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We consider systems of unitary operators on the complex Hilbert space L%(R")
of the form % :=p, Ty, 7{D”'T‘ T"n m, £y, ... tye Z}, where D, is the
unitary operator correspondmg to dlldthl’l by an n x n real invertible matrix 4 and
T, .., T, are the unitary operators corresponding to translations by the vectors in
a delS {bl, . U,} for R™. Orthonormal wavelets  are vectors in L*(R") which are
complete wandermg vectors for % in the sense that { Uyy: Ue %} is an orthonormal
basis for L?(R"). It has recently been established that whenever 4 has the property
that all of its eigenvalues have absolute values strictly greater than one (the expan-
sive case) then % has orthonormal wavelets. The purpose of this paper is to deter-
mine when two (n+ 1)-tuples of the form (D, T,,..T,) give rise to the “same
wavelet theory.” In other words, when is there a unitarny transformation of the
underlying Hilbert space that transforms one of these unitary systems onto the
other? We show, in particular, that two systems Up, ., and Up,, T, each corre-
sponding to translation along the coordinate axes, are umtdrlly equlleent if and
only if there is a matrix C with integer entries and determinant + 1 such that
B=C~'4C. This means that different expansive dilation factors nearly always
yield unitarily inequivalent wavelet theories. Along the way we establish necessary
and sufficient conditions for an invertible real n x n matrix 4 to have the property
that the dilation unitary operator D, is a bilateral shift of infinite multiplicity.
© 1998 Academic Press

1. INTRODUCTION

The mathematical concept of an orthonormal wavelet in L*(R) has
become extremely useful in practical applications to signal processing
involving filtering, detection, data compression, etc. In fact, the use of
wavelet technology in signal processing is now a big business, and is
growing rapidly.
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The existence of a single-function orthonormal wavelet in L*(R") for
n>1 (see below for definition) has only very recently been established [6].
In that paper the authors showed that there exists a measurable set S < R”
such that the inverse Fourier transform of the normalized characteristic
function yg is an orthonormal single-function wavelet in L*(R"). Moreover
the authors establish the existence of such wavelets for unitary systems
associated with more general dilations than the usual dyadic one (see
below for definitions). See also [13] for several concrete examples of
single-function wavelets in the plane. Thus it would seem to be of interest
to know when two unitary systems (see below for definition) acting on
L*(R") for some n>1 give rise to the “same” wavelet theory. In this article
we settle this question completely for n=1 (Proposition 2.1), and make
substantial progress on it for n>1 (Theorems 3.1 and 5.8).

We begin by introducing some preliminary terminology and notation.
Let R” be, as usual, n-dimensional Euclidian space and denote by L*(R")
the complex Hilbert space of (equivalence classes of) square integrable
complex-valued functions on R” relative to Lebesgue-Borel measure i, on
R". We write B(L*(R")) for the algebra of all bounded linear operators on
L*(R") and we say, following [5], that a set % of unitary operators in
B(L*(R™)) is a unitary system if the identity operator I on L*(R") belongs
to #. A complete wandering vector for a unitary system % is a unit vector
f€ L*(R") such that %f = { Uf : Ue} is an orthonormal basis for L*(R").
Unitary systems pertinent to orthonormal wavelet theory in higher dimen-
sions arise in the following way. For ke N, let M (R) [ M, (C)] denote the
algebra of k x k matrices with entries from R [C], and let M} (R) [ M }(C)]
denote the group of invertible matrices in M, (R) [ M (C)]. If 4, Be
M'(R) and v, we R" then the operators D ,, T, in B(L*(R")) defined by

(D4 f)(x)=I|det A]'? f(Ax),  xeR", feLXR"), (1)
(T, /)(x) = f(x—0), xeR", feL*R"), (2)

are clearly unitary and satisfy the following relations:

DADBZDBAs A9BEM’n(R)a (3)
Trpim=10T", mneN, v, weR”, (4)
T,D,=D,T,, veR", AeM,(R). (5)

Let {v,, .., v,} be a basis (not necessarily orthonormal) for R”, and con-
sider the unitary system

Up, 1, ={DGT L Thim, b, .. (€T}, (6)
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If fe LAR") is a complete wandering vector for the above unitary system,
then fis called a (single-function) orthonormal wavelet, and the collection
of all such wavelets relative to this unitary system will be denoted by #, .
It is known [6] that wavelets exist (although they may not have good
smoothness properties [ 1]) if either all of the eigenvalues of the matrix 4
in (6) have modulus greater than 1 (i.e., 4 is expansive) or all have
modulus less than 1 (ie., 47! is expansive). (It seems not to be known,
however, whether the existence of wavelets for a unitary system of the form
(6) implies the expansivity of 4 or 471

We note that wavelet theory also includes the notion of a wavelet family
(cf. [8,13]) which is a p-tuple {y;, V5, ... ¥,}, peN, of functions in
L*(R") such that

