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ABSTRACT. We develop a natural generalization of vector-valued frame theory,
we term operator-valued frame theory, using operator-algebraic methods. This
extends work of the second author and D. Han which can be viewed as the mul-
tiplicity one case and extends to higher multiplicity their dilation approach.
We prove several results for operator-valued frames concerning duality, dis-
jointeness, complementarity , and composition of operator valued frames and
the relationship between the two types of similarity (left and right) of such
frames. A key technical tool is the parametrization of Parseval operator val-
ued frames in terms of a class of partial isometries in the Hilbert space of the
analysis operator. We apply these notions to an analysis of multiframe gener-
ators for the action of a discrete group G on a Hilbert space. One of the main
results of the Han-Larson work was the parametrization of the Parseval frame
generators in terms of the unitary operators in the von Neumann algebra gen-
erated by the group representation, and the resulting norm path-connectedness
of the set of frame generators due to the connectedness of the group of unitary
operators of an arbitrary von Neumann algebra. In this paper we general-
ize this multiplicity one result to operator-valued frames. However, both the
parameterization and the proof of norm path-connectedness turn out to be
necessarily more complicated, and this is at least in part the rationale for this
paper. Our parameterization involves a class of partial isometries of a different
von Neumann algebra. These partial isometries are not path-connected in the
norm topology, but only in the strong operator topology. We prove that the set
of operator frame generators is norm pathwise-connected precisely when the
von Neumann algebra generated by the right representation of the group has
no minimal projections. As in the multiplicity one theory there are analogous
results for general (non-Parseval) frames.

1. INTRODUCTION

The mathematical theory of frame sequences on Hilbert space has developed
rather rapidly in the past decade. This is true of both the finite dimensional and
infinite dimensional aspect of the theory. The motivation has come from applica-
tions to engineering as well as from the pure mathematics of the theory.

The theory of finite frames has developed almost as a separate theory in itself,
with applications to industry (cf. the recent work [4] of Balans, Casazza, and Edidin
on signal reconstruction without noisy phase) as well as recently demonstrated
connections to theoretical problems such as the Kadison-Singer Problem [5].
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Important examples of infinite frames are the Gabor (Weyl-Heisenberg) frames
of time-frequency analysis and the wavelet frames [7]. Some papers dealing with
infinite frames which relate directly or indirectly to this article are [15, 13, 9, 2, 10,
20, 19, 21].

Work on this article began in January 1999, when the first-named author visited
the second-named author at Texas A&M University following the special session
on “The functional and harmonic analysis of wavelets and frames” that took place
at the annual AMS meeting at San Antonio. Our purpose was to develop operator
theoretic methods for dealing with multiwavelets and multiframes, thus extending
the approach of the AMS Memoir [15]. We developed the theory of operator-valued
frames to provide a framework for such problems and we will test this model by
solving a problem concerning norm path-connectedness. It has been brought to our
attention that a few other recent papers in the literature overlap to some extent with
our approach, notably works of Casazza, Kutyniok and Li [6] on ”fusion frames”,
and also recent work of Bodmann [1] on quantum computing and work of W. Sun
[25] on g-ftrames. These do not deal however with the path connectedness that we
address. The papers of Kadison on the Pythagorean theorem [16, 17] are examples
of works of pure mathematics that several authors have realized are both directly
and indirectly relevant to frame theory. They contain theorems on the possible
diagonals of positive operators both in B(H) and in von Neumann algebras. This
topic is closely related to the topic of rank-one decompositions and more general
summation decompositions of positive operators, and resolutions of the identity
operator, as investigated in [10, 20] for its relevance to frame theory.

Also, several papers in the literature deal with frames in Hilbert C*-modules,
including one by the same authors of this paper [11, 12, 19]. The problems and
framework considered in this paper are of a significantly different nature and there
is no essential overlap.

We note that the key idea in [15], was the observation that frames ”dilate” to
Riesz bases. This was proven at the beginning of [ [15] (see also [22, p. 145] ), and
was then used to obtain results on Gabor frames, more generally frames generated
by the action of unitary systems, and certain group representations. The dilation
result for the special case of Parseval frames can be simply deduced from Naimark’s
dilation theorem for positive operator valued measures, in fact from the special case
of Naimark’s Theorem specific to purely atomic positive operator valued measures.
W. Czaja gives a nice account of this in [8], along with some new dilation results.
V. Paulsen gives a nice proof of Naimark’s theorem in [24] using the theory of
completely positive mappings. Similarly, we use dilation theory in the present
paper to work with operator-valued frames.

Consider a multiframe generator {11,1o} for a unitary system U, that is two
vectors in a Hilbert space H for which the collection {Ut,, | U € U,m = 1,2}
forms a frame:

W alle? < 3 <|<x,Uw1>|2 e, wm?) < bla|®

Uelu

for some positive constants @ and b and all x € H. Set H, := C2, choose {e1,ea} to
be an orthonormal basis of H,, define the rank-two operator A given for z € H by
Az := (z,91)e1 + (2,12)e2 and then denote Ay := AU*. Then equation (1) holds
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precisely when

al <Y AjAy <0l
velu

where the series converges in the strong operator topology. In other words, in lieu
of considering the two vectors {11,142}, we can consider the rank-two operator A.

The above is a simple example of an operator valued frame generator and leads
naturally to the more general Definition 2.1 below of an operator-valued frame
consisting of operators with ranges in a given Hilbert space H, and the frame
condition is expressed in terms of boundedness above and below of a series of
positive operators converging in the strong operator topology. So, the usual (vector)
frames can be seen as operator-valued frames of “multiplicity one”.

It is easy to recover from the operator A defined above the vectors 17 and
that were used to define it, and, in general, to decompose (but not uniquely) an
operator-valued frame in a (vector) multiframe (see comments after Remark 4.10.)
However, we expect that this paper will make clear that “assembling” a multiframe
in an operator-valued frame is more than just a space-saving bookeeping device.

Indeed, Operator Theory techniques permit to obtain directly for an operator-
valued frame (and hence for the related vector multiframe) properties known for
(vector) frames.

More importantly, however, treating multiframes as operator-valued frames per-
mits to parametrize them in an explicit and transparent way and thus handle the
sometimes major differences that occur when the multiplicity rises above one, and
in particular, when it is infinite.

A case in point, and in a sense our best “test” of the usefulness of the notion
of operator-valued frames, is the analysis of frame generators for a discrete group
(see [15] and Section 6 for a review of the definitions). Han and the second named
author proved in [15, Theorem 6.17] that the collection of all the Parseval frame
generators for a given unitary representation {G,r, H} of a countable group G
is (uniquely) parametrized by the unitary operators of the von Neumann algebra
7(G)" generated by the unitaries m, of the representation. Since the unitary group
of any von Neumann algebra is path-connected in the norm topology, the collection
of all the Parseval frame generators is therefore also path-connected, i.e., it has a
single homotopy class.

As soon as dim H, > 1, the above parametrization is no longer sufficient (see
Remark 7.7), and it must be replaced by a new parametrization involving a class of
partial isometries of a different von Neumann algebra (see Theorem 7.1, Proposition
7.3).

Furthermore, when dim H, = oo, it is possible to show that the partial isometries
involved in this parametrization are not path-connected in the norm topology (they
are path-connected in the strong operator topology, though). Nevertheless, we
prove in (Theorem 8.1) that the collection of operator frame generators is still
norm connected, precisely when the von Neumann algebra generated by the left
(or right) regular representation of the group has no minimal projections. The key
step is provided by Lemma 8.4 where the strong continuity of a certain path of
partial isometries is parlayed into the norm continuity of the corresponding path of
operator frame generators.

One of the main themes of this article is the analysis of one-to-one parametriza-
tions of operator-valued frames in general, and of operator frame generators for
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unitary systems and groups in particular. In the process we extend to operator-
valued frames many of the properties of vector frames. More in detail:

In Section 2 we define operator-valued frames, their analysis operators and their
frame projections, and then prove that the dilation approach of [15] carries over
to the higher multiplicity case, i.e., that Parseval operator-valued frames are the
compressions of “orthonormal” operator-valued frames, namely collections of par-
tial isometries, all with the same initial projection and with mutually orthogonal
ranges spanning the space.

In Section 3 we obtain a one-to-one parametrization of all the operator-valued
frames on a certain Hilbert space H, with given multiplicity and index set, in terms
of a class of operators in the analysis operator Hilbert space (partial isometries if
we consider only Parseval frames).

In Section 4 we study two kind of similarities of operator-valued frames. The
similarity obtained by multiplying an operator-valued frame from the right gener-
alizes the one usual in the vector case and inherits its main properties. For higher
multiplicity, however, we have also a similarity from the left which has different
properties. We characterize the case when two operator-valued frames are similar
both from the right and from the left, in terms of the parametrization mentioned
above (Proposition 4.8). We also discuss composition of frames, when the range of
the operators in one frame matches the domain of the operators in a second frame
and we present this notion as the tool to decompose an operator-valued frame into
a (vector) multiframe.

In Section 5 we define and parametrize the dual of operator-valued frames and
extend to higher multiplicity also the notions of disjoint, strongly disjoint, and
strongly complementary frames that were introduced in [15] for the vector case.

In Section 6 we start the analysis of operator frame generators for unitary sys-
tems. The notion of local commutant introduced in [9] has a natural analog in the
higher multiplicity case (see 6.2.) Unitary representations of discrete groups have
an operator frame generator with values in H, precisely when they are unitarily
equivalent to a subrepresentation of the left regular representation with multiplicity
dim H,, i.e., A ® I, with I, the identity of B(H,) (Theorem 6.5). This result was
previously formulated in terms of (vector) multiframes in [15, Theorem 3.11].

In Section 7 we present parametrizations of operator frame generators for a dis-
crete group represention (Theorem 7.1). As mentioned above, higher multiplicity
brings substantial differences with the vector case, which are illustrated by Propo-
sition 7.6.

As already mentioned, Section 8 studies the path-connectedness of the operator
frame generators for a unitary representation of a discrete group using von Neumann
algebras techniques.

Finally, let us notice explicitly that although in the applications, frames are
mainly indexed by finite or countable index sets and the vectors in a frame belong
to finite or separable Hilbert spaces, and similarly, discrete groups are finite or
countable, we found that making these assumptions provides no simplification in
our proofs (with one very minor exception). Thus we decided to state and prove
our results in the general case. The only thing to keep in mind when the index set
J is not finite or N, is that the convergence of > jey Tj means the convergence of
the net of the finite partial sums for all finite subsets of J.
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2. OPERATOR VALUED FRAMES

Definition 2.1. Let H and H, be Hilbert spaces. A collection {A;};e5 of operators
A; € B(H, H,) indexed by J is called an operator-valued frame on H with range in
H, if the series

(2) Sai=)Y_ ATA;

Jj€l

converges in the strong operator topology to a positive bounded invertible operator

Sa. The frame bounds a and b are the largest number a > 0 and the smallest
number b > 0 for which al < Sa <bl. Ifa =0, i.e., Sax = al, then the frame is
called tight; if S4 = I, the frame is called Parseval. sup{rank(A;) |j € J} is called
the multiplicity of the operator-valued frame. When the reference to H, H,, and J
is understood, we denote by F the set of all the operator-valued frames on H, with
ranges in H, and indexed by J.

If the operator-valued frame has multiplicity one, the operators A; can be iden-
tified through the Riesz Representation Theorem with Hilbert space vectors and
hence in this case an operator-valued frame is indeed a (vector) frame under the
usual definition. Explicitly, if A; is the rank one operator given by A;z = (z, z;)e;
for some unit vectors e; € H,, some vectors z; € H and all z € H, then
Sa = ZjGJ A;Ajj, hence S4 is bounded and invertible if and only if al < Sy < bl
for some a, b > 0, namely,

allz)? < (Saz,2) =Y |(2,2)) < alz|®
J€J

for all x € H. This is precisely the condition that guarantees that {z;},ej is a
(vector) frame.

