran(f(T) — f(A\)I) # H, which implies that f(\) € oa(f(T)) by
Lemma 2.2.

Conversely, assume that ¢ € oa(f(7T)). Then, again by Lemma 2.2, E¢ ) +
ran(f(T) — u) # H. As in the proof of Lemma 2.7 we write

with g holomorphic and g(z) # 0 on o(T"). We show that at least one of the numbers
Aj must be in oA (T). Suppose, to the contrary, that none of \; is in oA (7). Then
Er+ran(T — \jI) = H for each j by Lemma 2.2. Thus

H=FEr+(T—-MI)H
= Er + (T — M) (Er + (T — \)H)
CEpr+Er+ (T —M\)(T—-X)H
= Ep + (T — M\)(T — \2)H.
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k
Iterating this step k times gives us H = Ep + p(T)H, where p(z) = H(z —Aj).

j=1
But (f(T) — pl)H = p(T)g(T)H = p(T)H since g(T) is invertible. So we have

Er + (f(T) — p)H = H, contradicting our assumption on p. Thus \j € oa(T) for
some j, which implies that p = f(\;) € f(oa(T)), as required. [

We prove two stability results for the extension spectrum. The first one is needed
in the proof of Theorem 3.5. The second one says that if a finite-dimensional
extension of a triangular operator is triangular, the extension spectrum remains

the same.
Proposition 2.9. Let A € B(H) and let
A B
(6 ¢)
with B € B(K,H) and C € B(K). If C is algebraic, then oa(T*) = oa(A*).

Proof. If A is algebraic, then oa(A*) = oa(T*) = ¢. So we assume that A is not
algebraic. Let A\ € oa(A*). Then there exists b € B(C, H) such that

(A b
= (% 3)

satisfies By = E4- ® 0. Let us consider the operator

A 0 b
T=|B* C* 0
0 0 A

For any  ® y ® z € E, there exists a non-zero polynomial p such that p(T)(z &

y @ z) = 0. Since C is algebraic, we can also require that p(C*) = 0. If we write

= ("7 0))

then
- p(A*) 0 D
M= « 0 0
0 0 p\)

Thus @2z € Eg = E4-®0, so z = 0. This implies that F7 = E7- ®0. Therefore
A Eoa (T*)
Conversely, let A € oa(T*). Then there exist B; € B(C, H) and By € B(C, K)

such that
A* 0 B
L=|B* C* By
0 0 A
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satisfying F;, = Ep« & 0. We show that

v (AT By

A=(5 %)
satisfies E; = Ea~ @ 0. Indeed, for any x @ 2z € E , there exists a non-zero
polynomial p so that p(A)(z @ z) = 0 and p(C*) = 0. This implies that p(L)?(z &
062)=0. Thusz® 042 € Ef, = Ep- @0, 50 2 =0. Hence oa(T*) C oa(A*). O
Lemma 2.10. (Lemma 2.4, [HLW]) If the linear manifold E4 + ran(A — AI) has

finite codimension in H, then it is closed. If it has infinite codimension in H, then

it is contained in an operator range of infinite algebraic codimension in H.

Lemma 2.11. Let A€ B(H) and A\ ¢ oa(A). Then oa(A) = oa(T), where
A b
CRY

Proof. Suppose A\ € oa(A). Then there is an operator by € B(C, H) so that
T, = (A by ) satisfies B, = E4 @ 0. Let

for any b € B(C, H).

0 A
A b b

S=[0 A 0] eBHsCsO).
0 0 XN

We show that Eg = Er @ 0, and thus Ay € oa(T). In fact, let 2 ®dy @ 2z €
Eg. Then there is a non-zero polynomial p so that p(S)(x @ y ® z) = 0. Thus
p(S)(S = A)(z®y®z) =0. Write

p(T1) = (p(gl) p(l/zl)) :

Then

0 0 p(h)
Note that (S —A)(z®y®2) =ud 06 (A1 — A)z for some element v € H. Then,
from p(S)(S — A)(z ® y ® z) = 0, we obtain that

("5 500) () =

This means that u®(A1—\)z € Ep,. By the assumption on 71, we have (A1 =)z =0
which implies that z = 0 since Ay # A. Thus Eg = Er @ 0, as claimed.

Conversely, let A\; € oa(T). Then, by Lemmas 2.2 and 2.10, Ep + ran(T — M)
has infinite algebraic codimension in H & C. It follows that E4 +ran(A— 1) also
has infinite algebraic codimension in H. By Lemma 2.2, \; € oa(4). O
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Theorem 2.12. Let A € B(H). Suppose that

A B
(5 ¢)
is a finite dimensional extension of A on H® K such that o(C)Noa(A) = ¢. Then
oa(T) =oa(A).