Up,, Tui{%} =ADUT Ty im, by, ey b€ 2, 1 < j<p},

is an orthonormal basis for L*(R"). (The term multi-wavelet is also used in
the literature for wavelet family. Moreover, the word family or the prefix
multi is often dropped, and such a family is simply called a wavelet.) Equiv-
alently, from a functional analytic point of view, {y,,¥,,...¥,} is a
wavelet family if and only if V {y,, V5, ... ¥,} is a complete wandering
subspace for %y, r, . Wavelet families are meanmgful even for dimension
n=1, and are frequently considered in the literature. Until very recently
orthonormal wavelet theory in R” has been concerned only with wavelet
families, and only very special dilation matrices 4 € M ,(R) have been con-
sidered, most notably A =2I (the dyadic case; see, for instance, [9]).
Perhaps this is because the existence of single-function orthonormal
wavelets in L?(R") for n>1 was thought to be impossible before the
publication of [6]. As noted above, in [6] it was shown that if 4 is any
expansive matrix and {v, v,,..,0,} is an arbitrary basis for R”, then
single-function wavelets for %, 1 exist. So all of the systems %, T, with
A expansive, are affiliated with wavelet theory in n-dimensions. In addition,
it is entirely possible (we have no solid evidence either way) that single-
function wavelets exist for some of the non-expansive dilation matrices. For
these reasons, it seems desirable to classify these known unitary systems in
order to answer the basic question of which systems give rise to the “same”
wavelet theory. This question makes sense whether one is interested only in
single-function wavelets or, more generally, in wavelet families. Our results
to follow are valid in both these situations.

There is a natural equivalence relation on the set of all (n+ 1)-tuples of
the form (D4, T, , .., T,) (where Ae M}(R) and {vy, .., v,} is a basis of
R") that makes precise the question: when do two (n 4+ 1)-tuples give rise
to the same wavelet theory? We will use the abbreviation (D4, T,) for
(D Ty s T},
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DeriNiTION 1.1, Two (n+ 1)-tuples (D, T,) and (Dg, T,,) are said to
be (unitarily) equivalent (written “~”) if there exists a unitary
Ue B(L*(R™)) such that

Dy=U*D,U (7)
and
T,=U*T, U  i=1,..,n (8)

It is obvious that if (D4, T,,) ~(Dp, T,,) then we have U, =W ,,
where U is a unitary operator satisfying (7) and (8). Moreover, if S is a
matrix in M(R), then (Dgys-1, T's,) ~ (D4, T,,). One of the main results
of this paper is to obtain (Theorem 3. 1) the converse of this last assertion.
Namely, we show that if (D, T,)~(Dg, T,,), then B=C" '4C, where C
is the matrix of the linear transformation C defined on the basis
{Wi, ... w,} by Cw;=0,, written realative to the canonical basis for R". (In
particular, if w;=v, for all i, but 4 +# B, then (D4, T,) and (Dg, T,,) are
not equivalent.) We also show that every (n + 1)-tuple is equivalent to a
unique one of the form (D, T, Te,,) where {e, .., e,} is the canonical
basis for R".

Another possible relation between two (n+1)-tuples (D, T,) and
(Dg, T,,) is given by the following definition.

DeFiNTION 1.2, Two (n+ 1)-tuples (D, T,) and (D, T,,) are said to
be weakly equivalent (written “~”) if there exists a unitary Ve B(L*(R™))
such that

V%A, v; V* = %B, w;

(meaning only, of course, that the mapping Z — VZV'* takes the set %, ,,
onto the set % ,, without regard to the images of D, and the 7).

Our second main result (Theorem 5.8) characterizes the relation of weak
equivalence, at least for certain pairs of matrices 4 and B in M (R).

It also turns out (see Section 4) that if a unitary system %,  r admits
a wavelet, then the unitary operator D , is a bilateral shift of infinite multi-
plicity. We characterize (Theorem 4.2) exactly those A4 € M (R) for which
D is such a bilateral shift.

2. THE CASE n=1

The one-dimensional case is significantly simpler than the general case.
For that reason we consider it separately. In this case the matrix 4 and the
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vector v in (1) and (2) are nonzero real numbers a and b, and (1), (2) and
(5) become

(D, /)x)=V/lal flax),  (T,f)(x)=f(x=b). xeR. feL’(R),
T,=D,T,D,, a, be R\{0}. 9)
In this context we have the following result.
ProrosiTioN 2.1. Two pairs (D,, Ty), (Dy, Ty) (where a,b,a’, b’ €
R\{0}) are equivalent if and only if a=d'.
Proof. First assume that a =a’. Then, with ¢=b'b"", we have
(D)*TyD,=D1TyDs=T

ch = Tb”
(D)*D,D.=D,.

Hence we have verified that (D, Tj,) ~ (D, Ty).

For the necessity, let us assume that U is a unitary operator which arises
from the equivalence (D,, T,) ~ (D, T)) as in (7) and (8). According to
what we just proved, (D,, T,) is equivalent to (D,, T,) and also (D, T})
is equivalent to (D,, T,). Therefore (D,, T,) is equivalent to (D, T;) via
the unitary operator V=D, UD, . Indeed,

V*D, Vsz“/b, U*D}D,D, UD,
=Dy U*D, UDl/b’ZDT/b’Da’Dl/b'zDa’a (10)
and using (9), we obtain
V*T, V= D’l"/b, U*D}T,D, UD,
=D>1k/b’U*TbUDl/b'zDik/’Tb'Dl/b'zTl' (11)

So we can assume that b=5"=1, and for brevity we simply write 7" in
place of T,. From (11), TV = VT and thus T*V = VT* for every integer k.
(Note that 7%= T,.) From (9) we also get

Tiom=D,T"D,T™™  mneZ. (12)

We need two lemmas whose proofs will be given after we complete the
proof of Proposition 2.1.