Notice that if {A,};ey € F and if {e,, }mem is an orthonormal basis of H,, then
it is easy to see that {Afem}(jmyerxm is a (vector) frame on H, i.e., operator-
valued frames can be decomposed into (vector) multiframes. We will revisit this
decomposition when discussing more generally frame compositions.

The advantage of treating a collection of vectors forming a multiframe as an
operator-valued frame is that we can more easily apply to it the formalism of
operator theory. This already evidenced by the next example.

Example 2.2. Let K be an infinite dimensional Hilbert space and let {V,}nen
be a collection partial isometries with mutually orthogonal range projections V, V,*
summing to the identity and all with the same initial projection V'V, = E,. Let
P € B(K) be a nonzero projection and let A, := V,*P € B(H, H,) where we set
H:=PK, H, := E,K. Then

Z AL A = P(Z VaVy) Plpx = Plpg =1,
n=1 n=1
i.e., the sequence { Ay} is a Parseval frame with range in H,.

By introducing the analysis operator (also called frame transform, e.g., [15]), we
will see that this example is ‘generic’ (see Proposition 2.4 below.)
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Analysis operator. Given a Hilbert space H, and an index set J, define the
partial isometries

(3) Lj: Hboh—e;®@hel(l)®H,
where {e;} is the standard basis of ¢*(J). Then
L i

(4) LiLi = o

J 0 ifi#£j
and
(5) NoLL=I1%l,

Jj€J

where I denotes the identity operator on ¢2(J) and I, denotes the identity operator
on H,.

Proposition 2.3. For every {A,}jey € F,
(i) The series Zjej] L;A; converges in the strong operator topology to an operator
04 € B(H,¢(J)® H,)
(il) Sa =0%64
(iii) {A;} ey is Parseval if and only if 04 is an isometry

Proof. For every x € H

l6az|® =D IL;A5ell® =) [l 4jal* = (Saz, ),
j€l jel
where the first identity holds because the operators L; have mutually orthogonal

ranges, the second one holds because they are isometries, and the third one holds
by the definition (2) of S4. These identities and routine arguments prove (i)-(iii).

Explicitly,

(6) 0a=> LjA,
Jj€l

and for every x € H, 0a(x) = > ;5 (e; ® Ajz). As a consequence of Proposition
2.3 (i),
(7) 9,45’21/2 is an isometry
and hence
(8) Py = 045,"0%

is the range projection of 9,45’21/2 and hence of 64. Moreover, {A;};ey is Parseval
if and only if 8467 is a projection.

Given {A,}jey € F, the operator 04 € B(H,{(J) ® H,) is called the analysis
operator and the projection Py € B({(J) ® H,) is called the frame projection of
{A;}jes

The analysis operator fully ‘encodes’ the information carried by the operator-
valued frame, namely the frame can be reconstructed from its analysis operator via
the identity

9) Aj=1Lj04 foralljel.
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Indeed,
Li0a =LY LiAi=)»  LiLiA; = A
i€l icl
by (4). In particular, two operator-valued frames {A;};cy and {B;}jecy € F are
identical if and only if 64 = 5. Also,

(10) 0h=> AL

icJ
where the convergence is in the strong topology, because by (9), A; =03 L; and
L; L7 are mutually orthogonal projections that sum to the identity /®1, of £ J)®H,.
The same argument shows that for any two operator-valued frames {A4;};c; and

{Bj}jer,

(11) 0504 = Z B} A; in the strong operator topology
€]
Recall now that Parseval (vector) frames were shown in [15, Proposition 1.1] to

be compressions of orthonormal bases. The higher multiplicity analog of that result
is given by the following proposition.

Proposition 2.4. For every {A;}jey € F, there is a Hilbert space K containing
H and H,, a collection of partial isometries {V;},cy all with the same domain H,
and with mutually orthogonal ranges spanning K, and a positive invertible operator
T € B(H) such that Aj = VT for all j € J. In particular, if {A;}jey is a Parseval
frame, then T can be chosen to be the projection on H.

Proof. Let K = ¢(J) ® H,. Identify H, with C ® H, C K and identify H with
its image P4 K under the isomorphism 9,45’21/2 (see (7)). Then for all j € J, we
identify A; with
A(04871) = L%(0455 %6, .
i(045,77) PAK 7045, A)PAK
Clearly, T := 9,45’21/2 04| p, is positive and invertible and it is the identity Pa|p
on H if and only if {A;},e5 is a Parseval frame. O

In analogy with the vector case (see [15, Chaper 1]), we introduce the following
terminology.

Definition 2.5. An operator-valued frame {A;} ey for which P4 = 1®1, is called
a Riesz frame and an operator-valued frame that is both Parseval and Riesz, i.e.,
such that %04 =1 and 040" =1 ® I,, is called an orthonormal frame.

Remark 2.6. If we identify operator-valued frames with their images in the anal-
ysis space (J) @ H,, (i.e., up to right unitary equivalence of the frames, in the
notations of Section 4 below), then
(i) General frames are the frames of the form {L;T};ey for some positive operator
T = PTP invertible in B(P{(J) ® H,) and some projection P € B(¢(J) ® H,).
The operator T and the projection P are uniquely determined (up to Hilbert space
isomorphism, i.e., right unitary equivalence of the operator-valued frames).
(ii) Parseval frames are the frames of the form {L}P};ey for some projection P in

B(J) ® Hy).
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(iii) Riesz frames are the frames of the form {L;T}jey for some invertible operator
T € B({(J) ® H,).
(iv) {L}}jer is the unique orthonormal frame.

In particular, in the notations of Section 4, Riesz operator-valued frames are the
frames that are right-similar to an orthonormal frame (cfr.[15, Proposition 1.5] ).

Remark 2.7. Notice that in the definition of an operator-valued frame {A;}jey
there is no request for H, to be “minimal”, i.e., for dim H, to coincide with the
multiplicity of the frame, i.e., with sup{rank A; | j € J}. In fact we can consider
the operators A; as having range in a “larger” Hilbert space, e.g., in H itself. Doing
so will produce a new analysis operator into a “larger” space, however, both analysis
operators will carry the same information about the original frame, which can be
recovered equally well from either of them.

3. PARAMETRIZATION OF OPERATOR-VALUED FRAMES

In this section we show that all the operator-valued frames with the same multi-
plicity and same index set, operating on the same Hilbert space (up to isomorphism)
can be “obtained” from a single operator-valued frame. Consider first Parseval
frames. Following the dilation viewpoint (cfr. Proposition 2.4 above), we can im-
merse all these frames in the analysis space ¢(J) ® H, by identifying them with the
compression of {L;‘} jer to their frame projection. Since all the frame projections
are equivalent (each range is isomorphic to the original Hilbert space of the frame),
the partial isometries implementing these equivalences will provide the link between
the frames. To make this idea precise, and to handle at the same time frames that
are not Parseval, we introduce the following notation.

Given {A;}c; € F, define

(12)  Ma:={M € B((J) ® H,) | M = MPa, M*M|p 415, is invertible}.

Equivalently, M4 := {M € B(Pal(J) ® H,,£(J) ® H,) | M is left invertible}. If
M € My, denote by (M*M)~! € B(Pal(J) ® H,) the inverse of M*M|pypeom,-

Theorem 3.1. Let {A;}je; € F. For all {B;}jey € F define
(13) ®A({Bj}jer ) == 0pS;"0%.

Then ®4 : F — My is one-to-one and onto and ®,* (M) = {L;MOa}jey for all
M eMy. If {Bj}jey; € F and M :=D4({B;}jcy), then 5 = M4 and

Vi = M(M*M)~'/?

is a partial isometry that implements the equivalence Pp ~ Pa, i.e., Pp = Va Vi
and Py =V V.

Proof. Let {B;};cy € F and let M := ®4({B;};ey). Then M Py = M because Py
is the range projection of 4. Moreover,

a
b
where a is a lower bound for S and b is an upper bound for S4. Thus M*M
is invertible in B(Ps¢(J) ® H,) and hence M € My, i.e, &4 maps into My.
Assume now that ®a({Bj}jer) = Pa({C;}jer) for two frames in F. Since
0 = OBSglﬁzOA = M0y, it follows that 8 = O¢, and by (9), the two frames

MM = 045305055, 03 > 045, al S 0% > 2045304 = T Pa,
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coincide, i.e., ® 4 is injective. We prove now that ® 4 is onto. For any M € My,
define {B; := LiM6@a}je;. Then

> B;B; =Y 03M L;LiM0, = 05M* M0 < ||M|*0%604 = [|M]*Sa.
J€l J€l
Similarly,
D BBy 2 (M M) S,
Jj€J
which proves that {B;};ey is an operator-valued frame. Moreover,

O0p =Y L;Bj=Y L;LiM0s= M0y
JET JET
We have just seen that 0 = @4 ({B;}je5)0a. Thus MO = ®a({B;}jer)fa and
hence

M = MPsy = M04S;"04 = Pa({Bj}jen)0aS; ' 04 = ®({B;}jer)-
This proves that the map ® 4 is onto and that (M) = {LiM04}jey for all M
in M 4. It remains only to compute Pp, which by definition, is the range projection

of g = M64. Since M = M P4 and 04 is one-to-one (recall that HAS21/2 is an
isometry), Pp is the range projection of M. Now

Vi Var = (M*M) ™2 M*M(M*M)~'? = Py
(recall that (M*M)~! denotes the inverse of M*M in B(Ps/¢(J)® H,)), hence Vi,
is a partial isometry. Since (M*M )71/ 2 is invertible, the range of Vj; coincides

with the range of M, and hence Pp = Vi V.
O

An easy consequence of Theorem 3.1 and its proof is the following:

Corollary 3.2. If{A;}cy,{Bj}jer, and {C;},cy are operator-valued frames, then
PA({Cj}jer) = 2B({C)}ien)Pa({Bj}jen)-

This corollary shows that ®4({B;};ey) behave like a partial isometry with ini-
tial projection P4 and range projection P4. In fact, if both frames are Parseval,
@ 4({B,}ey) is precisely a partial isometry with these initial and range projections.

Since every operator-valued frame is right-similar to a Parseval frame, (see Defi-
nition 4.1 below), we can focus on Parseval frames. For ease of reference we present
in the following corollary the main result of Theorem 3.1 formulated directly for
Parseval frames.

Corollary 3.3. Given a Parseval operator-valued frame {A;} ey € F, then
{L;VOa}jer |V € B(t(J) ® H,),V*V = Pa}.

is the collection of all Parseval operator-valued frames in F. The correspondence is
one-to-one: if V€ B({(J) ® H,),V*V = Pa, and {B; := L;V0a}jey € F, then
V =0p6%.

Proof. We need only to show that when {A;};c5 € F is Parseval and M € M4, then
the operator-valued frame ®,*(M) := {B; : LiM04}jey) is Parseval if and only if
M is a partial isometry. This is clear since g8 = MO0 M* = MPsM* = MM*
and as remarked after equation (8), {B,},cy is Parseval if and only if 056% is a
projection. Finally, V.= M = ®4({B,},e; ) = 050 since S;' = I. O
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4. SIMILARITY AND COMPOSITION OF FRAMES

For operator valued frames with ranges in H, where dim H, > 1 there are two
natural distinct notions of similarity which are called ‘right’ and ‘left’.

Definition 4.1. Let {A;};ec1,{B;j}jes € F. We say that:

(1) {Bj}jer is right-similar (resp., right unitarily equivalent) to {A;};ey if there is
an invertible operator (resp., unitary operator) T € B(H) such that B; = A;T for
allj € J.

(i) {Bj}jey is left-similar (resp., left unitarily equivalent) to {A;};ey if there is an
invertible operator (resp., unitary operator) R € B(H,) such that B; = RA; for all
jel.

