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Abstract

We investigate topological and structural properties of the set W(U) of all com-
plete wandering vectors for a system U of unitary operators acting on a Hilbert
space. The special case of greatest interest is the system (D, T} of dilation (by 2)
and translation (by 1) unitary operators acting on L?(IR), for which the complete
wandering vectors are precisely the orthogonal dyadic wavelets. The method we
use is to parameterize W(U) in terms of a fixed vector ¢ and the set of all unitary
operators which locally commute with i/ at ¢. An analysis of the structure of
this local commutant yields new information about W(if). The commutant of a
unitary system can be abelian and yet the local commutant of it at a complete
wandering vector can contain non-commutative von Neumann algebras as sub-
sets. This is the case for (D, T). The unitary group of a certain non-commutative
von Neumann algebra can be used to parameterize a connected class of wavelets
generalizing those of Meyer with compactly supported Fourier transform.

Key words and phrases. wavelet, local commutant, wandering vector, von Neumann
algebra..
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Introduction

A unitary system is a set of unitary operators U acting on a Hilbert space H
which contains the identity operator I of B(H). A wandering vector for U is a
unit vector x with the property that

Ur ={Ux:Uecl}

is an orthonormal set; it 1s called complete if Uz is an orthonormal basis for
H. A wandering vector system will mean a unitary system which has a complete
wandering vector.

Let W(U) denote the set of complete wandering vectors for a unitary system
U. For W(U) to be nonempty, the set U must be very special. It must be
countable if it acts separably, and it must be discrete in the strong operator
topology (pointwise convergence) because if U,V €YY and if z is a wandering
vector for ¢ then

U=V > [|Vz=Va| = V2.

Certain other properties are forced on i by the presence of a wandering vector.
One purpose of this paper 1s to study such properties. Indeed, it was a matter
of some surprise to us to discover that such a theory is viable even in some con-
siderable generality. A more immediate purpose, however, is to study structural
properties of W(U) for special systems U which are relevant to wavelet theory.

In operator theory, wandering vectors have been studied for groups of unitaries
and semigroups of isometries, particularly those that are singly generated (c.f.
[13]). Wavelet theory entails the study of wandering vectors for unitary systems
which are not even semigroups.

In the past ten years wavelet theory has undergone a vast development, and
many different aspects of the theory have been studied extensively in the litera-
ture. Some of the most frequently studied and used aspects include the following
definition of orthogonal (or orthonormal) wavelet:

An orthogonal wavelet is a unit vector ¥(t) in L*(R, pu) ,
with p Lebesgue measure, such that {23 (2"t —1) :n,l € Z}
constitutes an orthonormal basis for L?*(IR).
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This is the definition given in, e.g., Chui’s book ([3], p.4), and it is referred to
in Meyer’s book ([21], p.28) as the Franklin-Stromberg definition. The simplest
function satisfying this is the Haar wavelet gy = X[0,2) = X[3,1)- Wavelets
having this property (see, e.g., [8]) include those of Stromberg, Meyer, Battle-
LeMarié and Daubechies. These wavelets also satisfy strong auxiliary regularity
(differential and moment) properties and time-frequency localization properties
which make them useful in applications. Dilation factors other than 2 (the dyadic
case) have also been studied. Generalizations to R™ with matrix dilations, and
LP(R, p) for other 1 < p < oo, are also frequently studied. Representative
articles are contained in the excellent collections [2, 4] and [9].

The term “mother wavelet” is also used in the literature for a function
satisfying the above definition of orthogonal wavelet. In this case the functions
Ypg = 25(2"t — 1) are called elements of the wavelet basis generated by the
“mother.” The functions ,; will not themselves be mother wavelets unless
n = 0.

The idea of viewing orthogonal wavelets as wandering vectors for dilation-
translation unitary systems is simple and has been used by others (c.f. [11, 12]).
Let 7" and D be the operators on ‘H = L*(R) defined by

(TH(1) = f(t—1) and  (DF)(1) = V2f(20). f € L(B).t € .

These are unitary operators, and are in fact bilateral shifts of infinite multiplic-
ity, with wandering subspaces L?[0,1] and L?([-2,—1]U[L,2]), respectively,
considered as subspaces of L?(IR). They fail to commute, but satisfy the relation
TD = DT?. For ¢ € L%R) we have 23¢(27t — ) = (D"T'¥)(2).

The group generated by {D,T} is easily computed to be

Group{D,T} ={D"T3 : n € Z, § € D},

where ID denotes the set of dyadic rational numbers, and where for real 3, T3
denotes the translation unitary

(Ts )(t) = f(t = P).

This can be viewed as a semidirect product of the dyadics by an action of the
integers.

Every countable group G has a representation on a separable Hilbert space for
which it has a wandering vector: just represent G on [?(G) by left multiplication,
and note that x5 € W(G) for g € G. For a different representation r,
7m(G) may or may not have a wandering vector. In particular, this fails for
Group{D,T}. To see this, choose 8, €D\ {0}, B, — 0, so then Ty — I
in the strong operator topology (pointwise convergence). So if ¢ € H then
Tg, % — 1, but if ¢ were wandering for Group{D,T'}, then

|T5,% —¥|| = V2 for all n,
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a contradiction. However, if we consider the subset
Up 7 :={D"T" :n,l € 7},

then the property of ¥ being a complete wandering vector for Up 7 is precisely
that of ¢ satisfying the definition of orthogonal wavelet. So W(Up r) is far
from empty. It will sometimes be convenient to use the ordered pair notation
(D,T) to abbreviate Upr. Elements of W(Up r) will be called orthogonal
wavelets.

It is useful for perspective to note that the reversed set Ur p = {I™ Dl:nle
Z} fails to have a wandering vector. To see this choose dyadic gy — 0, 8r # 0,
as above. Write 3, = px/2%, and note that (see Lemma 3.2) D~ %1z, =
TPeD=%  If € H then,

[ TP+ D=4 — D™ 4|| = |D™ T b = D™54|| = [T, — 4[| — 0.

Soif ¥ € W(Ur p), then orthonormality of U py implies TP* = I for all but
finitely many k, contradicting the assumption that S5 # 0. (We thank Shijin
Lu for this argument.)

Let U be a unitary system. The apparently new idea which we will develop in
this article is an association of W(U) with the commutant of i in B(H), and
more importantly, with the local commutant (see Chapter 1) of U at a complete
wandering vector. This permits a partial analysis (and theoretically a complete
analysis) of W(U) using operator-theoretic techniques. The most basic types
of problems seem to be the topological ones: For a given unitary system U, is
the set W(U) closed in the Hilbert space norm topology? Is the linear span of
W(U) dense in H? Is W(U) norm-pathwise connected? Work on these issues
lead to other types of operator-theoretic techniques and results. In the case of
wavelets, these techniques do lead to the construction of new ones. The work we
present is intended to be an initial step in a new direction.

We give a number of open problems within the context of our subject matter,
and label by capital Roman letters A, - - . F those which we feel are the most
significant.

Several graduate students who were enrolled in a topics course on this subject
at Texas A&M University in the spring of 1994 contributed useful examples to
this work. These are credited in context. Others made useful comments. We
thank Eugen Tonascu, Vishnu Kamat, Shijin Lu, Darrin Speegle and Puhong
You for their contributions.

Our basic analysis references for this article are [10, 13, 14, 5, 16, 22]; our
basic wavelet references are [3, 8, 20].

We use [ -] to denote closed linear span. If S8 is a set of operators, we
use U(S) to denote the set of unitary operators in S, and w*(S) for the von
Neumann algebra generated by & and /. If § is a linear space of operators, a
vector x € H s called cyclic for S if [Sz] = H, and z is separaling for
S if the map A — Az, S — H, is injective. The notation 8’ will denote



6 XINGDE DAI AND DAVID LARSON

the commutant of §: the set of operators in B(H) which commute with all
elements in &. In this article Hilbert spaces will be separable.



CHAPTER 1

The Local Commutant

Let 8§ C B(H) be a set of operators, and let « € H be a nonzero vector. Let
us define

Co(8) := {A € B(H) : (AS — SA)x = 0,5 € S}.

We call this the local (or “point”) commutant of S at ». It can be a useful
concept, especially when z is a cyclic vector for the linear span of § and & is not
a semigroup. (If § is a semigroup and # is cyclic it reduces to the commutant by
item (ii) below.) Tt is clearly a linear subspace of B(H) which is closed in the
strong operator topology and the weak operator topology, and it contains the
commutant 8§’ of 8. In the wavelet case, it turns out that the local commutant
of Up v at a wavelet can contain non-abelian von Neumann algebras as subsets,
and thus has rich structure, while the commutant itself is abelian. We capture
some immediate and useful properties in the form of a lemma. Many of these
generalize analogous properties of the commutant.

Lemma 1.1. If S C B(H) is a set and if » € H s a vector for which
[Sz] =H, then:
(i) The vector x is separating for Cy(S).
(ii) If S is a semigroup then Cy(S)=§".
(iii) If A is an element of C,(S) with dense range, then Az is also cyclic
for [S].
(iv) Suppose x is also separating for S. Then if S, T € & with ST € S
and TS €S8, and ST # TS, then neither S nor T isin Cy(S).
(v) Suppose 8 = 8182 where S is a semigroup. Then Cy(S)C S
(vi) If V € Cy(8S) is invertible, then

Cve(S) = Co(S)V

Proof. (i) If A € Cy(S) and if Az = 0, then for any S € S we have
ASx = SAxz =0. So ASz =0, hence A=0.

7
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(ii) The inclusion “ D 7 is trivial. For “ C 7, suppose A € Cy(S). Then
for each S,7 €8 we have ST € 8, and so
AS(Tx) = (ST)Ax = S(ATz) = SA(Tz).
Sosince T € § was arbitrary and [Sz] = H, it follows that AS = SA.

(iii) Then SAx = ASz, so the conclusion is immediate.

(iv) If S € Cp(S), then since T € & we have (ST —TS)z = 0, so
STz =TSz, which contradicts the fact that z separates . Similarly, T cannot
be in Cy(S).

(v) Then §;SCS. Let A€Cp(S) and Re S;. Foreach S €S8 we have
ASz = SAz, and also ARSx = RSAz since RS€S. So (AR—RA)Sz =0
for all S € 8. Since [Sz] =H, this implies that AR = RA, as required.

(vi) We have

Cvz(S) = {A:(AS—-SA)Vz2=0,5¢€ S8}
{A:(AVS = SAV)z =0,5 € §}
= {A: AV € C(S)}
C.(8)-v™t.oO

If 8 contains a semigroup Sy with S§ = 8, and if = is cyclic for 8y in the
sense that [Spx] = H, then part (ii) of the above lemma implies that C,(S)
reduces to simply &’. This is the case for Up r when z is a scaling function.
(See §6.3.) However, if « is an orthogonal wavelet the structure of C.(Up r) is
much richer, as we will see.

The following is included only for perspective. It shows that local commutants
and commutants share an additional special structural property.

Proposition 1.2. Let S C B(H) and x € H be arbitrary. Then Cy(S) is
2-reflexive in the sense that Cy(S) ® Ia is reflexive in B(H @ Ha).

Proof. We use a duality proof. From [17] it will be enough to show that the
preannihilator of C;(S) in Ci(H) is generated by operators of rank < 2. We
claim in fact that

(Co(S))1L =span{[S,z@y]: S € S,y € H},
where for x,y € H,x ® y denotes the rank-1 operator defined by
(x @ y)w = {(w,yhe,w e N,

and

[,z @y] = S(x ©y) — (@ y)S.
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For arbitrary A € B(H) we have the tracial equation
Tr(A[S,z@y]) = Tr(A(Sz@y—2® S"y))
Tr(ASz @ y) — Tr(Az ® S*y)
(ASz,y) — (Az, S™y)
(ASz,y) — (SAz,y)
= ((AS =SA)x,y).
From this it follows that A € Cy(S) iff A is annihilated by all trace class
operators of the form [S,z®y] for S €8 and y € H. So (Cu(S))L is

the ||-]]1 -closed linear span of these commutators. Since each of these has rank
< 2, this proves that Cy(S) is 2-reflexive. O

The key to our approach is the following simple result.

Proposition 1.3. Let U be a unitary system in B(H). Suppose ¢ € W(U).
Then
WU) ={Vy:V eUCy(U))}.

Moreover, the correspondence
V=V, U(Cy(U)) — W),

18 one-to-one.

Proof. Let V € U(Cy(U)). Let n=Vy. For U €U we have
Un=UVy=VUy

since U commutes with V' at ¢). Thus Un = VU, and so Un is an orthonormal
basis for H since V is unitary. So n € W(U).

Conversely, let n € W(U) be arbitrary. Since Uy and Un are orthonormal
bases, there is a unique unitary operator V with

VUG =Un, UEU.

Then Vi =1n since I €U. So VU =UVy forall U €Y. Thus V € Cy(U).
By Lemma 1.1, ¢ separates points of Cy(#/). Thus the map V — V¢ is
one-to-one. O

Proposition 1.3 shows that if &/ is a unitary system with W(U) # 0, then
given any ¢ € W(U) the entire set W(U) can be parameterized in a natural
way by the set of unitary operators in the local commutant of U at .

It is an elementary result that if G C B(H) is a unitary group, and if z and
y are cyclic vectors for span G, then the vector functionals

we = {z,2) and wy = {-y,y)
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agree on G iff there exists V€ U(G') with Va = y. Proposition 1.3 can
be thought of as a special case of the following generalization of this to unitary
systems.

Proposition 1.4. Let U be a unitary system in B(H). Suppose x,y € H with
Uzl =[Uy] =H. Then

(Uyz, Ust) = (Ury, Usy)
for all Uy, Us €U if and only if there is a unitary V € Co(U) with Ve =y.

Proof. Fix Uy, Us,---, U, €U and A, Ag,---A, € C. Then
<Z/\ZUZl‘,Z/\ZUZl‘> = ZX]/\Z<U]*UZ$,$>

i3

= ZXj/\i<U;Uiya y)

3J
(Z /\iUiy,Z/\iUiy>~

This shows that the map
V :span(Uz) — span(Uy)

defined by V(3" \U;z) = > AUy is isometric. Thus since [Uz] = [Uy] = H,
V' extends to a unitary operator. For U € U we have VUz = Uy = UV=z.
Thus Vel (U). O

Proposition 1.4 induces an equivalence relation on the set of cyclic vectors
for span(lf) where in W(U) constitutes one equivalence class. There is, in
addition, a natural equivalence relation on the set W(U) itself induced by the
usual notion of the equivalence of group representations (see §6.1).

In certain cases new wandering vectors can be obtained by “interpolating”
between a known pair. The following proposition can be viewed as the prototype
of our results of chapter 5.

Proposition 1.5. Let U be a unitary system, let ,n € W(U), and let V be
the unique unitary operator in Cy(U) with Vi =n. Suppose V*=1. Then
cosa - 4isina - gy

isin WU) forall 0< o< 2m.

Proof. Let P = %(V—I— I). Then P is a projection, and is contained in Cy(U).
Let

wip =cosa+isina and wog = cosa —islna.
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Then |w;| =1, so W := w1 P + ws(I — P) is a unitary operator in Cy(U). So
Wy € WU). We have Wi = wi Py +ws(I — P, and P = L(V + I), so

1 1 1
P1/)=§V1/)+§1/):§(77+1/’)~

Similarly
1
(I—P)l/):§(1/)—77)~

Thus Wy = %(wl +wo ) + %(wl —wa)p=cosa - +isina-n. O

Unitaries V with V? = I are called involutions, or symmetries. It turns
out that the involutive case in Proposition 1.5 is not uncommon in dilation-
translation wavelet theory (Chapter 5.) Such pairs (¢, n) are of course connected
in W(U) in the Hilbert space metric.

If U is a unitary system which is not a group, and if W(U) # 0, then U is
not even a semigroup.

Lemma 1.6. Let S be a unital semigroup of unitaries in B(H). Suppose
W(S)#0. Then S is a group.

Proof. Let ¢ € W(S). If S is not a group, let U € S such that U~! ¢ S.
Then for each V € S,
(U1, Vi) = (4, UVY) =0,

since UV €8 and V # U~!. Hence U~ is a non-zero vector orthogonal
to [S¥], a contradiction. O

If U is a unitary system then Cy({f) is almost never an algebra, and its set
of unitary operators is almost never a group.