LEmMA 2.2.  For any nonzero real number a, there exist sequences {n;},
{my} of integers such that
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(1) nga—m,—0, and
(i) |ng| = co.
LEMMA 2.3.  For every sequence {a,} of real numbers, T, f L, £ for all
feLXR) if and only if a, — 0.

To continue the proof of Proposition 2.1, we apply Lemma 2.2. for ¢ and
(12) for the integers n,, m, given by this lemma to get

T

na—myg =

D, T"D,T~™,  keN.

Conjugating the above equality with 7 we obtain

V*Tnka—mkV:Da”lTnkDa’T_mk: Tnka’—mka
(13)
— %
Tnka’—mk_ Vv Tnka—mk V.
Now we apply Lemma 2.3. Since nza—m; — 0, Tnka—mkfi) f for all

feL*R), and also

V*T Vf-L£s £ feLA(R).

npa—ny

Therefore by (13), Tnka,_mkfi> ffor all fe L*(R), and using Lemma 2.3
again we obtain that nga’'—m,— 0. Hence o' =lim(m,/n,)=a, and

Proposition 2.1 is proved. ||

Proof of Lemma 2.2. Of course, we may suppose that a>0. If ¢ is a
rational number, say a= p/q, with p,qeZ, and ¢#0, we can choose
my=kp and n,=kq. If a is an irrational number, consider the sequence
{er} of decimal parts, | ka |, of the sequence {ka}.n. Then the sequence
{ex}, being a sequence of distinct numbers in [0, 1], has a cluster point.
This implies that for any given # >0, there exist sufficiently large integers
J1» Jo such that |e; —e; | <. That is, |jia — p;— (joa — p,)| <n for certain
integers p,, p,. Rewriting this we obtain that

[(J1—J2) a—(p1—p2)l <n

Taking #, =1/k, ke N, we define the required sequences {n,}, {m,} by

= 1) — J2(1i)s M= p1(ni) — pa(mi). We can also choose jy(17x), J2(71)
in such a way that |n, | — oo.

Proof of Lemma 2.3. Assume a, — 0. Then T, f -z, £ is equivalent to

J, /e =a) =l dx .
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This is easily seen to be true if /is a continuous function with compact sup-
port by an argument using uniform continuity. Since the 7, are unitary
operators and the continuous functions with compact support are dense in
LA(R), T, f -5 ffor all fe LX(R).

For the necessity, suppose that {a,} does not converge to zero. Then
there exists an ¢, >0 and a subsequence {ank} « such that |a,, | >¢,. Taking

f=xro. 521 WE have
1T f =17 = ] 1fx—ay,) —fx)) dx

_ 2 5.6 €0
—jR |X[o,so/2](x_ank)—X[o,so/zj(x)| dX—E‘F?—SOa

which contradicts the assumption that T, f -2, ffor all fe LAR). |

3. THE CASE n>2

We have the following generalization of Proposition 2.1. It shows that
the only way two (n+ 1)-tuples can be equivalent is the “natural” way.

THEOREM 3.1. Two (n+ 1)-tuples (D 4, T,,) and (Dg, T,,) are equivalent
if and only if B= C~'AC, where C is the matrix of the linear transformation
C defined on the basis {Wi, e Wy} by Cw,=v,, i=1, .., n, written relative to
the canonical basis for R".

Proof. Setting U= D-1, we easily calculate that (7) is satisfied, and
using (5) with 4= C~! and v=v,, we get (8). This proves the sufficiency
of the given conditions, so we turn to the necessity. Suppose (7) and (8) are
satisfied by a unitary operator U. We write 7= T, where {el, es, ., s
the canonical basis for R”. One can easily check that (D, T',) is equivalent
to (D¢piac,, Ti), where C, is the matrix of the linear transformation C,
defined by C,e;=v;, i=1, .., n, written relative to the ordered basis {e,}.
Similarly (Dg, T,,) is equivalent to (D¢ ipc,, 1), where Cre,=w,,
i=1,..n Putting these facts together and writing V=D UD;1, we
obtain that (Dc-14¢,, T;) 1s equivalent to (D¢ ipc,, T3), as the following
calculation shows:

V*DCZ_IBCZ V= DC1 U*Dcz_chz_chchzUDcl_l

=D U*DyUD 1 =D, DDt =Derige,
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Using (5) repeatedly, we get

V*Ti V= DC] U*chlTiDCZ UDCI’I :DCI U*Tézei UDCfl
:DC1 U*Twl- UDcl—l :DC1 TviDcl_l
=Te, =T, =T;, i=1,.,n (14)

In other words, if we write 4'=C;'AC, and B' = C;'BC,, it suffices to
show that A" = B, since this implies that

B=C,C'AC,Cy ' =(C,C5)HA(C, Y,

and if C=C,C;!, then Cw;=C,C;'w,=C,e;=v;, i=1,..,n, as was to
be proved.

For the purpose of showing that A’ = B’, we need two lemmas whose
proofs will follow the end of the proof of Theorem 3.1.

LemMA 3.2. For a sequence of vectors {u;} < R", Tukfia f for all
fe LAR") if and only if lim, |u,| = 0.