When dim H, = 1, the left similarity is trivial (a multiplication by a nonzero
scalar) and the right similarity is just the usual similarity of the vector frames
(corresponding to the operators, i.e., functionals, by the Riesz Representation The-
orem).

We leave to the reader the following simple results about right similarity.

Lemma 4.2. Let {A;}jcy € F have frame bounds a and b, i.e., al < Sy <bI, let
T € B(H) be an invertible operator, and let {B; := A;T}jecy. Then

(i) {Bj}jer € F and el < 5B < b|T|I. In particular, if T is unitary, then
{Bj}jer has the same bounds as {A;}jey. Assuming that {A;};ey is Parseval, then
{Bj};jey is Parseval if and only if T is unitary.

(ii) Op = 04T and Sp = T*SAT

(i) ®4({B;}ies) = 64T 165

Now we characterize right-similar frames.

Proposition 4.3. Let {A4;},ec1,{B;}jes € F and let M := ®o({B;}jes). Then the
following conditions are equivalent:
(i) B; = A;T for all j € J for some invertible operator T € B(H), i.e., ({4} er
and ({Bj}jey are right-similar.
(ii) O = 04T for some invertible T € B(H).
(ill) M = PaM Py is invertible in B(Pat(J) ® H,).
(iV) PB = PA.
If the above conditions are satisfied, the invertible operator T in (i) and (%) is
uniquely determined and T = 5’21926‘3.
In the case that {A;} ey is Parseval then {B;} ey is Parseval if and only if the
operator T in (i), or equivalently in (i), is unitary.

Proof.
(i) <= (ii) One implication is given by Lemma 4.2 and the other is immediate.
(ii) == (iii) We have 0p = 04T = (04TS;0%)04. Let N := 0,TS,'60%, then
N*N = (04T S, 05) (04T S, 0%) = 045, ' T*SATS 0%
a|| T||? al| T|?
b b

and NPy = (04TS,'0,)Ps = N. Thus N € M, and by the injectivity of the
map ®4 in Theorem 3.1, M = 9,4TSX16‘2. We now see that also PAM = M, i.e.,
M = PosM P,. Furthermore,

MOAT 'S7'0%) = 04TT 'S, 0% = 045,07 = Pa,

> a||T|?0458,260% > 045,'0% = Py,
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and similarly, (047715 ,'0%)M = P4. Thus M is invertible in B(Pal(J) ® H,).
(iii) = (iv) By Theorem 3.1, Pg = [M], the range projection of M. By hypothesis,
M is invertible in B(P4£¢(J) ® H,), hence [M] = Pj,.
(iv) = (ii) Since 8 = Ppfp = Psfp = GA(SX1926‘B), it suffices to show that
S,10%0p has an inverse, namely S5'0%5604. Indeed,

S310%0pSE 0504 = S04 POs = S, 0% Pabla = S;'0%04 =1
Similarly,
Sp'03045,'0%0p = S5'05Pabp = S50 Psbp = S5'050p = 1.

The uniqueness is then easily established.
O

Remark 4.4.

(i) For every operator-valued frame {A;} ey, {Bj == AjS;1/2}jEJ is a Parseval
operator-valued frame. Thus every operator-valued frame is right-similar to a Par-
seval operator-valued frame. Every operator-valued frame right unitarily equivalent
to {Bj}jey is also Parseval and right-similar to {A;}jey.

(ii) The equivalence of (i) and (iv) is the higher multiplicity analog of [15, Proposi-
tion 2.6 and Corollary 2.8].

Now we consider left similarity.

Lemma 4.5. Let {A;};e; be an operator-valued frame having frame bounds a and
b and let R € B(H,) be an invertible operator. Then

(i) {Bj :== RA;}jer is an operator-valued frame and el <58 < b|R|*I. In
particular, if R is unitary, then {B;} cy has the same frame bounds as {A;};ey.

(ii) g = (I®@R)04a, Sp =0 (IQR*R)04, Pg = [(I® R)04] is the range projection
of (I @ R)04, and ®4({B;}ec1) = (I ® R)Py.

(i) Assume that {A;}jey is Parseval. Then {Bj;}jey is Parseval if and only if
PA(I ® R*R)Ps = Py, if and only if Pp = (I ® R)Pa(I ® R*). In particular, this
holds if R is an isometry.

(iv) Pp is unitarily equivalent to Pa.

Proof.

(i) Obvious.

(ii) For every R € B(H,), h € H,, and j € J, from the definition of L; we have that
LiRh=e; @ Rh= (I @ R)Ljh,ie., LijR = (I ® R)L;. Then

0p=> LjRA;=> (I®R)L;A; = (& R)0a.
j€J Jjel
Consequently, Sp = 050 = 0% (I @ R*R)f4. Clearly, M := (I ® R)P4 € M4 and

since 0 = (I ® R)84 = M64, by the injectivity of ®4 in Theorem 3.1, it follows
that ®4({B;}jey) = M. This can also be verified directly from

D4({B;}jer) = 055,05 = (I ® R)0AS,'0% = (I ® R)Pa.

(iii) Immediate from (ii).
(iv) Denote by N(X) the null projection of the operator X. Then

Ph = [(1© R)(0a* = (I & R)(0403)"/2)* = N ((0402)*(1 © R")).
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Now z € N ((046%)"/*(I ® R*)) if and only if z € (I ® R*) 1N ((6.46%)"/?), thus
Py =R )Py =[I®R")Py]~[Pr(I®R ") =Py,

where we use the well known fact [X] ~ [X*]. Since Pg ~ P4 (e.g., see Theorem
3.1), it follows that Pg and P4 are unitarily equivalent.
O

In Proposition 4.3 we have seen that the invertible operator implementing the
right similarity of two operator-valued frames is uniquely determined and that it
must be a unitary operator when both frames are Parseval. The following example
shows that neither of these conclusions hold in the case of left similarities.

Example 4.6. . Let H := (*(]), H, := C2?, Q1,Q2 be two orthogonal (rank-one)
projections in B(H,), let P := I ® Q1, and let {A; := L} Plpe(J)®Ho}j6J. By
Ezample 2.2, {A;}jey is a Parseval operator-valued frame. Moreover, for every
A#0, R:= Q1+ AQ2 is an invertible operator and

RA;j = RLj Plpyypn, = Li(I © R) Plpyyen,
= LI @ (Q1+2Q2)) I @ QV)lpynyen, = Lj Pleenon, = Ai-

If Aj}jer and {B; = RA;}jey are two left-similar Parseval operator-valued
frames, Pg = (I ® R)P4a(I ® R*) by Lemma 4.5 and furthermore there is a unitary
operator U for which P = UPAoU*. The following example shows that it can be
impossible to choose U € I ® B(H,).

Example 4.7. . Let H := (*(]), H, := C2, Py, P, be two orthogonal projections in

(1 0 (0 0 (1/2 1)2 (1 12
Deﬁne P =P ® Ql + P ® Qg, {AJ = L; P|P€(J)®Ho}j€~ﬂ7 and {B] = RAj}jEJ.
Then by Example 2.2, {A;} is a Parseval operator-valued frame and P4 = P. Since

PI®R'RIP=P@QiR*RQ1+PoR@Q2R"RQ2 =P, Q+P, ® Q2 = P,
by Lemma 4.5 (i) and (i), {B;} ey is also a Parseval operator-valued frame and
Pp=(1®R)0403(1® R*) = (1® R)P(1® R")
=P ®RQIR"+P®RQR" =P Q1+ P ®Qs.

This implies that if Pg = UPU* for some unitary U, then U & I @ B(H,). Indeed
ifU=1W for some unitary W € B(H,), then by the above computation

Pe=Pi@WQIW" + P,@WQW"*" =P, ®@Q1+ P> ®Qs3
which is impossible since WQ1W*W QW™ = 0 while Q1Q3 # 0.

Operator-valued frames can be both right and left-similar. The following propo-
sition determines when this occurs.

Proposition 4.8. Let {A;}je; € F, R € B(H,) be an invertible operator, and let
{Bj := RA;}jey. Then the following conditions are equivalent.
(1) {Bj}jer and {A;}jer are right-similar.
(ii) (I ® R)Pa = P4(I ® R)Py, is invertible in B(Pal(J) ® H,).
(iii) P(I ® R)Pa =0 and P (I ® R™')P4 = 0.
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(iv)
(14) RA; = A;S;' Y AZRA;  for everyi € J.
2l
and
(15) R1A; = A;8," ZA;-‘R_lAj for every i € J.
JEI
(v)
RA; = A;S;" Y AXRA;  for everyi € J.
jel
and
(16) (Z A;RAj> =S A R4S,
jel jel

If R is unitary, then these conditions are also equivalent to

(vi) I ® R)Ps = Pa(I ® R).

(vil) R commutes with A; S Af for alli,j € J.

Proof.

(i) <= (ii) Let M := ®4({B,} ey). Then by Lemma 4.5, M = (I ® R)Pa. By
Proposition 4.3, { B, } ey is right-similar to {A4,},¢y if and only if M Py = PAMPa
is invertible in B(¢(J) ® H,).

(ii) <= (iii) Set

_ (PAU®R)Ps Pa(I®R)Py

(ToR) = PA(I®@ R YPy Ps(I®R™1Y))Pr

T\ PrI@RY))Py Pr(I®RY)PL)"

Then it is immediate to verify that P4 (I ® R~1))P4 = 0 if and only if
(Pa(I ® R)PA)(Pa(I ® R™)Pa) = Pa,

and if and only if P4(I ® R)Pj4 is invertible.
(ili) <= (iv) Recall that (I ® R)L; = L;R for all j € J, and that P4 = 045,'0%.
Therefore
(I®R)Px=(I®R)0AS,'0% = (T @ R) Y L;jA;8,'0% =Y L;RA;S;'0%
Jjel Jjel
and

Ps(I ® R)Pa = 04S,"0%(I ® R)04S,'0%

=) LiA)S (DD AL (I @ R)L;A;) S, 0%
jel 4,J€J

= (O LjA)SN (Y AJRL;L;A;)S, 0%
Jj€l 1,5€J

= _LjA)S; (O ARA;)S 0.

JEJ JEJ
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Hence P31 (I ® R™1)P4 = 0 if and only if

(17) Y LiRA; S0 = (3 LiA)) Sy (D AjRA)S 0.

Jel JEJ Je€l
By multiplying (17) on the left by L¥ and on the right by 64, we obtain (14).
Conversely, by multiplying (14) on the left by L; and on the right by S;'67% and
summing over i € J we obtain back (17). Thus P4 (I ® R™!)P4 = 0 is equivalent
to (14). By the same argument, P13 (I ® R™!)P4 = 0 is equivalent to (15).
(iv) <= (v) Assume that (14) and (15) hold. Then
A7 A = A;RTVAST (DD ATRA;)  for all d
Jj€J

and hence by summing over ¢ € J and then multiplying on the left and on the right
by S;l/Q we obtain

SAPOC AR ANST (YD ATRA) SV =1

€] Jjel
Similarly,
SAVPOT ARANST O AR Ay S = 1
i€l Jjel
Thus

-1
(5372 amransy ) =3 ar- Ay,
Jed JEJ
and hence (16) holds. Conversely, if (14) and (16) hold, then by multiplying (14)
on the right by the right hand side of (16) we easily obtain (15).
Assume now that R is unitary.
(i) <= (vi) Obvious
(vi) = (vii) As seen above in course of the proof of (iii) <= (iv),

(I®R)Pa=Y_ L;RA;S; AL}

i,j€J
and
Pa(I®R)== > L;A;S ' A;RL;.
4,J€J
Thus

> L;RA;S;'A;L; =Y L;A;S;'AfRL;.
5,J€J 4,j€J
By multiplying this identity on the left by L7 and on the right by L; and recalling
(4) we obtain (vii).
(vii) = (iv) For every i € J,

A;S;'Y CATRA; = RAS,' Y ATA; = RA;,
Je€l JET
i.e., (14) holds. Since R~! = R* also commutes with all A4;S,'A¥, the same
argument shows that (15) too holds. O
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Composition of frames. Let A = {A4;};c; be an operator-valued frame in
B(H,H,) and B = {By}mem be an operator-valued frame in B(H,, H;). Then
it is easy to check that {C(,, j) := BmAj}mem,jey is an operator-valued frame in
B(H, Hy). The operator-valued frame {C(, ;) }(m,j)emxy is called the composition
of the frames A = {A4;};cy and B = {Bp, }mem-

Proposition 4.9. Let {C(y j) = BnAj}m,jjemxy be the composition of the
operator-valued frames {A;}cy and B = {By, }mem. Then
(i) Oc = (Iy ® 0p)04 and Sc = 0% (Iy ® Sp)0a where I is the identity on 1*(J). In
particular, if {Aj}jer and { By }mem are Parseval, then {C(y, j)}mem, jes is Parse-
val.