Proposition 1.7. Let U be a unitary system, and suppose [W(U)] =H. Then
(1) If Cy(U) is an algebra for some o € W(U), then C,(U)=U" for
every n € W(U). In particular, Cy(U) is an algebra for all n € W(U).
(i1) If U(Cy(U)) is a semigroup for some o € W(U), then U(C,(U)) =
UU') for every n € W(U). In particular, U(Cy(U)) is a group for

all n € W(H).

Proof. Let n € W(U) be arbitrary. By Proposition 1.3, there is a unique
V eU(C,(U)) with ¢ =Vn. Then

CyU) = Cy(U)V™
by Lemma 1.1 (vi). Hence V* &€ Cy(U).
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For item (1), if Cy () is closed under multiplication then Cy(U)V* C Cy(U),
and 1t follows that

Cy(U) S Cy(U).

Soif A€ Cy(U) then (AU—-UA)p=0 forall U e andforall n € W(U).
Since V(U)] = H, this implies A € UY'. We have shown Cy(U) =U’'. Again
let n € W(U) be arbitrary, and let W be the unique unitary in Cy (i) = U’
with n = Wy. Then

C,(U) = CoU)W* = U,

For item (i), if T(Cy(U)) is a semigroup then U(Cy(U))V* C U(Cy (U)).
Since also U(Cy(U)) = U(C,(U))V* this implies

U(Cy (U)) CT(Cy (U)).
If SeU(Cy(U)) then
(SU-USn=0,Uecl, neWU),

so as above, S € U’. The rest is identical to (i). O

Proposition 1.8 . Let U be a unitary system, and suppose Cy(U) s abelian
for some o e W(U). Then C,(U) is abelian for all ne W(U).

Proof. Suppose Cy(Uf) is abelian and let n € W(U) be arbitrary. Let
V e UC,(U)) with ¢ = V. Then Cy(Ud) = C,(U)V*. So V* € Cy(U).
Since V* € (Cy(U))’ and V is normal, V € (Cy(U))'. So C,(U) =Cy(U)V 1is
abelian. O

Example 1.9. Let {e,}* be an orthonormal basis for a separable Hilbert
space ‘H, and let Se, = eny1  be the bilateral shift of multiplicity one. Let
U ={S" :n € Z} be the group generated by S. Each ¢, isin W(U). By
Lemma 1.1 part (#4) and Proposition 1.3,

WU)={Vey: V e U{S}H)}.

Here {S}’ coincides with the set of Laurent operators. Let T be the unit circle.
If we represent S on L*(T) in the usual way by identifying it with the multipli-
cation operator M, then U({S}') is identified with (multiplication by) the set
of unimodular functions on T, and e 1s identified with the constant function 1.
Then Proposition 1.3 just recovers the well-known fact that the set of complete
wandering vectors for the shift coincides (under this representation)with the set
of unimodular functions on T. In this case W(U) is clearly a closed, connected
subset of the unit ball of H in the norm topology with dense linear span.
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Example 1.10. Let G be a countable group, let H = 1*(G), and let 7w be
the left regular representation of G on on H. That is, for h € G and {Ag}geg €
12(G), define mr(h){\g} = {An-14}; so writing A(g) = {Ag}geg, we have

(rr(h)mr(h2)M)(g) = (rr(h)A(hz")(9)
(A(hz " ))(hi"g)
A(h3 hig)

A((hihs)~'g)
= (mr(h1ha)A)(g)

The standard basis for H is {e; : g € G}, where e; = x{41 = {dgr}reg. Then

ﬂ'L(h)eg = {59,h—1k}keg = {5hg,k}keg = €hg-

The vectors e, are clearly in W(nr(G)). By Lemma 1.1 the local commutant of
7 (G) at ey isjust the commutant, (where I denotes the identity element of G
). Since {mr(G)} is a von Neumann algebra, its group of unitaries is connected
in the norm topology. Since the map V — Ve; 1is continuous, Proposition
1.3 implies that W(rr(G)) is a connected subset of the unit ball of . Since
eg E W(np(G)),9 € G, the set W(rr(G)) has dense span.

The algebra w*(rr(G)) considered above and its commutant are classic in
the theory of von Neumann algebras. See, for instance, §6.7 in [14]. From this
theory we have

{m2(G)} = w"(7r(9)),

where 7g(G) is the right regular representation of G on H = [*(G) defined
by mr(h){As} = {Agn}. Moreover, if G is a group which has the property that
the conjugacy class of each element other than the identity is infinite (an i.c.c
group) then w*(rr(G)) and w*(mg(G)) are factor von Neumann algebras of
type II;. This is the case, for instance, if G is the free (non-abelian) group on n
generators for n > 2. This shows that for some unitary systems ¢ (and perhaps
for many) the structure of W(l) is at least as complex as the structure of the
unitary group of a type Il; factor.

Example 1.11. Let G be a countable group, and let Gy C G be a subset
containing the identity element I. Sometimes it is possible to obtain a faithful
unitary representation m of G on [?(Gy) satisfying the requirement that if h € G
and g € Gy are such that h='g € Gy, then w(h)ey = epy. (Where as in the
previous example e, = x{41.) Then er € W(m(Go)) trivially.

This “example” is generic. If I is any unitary system on a Hilbert space
‘H with a complete wandering vector o, let U be the group generated by U in
B(H). Let G = U as an abstract group, and let Gy = U, a subset of G. Let
K =1%(Go). Define a unitary operator

W:H—=K by Wgp=e,4,9€U,
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making use of the fact that U+ is an orthonormal basis for H. Define
m:B(H)— B(K) by w(A)=WAW",

and restrict to G = . Then = satisfies the property of the above paragraph,
and 1s unitarily equivalent to the identity representation of G =U on H.

Let us call a unitary representation m of a group G relative to a unital sub-
set Gy a wandering vector representation of the pair (G,Gy) if it is faithful
on G and if w(Gy) has a complete wandering vector. From above, these are
unitarily equivalent to those of Example 1.11. In the context of wandering vec-
tor theory, and especially wavelet theory, an abstract question which becomes
rather intriguing is: Given a group G, what are the unital subsets Gy which are
allowable in the sense that (G,Gy) has a wandering vector representation? In
particular, if G is generated as a group by an ordered pair of elements {g1,¢2},
and if G; = Group{yg;}, is the set

{G1G2 = hiha : hy € Gi}

an allowable subset of G7 Work here may aid in understanding wavelet systems,
in particular. The question is obviously nontrivial in view of wavelet theory. This
question generalizes to ordered n-tuples of generators. As mentioned earlier; we
have the problems: when does W(m(Gp)) have dense span, when is it closed,
and when is it connected?

To gain some insight we can abstract the (D,T) wavelet system in the
introduction.

Example 1.12. (The abstract one-dimensional system.) Let Se, = e,41, be
the bilateral shift of multiplicity one in Example 1.9. Let

A=S®TeBH®H),
and let B be any unitary in B(H ® H) with

B|€0®H = (I® S)|€0®H'

Let Ua B = {A"B" :n,l € Z}. Then U =Uslg where U, and Up are the
groups generated by A and B, respectively. We have eq ® e,, € W(U) for each
n € Z, but except in special cases e, @ e, will not be in W(U) if p # 0.
Note that by Lemma 1.1 (v), if ¢ € W(U) then every operator in Cy(U)
commutes with A. Also, by Lemma 1.1 (év), if A and B do not commute, then
neither A nor B can ever be in Cy(U).

The above example 1s generic in that it is really a “model” for “one-dimensional”
wandering vector systems such as (D, T). To see this, let £ be an arbitrary sep-
arable Hilbert space, and let U and V' be arbitrary unitary operators in B(K).
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Let
Uy y = {UV! :n,leZ},
and suppose W(Uy v ) is nonempty. Let ¢ € W(ly v). Since the sets

{UV% :n,l €7} and {e, @¢ :n,l €T}
are orthonormal bases for K and H®H, respectively, they determine a unitary
operator W : K — H ® H such that
WU Vi = e, @ e
for all n,l. Then W1 = ey ® ey, and for each n,l € Z we have
WUW*(e, @e1) = WUUV'4
Wurttyly
ent1 Qe
= (S@D(en @ e).
So
WUW* =51 =A.

Let B=WVW?®*. Then

B(@o ® 61) = WVW*(GQ ® 61)
WVU VY
Wwvitty
€0 @ €41

= ({250 @e)

for each [ € Z, so
B|€0®H = (I® S)|eg®7'ta

as required.

As above we have the closure, span and connectedness questions for W(lfa g).
For the wavelet system (D,T), Example 4.5(i1) shows that W(Up 1) is not
closed and Corollary 3.17 shows that span W(Up 1) is dense. Are these prop-
erties true of general systems of the form &4 g7 Whenis W(U4 g) connected?
We have no counterexample. On the other hand, examples are very hard to
evaluate.

Problem A. Is W(Up 1) connected?

This connectedness problem is perhaps the most important open question in our
theory. A solution may lead to perturbation methods for wavelets, in particu-
lar. Construction of a counterexample for some other system U4 p may shed
some light on this matter. Based on evidence so far, we conjecture that the
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answer 18 “yes.” There are related optimization problems, such as computation

of dist(x, W(Up 7)) for z € H.

Example 1.13. (Twisted Tensor Product). The above example can be nicely
generalized, pointing out the complexity possible in unitary systems having wan-
dering vectors. Let Uy and U2 be unitary systems with wandering vectors on
Hilbert spaces H; and Ha, respectively, and let «;, € W(l;), ¢ = 1,2, Let
H = Hi1 ® Ha. Let L71 =U, ® 1, and let L?z be any unitary system in H
leaving the subspace 1 ® Ha2 invariant such that the map

U— U|¢1®H2
1s 1-1 on L?z and with

ﬁ2|¢1®7'(2 = (I®u2)|¢1®7‘(2'

Then
U = Ul

is a unitary system on H. Clearly 1 @2 € W(U). By repeating this procedure
one may construct “twisted tensor products” of arbitrary length. The case when
Ui,Uy are abelian groups is most relevant to wavelet theory, and models the
higher-dimensional translation-dilation systems on R"™ which have been studied.
In this case Us can correspond to the group generated by the translations in the
n directions, and If; can correspond to an abelian group of dilation unitaries,
which can be matrix dilations.

Example 1.14. Without additional structural hypotheses, pathological unitary
systems are easily constructed. For instance, if {e, }52, is an orthonormal basis,
let ¢y = I, and for each n > 2 let U, be an arbitrary unitary operator with
Uey =e,. Then

U={U, :nel}
is a unitary system with e; as a complete wandering vector. For certain (likely
“most”) choices of U, one will simply have

WU) = {Aey : |A] =1} and C.,(U) = CI.

For instance, if U, 1is the permutation unitary that interchanges e; and e,
and fixes then other basis vectors, then ¢ will have this property.



CHAPTER 2

Structural Theorems

Let ¢ be a unitary system in B(H), and suppose ¢ contains a subset Uy which
is a group such that UUy = U. This is the situation for the wavelet theory case

U={D"T" :nleZ}

where Uy = {T" : 1 € Z}. Suppose ¥ € W(U). Then Usy C W(U) clearly.
However, Uy will not usually be contained in Cy(U). For each U € Uy, let
Vi be the unique unitary in Cy (i) with Virp = Ut given by Proposition 1.3.
Let

Ky U — U(Cy (U))
denote the map «y(U) = Vi, U € Up.

Theorem 2.1. With the above notation, ry(Uy) is a group and Ky is a group
anti-isomorphism. The set Uy is contained in a connected subset of W(U).

Proof. Suppose Uy, Us € Uy. Let S €U. Then

Ky (Ua)ky (U1)SY = Ky (Ua)Sky (Ur1)d
H¢(U2)SU11/)
SUU@#(UQ)#)
SUL Uy
SK¢(U1 Uz)l/)
= K¢(U1U2)Sl/).
So ky(Us)ky(Ur) agrees with ky(U1U2) on the orthonormal basis Uy, and
hence they are equal. This shows that ky (i) is a group and that sy is
an anti-homomorphism. If U € Uy and U # I, then Uty # ¢ since o
is wandering for #/. Hence &y(U) # I. So ky is one-to-one, as required.
To show that Uyy is contained in a component, note that the closure in the
strong operator topology of the span of xy(Uy) is the von Neumann algebra

w*(ky(Up)), and is contained in Cy(¢). The unitary group of a von Neumann
algebra is norm connected (c.f. [14]). So as in Example 1.10, continuity of the

17
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map V — Vi from U(w*(ky(Un))) — H implies that TU(w*(ky (Uo)))¢ 1s
connected in W(¥). This contains Ugyp since Uy = ky(U)yp, U €Uy. O

Corollary 2.2.  With the above terminology, iof Uy is nontrivial, then the
connected components of W(U) are all nontrivial.

Theorem 2.3. With the above terminology, suppose Uy is abelian. In this
case, if U € U(w*(Uy)), then UWU) = WU). The map ry extends to a
homomorphism of U(w*(Uy)) into U(Cy(U)).

Proof. Let n=Uy. Let

Ey = Upy] = [W" (Uo)].

Then Ey reduces w*(Uy). So UEy = Ey. Suppose W €U but W ¢ U.
Then WVy ¢ Uy for all Vi € Uy, so WV L Voip for all Vi, Vo € Uy. Hence
WEy L Ey. More generally, if Wi, Ws €U and Willy # Wally, then

W1U0 n quo == @,

so Willgtp L Wallptp, and hence WikEy L WakEy. Soif Wi, W, € U and
Willy # Woldy, then since n = Uy € Ey, we have Win L Wan. On the
other hand, if Wy # Wy but Willy = Wally, then Wo = WhlU; for some
Ui €Uy, Uy #1. Then Uity L ¢, so UUiyp L Utp. Since by hypothesis Uy
is abelian, so is w*(Uyp), and so UU; = U U. Thus Upnp L n. Hence

Wan = Whllin L Win.
We have shown that U7 is an orthonormal set. We have
[thon] = [UoU] = [w"(Uo)U] = [W" (Uo)¥] = Ey.

So [Un] = Ul = [UEy] D U] =H. Thus Un is complete. So n € W(U).

Next, for each U € U(w*(Uy)), let Vi be the unique unitary in Cy(¥) for
which V¢ = Ut that is given by Proposition 1.3, and define x4 (U) = V. If
Uy, Uz € Uw*(Uy)), let S €U be arbitrary. Then as in Theorem 2.1,

Ky (U)o (U1) S = by (Uz) Sy (U)Y = iy (U2)SUL.

Since SU; isin the strongly closed linear span of i, and since #y(Us) commutes
locally at ¢ with each element of i/, we have

K?¢(U2)SU11/)ISU1%¢(U2)1/)ISU1U21/).
Since Uy, Uz € U(w*(Uy)) we have U U, € U(w*(Up)). Thus
SUlel/)ISK?¢(U1U2)1/)IK?¢(U1U2)51/).

So, as in Theorem 2.1, &y (UsU1) = ky(U1Uz) agrees with sy (Usz)ky(U1) on
an orthonormal basis, so they are equal. O
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Remarks 2.4. For the special case of the wavelet system (D, T) on L*(R),
Theorem 2.3 implies that if U is a unitary operator in w*(T'), then for any
orthogonal wavelet ¢/, Ut 1s also a wavelet. This can also be deduced by a
function-theoretic argument. (c.f. [8].)

Problem B. If n€ W) and n € Ey = [Up¥], is there a unitary operator
Uin w*(Uy) such that n=Uy¢ ?

In the abelian case, and in particular in the case of the wavelet system (D, T},
the answer is yes. (See Corollary 2.17).

Let U,Uy be as in Theorem 2.1. Do not assume Uy 1is abelian. Let
Ey = [Uny)], and let Py, = proj (Ey).

Lemma 2.5. A€ Cy(U) if and only if (AS—SA)P, =0 forall SeU.
Proof. If (AS—SA)P, =0, then since Pyt =1, we have (AS—SA)y =0.
Conversely, if (AS —SA)Y =0,5 €U, then for all T € Uy,

(AS — SA)TY = A(ST)y — S(ATY) = (ST) Ay — STAY = 0.
So (AS — SA)Uyyp =0, hence (AS— SA)Py =0. O

Lemma 2.6. If ¢,n € WU), and if V € U(Cy(U)) with Vi =n, then
Py = VP, V™.