Lemma 3.3, If ue R"\{0}, then there exist sequences of integers {my} .,
{my} s r {mi} s such that
(a) limy [mu—37_, mye;| =0, and
(b) limy |m)|= + co.

To continue the proof of Theorem 3.1, note that (5) with v =mA4’e, and
A=(A")"" gives

0
— * m,
T e, =D%TTED .,

my

and from this one concludes easily that

T

m

0 1 2 n
i = D* T™ —my ey T Ty
O eyt e, =D%TTD T T T 7. (15)

Applying Lemma 3.3 to u=A'e;, we obtain the existence of the corre-
sponding sequences of integers {my}, ..., {m}}, having the properties (a)
and (b). Conjugating (15) with ¥V, and taking into account (14), we obtain

VT, e, — ST mie, ve=T i Be; —Si_ mie; (16)

my my



UNITARY SYSTEMS 421

and using (a) we may apply Lemma 3.2 to (16) and obtain that

n
: 0 p/ k —
111£n myB'e,— Y m¥e;| =0.

i=1

Therefore B'e, =lim, _, , (37, mie,)/my=A"e;, and clearly the same
argument shows that B'e;=A'e;, i=2, ..., n. This proves that 4"’ =B’, and
completes the proof of Theorem 3.1. |

Proof of Lemma 32 Suppose lim, u, =0. Then, for each fe L*R"),
the condition T, f L, fis equivalent to

lim [ [f(x—ug)— f(x)|> dx=0. (17)

k— oo VR

This is easy to check for continuous functions with compact support using
uniform continuity. Since [T, | <1 for all k and since such functions are
dense in L*(R"), (17) holds for all e L*(R?).

Suppose now that u, 0. Then there exists an &,>0 and a subsequence
{ur,} of {uy} satisfying [uy, | > ¢, for all /€ N. Taking f = y (o, ,,2)» Where
B(0, ¢¢/2) is the open ball in R” centered at 0 and having radius ¢,/2, we
obtain

o 16— ) = J0) 2 de =200, (B0, 0/2)). ZEN. (18)

Thus T, f# f, and the lemma is proved. ||

Proof of Lemma 3.3. There exist real numbers {ci, ¢,, ..., ¢,}, not all
zero, such that

u=

i

C;€;.
1

I M=

For any positive integer p, we consider the vector v,=3"7_,[ pc; Je;
where by | x_| we denote, as before, the decimal part of the real number x.
Since v, | <ﬁ, peN, and the closed balls in R" are compact sets,
given ¢, = 1/k, ke N, there exists positive integers p,(k), p,(k) such that
|p1(k) — pa(k)| >k and [[v, () — Va0 || <& In other words,

(k)= pal)) = 3 ([ palk) ] = [palk) 1) e

i=1

= val(k) — Upy(k) I <ex,
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where [x] is the greatest integer smaller than x (ie., x=[x]+[x]).

Hence, writing myp = p,(k) — py(k), mi=([pi(k)c;]—[pak)c]), i=
1, .., n, we see that (a) and (b) are satisfied. ||

4. BILATERAL SHIFTS

Note that if 4€ M (R), {v,, .., v,} is a basis for R", and %, T, admits
a wavelet , then D, must be a bilateral shift of infinite multiplicity.
Indeed, an infinite-dimensional complete wandering subspace for D, will
be E, =V {Til1 T% .. Tf;:lp ly w l,€Z}. In particular, if 4 € M, (R) and
either 4 or 4~" is expansive, then D, is a bilateral shift of infinite multi-
plicity because %p . T, admits a wavelet [6] Another way of seeing this in
case A~ is expanswe is that if we set F = #\A%, where % is the closed
unit ball of R”, then {A4°% :/€Z} is a measurable partition of R”. Thus
L*(F ), considered as a closed subspace of L*(R"), is an infinite dimen-
sional complete wandering subspace for D,. If ve R*"\{0}, then T,
always a bilateral shift of infinite multiplicity. Indeed, 7', is unitarily equiv-
alent to T, , and a complete wandering subspace for 7, is L*(G) < LAR™)
where G = [0 1] xR”=D, There are many 4 € M'(R) with neither 4 nor
A" expansive such that D, is a bilateral shift of infinite multiplicity (cf.
Theorem 4.2 below). For such an A4, with {v,, .., v,} a basis for R”, it is
possible (we have neither an example nor a counterexample) that the
unltary system %, 7, admits a wavelet. Let us call such wavelets, if they
exist, “non-standard wavelets.”

Problem 4.1. Do non-standard wavelets exist?

In view of Question 4.1, it is of interest to know precisely which matrices
Ae M (R) lead to bilateral shifts D ,. We give a simple criterion for this.

THEOREM 4.2. Let Ae M|(R). Then D, is a bilateral shift of infinite
multiplicity if and only if A is not similar (in M,(C)) to a unitary matrix.