(ii) If Pa commutes with (IJ & SB), then Po = (Iy ® 0g)Pa(Iy ® Sgl)PA(Ij ® 9*3)

Proof.
(i) Let {e;} ey and {fm }mem denote the standard orthonormal bases of £2(J) and
¢2(M), respectively. Then for any z € H,

(11 ®0p)0a(z) = (I; @ 05) > (e @ Ajz) =Y (e; ® Op(A;x))
j€l jel
= Z (ej ® fm ® BnAjz) = 0c(z).
meM,je]
The formula for S¢ now follows directly, as well as the Parseval case.
(ii) If P4 commutes with (Iy ® Sp), then
Pa(Iy® Sg')Pa = (Pa(Iy ® Sp)Pa) ™",
hence S;' = S;'0% (1 ® S5)04S,", and thus
Po = 6‘05516‘8 =(j ® HB)HASZIHZ(IJ ® Sgl)eASZIHZ(IJ ®0p)
= (Iy ® 0p)Pa(Iy © S5")Pa(ly @ Op).
d

Remark 4.10.

(1) If the composition of an operator-valued frame { By, }mer with the frame {A;} ey
is the same as the composition with the frame {A}} ey, then {A;}jey = {A}}jer-
Indeed, if B Aj = By Al for all m € M and j € J, then

> B;,BmAj = SpA; = SpA),
meM
and hence A; = A%, since Sp is invertible.
(i) Assume that \J;c; AjH, is dense in H,. Then the composition of {A;}jey
with {Bm}mem equals the composition of {A;}ey with {B), }mem if and only if
{Bm}iet = { By, }mem.

Given an operator-valued frame {A;};ey with A; € B(H, H,) and given an
arbitrary vector frame {B;,}mem with B, € B(H,,C), we can view the vector
frame {C(,,j) := BmA;}(m,j)emxy to be a “decomposition” of the original operator-
valued frame.

This decomposition is of course not unique. For instance, in the discussion after
Definition 2.1, we chose {By,}mem to be an orthonormal basis {e;, }mem of H,

and then C,, ;) := B, A; corresponds to the vector frame {Ajem}m, jyemxy. If
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{B} }mem is (right) similar to {B,}mem, i-e., Bl, = By,R for some invertible
operator R € B(H,) and all m € M (i.e., if B}, is a Riesz frame (see Remark 2.6),
then Cém)j) := B, RA; corresponds to the vector frame {A%R*e}mem,jey and
provides a vector frame decomposition both of the operator-valued frame {4;};ey
and also of the left-similar operator-valued frame { RA;}jey. {AjR*em }(m,j)enmxy is
similar to {Ajem}(m.j)emxy only if R satisfies the conditions of Proposition P:left
right. However, if T € B(H) is invertible, {T'A%em}(m, jyemxy is by definition
similar to {A;*em}(m)j)eMX 7 and provides a vector decomposition of the operator-
valued frame {A;T*}ey.

5. DuAL FrRAMES, COMPLEMENTARY FRAMES, AND DISJOINTNESS

Dual frames. A vector frame {b;};c; on a Hilbert space H is said to be the dual
of another vector frame {a;} ey on H if

x = Z (x,a;)b; forallz e H.
Jj€
It is well known and easy to see that this condition can be reformulated in terms
of the analysis operators 8, and 6, of the two frames as

00, =1

In particular, {D; a;};c; has analysis operator §,D; ! and is called the canonical
dual of the frame {a;};jey (other duals are called alternate duals). When {a;} ey
is Parseval, the identity

x=00x = Z (xz,a;)a; foralzeH
Jj€l
is called the reconstruction formula (see [15, Sections 1.2, 1.3])
These notions extend naturally to operator valued frames:

Definition 5.1. Let {A;},ecr,{Bj}jes € F. Then {Bj}jey is called a dual of
{A;}jer if 05604 = I. The operator-valued frame {AjSZl}jGJ is called the canon-
ical dual frame of {4,};er.

Remark 5.2.

(1) Notice that 05504 = I if and only if 050 = I, i.e., {Bj}jer is a dual of {A;}jer
if and only if {A;}jer is a dual of {B;} ey (cfr. [15, Proposition 1.13]).

(ii) If we consider two operator-valued frames {A;}jecy with A; € B(H., H,) and
{Bj}jey with B; € B(Hs, H,) with a given unitary U : Hy — Ha, and we want to
keep track of the different Hilbert spaces, then we would define duality between them
(relative to the choice of the unitary U) by asking that 05,04 = U, or, equivalently,
that %05 = U*.

In general, duals are far from unique. Theorem 3.1 provides the natural way
to parametrize the collection of all the dual frames of a given operator-valued
frame. Recall that for {A;}jey, {B;}jer € F, there is a unique M € B{(J) ® H,)
such that 0 = MO, M = MP4 and M*M is invertible in B(P4¢(J) ® H,),
namely M := ®4({B,}ey)- In the two-by-two matrix relative to the decomposition

Pa+Pr=1®1, M= <‘§f 8) and X*X 4+ Y*Y invertible.
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Proposition 5.3. Let {4} c1,{B;}je; € F and let M := ®4({B;}jer). Then the
following conditions are equivalent.
(1) {Bj}jEJI 18 a dual Of {Aj}j6J~
(i) > jel B} Aj = I where the convergence is in the strong operator topology.
(ili) PAMPy = 0%S,%04.
In particular, {B;}jey is the canonical dual of {A;}jer if and only if M = PAMPy.

Proof.

(i) <= (ii). Obvious by (11)

(i) <= (iii) By Theorem 3.1, there is a unique operator M € B({(J) ® H, ) with
M = MP4 and M*MPy |py@)en, invertible, for which B; = LiMO, for all j € T,
or, equivalently, for which 0p = M84. Then I = 6%0p = 0% M0, if and only if

PaMPa = 0457104 M04S716% = 6/,57%0.4.

If for some M = MPs, PYMPy = 91*45;29,4 which is invertible, then also
M*MPA |PA6(J)®H0 invertible.
By definition, {B;};ey is the canonical dual of {A;};e; if and only if

O = 6‘,4521 = (6‘,45226‘2)9,4,

i.e., if and only if M = 045,%0%.
O

By the above proposition, the only operator-valued frames that have a unique
dual frame are those with range projection P4 = I ® I,. By Remark 2.6, these are
the Riesz operator-valued frames (cfr. [15, Corollary 2.26)).

Given an operator-valued frame {A;};ey, set M = ®A({B;}jer) = <§£ 8)
Proposition 5.3 (iii) states that dual frames are characterized by X = 645 ,%6% (by
X = Py if {A;} ey is Parseval.)

Frames that are right-similar to {4;};ey are characterized by ¥ = 0 (see Propo-
sition 4.3). Thus the only frame that is both right-similar and dual to {4;};ey
corresponds to X = 9,45’2292 and Y = 0 and hence it is the canonical dual of
{A;}jer. Equivalently, if two right-similar frames are both the dual of a given
frame, then they are equal. To summarize:

Proposition 5.4.
(i) (cfr. [15, Proposition 1.14]) If two operator-valued frames are right-similar and
are dual of the same operator-valued frame, then they are equal.
(ii) If two Parseval operator-valued frames are one the dual of the other, then they
are equal.

In general there are infinitely many dual frames of a given operator-valued frame
that are left-similar to it.

Example 5.5. . Let H := (*(]), H, := C?, Q; := ((1) 8) , Qo = (8 ?),

and R = <§\ (1) . Define P := I ® Q1 and the operator-valued frames
{4; = Lj Plpypen, tics, and {B; = RA;}tjey. Then by Ezample 2.2, {A;}

is a Parseval operator-valued frame and Py = P. Now M = (I ® R)P, PMP =P
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and hence {Bj := RA;}jey is a dual of {A;}jey for every \. However, PLMP =

Al

Disjoint frames and complementary frames. The treatment given in [15,
Chapter 2] for the vector case, generalizes without difficulties to the higher multi-
plicity case. For the readers’ convenience we present the definitions and one of the
key arguments.

I® (O O> , hence every A defines a different operator-valued frame {B;}jey.

Definition 5.6. Let {A;};cy and {Bj}je; be two operator-valued frames with
Aj € B(Ha,H,) and B; € B(Hg,H,) for all j € J . Then the two frames are
called:

(1) disjoint if {A; @ B;}jer is an operator-valued frame.

(ii) strongly disjoint (also called orthogonal) if there are two invertible operators
Ty € B(HA) and
Tp € B(Hpg) such that {A;Ts ® BjTg} ey is a Parseval operator-valued frame on
Hy@© Hp

(iii) strongly complementary if there are two invertible operators Ta € B(Hya) and
Tp € B(Hp) such that {A;T4®B;Tg}jey is an orthonormal operator-valued frame
on Hy ® Hp.

Proposition 5.7. Let {A;};cy and {Bj}jey be two operator-valued frames as in
the Definition 5.6. Then the two frames are:

(i) disjoint if and only if PAHy N PpHy = {0} and PsHy + PpHy is closed

(i) strongly disjoint (orthogonal) if and only if PAPg =0 (i.e., PoLPg) if and only
if 0%0p = 0, if and only if 0504 =0

(iii) strongly complementary if and only if Pa + Pg = I ® I,,.

Proof.

(i) {A4; @ B,}, ey is an operator-valued frame if and only if {A4;T4 ® B;T};ey is also
an operator-valued frame for any choice of invertible operators T4 and Tp. Since
right similarities do not change the frame projections (see Proposition 4.3), we can
assume that both frames are Parseval. Since (4; @ B;)(z @ y) = A;x + B,y for all
x € Hy, y € Hp, a simple computation shows that (4; © B;)*z = Az @ B}z for
all z € H,, hence

(A @ B;)"(A; @ Bj)(x®y), (z@y)) = (A4;z + Bjy, Ajz + Bjy)
= (Ajz, Ajx) + (Bjy, Bjy) + (Ajx, Bjy) + (Bjy, Ajx)
= (A Az, x) + (B; Bjy,y) + (B; Ajz,y) + (A Bjy, x).