Proof. Foreach S €Uy we have Sp= SV =VSy. So [Uon] = VU] O

Lemma 2.7. If Ve U(Cy(U)), and if Viy € Ey, then
Pv¢ = P¢, C¢(U> = Cv¢(U), and P¢V = VP¢.
Proof. For S € Uy we have

VSy =SV € SPyH C PyH.

So VPyH C PyH. Let n = V. Then F, = VP,V* by Lemma 2.6, so
P, < Py. Let {U,} be asequence in i such that U,Uy NUynlUy =0, n# m,
and U,U,Uy =U. Then

Upnby LUpEy
if n#m, and \, U,Ey =H. The subspace [, has the same property. So
since F, C Ey, we must have E, = Fy. So F, = P;. Then Lemma 2.5
implies

CyU) = Cvy(U).
Since P, = VP,V*, we have P,V =V P, O
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Let Cf;(U) = C¢(U> n {P¢}/.

Proposition 2.8.  Cy(U) s a left module over U’ and a right module over
Cf;(U). In particular, Cf(U) is an algebra.

Proof. Let A€ CyU). If Bell', then for S €U,

BASY = BSAy = SBAY.
Hence BA € Cy(U). Nowlet C € Cf;(U). Then

(AC)S¥ = ASCtp = ASCPyip = ASPyCip = SAP,Cip = S(AC)b.

where the fourth equality is via Lemma 2.5. Thus AC € Cy(i). O
Theorem 2.9. Cf(U) is a von Neumann algebra.

Proof. Cf(U) is an algebra , and is strongly closed. We must show it is
self-adjoint. Suppose A € Cf;(U). We must show that A*Viy = VA*y for all
V eU. Tt will suffice to show that

(A"Vy, W) = (VA™Y, W)
forall VW el.
For U € Uy, write ay(A) = (Ay,U¢). Then
Ay =Y ay (AU
U ety
Since Py reduces A, A*Ey C Ey,. Write apy(A4*) = (A*y,Uv¢). Then
A% = > ag (AT U,
U ety

We have

ap (A7) = (A"y, Uyp) = (§, AUY) = (¢, UAY) = (U™, AY) = ay-(A).

Now compute:

(ATV, Web) = (Vb AW) (Vo WA)

= (Ve Y au(A)UY)

Uely

= (VW Y ap- (AU

U<l

= D au(A) VY, WU™).

Uely
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We have WU*t) = Wky(U* )b = (U)W, So

Vo, WU ) = (Vb kg (UT)Weh)
(ry(U)V e, W)
(Vg (U)d, W)
(VU W)
(U, VIW).
And so

(A Ve, Wy) = > au(A) U, VW)

Uely

= (D au(AN)UY, VW)

Uelly
= (A", VW)
= (VA" W),

as required. [

Corollary 2.10. U(Cf;(U)) is a group.

Corollary 2.11. W(U)N Ey is connected.

Proof. This follows from Lemma 2.7 and Corollary 2.10. O

Note that if Uy is abelian, then xy(U)Py = UPy for all U € Uy. (This can
fail if Uy is nonabelian. For instance, we may have U = Uy is a commutative
group. Then P, = I, and Cy(U) = {U} 2 U. ) To see this, note that for
commutative Uy, for each U,V € Uy,

ky(DVY = Vg (U = VU = UV,
Sosince Ey = [Uo¥], ky(U)lg, =Ulg,-

Theorem 2.12. Suppose Uy is abelian. Then Cf(U) is abelian.
Proof. Let A,BECZ‘Z(U). Let U € Uy. Then

AK?¢(U)1/) = AU1/) = UA1/) = UP¢A1/) = K?¢(U)P¢A1/) = Kjw(U)Aﬂ)
Since A, ky(U) € Cf;(U), which is an algebra, and since ¢ separates Cf;(U),
this shows that
AK?¢(U) = K?¢(U)A
Since Ay € Fy, we have

Ap =3 ap(A)UY,

Uely
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where ay(A) = (Ay, Uy). Similarly,
By= Y ay(B)Uv.
Uely

Let V €Uy be arbitrary. Compute
(ABY, V) = Y au(B)(AU, V)

Uely

= 3 au(B{UAY, V)

Uely

= D au(B)(AY,UTVY)

Uely

= Y au(B)ay-v(A).

Uely

Similarly,

(BAY, Vi)

> au(A)ay-v(B)

Uely

= Y avw-(A)aw(B)

Wely

= Y aw(B)aw-v(A),

Wely

where we use the fact that #y is abelian. This shows that

(ABY, Vi) = (BAY, V).

So {((AB — BA)Y, V) =0, V € Uy, and since (AB — BA)Y € [Upy], this
shows that (AB — BA)yY = 0. So since AB — BA € Cf;(U), this implies
AB = BA, as required. I

The following gives a simple but useful structural description of the local
commutant for an important special case.

Proposition 2.13. Let Uy and Uy be unitary groups in B(H), and letU be
the unitary system U = Ully ={UV U €Uy, V € Up}. If v € W(U), then

Cy(U) = Ui N {UL+ B(H) P}

Proof. First note that

U+ BH)P = {A€B(H): APy €U{Py}.
Indeed, if APy, € UyP, then AP, = RPy for some R €Uy, so
A=R+(A-R)Py € U+ B(H)P}.
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Now suppose A € Cy(U). Then A € U{ by Lemma 1.1 (v). Also, for
any U € Uy we have UAPy = AUPy = AP,U. Thus APy € Up, and so
AP¢ € U6P¢. Thus

A €U+ B(H)PS
by the above paragraph. Conversely, if A € U] and A € U)+ B(H)Plj‘, then
A=DB-+ C'Plj‘ for some B € Ujy. For U € Uy we have Plj‘Ud) = 0. So for
Vel,, UEely we have

AVUY = VAUY = V(B—I—CPJ)Ui/) =VBUyY =VUBy = VUAY.
That is, A € Cy(U). O

Lemma 2.14. Lel Uy, Uy and U be as in Proposition 2.13 with Uy NUy = {I}.
Let o € W(U). (Note that U must be countable.) Then for all A € B(H),
the sum EUeul UPyAP,U"  converges in the strong operator topology to an
element of U].

Proof. The operators
{UP,AP, U™ U ey}

are uniformly bounded and have mutually orthogonal ranges and mutually or-
thogonal supports. So any enumeration of U; leads to a convergent sum, and
the limit is independent of the enumeration.

If Vel,, then
VY UPGAP, U™ = () (VU)Py AP, (VU)™HV.
Uell, Uell,

Since VU is a generic element of the group Ui, this shows that V' commutes
with the sum, as required. O

Lemma 2.15. Let Uy, Ui, U, be as above. Then

ClU)y={>_ UP,SP,U": S €Uy}
Uell

Proof. Suppose S € Uj. Then B :=) ;o UPySPyU" isin Uj by
Lemma 2.14. If U €y and U # 1 then PyUP, =0, so

PyB = BPy = P,SP,.

Since Py € Uf we have PySP, € UjP,. Thus B € Cf;(U), using Proposition
2.13 and the first line of its proof.

Conversely, suppose A € Cf;(U). Then A € U] and AP, = PyA.
Also, APy € U\Py. Choose S € Uj such that APy = SPy,. Let B =
Y veu, UPySPyU*. Then B € Cf(U) by the first paragraph. We have
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BPy = PySP, = PyAP, = AP,
So By = Ay. Thus A= B by Lemma 1.1 (i). O

Theorem 2.16. If U = Uily with Uy, Uy groups, with Uy NUy = {I}, and
with Uy abelian, then

(i) CJU) =w"(ky(Uo)) ;

(i) w*(Uo) Py = C (U) Py;

(iii) Cf(U) is *-isomorphic to  w*(Uo)|e,;

iv) ky extends to @ *-homomorphism from w*(Uy) onto CE(U).
(4 (4

Proof. For U el,, if U #1 then PyUPy; =0, soby Lemma 2.15,
Ch(U)Py = PyULPy.

Since Py € U], this is a von Neumann algebra. Theorem 2.12 implies it is
abelian. Note that «y(Up) C Cf(U) by Lemma 2.7. So w*(ky(Uo)) C Cf;(U),
and so

Cy (U)Py 2 w* (ky (Uo)) Py
Since Py € (w*(ky(Uo))) and w*(ky(Uy))Py is a von Neumann algebra,
w*(ky(Uo)) Py is w*-closed. The vector 1 is cyclic for w*(ky(Uo))|p,#, so this
compression algebra i1s a m.a.s.a. So since Cf; (U)Py is abelian, we must have

Cy (U)Py = w* (ry (Uo)) Py
Similarly, Py € (w*(Uy)), so w*(Uy)Py is w-closed and abelian. For U € Uy
we have UPy = ky(U)Py, so w*(Uo)Py D {ky(U)Py : U €Up}, and hence

W (Uo) Py 2 W (kg (Uo)) Py
The reverse inequality is similar. Thus w*(Uy)Py = w*(ky(Un))Py. Hence
w*(Up) Py = Cf;(U)Pw Ttem (ii) is proven.

Let 8 be the map defined in Lemma 2.14. That is
0:= > UP,AP,U", A€ B(H).
Uelh
Then 6 is linear, and 6(A*) = (0(A))*, A € B(H). To prove item (i) it suffices
to prove “ C 7. Suppose B € Cf;(U). Then
PyBP, = Py AP,

for some A € w*(ky(Up)). By the second paragraph of the proof of Lemma
2.15, A=0(A) and B =0(B). So

B =A e w'(ry(Up)),

as required.
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For V € Uy, VPy = ky(V)Py. As above, 0(ky(V)) = ky(V). Hence
(V) =ky(V). If VeU(w*(Up)), then

0(V) € Cl(U) C Cy(U)

by Lemma 2.15, and also #y(V) € Cy(U). Since V is unitary and commutes
with Py, 6#(V) is unitary. Also,

9(V)P¢ = VP¢ = K?¢(V)P¢.

So by the uniqueness part of Proposition 1.3, (V) = &y (V). Hence #(V) =
ky(V) where ky was previously defined, so 6 extends xy. Since Py € Uf,
¢ is multiplicative on  w*(Up). Thus 0|w=@,) is a *homomorphism. Since
6(A) =0 iff PyAP, =0, 6is1-1on w*(Uy)Py. Soit induces a *-isomorphism
between Pyw*(Uo)|g, and Cf;(U). |

Corollary 2.17. With the hypotheses of Theorem 2.16, if ., n € W(U) with
n € Ey, then there is a unitary 'V € w*(Up) with n= V4.

Proof. Let W € U(Cf;(U)) with Wi = 5. By Lemma 2.7, W € Cf;(U).
Write W = ¢4 with A€ Cf(U) and A = A*. By Theorem 2.16 there exists
B = B* € w*(Uy) with A = ky(B). Let V =B, Then V is unitary, and
ky (V) = W. Since
kp(V)= > UPVPU",
Uell
we have WPy, =V Py, so n=W1y =V, asrequired. O

Remark 2.18. If U/ is a unitary system with W(U) # 0, let us use the
term wandering vector multiplier for U to denote a unitary operator V with the
property that VW(U) C W(U). (That is, we require that V¢ € W(U) for
all v € W(U), not simply for a specific 1 as with unitaries in Cy (i), and we
do not require that V isin Cy(U) for any . ) Every unitary in U’ is a w.v.
multiplier since U’ C Cy(U) for every «. In the special case when U = Uily
with Uy,Uy groups and with Uy abelian, by Theorem 2.3 (see also Remark 2.4)
every unitary V € w*(Uy) is a w.v. multiplier. In fact, Corollary 2.17 states
that for a given ¢ € W(U) every wandering vector in Ey can be attained
by acting on % by a unitary “multiplier” of this form. So we have a natural
problem.

Problem C. (Factorization problem) Suppose U is a unitary system of the
form U = UlUy, with Uy, Uy groups, Uy abelian. Is every wandering vector
multiplier for U of the form V = ViV with Vi a unitary in U and Vi a
unitary in w*(Up)?

Note that these two types of unitaries commute, so if the answer is yes, then the
set of wandering vector multipliers will be an abelian group if ¢’ is abelian. For
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the special case of (D, T) this question has particular interest. (See Remark
3.7.) Let us refer to unitaries in U’ as w.v. multipliers of the first type, and to
unitaries in w*(Uy) as w.v. multipliers of the second type. In the case where
U 1s a wavelet system, we refer to w.v. multipliers as wavelet multipliers.



CHAPTER 3

The Wavelet System (D.,T)

Let T and D be the translation and dilation unitary operators on L?(R) de-
scribed in the introduction given by

(TF)(t) = f(t = 1) and (Df)(t) = V2 (2t).
For f € L*(R) we have
(TD)(t) = T(V2[(20)) = V2[(2(t = 1)) = V2[(2t = 2) = (DT*[)(1),
so TD = DT?. As ecarlier, let
(D,T) :=Up 1 :={D"T" :n,l € Z}.

We will abbreviate
W(D, T) = W(uD,T)

for the set of wandering vectors for Up . These are the orthogonal wavelets.
We will also abbreviate

C¢(D,T) = C¢(UD7T).
We first recapitulate some of the results of Section 1 as applied to the system
(D, T).
Lemma 3.1. Let ¢ be any fired wavelet for (D, T). Then
(1) W(D,T)=U(Cy(D, T)). The mapping
v —=Uy from U(Cy(D,T)) — W(D,T)

18 one-to-one and onto.
(i) T¢Cy(D,T) and D & Cy(D,T).
(iii) Cy(D.T)C (DY
(iv) If neW(D,T), let Ve€Cy(D,T) with Vip=n. Then

C,)(D,T) = Cy(D,T)V*.

27



28 XINGDE DAI AND DAVID LARSON

Proof. Ttem (i) is a special case of Proposition 1.3, and items (ii), (iii) and (iv)
are special cases of Lemma 1.1 parts (iv),(v) and (vi), respectively. O

If ¢ is an orthogonal wavelet, then 7" 1s an orthogonal wavelet for all
n € Z, even though T ¢ Cy(D,T). This is simply because Up 7 -T" =Upr.
(See the remark before Theorem 2.1.) More generally, if V' is any unitary in
w*(T), then VW(D,T)=W(D,T). Asin Chapter 2, let Vy = xy(T) denote
the unique unitary in Cy(D,T) with Vi1 =T%. Then for each n € Z, Vi
is the unique unitary in Cy(D,T") with Vv =T"¢. In particular, Cy(D,T)
contains the group generated by V,. The homomorphism

ky @ Group(T) — Cy(D,T)
extends uniquely to a homomorphism of
U(w™(T)) = U(Cy(D,T))
with the property that for each V € w*(T), &y (V)9 = V. All this follows
from Theorem 2.1 and Theorem 2.3. See also Remark 2.4.

For g €R, let Tz denote the unitary of translation by 3 :
(Tf)(1) = f(t = B), t € L*(R).

Lemma 3.2. Let n€7Z and F€R. Then
D"y = Th-ngD"and T D" = D" Tong.
Proof. We have

(D™ T5)(t)

D f(t — )
(V2" f(2"t - B),

and
(To-rg D )(t) = Tomng(vV2)" F(2'1)
= (V2)"(J(2"(t=27"D))
= (V2" f2't-p).
This establishes the first identity. For the second, replace n and § with —n and
— 3 and take adjoints. O

Remark 3.3. If f € L%(IR) is real valued, then clearly gf is real valued for all
g € Group(D, T). Also, if an orthogonal wavelet 5 for (D, T} is real valued then
n, considered as an element of real L%(R), is a real wavelet because the real span
of (Up 1)y is dense in the real L*-space and the elements of (Up 1)y remain
orthonormal. Conversely, if 5 is a real wavelet for (D, T), then considered as
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an element of complex L?(IR) it is also a complex wavelet. So Lemma 3.1 (i)
gives a way of parameterizing all real wavelets as well.

Proposition 3.4. Fach (real or complex) path-connected component of W(D,T)
in (real or complez) L*(R) is nontrivial.