Proof. By way of contradiction, assume that there are S, Ue M, (C)
with U unitary such that SAS ~! = U. An argument like the one used in the
proof of Lemma 2.2 or Lemma 3.3 shows that there is a sequence of
integers m,; — oo such that

U™x — x, xeCn (19)
This implies that

AMex =S 1U™Sx - S~ 1Sx =X, xeR™
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Since (D 4)? =D 4, we obtain that

HDZ’kf—fH2=j | f(A™x) = f(x)]? di(x) >0, feL*R"), (20)

by an argument using the density in L*R") of the continuous functions
with compact support and the remark that (19) is uniform on compact sets
of R”. From (20) we obtain that

IDZS 12 + 1 /1% —2 Re< DL [
=2 fI?—2Re(Df, f> =0,  feLXR"). (21)

Since D, is a bilateral shift, and it is well-known that the sequence of
positive powers of such a shift converges to zero in the weak operator
topology, the term 2 Re{D"xf, /> in (21) tends to 0 for each f'e L¥R"),
and this clearly contradicts (21).

Going the other way, suppose now that 4 is not similar (in M,(C)) to
a unitary matrix. To show that D is a bilateral shift of infinite multiplicity,
it suffices to exhibit a Borel set 4 — R” such that R” is the disjoint union
Us ez A*% modulo a set of 1, measure zero. (Indeed, it follows easily from
this that L*(%4) (< L?*(R")) is an infinite dimensional wandering subspace
for D, such that @, ., D% L*(#)= L*R")). To construct such a set %, we
need a result on Borel selection whose proof will follow the completion of
the proof of Theorem 4.2.

ProrosITION 4.3. Suppose Ae M| (R) and & is a proper linear manifold
in R" invariant under A such that for all x in R"\.&, the accumulation points
of the set {A*x :keZ} lie in &. Let R be the equivalence relation on R"\.¥
defined by xRy if and only if there exists an integer k with A*x=y. Then
there exists a Borel set # < R"\.Y such that % meets every equivalence class
of the relation ‘R in a singleton.

Suppose, for the moment, that we have specified such a linear manifold
¥ < R", and let 4 be a Borel set given by Proposition 4.3. Then R”\.¥ is
the disjoint union |J,., A%, and thus D, is a bilateral shift of infinite
multiplicity. Thus to complete the proof of Theorem 4.2, it suffices to
exhibit a proper linear manifold & = R” with the appropiate properties.
There are two cases to consider.

Case 1. Each eigenvalue of 4 has modulus one. In this case, regarding
A as an operator on C” in the usual fashion, we know that there exists an
invariant subspace .# < C" for A such that the Jordan matrix corre-
sponding to 4, , is a single, nondiagonal Jordan block associated with
some eigenvalue 4, of 4. Hence .# has a complementary subspace ./~ (i.e.,
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M + N/ =C") that is also invariant under A. Let x,€.# be an eigenvector
for 4, and let P be the idempotent (commuting with A4) such that
range P = _# and ker P =_/". We next define the proper subspace 7 of C" by

9‘={xe@":Pxe\/ {xo}}.

Note that if ze 7, then Pz = fx, for some feC and hence PAz=APz=
BAxy=PAyxo. Thus 7 is invariant for 4. We shall show that if ye C"\.7,
then the sequences {||A”y|} >, and {||4~"y||} 2_, converge to + oo, and
thus the set { A"y : ne Z} has no points of accumulation. Assuming for the
moment that this has been established, we define the proper subspace % of
R" by & =R"n 7. Clearly & is invariant under 4, and since R*\.¥ = C"\.7,
for each x in R"\.%, {A"x:neZ} has no point of accumulation, and thus
& has the appropriate properties to make Proposition 4.2 applicable. To
see that for each ye C"\.7, lim, _, ,, [A"y|| = + oo, it suffices to show that
lim, _ ., [A"Py| =+ (since AN <=.A"). But A"(Py)=(A4_,)" (Py),
neZ, and the powers of 4,, behave as the powers of a Jordan block
matrix. The result now follows from an elementary computation which we
omit. Thus the proof of Case I is complete.

Case 11. Some (real or complex) eigenvalue A, of A satisfies |1,] # 1.
The cases 45| <1 and |44|>1 are entirely similar, so we treat only the
case |Aq|>1. Moreover, the argument is much like that of Case I with
small changes, so we sketch only the necessary changes. First, let .# < C”
be an invariant subspace for 4 with the properties that the Jordan form for
the operator A4, , is a single Jordan block associated with the eigenvalue
Ao- Then .# has a complement ./~ that is invariant under 4, and we define
P as in Case 1. However we define

T ={xeC": Px=0}.

As before, 7 #C", PA= AP, A7 =7, and we take ¥ =R"n 7. Then
AY =&, and to show that for each x e R"\S, all accumulation points of
the set {A"x:neZ} lie in &, it suffices to establish that for all vectors y
in C"\7, the set {A4"y:neZ} has accumulation points only in 7. In fact,
as an easy calculation (using |4y| > 1 and 44" < /") shows, for such a vec-
tor y, {[A"y|} <, converges to +oo and {| 4 "Py|} ., tends to zero.
Thus every accumulation point z, of the set {A4"y:neZ} satisfies Pz,=
lim, PA ™"y =lim, APy =0 for some subsequence {n,} of N, and hence
zo€ 7. Thus the proof of Theorem 4.2 is complete.

Proof of Proposition 4.3. We use the following principle of Borel selec-
tion [2, p.206]: Suppose X is a nonempty complete separable metric
space, and let R be an equivalence relation on X such that the equivalence
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classes mod R are closed sets in X and such that for each closed subset F
of X, the set Rpc< X consisting of all elements of X that are R-related to
some element of F is a Borel set in X. Then there exists a Borel set # in
X such that # meets every equivalence class mod R in a singleton.