Now sum over J using the fact (see (11)) that all the series converge in the strong
operator topology, e.g., > jel A3 B;j = 607,0p and similarly for the other series. Thus

(D-((4; @ B))*(4; @ By)(a @), (D y)) = (030ax.2) + 0595y, y)+
JeI
+ (05042,y) + (040py,2) = (faz + Opy, 04z + OpY).
As in the proof of [15, Theorem 2.9], the projections P4 and Pg satisfy the condition
in (i) if and only if
al|faz + 0yl < VN0azl? + 105912 = V=l + Iy = |z © y|| < bllfaz + Opy]|

for some a,b > 0. By definition, this is precisely the condition that guarantess that
{A; & B,}jey is an operator-valued frame.
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(ii) It is clear that the three conditions PaPgp = 0, 8%6p = 0, and 6504 = 0 are
all equivalent and that they also imply the condition in (i). If these conditions
hold, by the proof of (i), (Dags(z ®y),(x ®y)) = (Saz,z) + (Spy,y) for all
x € Ha, y € Hp. In particular, Dygp = 14 ® I if (and only if) S4 = I4 and
Sp = Ip, i.e., it is sufficient to choose right similarities that make the two operator-
valued frames Parseval to obtain that their direct sum is also Parseval. Conversely,
assume without loss of generality that the direct sum of the frames is already
Parseval and hence both frames are Parseval, then, again by the computation in
the first part of the proof,

102 + 104y]1* = l2]1* + |yl = (Dasp(z @ y), (x @ y)) = |04z + O5y]*.

This clearly implies that the ranges of 4 and 65 are orthogonal
(iii) From the proof of (ii), it is easy to see that if P4Pg = 0, then P45 = P4+ Pp.
The rest of the proof is then obvious.
O

Corollary 5.8. Let {A;};ey be an operator-valued frame on a Hilbert space H,
with range in H,.

(1) Up to right unitary equivalence, the collection of strong complements of {A;} ey
is uniquely parametrized by

{{LiT}jes | T = PATPL >0, T invertible in B(PL(J) ® H,)}.

(ii) Up to right unitary equivalence, the collection of operator-valued frame strongly
disjoint from {A;} ey is uniquely parametrized by

{{L;T}jes | P< Py, T =PTP >0, T invertible in B(P{(J) ® H,)}.
6. UNITARY SYSTEMS AND GROUPS

General Unitary Systems and Local Commutants. Following the terminol-
ogy of [9] and [15] a unitary system U on a Hilbert space H is simply a collection of
unitary operators that includes the identity. Following the customary terminology
for (vector) frames, we introduce the analogous notion for operator-valued frames:

Definition 6.1. An operator A € B(H, H,) is called an operator frame generator
for a unitary system W if {AU* }ueu is an operator-valued frame. If {AU* }yey is
Parseval, A is said to be a Parseval operator frame generator.

If dim H, = 1, i.e., A corresponds to a (unique) vector 1, then AU* corresponds
to the vector Uv. Recall from [15, Proposition 3.1] that given a wavelet generator
for a unitary system U, i.e., a vector ¥ such that {Uv}yey is an orthonormal basis,
then a vector ¢ is a Parseval frame generator from U if and only if ¢ = V¢ for a
(unique) co-isometry V' such that (VU — UV)y = 0 for every U € U. The local
commutant at v is defined in [9] as the collection

Cy(W) :={T € B(H) | (TU —UT)¢ =0 forall U eU}.

The multi-dimensional analog of an orthonormal basis is a collection of partial
isometries with mutual orthogonal equivalent domains spanning the Hilbert space,
or equivalently, an operator-valued frame with frame projection §,460% = I.

Proposition 6.2. Suppose that A € B(H, H,) is a frame generator for a unitary
system U for which 040% = I. Then an operator B € B(H,H,) is a Parseval
frame generator for W if and only if B = AV™* for some co-isometry V such that
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(VU —UV)A* = 0 for every U € U. If B = AV* for such co-isometry, then
V=050

Proof. Assume B is a Parseval frame generator for U and let V := 6564. Then by
the hypotheses, 05040%0p = I, i.e., V is a co-isometry and

B=BI=L105=L0A0%05 = AV".
Since and AU* = L};04 and BU* = L};0pA for all U € U, we have
AUV* = L{;040%0p = Lj;0p = BU* = AV*U".
Moreover, if AV* = AW* and A(WU — UW)* = 0 for every U € U, then also

AU*V* = AU*W™ and hence 04V* = 0,W* whence V = W. Conversely, if V is
co-isometry and A(VU — UV)* =0 for every U € U, then

Z UVA*AV*U* =V (Z UA*AU*) VE=VV*=1
Uelu Uelu

whence AV* is a Parseval frame generator for U.
O

Discrete Group Representations. Let G be a discrete group, not necessarily
countable and let A be the left regular representation of G (resp., p the right reg-
ular representation of G). Denote by L(G) C B(f*(G)), (resp., R(G)) be the von
Neumann algebra generated by the unitaries {\g}seq, (resp., {pg}gec). It is well
known that both L(G)' = R(G) and R(G)" = L(G) are finite von Neumann alge-
bras that share a faithful trace vector xe, where {x,}4ec is the standard basis of
2(G).

Let H, be a Hilbert space and I, be the identity of B(H,). Then we call
A1id : G > g — A ® I, the left regular representation of G with multiplicity
H,. Set Hg = (?(G) ® H,.

Given a unitary representation (G,w, H), denote by 7(G)” the von Neumann
algebra generated by {m,}sec. Operator frame generators, if any, for the unitary
system {7y }4cq, are called generators for the representation. Explicitly:

Definition 6.3. Let (G, 7, H) be a unitary representation of the discrete group
G on the Hilbert space H. Then an operator A € B(H, H,) is called a frame
generator (resp. a Parseval frame generator) with range in H, for the representation
if {Ag := Amy-1}geq is an operator-valued frame (resp. a Parseval operator-valued
frame).

Before characterizing those representations that have an operator frame gen-
erator and then parametrizing its generators, we need the following preliminary
lemma.

Lemma 6.4. Let A and B be two generators with range in H, for a unitary rep-
resentation (G,m, H). Then
(1) Oamg = (N\g ®1,)04 for all g € G.
(ii) 0%0p is in the commutant ©(G) of n(G)”. In particular, Sa € 7(G) and
A;S’;l/2 is a Parseval frame generator.
(i) 04T0% € R(G)® B(H,) for any T € w(G)'. In particular, P4 € R(G)® B(H,).
(iv) Py ~ Pg, where the equivalence is in R(G) @ B(H,), i.e., it is implemented by
a partial isometry belonging to R(G) ® B(H,).
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Proof. (i) For all g, ¢ € G and h € H,, one has
Lggh =Xgq @ h=Xgxq @ h = (Ag ® 1) (xg ®h) = (A\g ® Lo) Lgh.

Thus
Oamy = Z L,Am,-1my = Z L,Am,-1y = Z LggAmy—
pEG peG qeG
=Y (A ®IL)LgAmy—1 = (A\g @ L,)04.
qeG

(ii) For all g € G one can apply (i) twice and obtain
92937@ = 92()\!] ® IO)HB = 7Tg9f493.
Thus, 0% 0 € n(G)’. In particular, setting B = A we have Sy = 6304 € n(G)".
Then AS;l/Qw
ator.
(ili) For all g € G and T € n(G)" applying twice (i), one obtains
HATQ*B()\Q X Io) = 6‘AT7T99*B = 6‘A7T9T9*B = ()\g X IO)HATH*B.

Therefore,

g1 = Amg—1 S21/2 for all g € G, AS{Zl/2 is a Parseval frame gener-

04TO € (L(G)®1,) =L(G) @ (I,) =R(G) ® B(H,).
Setting A = B and T = S, we see that Py = 045,'0% € R(G) ® B(H,).

(iv) By passing if necessary to AS”;U2 (resp., BSgl/Q) which by (ii) is Parseval
frame generator by Proposition 4.3 has frame projection P4 (resp., Pg), we can
assume, without loss of generality, that both 64 and 05 are isometries. Then the
partial isometry V = 0p6% € R(G) ® B(H,) implements the equivalence, i.e.,
V*V = P4 and VV* = Pp. O

Given a countable group, in [15, Theorems 3.8, 3.11, Proposition 6.2], Han and
Larson have identified its representation that have a multi-frame (vector) generator
with the subrepresentations of its left regular representation with finite multiplicity.
Lemma 6.4 permits to easily reobtain their result with a slight increase in generality.

Theorem 6.5. A unitary representation (G, 7, H) of a discrete group is unitar-
ily equivalent to a subrepresentation of A ® id with multiplicity H, if and only if
(G, 7, H) has an operator frame generator with range in H,.

Proof. Assume that (G, 7, H) is unitarily equivalent to, and hence can be identified
with, a subrepresentation of A ® id, the restriction A ® id |PHG for some projection
Pe (L(G)®1,) =R(G)® B(H,). Let H := PHg, A:= L:P)|,,, and

Ayg=LiP|ly(A\g®1,) Pl =LA\, ®1,) Pl forallged.

Then
Sa=Y A5A; = P\ ®I,)LL:( A ® 1) Ply
geG geG
= P()_ LyLy) Ply = 1Ily-
geG

This shows that A is a (Parseval) frame generator for (G, m, H).
Conversely, assume that A € B(H, H,) is a frame generator for (G, w, H). Then

HAS;1/2 is an isometry onto the subspace P4 Hg and S;1/2 commutes with 7 and
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P4 commutes with the left regular representation with multiplicity H, by Lemma
6.4 (ii) and (iii). Then by Lemma 6.4 (i)

048,y = 047y Sy = (N\g @ L)045,"* = (Ag ® L) Palp . 045,
for all g € G, i.e., 7 is unitarily equivalent to A ® id PA|PAHG . O
From the above proof it is easy to obtain the following:

Remark 6.6. If A € B(H, H,) is a frame generator for (G,w, H), then the equiv-
alence of (G,m, H) and (G,A ® id |p ., PaHg) is implemented by the isometry
9,45;1/2. An isometry V implements this equivalence if and only if V = HAS;UQU
for some unitary operator U € w(G)'.

It is well known and easy to see that two subrepresentations of the left regular
representation with multiplicity Ho, (A®id) P|py, and (A®id) Q|gp,,, are equiv-
alent if and only if P ~ @ in R(G) ® B(H,). In other words, the equivalence classes
of subrepresentations of the left regular representation with fixed multiplicity H,
are identified with the collection of equivalence classes of projections of the von
Neumann algebra R(G) ® B(H,).

Theorem 6.5 permits to characterize those operator valued frames labeled by a
discrete group G that have a frame generator. For simplicity’s sake, because of
Remark 4.4 we need to consider only Parseval operator-valued frames.

Proposition 6.7. Let G be a discrete group and let {Ag}sec be a Parseval
operator-valued frame in B(H, H,). Then there is a unitary representation © of
G on H for which Ay = Aemg—1 for all g € G if and only if Agp Ay, = AL A, for all
p:q,9€G.
Proof. Assume Ay = A.m,—1 for some unitary representation 7 and for all g € G.
Then

Agp Ay, = Aeigpy—1 (T(gpy—1) AL = Aewpfnrgfmrg(wq_l)*/lz = A7 A,

for all p,q,g € G. Assume now that A,, A7 = A7 A,. Then for every g € G, by the
proof of Lemma 6.4 (i),

(18) (Mg ® 1)040%(Ng @ L) = > (A\g @ L) LyAp AGLs (Mg ® L,)*
p,qeG
(19) = Y LgpAyAiLgg= > LyAg1, Al L,
p,qeG r,s€G
(20) = ) LoAAIL = 0463,
r,seG

This proves that the projection Py = 046% € R(G)® B(H,). But then the operator
valued weight {A,}4cq can be identified to the compression to Py of the left regular
representation Ay ® I, which has an operator frame generator. Explicitly, again by
the proof of Lemma 6.4 (i),

Ag = L;@A = LZPA()\g71 ® IO)PAQA = AGQZ()\g71 ® IO)PAQA.
Since (Ag ® I,)P4 is a unitary representation of G' on the Hilbert space Py, then

g = 0% (Ag ® I,)Paf4 is a unitary representation of G on the Hilbert space H.
Thus Ay := Acmg-1, ie., A, is a frame generator for (G, 7, H) O
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Remark 6.8.