Proof. The complex case is a special case of Corollary 2.2, with Uy = {T" :
n € Z}. The real case is more subtle since it is special to (D, T). Let ¢ be a
real wavelet. Regard ¢ as a wavelet in complex L?(R). For 0 <t <1, let
. Vy =V
Wy = exp(itlm(Vy)) = exp(t(T)).
Then W; is unitary and is contained in w*(Vy) C Cy(D,T). Note that the

matrix coordinate elements of V,, with respect to the wavelet basis {D*TY)

(n,1) € Z*} are all real, hence W, = exp(t(g

£3) has real coordinates with
respect to this basis. So since ¥ is a real valued function W;v is real-valued.
Thus the path

a(t) =Wy, 0 <t < 1,

consists of real wavelets. O

Next we will characterize the commutant of {D,T} wusing the Fourier-
Plancherel transformation. This is simple, but is apparently new. It will be
the first step in our (partial) analysis of Cy(D,T'), and hence W(D,T), be-
yond the theory accomplished abstractly in Sections 1 and 2.

Lemma 3.2 shows that DT, D! = T« ,a € R. This implies that Group(D, T)
contains the abelian subgroup {7 : o is dyadic}. It is easy to see that x[o 1]
is a cyclic vector for the linear span of these dyadic translations. It follows that
the closure of this linear span in the strong operator topology is a maximal
abelian von Neumann subalgebra of L%#(IR). (a m.a.s.a.). Denote this by Arp.
Then the commutant {D, T} is contained in Ap. This proves that {D,T}
is abelian.

Let F be the Fourier-Plancherel transform on H = L?(R). Then F is a
unitary transformation in B(H). If f g € L*(R)N'H then

~

(FN6) = = / I p(dt = (s),

and

Fa0) = = [ d

Let a be an arbitrary real number. Then

1 —ist
L) = o= [ = oy
= HUFN().
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So FT,F~lg = e g For A € B(H) let A denote FAF-!. Thus
fa = M -ias. (For h € L*® weuse M; to denote the multiplication operator
f—hf, feL? ) Since
{ M =ias : a € R}
generates the m.a.s.a.
DR)={Mp:heL*®R)}

as a von Neumann algebra, we have

FArF~! = D(R).

Similarly,
FEDNE) = o= [ e
- o F/ —

= (V2)TUF27Ts) = (DT F[)(s).
So D" = D" = D™, Therefore, D=D"1=D*

We have
F{D, TYF ' ={D, T}
and
FUED, TY)F~' = U({D, T}).
Theorem 3.5.
{D,TY = {M,:heL®R) and h(s) = h(2s) ae. }, and
U{D,TY) = {Mj:|h(s)|=1and h(s)=h(2s) ae. }.

Proof. Since D = D* and D is unitary, it is clear that My € {ﬁ, f}’ if and
only if M), commutes with D. So let g € L?(IR) be arbitrary. Then (a.e.) we
have

(Ma Dg)(s) = h(s)(v2g(25)), and
(DMag)(s) = D(h(s)g(s)) = VZh(25)g(2s).

Since these must be equal a.e. for arbitrary g, we must have h(s) = h(2s) a.e.
The unimodular condition is necessary and sufficient for M} to be unitary. O

Remark 3.6. (An algorithm). Let F =[-2,—1)U][l,2), and for n € Z
let E, = {2%z : « € E}. Observe that the sets F, are disjoint and have
union R\ {0}. Soif ¢ is any uniformly bounded function on E, then g extends
uniquely (a.e.) to a function § € L®(R) satisfying g(s) = §(2s),s € R, by
setting §(2"s) = g(s),s € E,n € Z, and §(0) = 0. We have ||§]lcc = ||¢]|oo-
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Conversely, if h is any function satisfying h(s) = h(2s) a.e., then & is uniquely
(a.e.) determined by its restriction to E. This 1-1 mapping ¢ — M; from
L*(E) onto {ﬁ,f}’ is isometric. It is a *-isomorphism when one regards
L*®(E) as a von Neumann algebra. We will refer to a function h satisfying
h(s) = h(2s) ae. as a 2-dilation periodic function. This gives a concrete
algorithm for computing a large class of wavelets from a given one:

Given 1, let 12: F(), choose a real-valued function h €
L®(E) arbitrarily, let g = exp(ih), extend to a 2-dilation
periodic function g as above, and compute Vg5 = F~1(gy).

In the description above, the set E could clearly be replaced with [—2m, —7)U
[r,27m), or with any other “dyadic” set [—2a,a)U [a,2a) for some a > 0.

Remark 3.7. (Wavelet multipliers). In the remark above, a concrete descrip-
tion as multiplication operators is given for the group of wavelet multipliers of
the first type, via the Fourier transform. It is easily seen, since T = M5,

that (w*(T)J := {A: A€ w*(T)} = {M; : f € L(R) andf is 2m-periodic}.

So this gives a characterization of wavelet multipliers of the second type, via
the Fourier transform, also as multiplication operators. So Problem C has the
following function-theoretic subproblem.

Problem C'. If h is a unimodular function in L°(R) with the property
that F=H(hF(¥)) is a wavelet for every wavelet <, does h necessarily factor
f=fifs, where f1 is 2-dilation-periodic and fo is 2m-translation periodic?

Theorem 3.5, and the algorithm in Remark 3.6 is apparently new to wavelet
theory, although it is simple in nature. We have learned that it was also recently
obtained, completely independently, in [15], for a different type of study.

The fact that 2m-periodic unimodular functions “multiply” wavelets in the
sense of Remark 3.7 is not new. For instance a proof is contained in [8], in
which it 1s noted that two orthogonal wavelets are associated with the same
multiresolution analysis iff they are related by a unimodular 2m-periodic function
in this way.

Remark 3.8. Since the unitary group of a von Neumann algebra is connected
(in this case, more simply, the set {g € L=(FE) : |g(s)| = 1 a.e.} is connected)
it follows that for fixed ¢ the set

{5 :9 € L7(E), |g9(s)] = 1 a.e}

i1s a norm-path-connected set of orthogonal wavelets. This gives another proof
distinct from Proposition 3.4 that each connected component of W(D,T) is
nontrivial. In Theorem 4.4 we show that V}, is not contained in {D, T}’ except
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for special cases. Thus the types of paths implied by Corollary 2.2 and Theorem
3.5 are necessarily different.

Now let ¢ € W(D,T) and let P, denote the orthogonal projection onto
the translation space

Ey =span{T'y : 1 € Z}.

(These are the special cases of the E, and P, from Section 2.) Then Py
reduces 7. Also, since {T% : | € Z} is an orthonormal basis for PyH, it
follows that the subspaces {D"PyH : n € Z} are mutually orthogonal and span
‘H.So Ey is an infinite dimensional wandering subspace for D. As in Section 2
let

CL(D,T)=Cy(D, T)yN{PyY}.

Recapitulating some results of sections 1 and 2 applied to (D, T) we have:

Theorem 3.9. With the above notation
(1) AeCy(D,T) if and only if
AD"T'Py = D"T' AP,

for all (n,l) € 7.

(i1) If & and n are orthogonal wavelets, and if V € U(Cy(D,T)) with
Vi =mn, then P, =V P, V",

(111) If ve U(Cf;(D,T)) then Pyy =PFy.

(iv) If V €U(Cy(D,T)), and if Vi € Ey, then V €C(D,T).

(v) If ¢ and n are wavelets which lie in the same translation space, then
Ey = Ey, Cy(D,T) =Cy(D,T)

and

c(D,T)=Ccr(D,T).

(vi) Cy(D,T) is a left module over {D,T} and a right module over
Cr(D,T).
(vii) If ¢ is a wavelet, then

Cy(D,T) = {DY n({T} + B(H)Py).

(viii) Cf(D,T) =w*(Vy), where Vy = ky(T).
(ix) W(D,T)NEy is connected.

Proof. These follow as special cases of items 2.5 — 2.8 and 2.11, 2.13, 2.16.
O
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We next show that if the Fourier transform of a wavelet ¢ has full support,
then nonscalar unitaries in {D, T} always map ¢ out of its translation space.
So

U({D,T}) and U(C[(D,T))

act “disjointly” on % in this case. We need a lemma.

Lemma 3.10. Let f be a function in L™ (R). Assume that f is 2w-periodic
and  2-dilation-periodic. Then f is a constant (a.e.) function.

Proof. If f satisfies the hypothesis so do Ref and Imf. Hence it will suffice
to assume that f is real-valued. Assume that f is not constant (a.e.). Then for
some real number ¢ both sets

Bim{te (-mm) s ft) > o)
and
Fim{te (-mm) s ) < e)
have positive Lebesgue measure. Either 0 < m(E) <7 or 0 < m(F) < 7.
Assume the former. The proof for the latter is similar. Since E has positive
Lebesgue measure it contains points of density ([22], p.261). That is, there are
points do € F such that
. En[dy—h,do+h
Ly M N [do o+ h])

=1.
h—0+ 2h

Fix such a point do, and let n be large enough so that (do — 57, do + 37) C
(=m,m) and also that
7

271

N P

™
m(Eﬂ(do—Q—n,d0+ ))> on

N

Since f is 2w-periodic, we have
m({t € (2"dy — 7, 2"dy + 7) : f(t) > c}) = m(E) < 7.
However, since f is 2-dilation-periodic we also have

m({t € (2"dy — 7, 2"dy +7) : f{t)>c})

T T
= 2”m({t € (do — 2_n’ do + 2_n) : f(t) > C})
= 2"m(EN(do— %,do + 21”))
> 1.9,

a contradiction. O

Theorem 3.11. Let 3 be an orthogonal wavelet whose Fourier transformation
1s non-zero a.e. Then

{D,T,P,} =CI.



34 XINGDE DAT AND DAVID LARSON
Proof. Let W € {D,T,P,} be arbitrary. By Theorem 3.5, W = My,

for some 2-dilation-periodic function h. Since W commutes with P, we have

Wi e PyH, so Wi =3 70,7 for some (ay) € l2(Z). Thus
]uz = Z anfﬁZ: Z ane_m%Z a.e.

nel neZ
Let f be the 2m-periodic function given by the sum 3 ane” ' where
convergence is in L?[0,27] with periodic extension to R. It follows that

h(s)i(s) = f(s)b(s) ae.,

and since 1?(5) # 0 a.e. we must have h(s) = f(s) a.e. Thus h is 2m-periodic
as well as 2- dilation-periodic, and hence constant (a.e.) by Lemma 3.10. So

wWeCl. O

If 4 has compact support, such as the Haar wavelet and Daubechies wavelet,
then v has an analytic extension to the complex plane, so the hypothesis of
Theorem 3.11 are satisfied.

Corollary 3.12. If 1Z is non-zero (a.e.), let 'V e U{D,T}) \ CI. Then
Vi ¢ Ey.

Proof. Suppose that V € {D, T} and that V¢ € Ey. Then Theorem 3.9
implies that PyV = VP, and thus V € {D,T, Py}. So the above theorem
implies that V € CI. O

The method of multiresolution analysis is important in wavelet theory. For
references, see, for instance [19, 21] or [8].

Corollary 3.13. Let ¢ be an orthogonal wavelet with compact support. Sup-
pose that 1 is generated by a multiresolution analysis. Let

vV e U{D,TY)\ CI

and 7 = V. Then 5 is not generated by the same multiresolution analysis.

Proof. Wavelets 1,1, with the same multiresolution analysis are related in
that the Fourier transform of one can be obtained from the Fourier transform of
the other by multiplication by a 27~ translation-invariant unimodular function.
(c.f. [8]. See also Notes 3.8 (ii).) Hence Ey, = Ey,. O

The algebra {D,T, Py} can be regarded as an operator algebraic unitary
invariant for wavelets. If ¢ does not satisfy the hypotheses of Theorem 3.11,
then {D,T, Py}’ need not be trivial. For instance, if F is a wavelet set and E
is the corresponding s-elementary wavelet (see Chapter 4) then ]Sw =M, a
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multiplication operator. So since {IA), f}’ consists of multiplication operators,
in this case we have

{D,T,Py,} ={D,TY}.
In other cases {D,T, Py} may lie strictly between CI and {D,T}. (See
Corollary 3.18, Corollary 5.12 and Example 5.13.)

The methods of chapter 2 yield a generalization of Theorem 3.11.

Theorem 3.14. With the hypotheses of Theorem 2.16, if € W(U) then
{U,PyY ={A el :3 Bew (Uy) with (A — B)y = 0}.
Proof. Let A € U’. If there exists B € w*(Uy) with (A — B)y =0, then

Ay = By = ky(B)Y. Sosince A, ky(B) € Cy(U) and ¢ is separating for
CyU), A=ky(B). Then A* = ky(B*), so (A*—B*)Yp =0. So Ay € PyH
and A%y € PyH. It follows that A reduces PyH, so commutes with Py, as
required.

Conversely, if A€ {U, Py}, then A€ Cy(U) and APy = PyA. Thus by
Theorem 2.16 there exists B € w*(Uy) with Ay = By, O

Corollary 3.15. Let ® be an arbitrary orthogonal wavelet. Then A €
{D,T, Py} if and only if A= My, where fis a bounded 2-dilation-periodic
function which coincides on the support of 1Z with a 2m-translation-periodic
function.

Proof. By Theorem 3.14, {A € D, T, P,}' iff there exists B € w*(T') with
(A=B)Y =0. But Ae{D,T} implies A= M; for some 2-dilation-periodic
L*-function, and B € w*(T) implies B = Mgy for some 2nm-translation-
periodic function, as required. (In case supp(@) = IR this implies f = g, which
then must be constant by Lemma 3.10, recovering Theorem 3.11.) O

To establish density of span(W(D,T)) we require a lemma.

Proposition 3.16 . The von Neumann algebra generated by
{M;: f e L®(R), f is 2m-periodict and { My : g € L (R), g ts 2-dilation-periodic}
15

D :={My:heL>*R)}.
Proof. It will be convenient to work with 1-periodic, rather then 27-periodic,
functions. If we let W = Dy, then WD = DW, and WM ins W* = M 2mins

SO

WA{M; : fis 2m-periodic }W" = {M; : f is l-periodic}.
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So the problems are equivalent.

Let A be the von Neumann algebra generated by the 1-periodic and 2-dilation
periodic multiplication operators. First, suppose k € Z,k > 1, and let F C
[k,k+1) be an arbitrary measurable subset. Let n be the (nonnegative) integer
such that [27,2"%1) contains [k, k+1), and define a 2-dilation periodic function
g(s) on R by g(s) =s—k for s € E,g(s) =0 for s € [20,2°TH \ E,
g(s) = g(27"'s) for s€ 227, 2"*) 1€ Z, and g(s) =0 for s<0.

Now define A(s) on [0,1) by h(s) =s, and extend l-periodically to R. Let
r(s) = h(s) — g(s).

On each interval [[,{ 4+ 1) for | € Z,l > 1, the graph of g(s) is 0 or a
portion of a straight line. The only such interval on which the graph of g¢(s)
is a portion of a straight line of slope 1 is [k, k+ 1). On each such interval
[[,{+ 1), the graph of h(s) is a straight line of slope 1. So on each interval
[[,{+1),l>1,l#k, the graphs of g and h intersect in at most one point. On
[k,k+ 1), the graphs of ¢ and h coincide on F and differ on [k, k+ 1)\ E. On
[0,1), the graph of g(s) is piecewise defined by straight lines, none of slope
1, and the graph of h(s) is a straight line of slope 1, so the graphs of ¢ and A
intersect at countably many points on [0, 1).

Since h(s) is nonzero except on the integers, the above paragraph shows
that r7(s) = 0 on E and at countably many points not in E. Thus the kernel
projection of M, is M,,. So M,, € A since M, € A.

A construction analogous to the above shows that if k£ € Z with k£ < -2
and E C [k, k+1) then M, €A

Next consider measurable subsets of [—1,1). If E is a subset of [27(F+1) 2=F)
for some &k >0, then an argument similar to the above shows that M, , € A.
The same is true for a subset £ of [-27F —2-(k+1))

Every measurable subset of R is a union of countably many sets of the form
E considered above. So M, € A for every measurable set ' C IR, and hence
A=D. O

Corollary 3.17 . The linear span of W(D,T) 1is dense in L*(IR).