We show that Proposition 4.3 follows from this principle. First note that
since . is a proper subspace of R”, R"\.# is a nonempty open set in R".
Thus (cf. [3, Problem 8D]) there exists an equivalent metric p on R"\.&
that turns R”\.% into a complete metric space. Since for each x in R*\&,
all the accumulation points (in either metric) of the set {A"x:ne Z} lie in
&, every equivalence class in (R"\.%, p) corresponding to the relation
R =N is closed. Moreover, if F is any closed subset of (R"\.%, p), then R,
(defined above) equals {J, .z A"F, and hence is an F, in (R"\.%, p). Hence
there exists a Borel subset 4 of R\ (relative to p) that meets each equiv-
alence class mod R in a singleton, and obviously # is also a Borel set in
R” under its Euclidian metric. ||

5. WEAK EQUIVALENCE OF UNITARY SYSTEMS

Thus far we have discussed equivalence of (n+ 1)-tuples (D 4, T,). There
is a less restrictive notion of equivalence that was considered in [5] and by
other authors: unitary systems JZJDA’TUI_ and %, T, acting on the Hilbert
space L*(R") are said to be weakly equivalent (in [ 5], unitarily equivalent)
if (Dy, T,)~(Dg, T,) (cf. Definition 1.2). In this case V¥ , =W} ,,, sO
the sets of vectors ¥ , and ¥} ,, have the same topological and structural
properties. It can happen that (D, T,) and (Dp, T,,) are not equivalent
and yet the unitary systems %, 7, and Up,, T, are weakly equivalent (in
fact they can be equal). For 1nstance this happens when A is expansive,
B=A"", and {v;}, {w,} generate the same additive subgroup of R". The
purpose of this section is to establish the connections between equivalence
of two such (n + 1)-tuples and weak equivalence of the unitary systems they
generate. We will show (Theorem 5.8 and Corollary 5.9) that if {v, ..., v,} and
{wy, ..., w,} are bases of R” and if A4, B are expansive matrices in M (R), (or,
more generally, if A or B has property £ of Definition 5.6), then the systems
Up,. r and Up 7 are weakly equivalent if and only if there is an equivalent
pair of (n+1)- tuples which generate the corresponding systems.

We require several technical lemmas which concern elementary proper-
ties of the operators 7', and D, studied above.

Lemma 5.1. Let Be M(R) and x € R”. Then for pe N,
(1) (DpT,)"=D3Tyipiprs... 41y and
(i1) (DBTx)_p:DEpT—(B‘1+B‘2+---+B‘1’)x‘
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Proof. Using (12) a trivial calculation gives (DpT,)>=D3T 1, p)x-
Now assume, by induction, that (i) is valid for some p > 2. Then

(DBTx)p+l :DBTngT(I—o— <o+ BPlx
=DBD§TBPXT(I+ +Bp—l)x

_pr+1
=D Tyy ... 480y«

as required, proving (i).
As for (ii), we have (DpT,) '=T'Dg'=T_,Dg1= Dg1Tp1(_,.
Thus by (i),

(DpT,) ?=(Dp1T_p-1,)?
:D’é’lT(I+B’1+B’2+ <o + B~ (P=Dy(—B~lx)

=Dg?T _5-14..s8nx |

LemMMa 5.2. Suppose Ae M(R) and x € R”. Then
(i) D4T.,=T.D, if and only if Ax=x, and
(1) D4=T,if and only if A=1 and x=0.
Proof. Since T, D =D ,T,,, the condition D, T, =T, D , is equivalent
to T,,=T,, which is in turn equivalent to 4Ax = x, which proves (i).

If D,=T,, then D, commutes with 7, for all yeR". Thus (i) implies
that A=7and D, ,=1=T,, which gives x=0. |

LemMA 53. If Ay, A,e M (R) and x,, x,€R", then D4, T, =D 4, T, if
and only if A=A, and x,=x,.

Proof. Only one direction needs proof. If D, T, =D, T,, then
DA—IDAZ =DA2Af1 = Txl(sz)_l = Tx]_xz. Thus AI_IAZ =I and .xl _xZ =0
by Lemma 5.2 (i1). |i

If & is a set of vectors in R” we will write span, . for the additive sub-
group of R" generated by .. (Equivalently, span, % is the family of all
linear combinations of vectors in % with integer coefficients.) In particular,
if & ={vy,v,,..,v,} we write span,{v,} for span, .

LEMMA 54. Let Ae M, (R), let {vy,..,v,} be a basis for R", and let
U=Up,, r, - Then

(i) T.e if and only if x € spanz{v;},
(il) T % < if and only if APx € spanz{v;} for all pe Z, and
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(i) If BeU, then BP e for all peZ if and only if B=D4%T, for
some q€Z and x € R with the property that A??x € spanz{v;} for all pe Z.

Proof. If T, €U, we write T, = D9 ry---Ty for some (rq, .., r,)eZ".
Then D4 =T, for z=x—(r,v,+ --- +r,0,). So by Lemma 5.2 (ii), z=0
and A9=1, which proves the necessity in (i); the other implication in (i) is
trivial.