(i) Proposition 6.7 is a generalization of the following known result for group-indexed
frames: When dim H, = 1, i.e., in the case of a Parseval vector frame {4}4eq,
the necessary and sufficient condition for that frame to have a generator for some
unitary representation of G (necessarily unitarily equivalent to a subrepresentation
of the left reqular representation) is that

(21) < Xgp, Tgq >=<Tp,Tq > forall p,q,g€G.

This result can be deduced from the material in Chapter 8 of [15], however it was
not stated explicitely in that paper. Condition (21) is clearly equivalent to the
condition that the range of the analysis operator is invariant under the left regular
representation of the group on the analysis space, and so the frame can be obtained
from the standard orthonormal basis for this representation by simply projecting,
thereby obtaining the required subrepresentation of G. We note that Nga Nguyen
has written an exposition of this in a forthcoming article stemming from her thesis
research, along with some extensions to frames satisfying this condition which are
not-necessarily Parseval, where the situation is more complicated. We also note
that some special cases, notably where G is a cyclic group on a finite dimensional
Hilbert space, have been independently proven and used by others.

(ii) More is in true in a case where the group is abelian, (see also Remark 7.5.) If
G is abelian then Cor. 3.14 or Theorem 6.3 of [15] states that all group frames for
a unitary representation of G on the same Hilbert space are unitarily equivalent.
So in the abelian case two frames both satisfying the condition (21) are necessarily
unitarily equivalent.

(iii) We do not know if there is a similar necessary and sufficient condition for
frames indexed by a unitary system, or at least by some structured unitary system,
like a Gabor system.

7. PARAMETRIZATION OF OPERATOR FRAME GENERATORS

Theorem 3.1 shows how to parametrize all operator-valued frames with a given
multiplicity in terms of a single operator-valued frame. This general result can be
applied to parametrize all operator frame generators for a unitary representation
of a discrete group in terms if a single operator frame generator.

Theorem 7.1. Let A € B(H, H,) be a frame generator for the unitary represen-
tation (G, m, H).

(i) If B(Hg) > M = MPx and M*M|p p . is invertible in B(PaHg), then LIM6 4
is a frame generator for (G,m, H) if and only if M € R(G) ® B(H,).

(ii) The collection F¢ of all the operator frame generators for (G,m, H) with the
same multiplicity H, is uniquely parametrized as

Fo={LeM0as| M € R(G) ® B(H,), M = MPa, M*M|p . is invertible}.
(iii) If A is Parseval, the collection of all the Parseval operator frame generators for
(G, m, H) with multiplicity H, is uniquely parametrized as
(22) {L}VO4 |V € R(G)® B(H,),V*V = Pa}.
If B=L:VO4 withV € R(G) ® B(H,) and V*V = Py, then V = 0507 .

(iv) If A is Parseval and P ~ Py in R(G) ® B(H,), then P = Pg for B= LV,
and V € R(G) ® B(H,) with V*V = Py and VV* = P
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Proof.
(i) If M = M P, is an operator in R(G) ® B(H,) and M*M|p ;. is invertible, by
Theorem 3.1 (ii), {L;M8a}4ec is an operator-valued frame. But then for all g € G

L;M@A = (LZ)\g—l X IO)MHA = LZM)\Q—l R I,04 = LZM@Aﬂ'g—l,

by Lemma 6.4 (i) i.e., L;M6, is the generator of {L;M0s}sec. Conversely,
assume that L*M6, is an operator frame generator for (G,w, H), i.e., that
{L;MOamy-1}gec is a frame. For all g € G we have

LiMOamg— = (Lihg—1 @ 1o)(Ag@ L) M(Ag-1 ®15)04 = Ly(Ag®@ 1) M(Ag-1®@1,)0a.
Set Ny := (Mg ® I,)M(A;j-1 ® I,)P4. Then obviously Ny = NyP4 and

NNy = Pa(A\g @ L)YM* (A1 © L) (Ag @ L,)M(Ag1 ® I,)Pa
= (A\g @ I)PAM*MPs(Ag-1 ® I,).

Since by hypothesis P4M*M Py is invertible in B(P4H¢) and since Ay ® I, com-
mutes with P4, Ny Ny is also invertible in B(PaHg). But then by the uniqueness
part of Theorem 3.1, Ny = N, = M, i.e., M commutes with A\, ® I, for all g € G
and hence M € R(G) ® B(H,).

(ii) If B € B(H, H,) is an operator frame generator for (G, w, H), then by Theo-
rem 3.1, Bry—1 = Ly M6, for some unique M = M P, for which M*M|PAHG is
invertible. In particular, B = LM, and hence M € R(G) ® B(H,) by the above
proof.

(iii) and (iv) The rest of the proof follows by the same arguments and Corollary 3.3.

O

Special cases of operator frame generators arise from right or left similarities.
We need first the following lemma

Lemma 7.2. Let A € B(H, H,) be an operator frame generator for (G,n, H).
(i) Let R € B(H,) be invertible. Then RA is an operator frame generator for
(G,m, H).
(i) Let T € B(H) be invertible. Then {Am,-1T}4eq, has a generator (necessarily
AT ) if and only if T € n(G)".
(i) Let T € B(H) be invertible. If T € w(G)”, then AT is an operator frame
generator for (G,m,H) and AT = L}(Y ® I,)0a for some invertible operator
Y € R(G). If T is unitary, then' Y can be chosen to be unitary.

Proof.

(i) Obvious.

(ii) The sufficiency of the condition is clear. For the necessity, assume that
{Am 1T} 4eq, has a generator B, ie., Ar,-1T = Bm,-1 for all g € G. Then
04T = 05 by Lemma 4.2 and hence T = S, '0%05 € n(G)" by Lemma 6.4 (ii).
(iii) By Lemma 6.4 (ii), T commutes with 521/2, hence

AT = L*0T = Li0ATS ;0404 = L (045, "> TS/260%)0.4.
By Lemma 6.4 (i) and (ii),

04551y S7 200 = 0amyS7 0% = (A\g @ 1,)04S1 0% = (\g ® I,)Pa.
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Since 9,45’21/2 is a unitary operator in B(H, P4Hg) and since the unitary group
{mg | g € G} (vesp., (\g ® L) Palp,p,,) generate the von Neumann algebra 7(G)”
(resp., PA(L(G) ® Io) PA'PAHG)7 the map

m(G)” 3 X 045, X5,%6% € Pa(L(G) ® L) Palp ..

is a (spatial) isomorphism of von Neumann algebras. Let @ ® I, be the central
support of Py, so @ € R(G) N L(G). Tt is well known [18, Proposition 5.5.5.] that
the map

(L(G) @ L) (Q® L)l (gar,yme 2 X = X Palp,y, € Pa(L(G) ® L) Palp,g,

is also an isomorphism. Thus GASgl/QTS;UQHZ = (Z ® I,)Pa, for some operator
Z € L(G) for which (Z® I,)(Q ® L)1, m, is invertible and then we have
AT = L*(Z ® 1,)Paf4. By passing if necessary to ZQ + Q+ € L(G), we can
assume without loss of generality that Z is invertible. If T is unitary, we can
similarly assume that Z too is unitary.

Recall that the involution J defined by J(xx.) := x*x. for all z € L(G) and
then extended to ¢2(J), establishes the conjugate linear isomorphism of £(G) and
R(G), L(G) >z — JzJ € R(G). For all h € H,,

(Z*Q@I,)Lech=Z"xe @h=JZJx.®h = (JZJ & I,)L.h,
hence
AT =LNZ®1,)04=L:((JZJ)* @ 1,)04 = LE(JZ* T ® I,)0 4.

Let Y :=JZ*J and M := (Y ®I,)P4. Then Y € R(G), hence M € R(G) ® B(H,)
and M = M P,4. Furthermore, Y is invertible (unitary if 7" and hence Z are unitary),
hence M*M = P4(YY™* ® I,) P4 is invertible in B(P4H¢). Then by Theorem 7.1,
AT = LAY ® I,)04 = LEM6 4 is an operator frame generator for (G, H). O

A reformulation of statement (ii) is that if two operator-valued frames with
generators A and B are right-similar, then the (unique) similarity operator must
belong to 7(G)’. Using this fact, the characterization of right-similarity for general
operator-valued frames carries through easily for operator-valued frames with a
generator as follows.

Proposition 7.3. Let A and B be frame generators with the values in the same
space H, for a unitary representation (G, m, H). Then the following conditions are
equivalent:

(i) B = AT for some invertible operator T € w(G)';

(ii) Bmy—1 = An,1T for all g € G for some invertible operator T € B(H);

(i) O = 04T for some invertible T € B(H);

(iv) PaOpSy,'0% is invertible in B(PaHg);

iv') B = LEM04 for some M € R(G) ® B(H,) with M = MPy4 and such that
PoMPy is invertible in B(PaHg); and

(V) PB = PA.

Corollary 7.4. Let A € B(H, H,) be an operator frame generator for (G,m,H).
Then all the operator frame generators for (G,m,H) are left similar to A if and
only if P4 € (L(G) N (R(G)) @ I,.
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Proof. P4 belongs to the center (L(G) NR(G)) ® I, of R(G) ® B(H,) if and only
if there are no projections R(G) @ B(H,) that are different but Murray-von Neu-
mann equivalent to it. By Lemma 6.4 and Proposition 7.3 this is equivalent to the
condition that any operator frame generator for (G, 7, H) is left similar to A O

Remark 7.5.
(i) Corollary 7.4 provides a higher multiplicity analog of Proposition 3.13 in [15]
(ii) If the group G is abelian, then so is L(G) = R(G) and hence R(G) @ I, is
the center of R(G) ® B(H,). Thus in particular if dim H, = 1, R(G) ® B(H,) is
abelian and all operator frame generators for (G,m,H) are are left similar. This
generalizes Cor. 3.14 (and Theorem 6.3) of [15] which states that, for vector group-
frames, if G is abelian then all group frames for a unitary representation of G on
the same Hilbert space are unitarily equivalent. (Se also Remark 6.8 (i) in the
present article.)

To simplify notations, we formulate the next result directly for Parseval operator
frame generators.

Proposition 7.6. Let A, B € B(H,H,) be Parseval frame generators for
(G,m, H).

(i) B = AU for some unitary U € ©(G) if and only if B = LXW8 4 for some unitary
W e R(G) ® B(H,) with WP4 = PAW, again if and only if P = Pa.

(ii) Let U € B(H,) be unitary. Then B =UA if and only if B= LI ®U)04. If
B =UA, then Pg = (I ® U)Pa(I @ U*).

(i) B = AU for some unitary U € w(G)” if and only if B = LE(W ® I,)04 for
some unitary W € R(G). If B=Li(W ®1,)0a4, then Pg = (W QI,)Pa(W*Q1,).

Proof.

(i) By Proposition 4.3, Pg = P4 if and only if the operator-valued frames
{B7y-1}4eq and {Am -1}4eq are right unitarily equivalent. By Lemma 7.2, this
unitary equivalence holds if and only if B = AU for some unitary U € 7(G)’. Also,
by Proposition 4.3, P = P4 if and only if §56% is a unitary in B(P4Hg) and hence
it is the compression to P4Hg of a unitary W € R(G) ® B(H,) that commutes
with Py.