Proof. The conclusion follows by applying induction on the dimension n of K, since,

by Lemma 2.11, it is true for n = 1. O

3. Algebraic Extensions

Given a triangular operator A € B(H) and an algebraic operator C' € B(K), we
show that C' is the pure extension part for a minimal algebraic extension T of A
on H ® K if and only if the spectrum of C' is contained in the extension spectrum
of A.

Theorem 3.1. Let A € B(H) be a triangular operator and let C' be an algebraic
operator on K. Then there is an operator B € B(K, H) such that

A B
(4 2)
is a minimal algebraic extension of A on H @ K if and only if 0(C) C oa(A).

We will complete the proof of this theorem by proving several lemmas.

Lemma 3.2. Let A, H and K be as in Theorem 3.1 and let C € B(K). Suppose
that o(C) = {\} for some X\ € oa(A). Then there is an operator B € B(K, H)

such that Ep = E4 @0, where
A B
T_<O C).

Proof. Since A € oa(A), we have that E4 + ran(A — AI) # H by Lemma 2.2. So
from [E4] = H and by Lemma 2.10, we get that ran(A — AI) has infinite algebraic
codimension and moreover, there is a dense operator range M of infinite algebraic
codimension such that E4+ran(A—XI) C M. By [FW], there is a unitary operator
U satisfying M N UM = {0}. Choose B € B(K, H) such that B is injective and
ran(B) C UM. We claim that B will satisfy our requirements.

Let x @y € Ep. We need to prove that y = 0. Let p be a nonzero polynomial
such that p(T)(z @ y) = 0. First assume that p(t) = (¢ — A)™ for some positive
integer m. Note that

_ ((A=Anm (T)
p(T)_< 0 (C(J—)\I)’”)’



12 D. HAN, D. LARSON, Z. PAN AND W. WOGEN

where ¢(T') is

(A= XD IB+(A-XI)""2B(C—X)+...4+(A=XI)B(C=X)" "2+ B(C—-\I)™ 1.
Thus p(T)(xz @ y) = 0 implies that (A — A\I)™z + q(T)y = 0. Hence we have that
(A= XD)"z+ (A= X" "'By+ ..+ (A= X[)B(C —\I)™ %y = —B(C — \I)™ 'y

which belongs to M N UM = {0}.

So we obtain
(A=N[A=XD™" e+ (A= X)"2By+ ...+ B(C — XI)™ %y] = 0.
This implies
(A= AD)"" 'z + (A= A)™ 2By + ...+ B(C = \X)" 2y € Ea.

Thus B(C —M)™ 2y € ran(A— M)+ E4 C M and also B(C—\I)" 2y € UM.
Therefore B(C — AI)™ 2y = 0. Repeating the above process, we obtain that
By = 0. Thus y = 0 since B is injective.

Now consider an arbitrary non-zero polynomial p such that p(T)(z @& y) = 0. If
p(A) # 0, then p(C) is invertible by the assumption. In this case, from p(T)(z®y) =
0, we obtain p(C)y = 0. Hence y = 0, as expected.

Suppose that p(t) = (t — X\)™r(t) with m > 0 and r(\) # 0. Then

=" )

Sor(T)(x®y) = wdr(C)y for some w € H and (T — N )™(w @ r(C)y) = 0.
Therefore, by the first part of the proof, we have that »(C)y = 0. Hence y = 0

since r(C) is invertible. [

Lemma 3.3. Let A € B(H) be a triangular operator and let C, € B(Hj) be
algebraic operators with minimal polynomials (t — A\g)™* for k = 1,2,...,n. Suppose
that N\, are distinct and N\, € oa(A) for all k. Then there exist By € B(Hy, H)
such that Ep = E4 @0, where

Ci 0

A By By, . . . B,
0
T = Co 0

€EBH®H @...0 H,).

Ch
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Proof. Let

be constructed as in Lemma 3.2 such that B, = F4®© 0 C H & Hy.
Suppose that y =z ® 1 P ... P x,, € Er. We need to show that xp = 0 for all
k. Let p be a non-zero polynomial such that p(T")y = 0. We note that if

= (" i)

p(A) D1 D2 e Dn
p(C1) O 0

then

p(T) = _
p(Cr)
Let pr = [[,2x(t — A))™". Then, by pp(C;) = 0 for i # k, we obtain that
pk(T)y=wd0® ... 0@ pr(Ck)rr ®0D ... 0 for some element w € H. Thus ,
from p(T)pr(T)y = pr(T)p(T)y = 0, we obtain

(p(64) p%k)) (pk(g;)ﬂfk) =0

This implies that pg(Ck)zr = 0 by Lemma 3.2. Hence xp = 0 since pg(Cy) is
invertible. Since k is arbitrary, we have that y € F4 ©0. O

Lemma 3.4. Let M be a finite dimensional Hilbert space and let S € B(M) be a
strictly upper-triangular matriz with respect to an orthonormal basis of M. Let A
be a triangular operator on H. Then oa(A) is equal to the set of all X with the
property that there exists B € B(M, H) such that

A B
TZ(O )\I+S>

is a minimal algebraic extension of A on H ® M.