If T, %<, then T.D =D T », €% for all peZ. Thus T . €U for
every peZ, and so A”xespan,{v,} for all peZ by (i). The other implica-
tion of (ii) is clear from similar computations.

Suppose now that B?e% for all peZ. Since Be U, B=D4T,=D 4T,
for some geZ and xespang{v,..,v,}. A short calculation using
Lemma 5.1 yields that T, €% for all pe Z. Therefore x has the required
property by (ii). A similar calculation proves the other implication of
(ii). 1

PROPOSITION 5.5.  Suppose Ce M(R) and {v,, ..., v,} is a basis for R".
For fixed xe R"\{0} the following are equivalent:

(i) CPxespang{v;} for all peZ,

(i) CPxespang{v;} for p=0, .., (d—1), where d is the dimension of
the cyclic invariant subspace &=\ {x, Cx, .., C*~'x} for the operator C
on R", and the characteristic polynomial y of the restriction operator Cl|g
has the form

wO)=t"+a 1"+ - ta, t+ay, (22)

where all the coefficients a; are integers and a;= + 1.

Proof. We prove the implication (ii)=> (i) by mathematical induction
using the fact that x(C|,)=0. From (22) we get

Cdx=C|?;Cx= —a,C f;,:le e —agx
=—a,C7'x— ... —ayxespany{vy, .., v,}.

By induction, suppose that peN\{l,..,d—1} and the vectors
x, Cx, ..., CPx lie in spanz{v;}. Then

CPHlx=(Clg )P ' x=—a(Clgy)? x— -+ —ay,(Clgy)? "+ x
=—a,CPx— - —a,CP~*xespany{vy, .., v,}.

For —pe N one argues in a similar way using the hypothesis a,= +1.
To show that (i) implies (ii), we use the following facts about Gramians
[12]. If se N, L is an operator on an s-dimensional real Hilbert space
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with inner product <, », and {x, .., x;}, {yy, .., y,} are two sets of vec-
tors in ., we write G({x,}, { y;}) =det({x;, y;> 1<, j<,)- One knows that
G({x;}, {y;})#0if and only if {x,}, {y,} are bases for #;, and moreover,
when G({x,}, {y;})#0,

_G({in}» {J’j})

) =G )

(23)

We apply these facts to the operator L=(C|y —1I| yX)k on %., where
keN, x,=y,=xX, X,=y,=Cx, .., x,= y;=C"'x (s=d), teR, and the
inner product on %, <R”"” is the restriction of the inner product
(X aw, Y bv,> =% a;b; on R". From (23) we obtain

G{(C—=tD¥x, ... (C—tDH* C¥xY, {x, .., C4!
dei(Cl, ~ 1) =21 tgi{iﬁ, (Cd_lic}) I~ ...,xédi)fx}) ),
(24)

As one may easily observe using (i), M=G({x,..,C 'x}, {x, ..,
C?7'x})ez\{0}, and moreover G({(C—t)*x, .., (C—tl)k C'"'x},
{x, .., C?7'x})eZ[ 1], where as usual Z[¢] denotes the ring of all polyno-
mials in ¢ with integer coefficients. Hence My(t)*e Z[ ] for each ke N. We
show that y(¢) has integer coefficients. Since My(t) € Z[ t], x(¢) has rational
coefficients, so, after some arithmetic, we may write y(¢) = q(t¢)/m, where
q(t)eZ[t], meN, and ¢(¢) and m are relatively prime in the ring Z[¢].
If m=+1, y(t)eZ[t], and otherwise we may factor M as M =[*oM’,
where / is a prime divisor of m (in Z), m=Ig, and [ does not divide M".
But then, if k >k, we have My(t)* = Mq(t)*/m* = M'q(t)¥/(1*~*ogk) and so
[*—*0 divides M'q(?)* in Z[¢]. Since Z[¢] is a Euclidian ring [ 14, p. 70]
and / is a prime in Z[t], this is a contradiction. Thus we conclude that
x(t)yez[t].

To show a,;= +1, we apply (23) for L= (C|yx)_k, keN, and the x; and
y; as before, to obtain

. G C™*x, ., CFIx) {x, .y CUTIXY)
k =
det(Cl) G({x, o C7 1}, {x, ., CO 1))

It follows that Mdet(C|yX)’keZ for each keN. Using an argument
similar to that above, we see that a; ' =(—1)?det(C| )" € Z. Therefore
ad: i 1 I

DEerFINITION 5.6. We say that a matrix 4 € M,(R) has property 2 if for
each 1<k <n, every product of k of its eigenvalues (with each eigenvalue
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repeated no more times than its corresponding algebraic multiplicity) is not
a root of unity.

PROPOSITION 5.7. Let Ae M(R) and let {v,} be a basis for R". If
U=Up, r, and A has property 2, then

(1) T.% < if and only if x=0, and

(1) BeU has the property that B € U for all p e Z if and only if B is
either an integral power of D, or belongs to the group g({va}) generated
by {Ty, ... T, }.

Proof. The equivalence in (i) follows from Lemmas 5.4 (ii) and
Proposition 5.5.