(ii) It is immediate from Lemma 4.5

(i) Assume that B = AU for a unitary U € 7(G)”. In the proof of Lemma 7.2
(iii) we can choose Z to be unitary and hence W := JZ*J € R(G) is also unitary.
Then g = (W ® I,) 04, hence Pg = (W ® I,) PA(W* ® I,,). On the other hand, if
B = LW ®1I,)04 for some unitary W € R(G), then by the same argument as in
the proof of Lemma 7.2 (iii) we see that

B=L{(JW*J®I,)0a =L0A(04(JW*T®1,)04),
where JW*J € L(G) and hence 6% (JW*J ® 1,)84 is a unitary in 7(G)”. O

Remark 7.7. For vector frames (dim H, = 1), Han and Larson [15, Theorem 6.17]
have shown that given a Parseval frame generator n for (G,m, H), the collection
of all the (vector) Parseval frame generators for (G,m, H) is parametrized by the
unitary group of m(GQ)”, namely, it coincides with {Un | U € n(G)”,U is unitary}.
This result is also a consequence of Theorem 7.1, since the partial isometry V
intertwining Pa and Pp can be extended to a unitary W because the von Neumann
algebra R(G) is finite. However, Proposition 7.6 shows why this result does not hold
when dim H, > 1.
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8. HoMOTOPY OF OPERATOR FRAME GENERATORS
The objective of this section is to prove the following theorem:

Theorem 8.1. Let (G,m, H) be a unitary representation of a discrete group G and
assume that the collection Fg of all the operator frame generators with range in H,
for (G, m, H) is non-empty.

(i) If dim H, < oo, then Fg is path connected in the norm topology.

(ii) If dim H, = oo, then Fg is path connected in the norm topology if and only if
the von Neumann algebra R(G) generated by the right regular representation of G
is diffuse, (i.e. has no nonzero minimal projections.)

As we will point out in the proof of the theorem, it is easy to reduce the problem
to showing than any two Parseval operator frame generators are homotopic. The
latter property is obviously true in the case when dim H, = 1 because then (by [15,
Theorem 6.17], see also Remark 7.7 and Proposition 7.6,) the collection of Parseval
(vector) frame generators for (G, w, H) is parametrized by the unitary group of the
von Neumann algebra 7(G)”, which is well known to be path connected in the norm
topology. In the general case, however, by Theorem 7.1 (iii) all Parseval operator
frame generators for (G,w, H) are parametrized by the partial isometries of the
algebra R(G) ® B(H,) that have the same initial projection, the frame projection
of a fixed Parseval operator frame generator. When dim H, = oo, this class of
partial isometries is not path connected in the norm topology. It is, however, path
connected in the strong operator topology when L(G) has no nonzero minimal
projections, and this is sufficient for the path connectedness in the norm topology
of the operat frame generators. In order to do that we need to introduce some
notations and preliminary results.

Let V, W be partial isometries in R(G) ® B(H,) with the same initial projection,
ie., V*V = W*W, and hence with range projections, VV*, WW* Murray-von
Neumann equivalent (VV* ~ WW™*). We say that

VaWw
if there is a norm continuous path of partial isometries
{V(t) e R(G)® B(H,) |t €[0,1]}
such that V*(¢)V(t) = V*V for all t € [0,1], V(0) = V, and V(1) = W. Clearly,
~ is an equivalence relation for the class of partial isometries that have the same
initial projection. Adaptating the proof of [23, Theorem 3.1] with a slight change,

yields the following equivalent characterization. For the readers’ convenience we
sketch the proof.

Lemma 8.2. Let V, W be partial isometries in R(G)® B(H,) with the same initial
projection. Then V = W if and only if VV* and WW™* are unitarily equivalent in
R(G) ® B(H,).

Proof. If VV* and WW* are unitarily equivalent, then (WW*)+ ~ (VV*)4
i.e., there is a partial isometry Z € R(G) ® B(H,) with ZZ* = (WW?*)+ and
Z7*7Z = (VV*)*. Then a simple computation shows that the operator
U:=WV*+Z € R(G)®B(H,) is unitary and that W = UV. Since U is homotopic
in the norm topology to the identity, choose a norm continuous path of unitaries
U(t) € R(G) ® B(H,) with U(0) = I and U(1) = U. Then V(t) := U(¢)V is the
required norm continuous path of partial isometries with the same initial projection
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that joins V(0) = V and V(1) = W. This establishes that V' ~ W. Conversely,
if V.~ W and V(¢) is a norm continuous path of partial isometries with the same
initial projection that joins V(0) =V with V(1) = W, then P(t) := V(t)V(¢)* is a
norm continuous path of projections joining P(0) = VV* with P(1) = WW*. Tt is
well-known that homotopy of projections implies unitary equivalence.

O

If dim H, = oo, there are partial isometries V,W € R(G) ® B(H,) with the same
initial projection but with range projections that are not unitarily equivalent, e.g.,
V=I®Il,and W = I®Z with Z € B(H,) a non unitary isometry. By Lemma 8.2,
V and W cannot be joined by a norm continuous path of partial isometries all with
the same initial projection. The norm continuity of such a path of partial isometries,
however, is only sufficient but is not always necessary for the existence of a norm
continuous path of Parseval frame generators joining L:V with L7W. The existence
of the latter is, in view of Theorem 7.1 (iii), equivalent to the existence a path of
partial isometries V() joining V' and W for which L*V (¢) is norm continuous. It is
convenient to denote the existence of such a path by using the following notation:

Let V, W be partial isometries in R(G) ® B(H,) with the same initial projection.
We say that

(23) VAW

if there is a path of partial isometries {V(¢t) € R(G) ® B(H,) | t € [0,1]} such
that LXV () is norm continuous, V*(£)V (t) = V*V for all ¢t € [0,1], V(0) = V, and
V(1) =Ww.

Clearly, ~ is also an equivalence relation for partial isometries that have the
same initial projection and V ~ W implies V ~ W.

A key ingredient in the proof is that a finite trace in a von Neumann algebra is
strongly continuous (actually, o-weakly, but we do not need this here).

Denote by 7(X) = (XxXe, xe) for X € R(G), the normalized trace on R(G).
Denote by E := R(G) ® B(H,) — B(H,) the corresponding slice map, namely, the
bounded linear extension of the map E(X ® Y) = 7(X)Y for all X € R(G) and all
Y € B(H,). It is easy to see that the map E is positive, that is, F(Z) > 0 when
Z >0, or, equivalently, E(Z;) < E(Z3) when Z; < Z5. Also, the map E is normal,
that is, E(Z,) 1 E(Z) when Z, 1 Z, or equivalently, E is o-weakly continuous.

The bridge between trace and norm is given by the following lemma.

Lemma 8.3. E(Z) = L:ZL, for all Z € R(G) ® B(H,)

Proof. Tt is enough to verify that the two maps agree on elementary tensors. Indeed,
for all h € H, and all X € R(G), Y € B(H,) we have

L X ®Io)Leh=LiXxe®h = L:(Z(XXea Xg)Xg) ® h
geG

=LE Y (Xe ® (Xxe: Xg)h) = (Xxes xe)h = T(X)h.
geG

Thus L5(X ® I,)Le = 7(X)I, and hence
LiX®Y)Le = LX(I®Y) (X ®LY)Le = YL (X ®L,Y)Le = 7(X)Y = B(X®Y).
O
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Notice that the trace 7 on R(G) is always finite, while the trace 7 ® tr on
R(G) ® B(H,) is finite only if dim H, < oo. Thus, given two partial isometries
with the same initial projection, we want to construct a strongly continuous path
of partial isometries that connect them, where the strong convergence occurs in the

first component of the tensor product. This will be achieved via the following key
lemma.

Lemma 8.4. Assume that dim H, = co and that R(G) has no minimal projections.
Let R be a projection in R(G) with R ~ RY, let {Qn}1<n<n with N < oo be a
collection of infinite projections in B(H,), and let I = Zﬁle F,, be a decomposition
of the identity into mutually orthogonal central projections F,, € R(G)NL(G). Then
there is a path of partial isometries {W(t) | t € [0,1]} in R(G) ® B(H,) such that
(i) LW (t) is norm continuous

(ii) W)W (t) =S F,®Q, for all t € [0,1],

(i) WHOW#)* <N F, @ Qy for all t € [0,1]
(iv) W(0) = XN | F, @ Qn, and
(v) WIOW ()" =, RFy © Qn.

Proof. The reduced von Neumann algebra RR(G)R := RR(G) R|ps (g, has no
minimal projections, thus it contains a strongly continuous increasing net of pro-
jections {R(t) | t € [0,1]} with R(0) = 0, R(1) = R. For instance, R(t) can be
obtained from the spectral resolution of a positive generator of a maximal abelian
subalgebra of RR(G)R. Since R ~ R, there is a unitary U € R(G) such that
R+ = URU*. Since Q, is an infinite projection in B(H,), there exist partial
isometries Si 5, 52, € B(H,) such that

ST nSin =55,8n=Q, and S;,57, + 52,55, = Qn.

Notice that Si 5, S2., are the generators of the Cuntz algebra Oy represented on
QnH,. Define for ¢ € [0, 1]

N
W)=Y ((R(t) +URGU*) Fy ® Qu + R(t)F, ® Sy + ROUF, 5277,).

n=1

By definition, W(0) = S2°_ | F, @ Q. Since R(t) L (R(t) + UR(H)U*)* for all
t €10,1], and 55,51, = S7,,52,n» = 0 for all n, it follows that
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*

W ()" W(t)

N
Z ((R() + URMU) Fy @ Qu + (R(t) + URMU) - R()Fo @ QuS1n
=1
(R(f) + UR( JU*) T R(t )U*Fn ® QnS2,n + R(t)(R(t) + UR(U*) " F, ® ST ,Qn
R(f)( (t )+ UR( ) )an ® 83, @n
+UR(t)Fy ® 53,510 + UR(YU*F, @ s;ﬁnsg,n)

_Z( t) + URU) F, @ Qn + R(t)F, ® S5, 51,1
+ UR(t)U Fn ®Sg7ns2,n)

N
=3 (R + UROU) - Fy @ Qu + R()Fu @ Qu + URMU F, @ Qu)

Using the fact that UR(t)U* L (R(t) + UR(t)U*)* and UR(t)U* L R(t) for all ¢, a
similar computation yields

In particular,

N N
Z (R+RY' +R)F, @ Qn=>Y RF,®Q,.

n=1

a path of partial isometries of R(G) ® B(H,) that
iv), and (v). We now show that the condition (i) is

Thus {W(t) | ¢t € [0,1]} is
iii), (
<1 and AR := R(t') — R(t). Then

satisfies conditions (ii), (
also satisfied. Let 0 < ¢

N
WE)-W(t) =)

n=1

)

/

—(AR+UARU*)F,®Qn+ARF,®S, ,+ ARU*F, ®32,n).
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By using the facts that AR L UARU* and Q. Sin = SinQn = Sipn fori =1,2 and

all n, we obtain

(W) = W)W (') - W(t)"

N
-3 ((AR +UARU*)F, ®Q, — (AR + UARU*)ARF, ® S,
n=1

— (AR+UARU*)UARF, ® S} ,, — AR(AR + UARU*)F, ® S1,n
+ (AR)*F, ® 51,057, + ARUARF, ® 51,53,
— ARU*(AR+UARU*)F, ® Sy, + ARU*ARF, ® S3,57 ,,

+ (AR Fy @ $2055,,)

N
= ((AR +UARU*)F, © Q. — ARF, © S;,, — UARF, ® S;.,

n=1

— ARF, ® $1, + ARF, ® S1,,9;,, — ARU*F, @ Ss,, + ARF, ® 52_,”5;7,1)

N
-3 ((2AR +UARU*)F, ®Q, — ARF, @ (S}, + S1.,)

n=1

~ UARF, ® S5, — ARU*F, & sz,n)
Thus,

E((W () —W@)(W(Et') - W(t)")=

N
=3 (FARF)(BQu — (Sun + S1,.)) = T(ARUF) S, — T(UARF,)S; )

n

Il
-

< SN 7r(ARF,)I, = Tr(AR)I,.

M=

Il
-

n

Hence
LW (&) = LiW @) = [E((W () = W)W (') = W(1)*)[| < 77(AR).