Proof. Let {fi1,.., fn} be an orthonormal basis for M so that S has the form S =
(sij) with s;; = 0 when ¢ > j with respect to this basis.
Suppose that A is a number such that 7" is a minimal algebraic extension of A

on H® M and write B = (By,...,By). If x ® af; (o € C) is an algebraic element

A B
0 X )7

then 2@ afi ®06& ... 60 is an algebraic vector for T. Thus o = 0, which implies
that A € oa(A).

for
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Conversely, let A € oa(A). We use induction on n to complete the proof. We

write My, = span{fi,..., fr}
By the definition of oA (A), there is an element by € H such that

has index 1. Thus E7, = E4 @0 and moreover, by Lemma 2.2, ran(A—\ )+ E4 #
H. But [E4] = H. Thus Lemma 2.10 implies that ran(A — A\I) + E4 has infinite
algebraic codimension in H. Hence (ran(A — AX) & 0) + Ep, + C(by & 0) also has
infinite algebraic codimension in H & M;.

Assume that

A By by . . . b
Tk: A S12 . . . Si1k
A

has been constructed so that Ep, = E4 @ 0 and (ran(A — X) @ 0) + Ep, +
span{cy,...,cx} has infinite algebraic codimension in H @ My, where ¢; = by @
00..®00,¢; =b; D512@ ... 81, 0D ... 80 € HD My, ¢t = 2,...,k. Hence
Q = (ran(A—XI)®0)+ Er, +span{ci, ..., ¢k } + (0@ M} ) has infinite algebraic codi-
mension in H® M. Take by 150 ¢ Q. Then , by Lemma 2.2 in [HLW], we have that
Er,., = E7,®0 = E4®0 and also (ran(A—AI)®0)+Er,_, +span{ci, ..., cx4+1} has

infinite algebraic codimension. Therefore we complete the induction argument. [
Poof of Theorem 3.1.

Let o(C) = {1, ..., A}
“ =7 We assume that C has the Jordan form C' = A1y @ >, (MIp+Ji) @ Ci
with O'(Cl) = {)\2, ,)\n} Write

A By B . . . By

Al 0 .. .0

T = ML+ . 0 00
Ci

A By

If Iy acts on a non-zero space, then (O A

E4 @ 0. Hence \; € oa(A).

Suppose that Iy acts on the zero space. Then there is a k so that I acts on a

) is not triangular since Ep =

non-zero space. We consider

(A By
Dre = <0 )quJer)'
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Then Dy, is a minimal extension of A. Thus, by Lemma 3.4, A; € oa(A). Similarly,
A € oa(A) for k=2,...,n.

“ <7 Let C have the Jordan form C; & Cy & ... & C,, with o(Cy) = {\} for
k =1,...,n. Then the conclusion follows from Lemma 3.3.

A general algebraic operator C' is bi-triangular. By [DH], C is quasisimilar to

its Jordan form. Then the conclusion follows easily. [

Theorem 3.5. Let A € B(H) be a bi-triangular operator and let C1 € B(K7) and
Cy € B(K3) be algebraic operators. Then there exist X,Y, D such that

¢, X Y
T=|0 A D |eB(K &HaK,)
0 0 C

has the property that [Ep|* = Ky and [Er-]*t = K if and only if 0(C}) C oa(A*)
and 0(C3) C oa(A).

001 ‘j) and Th = (61 g) Then T1,T» € (A). By
2

Proposition 2.9, oA (T5) = oa(A*). We also have that oa(71) = oa(A) since C; is

Proof. “ =" Let T} =

algebraic.

By Theorem 3.1, we have 0(C3) C oa(T1) and o(CY) € oa(7%). Thus the
necessity follows.

“ <7 By Theorem 3.1, there exists D € B(K2, H) so that

has the property that Ep, = E4 @ 0. Since T3 is triangular, again by Theorem 3.1,
there exist X,Y such that

cr 000
T =| X* A* 0
Y* D* O

has the property that Er- = 0@ Ezy. Thus we get [Er]*t = Ky and [Ep-]* =
K. O

From Theorem 3.1, we have the following result which in some sense is an

extension of Theorem 2.12.

Corollary 3.6. Suppose that T is an algebraic extension of a triangular operator

and A is the triangular part of T. Then oa(T) = oa(A)

(4 2)

Proof. Let
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with respect to the Hilbert space decomposition H & K.
Suppose that A € oA (7). Then there exists an element b; € H and by € K such
that

A B b
0 C b
0 0 X

is the minimal algebraic extension of T', and so it is the minimal algebraic extension
of A. Thus, by Theorem 3.1, A € oa(A).