To establish (ii), assume B?e%, peZ. Then by LemmaS5.4 (iii),
B=D4T, for some geZ, xeR" such that A?%x e span,{v,} for all pe Z.
Suppose x #0 and ¢ #0. Then by Proposition 5.5 with C= 4%, we obtain
that the characteristic polynomial of C| 2, has constant term equal to +1.
Thus some product of eigenvalues of 47 is + 1, and hence some product of
eigenvalues of A4 is a root of unity. Hence 4 does not have property 2,
which contradicts our hypothesis. So either x=0 or ¢=0. |

THEOREM 5.8. Let A, Be M (R), let {v,} and {w;} be basesfor R”, and
suppose that A has property #. Then (D4, T,)~(Dg, T,,) if and only if
there exists a unitary operator Ve B(L*(R")) such that VDA V* =D g+ and
VOUT,}) V=9 T, )

Proof. 1If there exists a unitary V' with the above properties, then it is
clear that %,  r and %y, T, are weakly equivalent.

Going the other way, we suppose that Up, 1, and Up, r are weakly
equivalent via a unitary operator Ve B(LZ(R")) and let C=VD 4V* By
Proposition 5.7 (ii), either C=D% for some geZ or C=T, for some
xespanz{w,}. Since D, Up, 1, =Up, 1, We have, upon conjugating this
equation by V, Cp, 1, —QJD T, It c= T, then Proposition 5.7 (i)
implies that x=0, C=1, 'D A—I, and A =1, a contradiction since A has
property 2. Hence C=D%. For l1<i<n, let R,=VT,V* Then
Rfep, r, e peZ, so Proposition 5.7 (ii) implies that either R; is an
mtegral power of Dy or R,e 9({T w,) ). But if R; were an integral power of
Dg, then we would have R %p, 1 S%p, r, - and it would follow that
T, %p, 1, <%, .7, . Then Proposmon57 ( ) would imply v;,=0, a con-
tradiction. Hence. R;e9({T,}). Thus V4({D,})V*<%( {DB} and
VG(\T,}) V*<=9( {T 3)- Since Up,, 1,=9{Ds}) 4({T,}), the two
groups on the right have only 7 in common by Lemma 5. 2 (i1), and the
map G — VGV* sends Uy, 7, Onto QZD 7, it follows that V%({D ,}) V* =

Dg}) and V%( T, V*— T In articular, C is a generator of
{ B p g
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4({Dg}), so Dy=C’ for some /eZ. Thus D% =Dy and so Dy 1=
I=T,. By Lemma 5.2 (ii), B~ ! =1 and since D, = V*DyV, we conclude
easily that 4”7~ '=1. Since 4 has property 2, we have /g =1, and since
{,qeZ this means ¢g= +1 and C=Dgs1. |

COROLLARY 5.9. Suppose A, Be M (R) are expansive matrices and let
{vi} and {w;} be bases for R". Then (D4, T,)~(Dg, T,) if and only if
there exist a unitary operator Ve B(L*(R")) and a basis { ’} for R” such
that spanz{w;} =spanz{w}}, VDAV =Dg, and VT, V*=T,,, i=1,.

(In other words, (D 4, T,) ~(Dg, T,,) if and only lfthere exist a basis {wi}
Sor R™ with spanz{w,} =spanz{w ;} ‘and such that (Dy, T,)~(Dg, T,))

Proof. 1If there exists a unitary V' with the above properties, then it is
clear that (D4, T,) ~ (Dg, T,,)

To establish the other implication let us assume that 4, Be M, (R) are
expansive matrices and (D4, T\,) ~(Dg, T,,). Since every expansive matrix
has property 2, it follows by Theorem 5.8 that VD 4 V* =Dy where either
F=B or F=B~'. Also by Theorem 5.8, for i=1,..n, there exists
w;espanz{w;f such that VT,V*=T,, and 9({T,})=%({T,}) This
implies by Lemma 5.3 that spanz{w } =spanz{w,} and hence that {w}} is
a basis for R”. Thus (D4, T, l_)~(DF, T,,). Hence by Theorem 3.1, F is
similar to 4, so F is also expansive. Since B~" is not expansive, we must
have F=B, and so VD, V*=Dg. |

The following propositions add some additional perspective to this
theory.

PrOPOSITION 5.10. Let Ae M (R) and let {v;} be a basis of R". Then
there exists Be M(R) such that (D4, T,) ~(Dg, T.), where {e;} is the
canonical basis for R".

Proof. Define Se M,(R) by Se,=v,, i—l ,n, and set B=S"145 and
V=Dg-1. Then V*D,V=Dpand V*T,V=T,,i=1,. |

PropoSITION 5.11.  Let A, and B be expansive matrices in M| (R). Then
(D4, T,)~(Dg, T.) if and only if there is a matrix Ce M ,(R) with the
property that both C and C~" have integer entries and B= C ~'AC.

!

Proof. Apply Corollary 5.9, obtaining a basis {w;} for R” with
spanz{w;} =spanz{e;j such that (D4, T,)~(Dg, T,,). By Theorem 3.1,
B=C7'4C where C is the matrix such that Cwi=e,, i=1, .., n. Since
span{wj} =spanz{e,}, C must have the required form, |
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The above results give rise to the following interesting question.

Problem 5.12. 1If A, Be M,(R) are matrices which do not have

property #, how can one characterize the equivalence (D, T, )~
(D B> Tei)?

10.
11.
12.

13.
14.
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