Since R(G) is finite, 7(R(t)) is continuous and hence L*W (¢) is norm continuous,
which concludes the proof. (Il

Now we can proceed to prove Theorem 8.1

Proof. 1t is well known that in any von Neumann algebra (or, more in general,
unital C*-algebra), positive invertible operator are homotopic to the identity. But
then, the operator frame generator A for (G, 7, H) is homotopic to the Parseval
operator frame generator AS;I/ 2 by Lemma 6.4 (ii). Thus, to prove the path
connectedness in the norm topology of F¢ it is enough to prove that the collection
of Parseval operator frame generators for (G, w, H) is path-connected in the norm

topology. By (22), this collection is parametrized by
{LIVOs |V € R(G)® B(H,),V*V = P4},
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and since 04 is an isometry, we only need to prove that V ~ W for any two partial
e

isometries V and W in R(G) ® B(H,) with the same initial projection Py, i.e.,
V*V =W*W = Py.

(i) The algebra R(G) ® B(H,) is finite because both R(G) and B(H,) are fi-
nite, hence the equivalence of the projections VV* and WW™ implies their unitary
equivalence. But then V =~ W by Lemma 8.2 , and hence V' ~ W. This proves that

F¢ is norm connected.

(ii) We prove first that the condition is necessary. Assume that R(G) has a
nonzero minimal projection ). Then @ belongs to a finite type I subfactor of R(G).
Indeed if ¢(Q) is the central cover of @), which is the smallest projection in the center
L(G)NR(G) of R(G) that majorizes Q, then ¢(Q) is minimal in L(G) NR(G). But
then the reduced von Neumann algebra R(G)c(Q) = c¢(Q)R(G) ¢(Q)|(g)e2(c) 18 2
factor, it is finite because so is R(G), and it is of type I because it contains the
minimal projection Q. Let {E; ;}1<; j<n be a set of matrix units for R(G)c(Q),
e, Ef. = Ej;, E;xEn; = opiEij for all 1 < i,j,hk <n, > B, = c(Q),

1,7

and R(G ) (@Q) = {X20 =1 ¢ijBij | cijj € C}. Then every element Z in the factor

R(G)c(Q) ® B(H,) has the unique matricial form
(24) Z=Y E;®Z; forZ;eB(H,).
i=1

Therefore, it is easy to see from Lemma 8.3 that

* 1 -
(25) LiZLe =~ ; Zis.

Since R(G)e(Q) ® B(H,) is an infinite type I factor, there is a proper isometry
V € R(G)e(Q) ® B(H,), ie., VV = ¢(Q) ® I, but VV* #£ ¢(Q) ® I,. To prove
that F¢ is not path connected in the norm topology, it will be enough to show
that the two Parseval operator-valued frame generators L:c(Q) ® I, and LV can-
not be connected by any norm continuous path of arbitrary operator-valued frame
generators.

Assume otherwise, then by Theorem 7.1 (ii), there is a path of operators M (¢) €
R(G) ® B(H,) with M (t)e(Q) @ I, = M(t) , M(t)*M(t)c(Q ® I, is invertible in
R(G)e(Q) ® B(H,), M(0) = ¢(Q), M(1) =V, and LM (¢) is norm continuous. By
(24), M(t) =>7._, Eij®M; ;(t) for a (unique) collection M; ;(t) € B(H,). Then

1,7=1

for all s,t € [0,1], by (25),
(LeM (s)=LeM(t)(Le M (s) — LEM ()

=X§P%®Z ~ M) (M ($)iy — M(D)s,)") Le
,j=1

1 n
= > (M)~ M) (M) — M(D))"
i k=1
Thus the norm continuity of LM (t) is equivalent to the norm continuity of
M, ;(t) € B(H,) for all 1 <4, j <n, and the latter is equivalent to the norm conti-
nuity of M (t). But then, M (¢)* M (t) is norm continuous and by the norm continuity
of the inverse (e.g., see [14, Problem 100]), (M (¢)* M (t))~! is also norm continuous
in R(G)c(Q) ® B(H,). As a consequence, P(t) : M(t)(M(t)*M(t)) ' M(t)* is a
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norm continuous path, and it is immediate to see (cfr. Theorem 3.1 ) that P(t)
are projections. But this is impossible since P(0) = ¢(Q) and P(1) = VV* are not
unitarily equivalent and hence not homotopic.

We prove now that if R(G) has no nonzero minimal projections then V. ~ W.

By the standard type decomposition of von Neumann algebras (for these and other
von Neumann algebra properties see [18]), there is a (unique) central projection
F € L(G) NR(G) for which (L(G) NR(G))FM is diffuse, i.e., has no atoms and
hence it is isomorphic to L°(R)) and (L(G) N R(G))(F 1)) is atomic and hence
R(G))(FM)+ is a direct sum of type II; factors. Since it is immediate to verify
that V ~ W if and only if both

VEO @ I, ~WFD @1, and V(FOYL @I, ~WE)L eI,

we can consider separately the cases where the center of R(G) is diffuse and where
it is atomic.

Consider first the case where R(G) has diffuse center. Then there is a strongly
continuous increasing net of central projections F(t) € L(G) N R(G) such that
F0)=0and F(1)=1. Let

V() =V(FO*eL)+W(F@l) eI1,).
Since F'(t) ® I, is in the center of R(G) ® B(H,), we see that
V)y'VE)=VV(E#)" @ L)+ WW(F({t)®1,) =V*V =Py
for all t € [0,1] and V(0) =V, V(1) = W. Moreover, for all s < t € [0,1],
V(t)=V(s) = V(F(s)~ F) @+ W (F()~ F(s)) @1, = (W—V)(F(t)— F(3))®L,
hence

(V) =V(s)H(V

*

() = V(s))
(F(t) = F(s)) @ L((W = V)(W = V)*)(F(t) — F(s)) @ L,
W = VI(F(t) - F(S))®Io

A(F(t) = F(s) ®

<
<

But then,

L2V () — LV)I1? = |E(V(E) = V)V (E) - V()
<4||E((F(t) - F(s) ® L)
— 47((F(t) - F(s)).

By the strong (actually o-weak) continuity of 7, L¥V(¢) is norm continuous, and
hence V' ~ W. Following the terminology introduced in [2] for wavelet generators
€

for the unitary system, we say that the path constructed in the case where R(G)
has diffuse center is a direct path.

Consider now the key case where R(G) has no nonzero minimal projections and
the center of R(G) is atomic. Then the identity I € R(G) can be decomposed
(uniquely) into a sum I = Zivzl F,, of N < oo mutually orthogonal projections F,
minimal in the center R(G)NL(G). Notice that since R(G) has a finite faithful trace
7, the decomposition is at most countable. The minimality of the projections Fj,
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implies that each reduced von Neumann algebra R(G)F), : R(G)F,R(G) Fy, |p,e2(a)
is a factor, and being finite and with no minimal projections, it is of type I1;. Let

F® =3 {F, |V'VF, @1, # F, ® L}
F® =N AF, | (VV)'F, @I, ~ F, ® I, F, < (F®)*}
FO =3P, | (VV)EE, @1, 4 F @ I, F, < (FP)*}.

Thus F®) + F®) + F4) = J. Reasoning as above, we can consider separately
the cases where F(?) =T and F(?) =0
Assume first that F®) =1, i.e.,

WWEF, I, =V*VF, I, # F,®1, foralln.
Then
(26) WW*F, I, # F, @I, and VV*F,®1I, # F,®1, foralln.

Since the factor R(G)® B(H,) is infinite, (26) implies that (VV*)1F,®1, ~ F,®1,
for every n, and hence (VV*)* ~ I ® I, and similarly, (WW*)* ~ I ® I,. But
then VV* and WW* are unitarily equivalent, hence V ~ W by Lemma 8.2, and
thus V ~ Ww.

When F® =0, ie., F® + F® = [ we have W*W = V*V ~ I ® I,. Since
R(G) is a direct sum of type I1; factors and in every I; factor there are projections
equivalent to their orthogonal complement, we can fix a projection R € R(G) with
R ~ Rt. Asin each of the infinite factors we have RF, @I, ~ R+ F,®I, ~ F,1,,
it follows that R® 1, ~ R*®1I, ~ I®1I,. Fix a partial isometry V, € R(G)® B(H,)
with VJV, =V*V = W*W and V'V, = R® I,. We claim that V ~ V,. The same

argument will prove that W ~ V, and hence that V' ~ W, which Weﬂl conclude the
proof.

Assume next that F®) = I, then
VV*~ V'V ~I®Il,~R®1, and (VV)*~I®@I,~R'®I,=(R®I,)".
Thus VV* and V'V, are unitarily equivalent, hence V' ~ V,,, and hence V' ~ V.

Finally consider the case where F(¥) = I, namely where V*V ~ I ® I, but
(VV)EE,®1, # F,®1, for every n, which is the crux of the proof. If for a certain
n the projection (VV*)1 F, ® I, is finite and hence (r @ tr)(VV*)*F, ® I,) < oo,
let QL € B(H,) be a finite projection with

(retr)(VVHLE, ® 1,)
T(Fn)

Then @, ~ I,. Since R(G)F, is a type 11 factor, it contains a projection R,, with
trace

tr(Qy) >

et (VV) I F o 1)
[ V2R TR R

Equivalently,
(T@tr) (R, ® Q) = (tatr)(VV*)*F, ®1,)

and hence, again because R(G)F,, is a factor, R, ® Q;- ~ (VV*)1F, ® I,. If for a
certain n the projection (VV*)*+ F, ®1, is infinite (but still (VV*)*F,®1I, # F,®1,
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by the definition of F¥), there is a projection Q- € B(H,) with Q,, ~ I, and for
which F, ® Q;r ~ (VV*)LF, ® I,. In this case, set R, := F},, so for all n,

(VV)*FE, @I, ~ R, ® Q-
with R, = R, F,,. Moreover,
(Ro®QN'F,®I,=F,®Qu,+R:F,®Qr ~F, @I, ~VV*E,

because @, ~ I, and Q# A I,. Thus VV*F, ® I, and F, ® Q,, + R#Fn ® Q# are
unitarily equivalent for all n and hence VV* and 22;1 Fn®Qn+Zg:1 RIF,0Q;
are unitarily equivalent in R(G) ® B(H,). Choose a unitary U € R(G) ® B(H,)
such that UVV*U* = 25:1 F,®Qn+ Zﬁle RIF,®Q;. Then V =~ UV.

Now apply Lemma 8.4 to the fixed projection R ~ R, and the sequences of
central projections F,, and infinite projection @, that we have constructed for
1 < n < N. Thus we obtain a path of partial isometries {W(t) | t € [0,1]} in
R(G) ® B(H,) where LXW (t) is norm continuous, W (t)*W(t) = Efj:l F,®Qn
and W(HOW(t)* < 0 F, @ Q, for all t € [0,1], W(0) = XN | F, ® Q,, and
wWOW ) =N | RF, ® Q,. Then let

N
V(t) = (W(t) +Y RiF® Q,f) UV for telo1].
n=1

Since the initial projections and the range projections of all the partial isometries
W (t) are orthogonal to Zf:’:l RIF, ® Q, W(t) + Zf:’:l RIF, ® Q;+ are partial
isometries for all ¢ € [0,1]. Therefore V(¢) are also partial isometries in R(G) ®
B(H,), and all have initial projection Py = (UV)*UV. Since L¥W (t) is norm
continuous, so is LV (t). Thus by definition, UV = V(0) ~ V(1). Moreover, the
range projection of V(1) is unitarily equivalent to the range projection R ® I, of
V,. Indeed,

N N
VIV = (W) + > RyF @ QuUVV U (W(1)* + ) RiF, ® Q)
n=1 n=1

N
=WOWL) +) RyF©Q;

n=1

N N
n=1

n=1
~R®I,
and
N N
VOV ) =Y R F©Qu+ > RiF©Qt ~R 01, = (R L,)*.
n=1 n=1

But then, V(1) &~ V,. Since we have already established that V ~ UV ~ V(1),

we conclude in this case too that V' ~ V,,, thus completing the proof. ([
e
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