Conversely, let A\ € oa(A). By similarity, we can assume that C' has the the
form diag(Ch, ..., C,,) such that o(C;) = {t;} and 1,9, ..., t,, are distinct. Now if A

is different from ¢; for all ¢, then, as in Lemma 3.3, we can find b € H & K such

that
T b
0 A
is a minimal algebraic extension of A, and so it is a minimal algebraic extension of

T since [Er] = [Fa] ®0. Thus A € oa(T).
If A € 0(C), we can assume that C has the form

(v 7)

such that o(F) = {\} and (F — M\ )* = 0 for some positive integer k. Write

(G b
= (0 F) '
Then Er + ran(T — M)* # H @ K. So, by Lemma 2.2 (iii), Ep + ran(T — \I) #
H @& K. Thus A € 0a(T') by Lemma 2.2(i). O

4. The Kato Spectrum

We recall (cf [AM]) that an operator 7' € B(H) is said to be of Kato type of
degree d, where d is a positive integer, if there exist two closed subspaces M, N,
invariant under 7', such that the following properties hold:

a) H = M @ N (here & means Banach space direct sum.)

b) If Ty denotes the restriction T'|pr of T on M, then ran(Tp) is closed and the
inclusion ker(T3') C ran(Ty) holds for all positive integer n.

c¢) The restriction T'|y is nilpotent of degree d.

The pair (M, N) is called a Kato decomposition associated with T'. For any
operator T' € B(H), the Kato spectrum, denoted by ok (T'), of T is defined by

{AeC: T — X\l isnot of Kato type}.
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It was known that the Kato spectrum of an operator 7 is empty if and only if
T is algebraic (cf [AM]). We also know that T is algebraic if and only if oa(7) is
empty. These properties suggest that there might be some connection between the
Kato spectrum and the extension spectrum, although the definitions are completely

different. For triangular operators we have the following result:

Theorem 4.1. Suppose that T is a triangular operator. Then the extension spec-

trum is contained in the Kato spectrum.

Proof. Suppose that A ¢ ok (T). We need to show that A\ ¢ oa(7T). Without loss
of generality we can assume that A = 0. Let T" be of Kato type of degree d, and
let (M, N) be a Kato type decomposition associated with 7" and d. We claim that
TYH =M.

In fact since M € LatT, we have T*M C M. Note that T*N = 0. Thus
TeH = TeM c M. To get the other inclusion, it suffices to show that TM = M.

Note that T'M is closed. Let M; = M © TM. For arbitrary z € Ep, write
x=x1+xo withaxy € M and 29 € N C kerT? C Ep. Then 1 =z — x4 € Ep. Let

p(t) = 2”: a;tt
i=0

be a non-zero polynomial such that p(T)z; = 0. If ag # 0, then x; € (p(T) —
p(0)M C TM. If ag = 0, we write p(t) = t*p1(t) with p,(0) # 0. Then py(T)x; €
ker(T|p)* € TM. Thus

1 € ker(T|a)* — (p1(T) — p1(0))M C TM.
Since Er is dense in H, we have that M; = {0}. Thus TM = M and so T*H = M,
which implies that ran(T) + kerT? = H. By Lemma 2.2, 0 ¢ oa(T). O
The following is an easy consequence of the proof of Theorem 4.1.

Corollary 4.2. If T is triangular and of Kato type, then TCH is closed for some
d>1 and T**H = T'H for all k € N.

The following examples show that in general there are no definite inclusion re-
lations between the extension spectrum and the Kato spectrum. Example B also
shows that the Kato spectrum and the extension spectrum can be different for

triangular operators.

Example B. Let H be an infinite dimensional Hilbert space and W € B(H) such
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that the range of W is not closed. Let

be in B(K), where K is the direct sum of infinitely many copies of H. Then T
is triangular. Clearly the range of 7™ is not closed for all n > 1. Since ran(T) +
kerT = K, we have 0 ¢ oa(T'). We claim that 7" is not of Kato type. This follows
from Corollary 4.2 that if a triangular operator 7' is of Kato type of degree d, then
ran(T?) is closed. Hence 0 € ok (T). Therefore o (T) € oa(T).

Example C. Let S € B(H) be the forward shift operator defined by Se,, = €,,41.
Then kerS™ = {0} for alln > 1 and ran(S) = H&Ce;. Thus kerS™+ran(S) # H.
Thus 0 € oa(S). Since ran(S) is closed and ker(S™) = {0} for all positive integers
n, we have that (H,0) is a Kato decomposition associated with S. Thus S is of
Kato type and so 0 ¢ o (S). Therefore oa(S) € ok (5).
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