Proof. Let ¢ be any wavelet with the property that 12(5) is nonzero a.e. Let
& be the linear span of the operators M} with A of the form h = fg where f is
unimodular and 27-periodic, and ¢ is unimodular and 2-dilation periodic. Then
Proposition 3.16 implies that D is the strong operator topology closure of £. For
any such h, f‘l(hi) is a wavelet. [See Remark 3.6 and 3.7.] Thus }"‘1(81%

"~

is a linear span of wavelets. Since 1 is nonzero a.e. it 1s cyclic for D. Thus

[&Z] =H, and so [7:_1(51;)] =H, as required. OJ
We conclude with a problem.

Problem D. Suppose ¥ and n are orthogonal wavelets such that |1Z(5)| = |7(s)|
a.e. Do there exist a 2m-translation-periodic unimodular function h(s) and a
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2-dilation-periodic unimodular function ¢(s) such that

i(s) = h(s)g(s)¥ (5)?

37



38

XINGDE DAI AND DAVID LARSON



CHAPTER 4

Wavelet Sets

We say that measurable sets E, F are translation congruent modulo 2w if there
is a measurable bijection ¢ : F — F such that ¢(s) —s is an integral
multiple of 27 for each s € E; or equivalently, if there is a measurable partition
{E, :n €Z} of E such that {E, 4+ 2n7 :n € Z} is a measurable partition
of F. Analogously, define measurable sets G and H to be dilation congruent
modulo 2 if there is a measurable bijection 7: G — H such that foreach s € G
there is an integer n, depending on s, such that r(s) = 2"s; or equivalently,
if there is a measurable partition {G,}°,, of G such that {2"G,}®, isa
measurable partition of H. ( Translation and dilation congruency modulo other
positive numbers of course make sense as well.)

Lemma 4.1. Let f € L*(R), and let E = supp(f). Then f has the property
that {e™*f:n € Z} is an orthonormal basis for L*(E) if and only if

(i) E is congruent to [0,27) modulo 2w, and

(i) |f(s)| = \/% a.e. on E.

Proof. If F ~ [0,27) mod 2w, then clearly

1
V2T

is an o.n. basis for L*(E). If this is multiplied by a unimodular function it
remains a basis. This completes the “only if” part.

For the converse, suppose {ei”*f} is an omn. basis. Firstly, assume by
way of contradiction that F is not translation congruent to a subset of [0, 27)

e pin €7}

{

modulo 27. Then there 1s a subset F C FE of finite positive measure such
that F 4 27k C E for some nonzero integer k. Replacing F with a subset if
necessary, we can assume F N(F +2xk) =0, and also that f|p and f|piork

are bounded. Let = FU(F +2nk). Then xgf? € L*(F), so we may expand

XGf? =) ane™/,

39
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with (o) € {(Z). Let g be the 2x-periodic function on R defined by > a,,e*
on [0,27) and extended periodically. Then

xaf? = fg (ae.) on R.

Since fis nonzero on F, thisimplies ygf = xgg (a.e.). Sosince g is 2m-periodic,
f(s+2mk) = f(s) (a.e) on F.Let f, =¢e™*f. Then also f,(s+27k) = fu(s)

(a.e.) on F. Hence each f,, is orthogonal to the nonzero function

h=XrFr— XFtonk-

This contradicts the fact that {f, : n € Z} is an orthonormal basis for L?(E).
We have proven that F ~ E’ mod 27, where E’ is a subset of [0, 2m).
Let ¢ : E' — E be the bijection establishing congruency. Then

faod=e"(fo0)

is an orthonormal basis for L?(E’). Regarding these as functions in L2[0, 27]
with support E’, this implies

27
/ |f ool ds=0,1€Z,140.
0

Hence |fo¢| must be constant on [0,27). This implies E’ = [0,27) modulo
a null set, so F ~ [0,2r) mod 27, and also that |f| must be constant on F.
Since |f| is a unit vector, this constant is \/%, as required. [

Let us define a measurable subset E C R to be a wavelet set if \/%XE
is the Fourier transform of a wavelet. We will call such wavelets s-elementary
wavelets. (The prefix “s” is for “set”.) We use the notation

Ip = —
B = \/ﬁXE~

The classic example is given by the Littlewood-Paley orthonormal basis {2% 1?(2” —
l):n,l € Z} with 1?: @E for F =[-2m,—m)U[r, 27). (c.f. [8], p.115). This
set I is translation-congruent modulo 27 to [0,27), since [—2m,—m) 4+ 27 =
[0, 7). So since {\/%e”s :1 € Z} is an orthonormal basis for L?([0,27)), and

since T = M, on R, it follows that {IAWZ :l € Z} is an orthonormal basis
for L?(E). If f is a function with support in F, then D"f has support in
2-"F. Since D = D=1 it follows that for each n, {ﬁ”f’@ 2l €Z} isan
orthonormal basis for L#(2"FE). Since the sets {2"E :n € Z} are disjoint and
have union R\ {0}, it follows that {ﬁ”f’@ :n,l € Z} is an orthonormal basis
for L?(R). That is, ¢ is a wavelet. From this argument, it is clear that if F is
any measurable set which is both translation congruent to [0,27) modulo 27
and has the property that {2"F :n € Z} is a partition of R (modulo a null set)
then E 1s a wavelet set. We will prove the converse. But first, it 1s convenient
to describe how these properties are essentially related.
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We say that a measurable subset G C R is a 2-dilation generator of a
partition of R if the sets

G ={2"s:s€G},nel

are digjoint and R\ U, 2"G is a null set. Also, we say that E C R is a
2m-translation generator of a partition of R if the sets

E+2nm:={s+2nm:s€ E},neZ,

are digjoint and R\ U, (F + 2n7) is a null set.

Lemma 4.2. A measurable set E C R is a 2w-translation generator of a
partition of R if and only if, modulo a null set, E is translation congruent to
[0,27) modulo 2m. Also, a measurable set G CIR is a 2-dilation generator of a
partition of R if and only «f, modulo a null set, G is dilation congruent modulo
2 to the set [-2m,—m) U [m, 2m).

Proof. Suppose F is a translation generator. For each s € E let n(s) be
the unique integer with s — 2wn(s) € [0,27), and define

é(s) = s—2mn(s),s € E.

Disjointness of the sets (E+27n) implies that ¢ is 1-1 on F, and the covering
of R implies that ¢ is onto [0,27). (Modulo null sets in both cases, of course.)
Conversely, if E ~ [0,27) modulo 2r it is obvious that E is a generator.

Similarly, if G is a 2-dilation generator, then for each s € G,s # 0, let n(s)
be the unique integer such that

28 € [-2m, —m) U [, 27),

and define
T(s) = 2"G)g s € G.

Disjointness of {2/G : 1 € Z} implies that 7 is 1-1, and covering implies 7 is
onto [—2m, —7) U [m,27). The converse is obvious. O

Lemma 4.3. Let F CR be a measurable set. Then E is a wavelet set if and
only if E is both a 2-dilation generator of a partition (modulo null sets) of R and
a 2m-translation generator of a partition (modulo null sets) of R. Equivalently, F
is a wavelet set if and only if E is both translation congruent to [0,27) modulo
2n and dilation congruent to [—2m, —m)U[m, 27) modulo 2.

Proof. The “if” part is obvious from Lemma 4.2. For the converse, let F be a
wavelet set. Then
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Since these are orthogonal the sets {2"F :n € Z} must be disjoint. Tt follows

that
1

V27
is an orthonormal basis for L?(E), and hence by Lemma4.1 that F is translation-
congruent to [0, 27) modulo 2. Since {DrT! bE il € Z} is a basis the union
of the supports is full, and hence {2"F :n € Z} must be a partition of R. O

{(T'p 1eZ}y={ e*xp L €T}

Remark 4.4. If I is a wavelet set, and if f(s) is any function with support F

which has constant modulus \/% on E, then F~1(f) is a wavelet. Indeed, by

Lemma 4.1 {T'f:€Z} is an orthonormal basis for L*(FE), and since the sets
2" partition R, it follows that {D"T'f :n,l € Z} must be an orthonormal
basis for L%*(R), as required.

Example 4.5. It is usually easy to determine, using the dilation-translation
criteria, whether a given finite union of intervals is a wavelet set. On the other
hand wavelet sets, suitable for testing hypotheses, can be quite difficult to con-
struct. We present some of these, both for usefulness in the sequel, and for
perspective here. Ttems (ii) — (ix) appear to be new.

(i) An example due to Journe (c.f. [8], p.136 ) of a wavelet which admits no
multiresolution analysis is the s-elementary wavelet with wavelet set

-2, —4m) U or, ) U ) U, 22,

To see that this satisfies the criteria, label these intervals, in order, as Jy, Ja, Js3, Ja
and write J = UJ;. Then
s _lon | 16r 3n

7T 7T
This has the form [—2a, —a) U [b,2b) so is a 2-dilation generator of a partition
of R\ {0}. Then also observe that

JIU4Jy UdJs UJy = [~

{1+ 67, Jo+2m, J3, Js— 4w}

is a partition of [0, 27).

(ii) The Littlewood-Paley set can be generalized. For any —m < o < m, the
set
Eo=[-2r42a,—m+a)U[r+ a,2r + 2a)
1s a wavelet set. Indeed, it 1s clearly a 2-dilation generator of a partition of
R\ {0}, and to see that it satisfies the translation congruency criterion for
—m <a <0 (the case 0 < a < is analogous) just observe that

{[-27 + 20, =27) + 4w, [-2m, —7 + «) + 27, [7+ @, 27+ 2a)}
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is a partition of [0,27). It is clear that g, is then a continuous (in L?(R)-
norm) path of s-elementary wavelets. Note that

I 1; 1

im = ——X[ar 4n)-

et E. \/ﬁX[z AT

This is not the Fourier transform of a wavelet because the set [27,47) is not a
2-dilation generator of a partition of R\ {0}. So

lim ¢,

a—T

is not an orthogonal wavelet. (It is what is known as a Hardy wavelet because
it generates an orthonormal basis for H?(IR) under dilation and translation.)
This example demonstrates that W(D,T) is not closed in L%(RR).

(iii) Journe’s example above can be extended to a path. For —% < 3<%

the set

327 4 4 4
is a wavelet set. The same argument in (i) establishes dilation congruency. For
translation, the argument in (i) shows congruency to [473, 27 +43) which is in
turn congruent to [0,27) as required. Observe that here, as opposed to in (ii)

above, the limit of ¢, as § approaches the boundary point % isa wavelet.

Its wavelet set is a union of 3 disjoint intervals.

(iv) While the Littlewood-Paley and the Journe wavelet sets are symmetric by
reflection through the origin (modulo the boundary, which is a null set), the paths
in (i1) and (iii) consist of non-symmetric sets (except at 0). It is noteworthy that
paths of symmetric wavelet sets also exist: For example, consider for 0 < o < 7,

8T im im 2w
Fa = [—? + 20[,—271')U [—? — 20[,—? +OZ) U [—71',—? — OZ)
2w im im 8T
U[?—i—a,ﬂ')u[? —O[,?+20[)U[27T,? —20[)

We leave to the reader the (easy) verification that F, satisfies the dilation
and translation congruency criteria so is a wavelet set. Note that Fz is the
Littlewood-Paley set. We have

8 2 2 8

FO:[_3a QF)U[ 7Ta_3)U[3a7T)U[27Ta3)'
v e wavelet set
(v) Th |
T 7 b T b 137 7w 137
—_ —— — —.,2 — _— —
-2 =Dl 2 vl 2m U 3m) U ) ulen, =)

is the union of 6 disjoint intervals, all but one of which are positive. This
illustrates that wavelet sets can be very asymmetric in structure.
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(vi)Let 0 <a<f@<y<d<---< 7. Thesets of item (ii) admit further
“splitting” into multiparameter families of wavelet sets:

Fag =[-2m, 274+ 2a)U[-2r 4+ 28, —m)U[-7+ a,—7 + )
Ulm, 7+ a)U [+ 3,2m) U 27 + 2, 27 + 23)

Eapy =[-27+42a,2n4+20)U[-2104+ 2y, -7+ a)U[—n+ 5, —7+7)
Ur+a,m+ ) Ur+7v,2r + 2a) U [2m 4 253, 27 + 2)

Eopys = [-2m, =20+ 20) U [-27 + 203, =27 4 24) U [-27 + 26, —7)
U—r4oa,—r+ ) U[-m+y, -7+ HU[r, 7+ a)
Ulr+ G, m+ ) U[r+4,2m) U 27 + 20, 21 + 2/)
U2m + 2v, 21 + 26).

This process can be continued. It is perhaps curious that FE.s and F.g,
have 6 disjoint intervals, yet E.gys has 10. It will be shown (see example
A.4) that these arise naturally from operator-interpolation starting with the
Littlewood-Paley set Fy and the family {F,:0<a < T}

(vii) Another curious easily-checked family of wavelet sets is

8t 8w 2T

4
Go = [—?,—?+2@)U[—?+Of’—?)
27 2w 4 8T
U[?,?'i‘a)U[?‘i'?a,?)

for 0 < o < Z. Note that these are simple perturbations of the set £ which
is used in the analysis of Meyer’s family 37, in Proposition 5.5. (We thank
Fugen Tonascu for this example.)

(viii) Let A C [m, 37”) be an arbitrary measurable subset. Then there is a

wavelet set W, such that W N [r, 37”) = A. For the construction, let

B =[2m37m) \ 24,
C=[-m=3)\ (A=2m)
and D =2A—4nr.

Let
3T
W= [T,QW)UAUBUCUD.
We have W N [x, 37”) = A. Observe that the sets [37”,271'), A, B, C, D, are

disjoint. Also observe that the sets

3

1
—,2 A, =B, 2C, D
[2 ’ ﬂ-)a ’ 9 ’ Ca ’
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are digjoint and have union [—27, —7)U [7,27). In addition, observe that the
sets

[3771-’2#)’ Aa B—Qﬂ" C+27T, D+27T,

are digjoint and have union [0,27). Hence W is a wavelet set.
(ix) Let A C (8?”,371') be an arbitrary measurable subset. Then there is

a symmetric (by reflection through the origin) wavelet set W, such that W N
(8?”, 3m) = A. For the construction, let

1 1
B= —§A—|— 2r and C =[m2m)\ (2B U §A)
We claim that the symmetric set
W=—(AUBUC)U(AUBUC)

satisfies our requirements. Observe that the sets A, B, C' are disjoint and
contained in (0,00). Then observe that the sets %A, 2B, C' are digjoint and
have union [m,27), so W is 2-dilation congruent to [—2m, —m)U[r, 27) modulo
a null set. Then note that

1
§AI—B—|—27T and 2B =—-A+4~x.

So the sets —A+ 4w, —B 4 27, C' are disjoint and have union [r,27), and
the sets A —4r, B —2m, —C are disjoint and have union [-2m,—m). So W
is 2m-translation congruent to [—2m, —m) U [r,27), and hence to [0,27). This
shows that W is a wavelet set. By the construction we have W N (8?”, 3m) = A.

(x) Wavelet sets for arbitrary (not necessarily integral) dilation factors other
then 2 exist. For instance, if d > 2 is arbitrary, let

2dmw 2T
A= [_d—i—l’_d—i—l)’
2 2
B = [—— ——
[d2—1’d+1)’
2dn 2d%7w
¢ = [d—l—l’dz—l)

and let G = AU BUC. Then G is a d-wavelet set. To see this, note that
{A+2n,B,C} is a partition of an interval of length 27. So G is 27-translation-
congruent to [0,2n7). Also, {A, B,d=1CY} is a partition of the set [—da, —a)U
[8,dB3) for o = %, and 3 = df—fl, so from this form it follows that
{d"G :n € Z} is a partition of R\{0}. Hence if ¢ := f‘l(#xg), it follows
that {dZv(d"t—1):n,l € Z} is an orthonormal basis for L%(R), as required.
For dilation factors 1 < d < 2, a similar type of construction yields a d-wavelet
set. (We thank Puhong You for this example.)
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(xi) There exist unbounded wavelet sets. Let {A, : n = 0,1,2,---} be a
measurable partition of [r,27). Then the sets {A,} are disjoint, and for
n>1 we have 2774, C[0,7). Let By =US2,27"A,. Then let

B = UX,27"A,
C = [2r,—m\(B1 —2n)
D = U, 2%27"A, — 2n).

Note that the set D 1s unbounded. We leave to the reader the verification that
W=BUCUD

satisfies the dilation-translation congruency criteria so is a wavelet set. (We
thank Eugen Tonascu for this example.)

The following gives an operator algebraic characterization of s-elementary
wavelets. (See also Remark 4.4 above.)

Theorem 4.6. Let o € W(lp ). Let Vy = ky(T) be the unique unitary
operator in Cy(Upr) with Vyyp =Ty, Then TVy = VT if and only if

1

|1/)| = EXE

for some wavelet set E.

Proof. Suppose E is a wavelet set. Define a unimodular function h(s) on R
by setting h(s) = e~ for s € F and extending 2-dilation periodically by

h(s) = h(27"s), s€2"E, n €7,

and h(0) = 1. Then M, € {D,T} C Cy(D,T), and Myt = T4, so by
uniqueness we must have M, = ‘A/w. Since T = M,_-:is, the operators T and
M} commute, completing the “if” part.

For the converse, assume that TV, = V7. By Lemma 3.1, V; commutes
with D also. So V, € {D,T}. Thus ‘A@ is a multiplication operator, by
Theorem 3.5. Let 3 € R. It follows that V; commutes with Tj. Let
n,l € Z. We compute

(VT DMTN) = (Tpey, Vg DT
= (T, DTV )
= (Tpe), D"T'7 ).

By Lemma 3.2, D"T~'=1T ,_.D" so D'T'~' =T_,_.D"I". Thus

(VyTao, DT = (Tpeh, T_g=n D" T'Y).
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Also,
(T Vb, D" T'4) (TpTa, D T'4p)
(TTsy, D"T')

(Tpab, T~ D THY).

It follows that
(T, (T_gen — T™HD"TH) = 0
for all n,l € Z and [ € R. Now take the Fourier transform of this equation.
We have
(Ts), (T_g-n =T~ H)D"T'$) = 0, BER,

for each fixed n,l € Z. Since {f@ : B €R} generates

D(R) ={My: g€ L= (R)}
as a von Neumann algebra, the closed linear span of

{T@l/) 1B E R}

is the set of square integrable functions on R with support C supp@. Hence

supp((f_z_n - f_l)f)"fl@)

must be digjoint (a.e.) from supp(@) for each n,l. We have f_z_n =M -n.;
and T~ = M,... For n # 0 the function (e "*% —¢*%) is nonzero (a.e.). So
for n#0
supp((T_g-n — T~ D" T'4))
coincides with supp(f)”f’@). Since DTl = fz_nlf)” and fz_nl =M, _s-ni.i,
supp(f)”fld)) = supp(f)”d)).
Let F = supp(@). Then 15”122 2_%12(2_”()). So
supp(f)”@) =2"F.
So the above argument says that 2°ENE = 0, n # 0. Thus {2"E : n € Z}
is a disjoint family. Since {D"7T'4} is a basis for L?(R), the union of their
supports must differ from R by at most a null set. So {2"F : n € Z} is a
partition of R.
Since {D"T%) : n,l € Z} is an orthonormal basis for L%*(R) and {2"F :
n € Z} is a partition of R, where FE = supp, it follows that {7'¢ : 1 € Z} is
an o.n. basis for L?(E). Then Lemma 4.1 implies that
E ~[0,271) mod 2,

and

1

as required. [
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CHAPTER 5

Operator Interpolation of Wavelets

In this section we derive a method of operator-theoretic interpolation between
certain special pairs of wavelets, and between single wavelets and special families
of them. This generalizes Proposition 1.5 When applied to s-elementary wavelets,
this yields a new construction of a class due to Meyer, and generalizes that
class. While the s-elementary wavelets do not have “good” regularity properties
because their Fourier transforms are discontinuous, they can be basic building
blocks from which certain other wavelets with better regularity properties can be
derived. It is hoped that further work here may yield synthesis of more general
wavelets in terms of interpolation families of s-elementary wavelets.

If ¥,n are wavelets let V = VJ be the (unique) unitary operator in
Cy(D,T) with Vi =n. Suppose that V normalizes {D, T} in the sense that

V*{D, TY)V ={D,T}.

This will happen (5.3) if  and 9 are s-elementary. In this case the algebra, before
closure, generated by {D, T} and V is the set of all finite sums (polynomials)
of the form 3 A, V", with coefficients A, € {D,T}'. The closure in the strong
operator topology is a von Neumann algebra. If V™ = [ for some n this is *-
isomorphic to the (finite-dimensional) cross-product ([10], [14]) of {D, T}’ under
the automorphism group induced by V. This has a special matricial form. Now
suppose further that every powerof V is contained in Cy (D, T). This occurs only
in special cases, yet it occurs frequently enough to yield some general methods.
Then since Cy(D,T) is closed under left multiplication by {D,T'} by Theorem
3.9(vi), this “cross-product” is contained in Cy(D,T), so its unitary group
parameterizes a path-connected subset of W(D,T) that contains ¢ and 5 via
the correspondence U — U. We say that wavelets in this set are interpolated
from {¢,n}, and that {¢,n} admils operator-interpolation. More generally, if
Y € W(D,T) isfixed and F C W(D,T) is a family such that each VJ, neF,

normalizes {D, T} and
Group{VJ nE€F}YCCy(D,T),
then if U is a unitary in the von Neumann algebra generated by {D, T} and

49
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{VJ :n € F}, we say that the wavelet Ut is interpolated from {, F} and
that (1, F) admits operator-interpolation.

We follow with some basics of operator interpolation for s-elementary wavelets.

Let E and F' be wavelet sets. Let o : ' — F be the 1-1, onto map imple-
menting the 2r-translation congruence. Since E and F' both generate partitions
of R\ {0} under dilation by powers of 2, we may extend ¢ to a 1-1 map of R
onto R by defining ¢(0) =0, and

o(s) =2"c(27"s) for s€2"E, n€Z.

We adopt the notation Ug for this, and call it the interpolation map for the
ordered pair (F, F).

Lemma 5.1. In the above notation, Ug 15 a measure-preserving transformation
from R onto R.

Proof. Let o:=ck. Let Q@ CR be ameasurableset. Let Q, = QN2"E n €
Z, and let E, =27"Q, C E. Then {Q,} is a partition of 2, and we have
m(c(Ey)) = m(FE,) because the restriction of ¢ to F is measure- preserving.

So
m(c(Q) = Y m(e(Q)) =) m(2"0(E,))

> 2 m(o(En)) =Y 2" m(Ey)
= Y m2"E,) =) m(Q)=m(Q). O

n n

A function f: R — R is called 2-homogeneous if f(2s) = 2f(s) for all
s € R. (More generally a-homogeneous means f(as) = af(s). ) Equivalently,
f is 2-homogeneous iff f(27s) = 2" f(s), s € R,n € Z. Such a function is com-
pletely determined by its values on any subset of IR which generates a partition
of R\ {0} by 2-dilation. So ¢4 is the (unique) 2-homogeneous extension of
the 27-translation congruence E — F. The set of all 2-homogeneous measure-
preserving transformations of R clearly forms a group under composition. Also,
the composition of a 2-dilation-periodic function with a 2-homogeneous function
is clearly 2-dilation periodic. These facts will be useful.

If 0: R — R is a measure-preserving transformation, let U, denote the
unitary composition operator defined by

Usf=foo™ feL*(R)
We write UL := Ugr. Clearly (eE)' = oE and (UL)* = UE. We have

U§1ZE = @F since oL (E)=F.

Theorem 5.2. Let E and I’ be wavelet sets. Then:
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() Up €Cp (D.T):
(i) UL normalizes {D,TY;
(ili) If E+4F then UL ¢ {D,T}".

Proof. (i) Write ¢ = ¢£ and U, = UL . We have UHZE = @F since o(F) = F.
We must show
U, D" T pg = DT Uybp, n,l € Z.
We have
(U, D"THog)(s) = (UyDMe™"4p)(s)

— UO_Q—%e—ilZ_ns,lZE(Q—ns)

_ 2—%e—ilZ_"cr_l(s)lZE(Q—no_—l(5)).
Note that xg(2 "0~ 1(s)) =1 iff 27"¢~(s) e E iff s € 0(2"F) =2"¢(FE) =
2"F iff 27"s € F. Also, if 27"s € F, then 27"s — ¢=}(27"s) = 27"s —
27"¢~1(s) € 2Zr. Thus e‘”z_ng_l(5)1/)E(2_”0'_1(5)) = 7 shp(27s).
Also, we have

(D" T Uy tbp)(s) = (D" THpp)(s) = 27 5127 S hp(27"s).

(ii) By Theorem 3.5 the generic element of {D, T} has the form M, for
some 2-dilation periodic function h € L*®(R). Since UL = U, for ¢ = ok,
we have UJ%[;]W,LLUI{?J = Mpoo-1. We have

(hoo™1)(2s) = h(c™!(28)) = h(207 1 (s)) = h(c7(s)), s ER,

so hoo™!

(iii) Since E # F, ok isnot (a.e.) the identity map. So for someset Ey C F
of positive measure and some nonzero integer n we have

is 2-dilation periodic, completing the proof.

ocb(s)=s+2mn, s € Fy.

Suppose by way of contradiction that UL € {ﬁ, f}”. Then for each 2-dilation
periodic function h € L®(R) we have

UE M, = MyUL.

So My = UEMyUE = My,,-1, where o = L. Since h = hoo™! for each
bounded 2-dilation periodic function h, it follows that %ﬂ is an integral

multiple of 2 for each s # 0 (a.e.). Hence @ is an integral multiple of 2
(a.e.). Tt follows further, then, that there is a measurable subset E; C Fy of
positive measure, and an integer k, such that o(s) = 2*s for all s € ;. Then
2%s = s+ 27n for all s € Fy. Since n # 0, we must have k # 0. But this
forces Ej to be a singleton (hence null) set, a contradiction. O

Corollary 5.3. Cy(D,T) is nonabelian for every ¢ € W(D,T).
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Proof. Part (iii) of Theorem 5.2 shows that CaE(lA),f) is nonabelian, for
instance, for F = [-2m, —mw)U[m, 27). The result then follows from Proposition

1.8. 0

The above theorem shows that a pair (E,F) of wavelet sets (or, rather,
their corresponding s-elementary wavelets) admits operator-interpolation if and
only if Group{UL} is contained in the local commutant C"ZE (IA), f), since the
requirement that Ug normalizes {IA), f}’ i1s automatically satisfied. It is easy
to see that this is equivalent to the condition that for each n € Z, o¢" 1is a
2m-congruence of I in the sense that (¢"(s)—s)/27 € Z for all s € E, which in
turn implies that ¢"(F) is a wavelet set for all n. Here ¢ = Ug. This property
holds trivially if ¢ is involutive (i.e. ¢ = identity).

In cases where “torsion” is present, so (Ug)k is the identity map for some
finite integer k, the von Neumann algebra generated by {ﬁ, f}’ and U := UL

has the simple form
k
(> M, U™ hy € L™(R) with hy(25) = ha(s), s € R},
n=0

and so each member of this “interpolated” family of wavelets has the form

k
1
E Z hn(S)Xcrn(E)
0

for 2-dilation periodic “coefficient” functions {hn,(s)} which satisfy the necessary
and sufficient condition that the operator

k
> My, Un
n=0

1s unitary.
A standard computation shows that the map # sending ZIS My, U™ to the
k x k function matrix (h;;) given by

hij; = hoc(i,j) oo li=1

where «(i,j) = (i+1) modulo &, is a #-isomorphism. (This matricial algebra
is the cross-product of {D, T} by ad(UL).) So, for instance, if k=3 then 0
maps

Mp, + My, Ufy + M, (UE )?

to

hy ho hs

1 1 1

h300'_ h100'_ hzOO'_

2 2 2

hzOO'_ h300'_ h100'_
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This shows that ZIS M;,, U™ is a unitary operator iff the scalar matrix (h;;)(s)
is unitary for almost all s € R. This Coefficient Criterion yields interpolation
formulas.

The involutive case seems to be common. See examples A.1, A4 and A.8
in the Appendix. Example A.4 shows that uncountable commutative groups of
involutive interpolation maps exist. Example A.9 shows that the case o3 =
identity 1s possible. Question: Is the case o¢” = identity attainable for each
positive integer n? Let us say that a pair of wavelet sets (F, F') is an interpolation
pair if (Ug)z = 1identity. In this case Ug = O'E. More generally, it is natural
to define an interpolation family of wavelet sets (based at E) to be a family £ of
wavelet sets, “based” at a single special fixed wavlet set E € £, with the property
that

{eh  Fe&}
is a group. For a finite interpolation family the matricial cross-product form for
the von Neumann algebra generated by {D, T}’ together with the corresponding
group of interpolation unitaries will yield interpolation formulas. (For an infinite

family the von Neumann algebra may not be #-isomorphic to the cross-product.)

Problem E. Characterize those groups which are 1somorphic to groups of in-
terpolation maps for interpolation families of wavelet sets.

The Coefficient Criterion for the case k£ =2 yields:

Proposition 5.4. If (E,F) is an interpolation pair then
b(5) = hi(s)0m(s) + ha(s)ir (s) (*)

1s the Fourier Transform of an orthogonal wavelet whenever hy and hy are
2-dilation-periodic functions on R with the property that the matriz

hy ho (4 )
h2 o O'g h1 o O'g
is unitary (a.e.).

We shall show that Meyer’s (family of ) wavelets have the above form. Meyer’s
class is (c.f. [8],p.117):

\/1—71_6% cos[Zv(—3£ —1)], se (-8, -4,
~ \/1—71_6% sin[%y(—g’; -], se [—%T, —%ﬂ)
Pues) = eFenEE 1), se (2,5

\/12_77 Teos[Tv(E-1)], seli i

0 otherwise

for s € R, where v is a real-valued function which satisfies the relation

v(s)+rv(l—s)=1, seR.
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Normally, one chooses v so that @Me has desired regularity properties. If v is
taken with v(s) =0 for s <0 and v(s) =1 for s > 1, then if v is continuous,
or in class C*, or €, then the function @Me is in the same class. Any choice
of a measurable real valued function v satisfying v(s)+v(l —s) =1 yields a
(perhaps “badly behaved”) wavelet, however.

Proposition 5.5. The wavelets @Me have the interpolation form  (*).

Proof. Decompose the support of @Me as FUF, where F = [—%”, —4?”) U
[25,45) and F =[-4 —2)U[4E, 80). These are the wavelet sets E_x and

Eaz, respectively, from 4.5(ii). Then (0£)? = identity, as shown in A.1. For

this degenerate case we have

7B s—2m, se[E, L
Let
8t Arm 2 4x 4 2w 4 87
E_ = E,=— —) F_ = — Fp=|—,—
[3a 3)a+ [3a3)a [ 3’ 3)’+ [3’3)
Then

Uae = foE +gir,
with f defined on F by

e cos[Zv(—-2£ —1)], s€E_,
f(S)I s . T 3s
ezsin[gv(sr — 1),  s€ by,

wn

and extended to R 2-dilation periodically by setting f(0) = 0 and f(s) =
f(277s) for s € 2"E, n € Z, and similarly with g defined on R by

o(s) = eTsin[Iv(—2£ —1)], seF_
€ %V(Z_;_l)]a SEF+

and ¢(0) =1, g(s)=g(27"s) for s €2"F, n € Z. With this extension

£(5) e cos[Fr(—32 —1)], seF_,
5) = i .
evsin[Iv(2—1)], se€Fy,

and

L oainlE (35 _
g(s)—{ e sin[fv(—= )], s€kb_,

Tl etcos[Fu(EE—1)], se by

We must show that (a.e.) the matrix
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is unitary, s € R, where o = of. It will suffice to verify this for s € E. We
have ¢(E_)=F; and o(F;)=F_. Soon E_,

(foo)(s) = f(s+4m) = eﬂﬁﬁlm[gy(w 1]
= et enlTn(3 4]
= —csin[3(1- "(_i—; —1))]
= ¥ ey - 1)

where we use the fact that v(z)+v(l—2)=1, z € R. Andon FEjy,

; 3(s—2
(f o 0')(5) = f(g — 271-) —  ils—2m) cos[zl/(—u _ 1)]

2 27

= 628 COS[gy(_s_j- —|— 2)]

= ¢ sm[gy(;%—;;_— )]
Similarly,
eFsin[Tv(—32 —1)], s€E_
(gool(sy =1 © ZMEra
—ez cos[Fr(a= —1)], se€ Ey.
For convenience, let v = %1/(_2—; —1) and 7, = %V(S—; —1). Then for

s € E_ we have
€% cosy; e siny
e siny, —e cosy;
_ cosy;  siny es
o Sin7y; —cosyp 0 e
a product of two unitaries, hence unitary. Similarly, for s € E, we have
f(s) g(s) B e sinyy €' cosy
g(o(s)) f(a(s)) o —e% cosvs € sinyy
_ Sin vy COS8 Y2 es 0
- —cos7ys sin7ys 0 e )

Again each factor is unitary. The proof is complete. O

TN
R
o~
A=
o v
S—
S—
=
A=
w 2
S—
S—
v
[l

o

=[5

We note that we have proven that 7. satisfies the definition of an or-
thogonal wavelet without carrying out sensitive integral identities. No regularity
hypothesis on v are needed for this.
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Proposition 5.5 shows that Meyer’s wavelet can be obtained by interpolation
between a pair of wavelet sets by showing that 1t satisfies our “coefficient crite-
rion.” But it does not give algorithms, or give insight into the special form of
@Me. We now address these matters. (See especially Example 5.13.)

Let (E,F) be an interpolation pair. The reason that the matrix criterion
() does not automatically yield algorithms is that the condition involves com-

position with Ug. We have

w({D,TY,UE) € C; (D,T),
so the unitary group of this interpolation von Neuwmann algebra (denote it by

B(FE, F) ) parameterizes the interpolated wavelets. We consider a special abelian
subgroup of this group which is particularly easy to parameterize. Let

Then

Bo(E, F)=w*({D, T} n{Ug}, Ug).
Theorem 5.2 (iii) shows that B(E, F) is always nonabelian if £ # F, so the
inclusion Bo(E, F) C B(E,F) is always proper.

Lemma 5.6. If h € L™ and if o is a measure-preserving transformation of
R onto R, then U, My = MpU, if and only if h=hoo.

Proof. If f e L*(R), then (U,Mpf)(s) = h(c™1(s))f(c71(s)) and
(MpU, f)(s) = h(s)f(c71(s)). These are equal for all f iff h = hoo™t iff

h=hoo. O
a b
(b a),a,bEC

e +b] =1 and |a—0b| =1,

Since a matrix

is unitary iff both

for the abelian case condition (##) reduces to the condition that both
(h1 + hz) and (h1 — hz)
are unimodular. So we have an algorithm:
Proposition 5.7. Let (E,F) be an interpolation pair of wavelet sets, and

let f and g be arbitrary 2-dilation- periodic unimodular functions on R with
foang and goag =g. Then

i= 30 L

1s the Fourier transform of a wavelet.
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Proof. Apply the above discussion with hy = (f+9¢)/2 and ha = (f—g)/2.
(I

Remarks 5.8. (i) Note that Proposition 5.7 generalizes Proposition 1.5 in the
special case of wavelets. The form (* **) is clearly equivalent to the form

1?(5) = em(s)[cos ﬁ(s)le + ¢sin ﬁ(s)@m]

for «, B arbitrary real-valued measurable 2-dilation-periodic functions with

aoch =a and fock =p.
1 we dro e requirement in part (1 at aoop = «, and on
If drop the req t in part that b , d only

require that o be 2-dilation-periodic, then 1 is still the Fourier transform of a
wavelet. This is because arbitrary 2-dilation-periodic unimodular functions are
wavelet multipliers in the sense of Remark 3.7. The requirement on 3 cannot be
dropped, however.

By construction, the coefficient criterion (##) is invariant under 2-dilation-
periodic wavelet multipliers. We next show it is also invariant (in the only
appropriate sense possible) under 27-translation-periodic wavelet multipliers.

Proposition 5.9. Let (Ey, F3) be an interpolation pair of wavelet sets, and
let hy, hs be 2-dilation-periodic functions on R such that

( hi(s) — ha(s) )
ha(e(s))  hi(a(s))
is unitary (a.c.) on R, where o := ok. Let f be an arbitrary 2n-translation-
periodic unimodular function.

Define 2-dilation-periodic functions fi1, fo on R by setting f; = flg,
and extending 2-dilation-periodically to R\ {0}, and setting f;(0) = 1. Let
hi(s) = hi(s)fi(s), s€R, i=1,2. Then

(ﬁl(s) Tia(s) )
ha(a(s))  hi(o(s))

Proof. Since Zl,ﬁz are 2-dilation periodic 1t is only necessary to verify that
the last matrix is unitary (a.e.) on FE;. For s € Ey, let k(s) be the unique
integer such that 2¢()s € E,. Then 2’“(5)0'(5) = 0'(2’“(5)5) € Fy. We have
fi(s) = f(s),and  fos) = f2(2F)s) = f(2¥(5)s). Also,

Ni(a(s) = [1(2"a(s)) = fi(e(2")s) = [(0(2")s)) = F(250s),

where we used dilation-periodicity of fi, translation-periodicity of f, 2-homogeneity
of o, and the fact that fi|g, = f|g,. In addition,

is unitary (a.e.) on R.
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fola(s)) = f(a(s)) = f(5),

since fa|lgp, = flg, and o acts as a 2m-congruence on Fs. Hence for (a.e.)
s € Ela

(ﬁ1<s> ha(s) ) _ (hl(s)f(s) ho(s)f
ha(o(s) T(o(s)) ho(s)f(s)  hu(s) (2"

- (hf@(fs))) hff}r((ss))))'(f(os) f(2’“0(5>8))’

a product of two unitaries, hence unitary. O

)s)
)

Sometimes parts of two wavelet sets can be combined to form a third wavelet
set.

Proposition 5.10. Let (E,F) be an interpolation pair, and let G CR be a

measurable set which is 2-dilation stable in the sense that 2G = G and which

15 tnvariant under Ug. Then

(GNE)U(G°NF)

15 also a wavelet set.

Proof. Let
hi=x¢ and hys=xg-=1-xga.

The hypotheses imply that h; is 2-dilation periodic and h; o Ug =h;, 1 =1,2.
Since (k1 + hz) and (hy — he) are unimodular, an application of (¥%) or
Proposition 5.7 implies that

-~ 1 1

= — —h

(4 o 5 haxE
is the Fourier transform of a wavelet. Since 1Z = \/%XKa where K = (G N
EYU(G°NF), K must be a wavelet set. O

hixe +

We next show that there are always nontrivial f and g satisfying the hypoth-
esis of Proposition 5.7. The proof is in fact a construction.

Theorem 5.11. Let (E,F) be an interpolation pair. Let
AE,F)={s € E:0k(s) € 2"E for some nonnegative integer n.}.

Then A(E,F) has positive measure. If h(s) is an arbitrary bounded measurable
function on A(E,F), then h extends uniquely to a 2-dilation periodic function
(which we still denote by h ) on R which satisfies the condition that hoag = h.

Proof. For each ne€Z let
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E,={s€FE:oh(s)c2"E}.
Then {FE,:n €Z} is a partition of E. We have

AEF)=U{E, :n > 0}.
If s€E,, let §=2"0k(s)€ E. Then
PE(R) = oB(2 0B () = 27",

so 5 € E_,. This argument is reversible. So
2 "eb(E,) =F_,, n€Z.

Suppose A(E, F) is null. Then FE, isanull set for n > 0. So ok(FE,) is

null since ok  is measure-preserving. Thus

E_, =2"¢E(E,)

isnull. But U 7 FE, =E and m(E) = 2r, a contradiction. Hence A(FE,F)
has positive measure.

Now let h(s) be an arbitrary bounded measurable function on A(FE, F).
First extend to E by setting, for s € E_, with n >0,

h(s) = h(2"ck(s)).

Then extend to R 2-dilation periodically by setting h(s) = h(27's) for s € 2'E.
We claim h =hook. If s€ E, with n >0 then 27"0ck(s) € E_,,. So by
2-dilation periodicity of h and the definition of the extension to F_,,

h(og(s)) = h(27" o5 (s)) = h(2"op(27 "ok (s))) = h(s),
where we use
oh(2 T oh (5) = 2 e h ok (s)) = 2.
For s € EF_, with n >0, we have
2"0’1{5(5) ckE,.
So

h(oi(s)) = h(2"op(s)) = h(op(2"0k(s))
= h(2"¢E(ck(5))) = h(27s) = h(s).

Note that Ey = ENF. Sofor s € By, ok(s) =s. Thus the result for this
case is trivial. OJ

Corollary 5.12. Let (E,F) be an interpolation pair of wavelet sets, and let ¢
be a wavelet obtained by the method of operator-interpolation (x) between g
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and Yp. If supp(@) is not @ wavelet set, then { D, T, Py} lies strictly between
CI and {D,T}.

Proof. We shall use the characterization of { D, T, Py} given by Corollary
3.15. We have supp(@) CEUF. Let A(E,F) be asin Theorem 5.11, let h €
L®(A(FE, F)) be arbitrary, with the 2-dilation extension given by the proposition
satisfying ho Ug = h. We claim that h coincides on EF'UF with a 27-periodic
function. It will be sufficient to show that if s € FUF, and if s4+2mn € EUF for
some n € Z, then h(s+2mn) = h(s). If s € E, then s+2mn € EUF implies
s+2mn € F and o = s+ 2mn. Hence h(s+ 2mn) = h(ok(s)) = h(s). The
argument for s € F' is similar. Since A(F, F) has positive measure, this shows
that {D,T, Py} isnontrivial. If {D,T, Py} = {D, T}, then by Corollary 3.15,
every 2-dilation-periodic function coincides on supp(@) with a2m-translation-
periodic function. This implies supp(@) is contained in a wavelet set, so since
1 1s a wavelet, it must fill out the wavelet set. Thus if supp(@) is not a wavelet

set, then {D,T, Py} # {D,T}. O

Example 5.13. We give an example which demonstrates how wavelets with
special properties, such as e, can be constructed algebraically from basic
elements of the interpolation theory without resorting to integral identities. Let

FE = — F FE
[ 3a 3)U[3a3) U +
and
4 2w 4 87
F=—-—— —— F_UPF
[ 3a 3)U[3a3) U +

as in the proof of Proposition 5.5. Then (FE,F) is an interpolation pair, and
o (E)=FE_+4rn=F, cbh(E,)=E, —2r=F_.

We have A(E,F)=[-%C ——) Then Theorem 5.11 and Proposition 5.7 imply

3
that if f and ¢ are arbitrary unimodular functions defined on [—8?”, —%T), then
Nf.g 1s (the Fourier transform of) a wavelet, where
F(s)+g(s) 8 4
A (fedtaley, sel-5 %)
\/_W(f(ZS) 9(25)) s€ [_4?77’ _2?77)
ﬁf,g(s) = \/_W(f(Zs 47r)+g(25 477)) s [2?77’ 4?77)
f(s—4 4
S (ftmemn) e g
0 otherwise

bl

Sosuppose y(s) is an arbitrary measurable real-valued function on [, —57).
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Let f =€, g=e""". Write 7y :=7;g4. Then

\/%cosy(s), 56[—8?”,—4?”)

\/Z—Wsin'y(Qs), s€ [—%,—%ﬂ)
Mls) = { Amcosy(2s—dm), s € (%, %)

\/Z—Wsin'y(s—élﬂ), s€ [4?”,8?”)

0, otherwise.

Note that 7, cannot be continuous, for continuity would imply

™ 8T
li ——) = ——).
s_»(ir%)_ cosy( 3 ) = isiny( 3 )
Since 7(s) is real this implies siny(—2L) = 0; but also 7,(—%F) =0 implies
cosy(—8L) = 0. Hence cosy(—3F) =0 =siny(—2L), an impossibility.

Now define k(s) : =4 fors € E_, and k(s):=1 fors € F;, and extend
2m-periodically to R. Define h(s) := —i for s <0 and h(s) :=—1 for s >0,
a 2-dilation periodic unimodular function. Since &,k are wavelet multipliers,
hkij, is the Fourier transform of a wavelet. On E U F,

1, se F_
-1, selb.
k(s)h(s) = 1, sen,
—i, s € F_|_
So
\/% cosy(s), se kb
\/% sin y(2s), se
(khiy)(s) = —\/% cosy(2s —4r) se€ By
\/% siny(s — 4r), sey
0, otherwise.

This shows that Fourler transforms of wavelets in our class can be real-valued.

For this to be continuous, computations at s = —8?”, —%T, 4?” would imply
8 4 . 8
cos y(=) = 0, cosy(— ) = siny(==),
and
4 . 8T
— cos ’Y(—g) = s ’Y(—?),

an impossibility. So no (Fourier transform of a) wavelet hk7, can be continuous.

Next, define a wavelet multiplier ¢ by setting ¢(s) := ez for s € F and

extending 2m-periodically to R. Then on E; we have ¢(s) = e T = —e7,



62 XINGDE DAI AND DAVID LARSON

i(s44m)

and on E_ we have ¢(s) =e~ = =e%. Then the (Fourier transform of a)
wavelet
1 is
\/12_77(3; cos 'y(;;), s € i_
~ Verde sin y(2s), seF_
& (s) == (ghkny)(s) = \/12—71_6% cosy(2s —4m), s€ F4
\/12—675 siny(s —4mr), se€Fy
0, otherwise.
can be continuous. If 4 is any continuous real-valued function on [—8?”, —%T]

T 4w

with ¥(—%) =2 and v(—%) =0 then &’W is continuous on R, and will be
in class C* if y(s) € C* and if the first k right/left derivatives of y(s) vanish
at these two points. Wavelets of Meyer’s class ¥y, are of this form. Indeed, if

we let 5
7 s
=
s = Tu=2 ),
then
(25— 4m) = sin[Zu(2> — 1)] and sins (s — 4m) = coslTv(2> — 1)
cosy(2s — 4m) = sin[ v (o and siny(s —4m) = cos[ v (— ,
where we use the property v(s) +v(1 —s) =1, hence
g’yz’lZMe

Example 5.14. Meyer’s class ¢y, effectively demonstrates Corollary 5.12.

We have
8t 27 U 2r 8«

supp(pe) = EUF = [—?,_?) [?’ ?)

with E | F asin Example 5.13. We have

S _in,
37 37
If h is an arbitrary bounded function on [—2F —2%)  note that [—2F —2T) 4

37 3 3 3

A7 = [4377, 8;) C FUF, and extend h by defining h(s) = h(s — 4m) for

s € [4F, %), Then note that K := [-3F, —2T)U[2X, 2) is a 2-dilation generator

of a partition of R\{0}, and extend h to R by hk(s) = h(27"s), s € 2"K,

n € Z and h(0) = 0. Then h is 2-dilation-periodic and if s € [—— —%ﬂ),

then s+2r € [2X,4F), hence 2s+4r € [43”, 8). So h(s+2m) = h(2s+4m) =

h(2s) = h(s) as required. The reasoning is similar for s € [%”, 4?”) So if
k(s) is defined on [—8?”, —%ﬂ), a 2m-translation generator of a partition of R,
by k(s) = h(s), and extended 2m-periodically to I, then k(s) = h(s) also
on [?”, ?”) That is, h agrees with k on E U F. Thus by Corollary 3.15,
My € {D,T,P

operator in

AE, F) = [~

V. Moreover, by the uniqueness part of this construction, every

~

’y
{D,T, Pw}’ has this form.

The following is simple but useful.
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Proposition 5.15. Let (E, F) be an interpolation pair of wavelet sets. Suppose
hi,hy are as in (xx) . Then the wavelet o in (x) satisfies (a.e.)

=, sEE\F
1
SN2 I F 2 _ 5my SEFN\E
FOF + B =S T 1E o p
0 otherwise

bl

[Note: this does not imply that 12 is discontinuous, since the discontinuity of
|| + [ o ok]? can be due entirely to the discontinuity of of. This is the case
for ®pre in particular.]

Proof. We have

\/12—7Th1(5), seEE\F
U(s) = \/12—7Th2(5), seF\E
Vlz—ﬂ(hl(s)—I—hz(s)), se ENF.

If s€ E\F then ok(s)e F\ E. So

Since

hy ho
h2 o O'g h1 o O'g
i1s a unitary matrix a.e., we must have
() + [ha(e(s))[ = 1 ae,

Thus R R )
F) + h ) = =

Similarly,if = € F'\ E the same equality holds. If s € ENF, then ok(s) =s.
The matrix () is then
( hi(s)  ha(s) )
ha(s)  hi(s) /-
The condition that this is unitary implies that |hi(s) + ha(s)| = 1, hence

D) = L = [d(eE (). O

a.e.

Let O(K)= KN K¢ denote the boundary of a set K.

Corollary 5.16. Let (E,F) be an interpolation pair. Suppose E,F are finite
untons of intervals. A necessary condition for there to exist hi, hs satisfying
(k) such that ¢ of (%) is continuwous on R is that

HFEUF)Nok(O(EUF)) =0.
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must vanishon J(EUF). If s€e EUF

v
then Proposition 5.15 shows that ¢ cannot vanish at both s and Ug(s). So
¢

Proof. If 12 is continuous then
either
sE¢IFEUF)
or
ob(s) ¢ 0(EUF).

Now suppose sg € J(E U F) is arbitrary. Since I and I’ are wavelet sets which
are finite unions of intervals, sy must be a limit of points s, € FUF on which
(0E(s) —s) is constant. Then

Y(og(sn)) — U(og(s0))
Also
Y(sn) — ¥(so0)
Thus

[0(a 5 (50 )7+ [0(s50)]* — [ (g (50))]* + [¥(s0)]*
By Proposition 5.15,

5[

(e (sn ) + (9 (s0)]* =
for all n. Since 12(50) =0, this implies that 12(0'5(50)) # 0. Thus
cb(so) g A(EUF). O

The above Proposition raises some questions: (1) Is the necessary condition
in Corollary 5.16 sufficient? (2) Can the hypothesis that E, F are finite unions
of intervals be removed?

Example 5.17. The class of interpolation pairs given in A.1 of the Appendix
gives a good demonstration of Corollary 5.16 and yields a natural generalization

of the class ¥pe. For 0 < a < %, follow the scheme of Example 5.13, letting

E=FE_o=[-2r—20,—7m—a)U[r—a,2r - 2a)
and

F=Fy=[-2r42a,—71+a)U[r+ a,2r+ 2a).
The description of #,(s) is analogous, with the exception that on ENF =
[27 4+ 20, —7 — o) U [7 + , 27 — 2a), 7jy(s) = cos~y(s) + isinvy(s). Then
[74(s)] =1 on ENF. Define k(s) analogously, with the exception that on
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ENF let k(s)=eZ(H(s)"L. Let h(s) and ¢(s) be as in Example 5.13.
Then ¢, := ghk?, has the form

—
B

735€ 2 cos ¥(s), s € [=27 — 2a, =27 4 2av)

\/12—71_6%, s € [-2r+ 20, —7 — @)
~ \/12—71_6% sin y(2s), sE€E[-T—a,—T+a)
&(s) = \/12—71_6% cosy(2s —4w), s€[n—a, 17+ «)

\/12—71_6%, s € r+a,2r—2a)

\/12—71_6% siny(s —4mr), s €[2r —2a,27+ 2a)

0, otherwise.

As in Example 5.13, if v is any continuous real-valued function on [—27 —
200, =27 + 20r) with (=27 — 2a) = § and (=27 + 2a) = 0, it is easily
checked that @(s) is continuous on R. For small o > 0, @(s) can be thought
of as a wavelet obtained from the Littlewood-Paley wavelet multiplied by e%

(a wavelet by Remark 4.4) by “rounding down the corners” appropriately. Also
note that by modifying k(s) we can replace \/%eis on ENF in the description

of @(s) by any function d(s) of uniform modulus —t that is continuous on

™
the closure of ENF and which takes the same values at the endpoints, and still
achieve continuity of &,. We can achieve regularity properties by appropriate
choices of the parameters, as with /..

We conclude with a problem.

Problem F. If (E,F) is an interpolation pair of wavelet sets, suppose f, g
are functions in L= (R) such that

foE +gur
1s the Fourier transform of a wavelet. Are there 2-dilation-periodic functions
hl, hs € LOO(]R) with
V= htp + hatop
such that {hy, ha} satisfy the Coefficient Criterion (%)%
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CHAPTER 6

Concluding Remarks

6.1. Unitary Equivalence

Unitary representations m, w3 of a group G on Hilbert spaces Hy, H»
are called equivalent if there is a unitary operator W &€ B(H1,H2) such that

Wri(g)x = ma(g)Wa, g€ G, v € H.

Let Gy be an allowable subset of G in the sense of the remark after Example
1.11, and suppose 71, 7y are wandering vector representations of (G, Gy) with
complete wandering vectors 1, 2, respectively for m(Gy), m2(Go). Thereisa
natural equivalence relation on pairs (m, ) which extends the usual equivalence
relation for representations, namely, require that the unitary W implementing
the equivalence of w; and my satisfy Wiy = o, If mw is fixed, then the
corresponding induced equivalence relation on W(m(Gy)) is that 1 ~ 9
iff there exists V € U(n(Gop)') with Vi = 5. (This is analogous to the
equivalence of MRA’s introduced in [15], with scaling functions ¢; in place of
the ;. ) This is equivalent to the condition that the vector states wy, and wy,
agree on C*(m(G)). If T(Cy,(w(Gp))) # U(n(Go)’), as is most often the case
by Proposition 1.7, then there exist inequivalent complete wandering vectors, as
happens for (D, T). An application of Proposition 1.3 then shows that the set
of equivalence classes of W(m(Glyp)) can be parametrized by the coset space

U(Cy (m(Go)))/U(m(Go)')

for any single choice of ¢ € W(n(Gy)). This raises a natural Question: If
U C B(H) is a unitary system, when is U(U’) normalized by every el-
ement of U(Cy(U))? Equivalently, when is U(X/’) a normal subgroup of
Group(U(Cy(¢)))? Is this true for the wavelet case U = Upr? Theorem
5.3 sheds some light in that it shows that if ¥ = g is s-elementary, then the
interpolation unitaries in Cy(D,T) all normalize U’ = {D,T}".

In a related direction, if ¢ and » are inequivalent elements of W(U), then

there is an element V € Group(i) such that (Vi o) # (Vn,n). So the equiv-

67
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alence classes of W(U) are completely parameterized by the vector functions
wy : Group(U) — C
given by wy (V) = (V4,9). As noted in the introduction, we have
Group(Up r) ={D"Ts :n € Z,3 € D}.

So the function Ay : ZxD — C given by Ay(n, ) = (D" Tsv,¢) is a complete
unital;y equivalence invariant for wavelets. Two rather immediate pll)perties are:
(1) || =17] if and only if Ay(0,8) = A,(0,3), f €D, and (2) |[¢|= \/12_77XE
for some wavelet set E if and only if Ay(n,5) =0 whenever n #0. It may be
worthwhile to explore this invariant further.

6.2. Higher Dimensional Systems

Let m be a positive integer, and let Ty be the unitary operator of translation
by 1 in the kth coordinate direction on L*(R™). Let A be an mxm invertible
matrix with real entries. Then the operator D : L%(R™) — L?(R™) defined by

(Df)(@) = |det A} f(Ax), @ € B, f € (B,

is easily shown to be unitary. If A is a strict dilation in the sense that A~!
is a strict contraction (i.e. [[A7!|| < 1), or more generally if the eigenvalues of
A all have modulii strictly greater than 1 (so D is similar to a strict dilation),
then A dilates the unit ball B; of R™ in the sense that

UpL, A" By = R™.
In this case it can be shown that the unitary system

Up 1,1, . 1, = {D"THTE Tl nl; € 2,1 < i< m})

)

has complete wandering vectors. There are also called orthogonal wavelets, as
in the 1-dimensional case. ( For all choices of A orthogonal wavelets exist. For
some choices of A, but not for all, it can be shown that such wavelets exist
which have “good” regularity properties, so are useful in applications.) Using
the n-dimensional Fourier transform (which is the tensor product of n copies
of the 1-dimensional Fourier transform) essentially all of Chapter 3 generalizes
to this setting. Indeed, since the unitaries 7; commute the unitary system
Up 7, 7., T, Tactors as the product of two abelian groups, and so the structural
results of Chapter 2 all apply, yielding analogs of Lemma 3.1 and Theorem 3.9,
exactly as in Chapter 3. We leave proofs of the details and extensions of the
other results, to the reader. The definition of wavelet set, and of s-elementary
wavelet, makes sense for these dilation-translation systems in R™, and it can
be shown that they always exist. (A proof of existence of wavelet sets for general
A has been obtained by the present authors together with D. Speegle, who is at
present a graduate student at Texas A&M University. In addition, Speegle has
obtained a proof that the family of s-elementary wavelets is a connected subset
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of the unit ball of L?*(R™). ) Much of the interpolation theory of Chapter 5
(formally) adapts to this setting, and we leave details to the reader.

6.3. Multiresolution Analysis

The method of multiresolution analysis is a very important technique for
deriving wavelets. In fact, in many respects the formulation of MRA (c.f. [8, 19,
21]) captures the “essence” of wavelet theory. The MRA technique is a method
of starting with a suitably chosen unit vector ¢ for which the set {7'¢ : 1 € Z}
is a Riesz basis for its closed span in L?(IR), and using it to derive a complete
wandering vector ¢ for Up 7. Suitably “chosen” means that the 2-scale relation
D™'¢ c span{1'¢ : | € Z} is satisfied and that span{D"7T'¢ :n € Zy, | €
Z} = L*(R), where Zy4 ={0,1,2,---}. This method can be given an operator-
theoretic formulation. (c.f. [6, 15]). However, its connection with the local
commutant, which is the main new tool used in this paper, 1s at most indirect.
The reason for this is that since {D"T':n € Zy,l € Z} is a semigroup (apply
Lemma 3.2) we have Cy(Upr) = {D,T} (see the remark after Lemma 1.1),
so two inequivalent scaling functions cannot be related via a unitary in the local
commutant of {D, T} at one of them.

6.4. A Connection With Some Work of Guido Weiss

Several months after this manuscript was submitted we discovered that there
is a connection between some of the work we have presented in this article and
some of the work of Guido Weiss and his group who have been working on a
program of a unified approach to wavelet theory via the Fourier transform. We
learned of this connection in late spring 1995, when our colleagues Charles Chui,
Bill Johnson, and John Mc Carthy saw talks each of us gave separately, and
alerted both Larson and Weiss. We thank our colleagues very much for pointing
this out. In the past year we have had some fruitful interaction between our
respective groups concerning this.

It turned out that the class we call s-elementary wavelets in Chapter 4 were
also discovered completely independently, and in about the same time period, by
Professor Weiss, his colleague E. Hernandez (U. Madrid), and Weiss’ students X.
Fang and X. Wang. They called them MSF wavelets, and they were introduced in
a series of three papers, the first of which is due to Fang and Wang (Construction
of minimally supported frequency wavelets, J. Fourier Anal. Appl. 2 (1996)
315-327) and the second and third to Hernandez, Wang and Weiss (Smoothing
minimally supported frequency (MSF) wavelets: Parts I and IT, J. Fourier Anal.
Appl. (1996)). The first of these was submitted within two days of submission of
this memoir. As we noted in Remark 4.4 | any function supported on a wavelet
set which is unimodular on the wavelet set is the Fourier transform of a wavelet.
The class of MSF wavelets were defined to include this more general type also.
So our wavelet sets are the just the support sets of Fourier transforms of MSF
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wavelets.

The reasons that the two groups were led to consider this special class of
wavelets were different. In Professor Weiss’ program techniques were developed
to “smooth” appropriate MSF wavelets to produce new wavelets with continuous
Fourier transform, and this led to new results concerning multiresolution analysis
(MRA) wavelets. In our case, we greatly needed concrete examples of pairs of
wavelets with simple enough structure to enable us to experiment by hand with
operator computations, and we found that we could modify the Littlewood-Paley
set.

However, there is some definite overlap in the results we obtained. The charac-
terization in this paper (Lemma4.3) of wavelet sets as measurable sets which gen-
erate measurable partitions of the line under both 2-dilation and 2#-translation
is also a result of Fang and Wang. They also obtained an example of an un-
bounded wavelet set. Tt is different from Example 4.5(xi) in this paper. There
are some overlaps in the classes of examples of wavelet sets constructed, but there
are also big differences. The smoothing technique of Weiss and our method of
interpolation have apparently very little in common, yet they lead to some of the
same classes of wavelets. Both give new ways of obtaining Meyer’s family: ours
by interpolating between two wavelet sets and their’s by smoothing Shannon’s
wavelet. At the same time, each seems to yield classes that apparently cannot
be obtained using the others’ techniques. Most notably, we seem to have been
giving our research students some of the same wavelet problems to work on. This
fact became apparent during a conference last summer (see 6.7.3). We note that
the connectedness problem (i.e. Problem A in this paper) was also raised by
Professor Weiss.

We remark that much of the above mentioned work of Professor Weiss and his
group (but not the overlap with ours) are detailed in the recent excellent book
(E. Hernandez and G. Weiss, A First Course on Wavelets, CRC Press, Boca
Raton). Professor Weiss mentioned to us last summer that, because of the short
timing involved in our realization of the extent of overlap between our groups,
it was not possible to insert appropriate comments concerning this in their book
before it appeared. He asked us to instead insert a description of this matter in
our memoir before publication. We thank him for his support of our work.

6.5. Status of Problems

In this manuscript we had posed a number of problems, with the main ones
designated by the letters A - F. In the past year, problems B, C, D, the finite
group case of E, and F have been solved, although they seemed hopelessly out
of reach at the time this paper was written. This reveals something about how
rapidly the theory is evolving. Problem A is the connectedness problem, and at
the time of this writing 1t is still open, although much positive progress has been
made. This problem was also raised independently by Professor Weiss. D. Han
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and V. Kamat in their thesis work at Texas A&M University, and independently
W.S. Li, J. Mc Carthy and D. Timotin, have proven that Theorem 2.16 is valid
when Uy 1s nonabelian. Both groups used this result to anwer Problem B nega-
tively. Problem C was answered negatively by D. Han, and independently by Li,
McCarthy and Timotin; the counterexamples are different. Problem C’ and D
were answered negatively by Dai, Gu, Larson and Liang. The finite group case
of Problem E was answered positively by Q. Gu in his thesis work at A&M; he
showed that every finite group is attainable. Problem F was answered positively
by Gu and Larson.

6.6. Examples

The referee of this manuscript kindly suggested that we include some ad-
ditional material, and in particular it was strongly suggested that we include
some concrete examples of wavelet sets in the plane. The existance proof, men-
tioned above, is contained in the preprint (“Wavelet sets in R"”, by X. Dai,
D. Larson and D. Speegle, which is to appear in J. Fourier Anal. Appl.). Tt
is basically constructive, but the constructive technique does not directly yield
any examples of “elegance”. So we follow the referee’s advice and include two
examples that we worked out (except for the graph) shortly after this manuscript
was accepted for publication in October 1995. We remark that, motivated by
our existance result, other examples have been worked out by P. Soardi and D.
Weiland, and Q. Gu and D. Speegle, and perhaps others. In fact, the graph
we inserted in Example 6.6.1 (but not the example itself) was inspired by the
beautiful graphs in the recent preprint by Soardi and Weiland entitled “Single
wavelets in n-dimensions” in which precise methods are detailed for construct-
ing a family of MSF wavelets (and hence wavelet sets) with fractal-like nature
in the plane and in higher dimensions for dilation factor 27. In addition, we note
that Gu and Speegle have shown (not yet published) that interpolation pairs of
wavelet sets exist in the plane for certain matricial dilation factors, and hence
that single-function wavelets exist in LZ(]RZ) which are not MSF wavelets.

Example 6.6.1 Consider the dilation matrix A = 27, where [ is the identity
matrix on B?. For n € I, define 2-dimensional vectors &,, 3, by:

1 7 9
Yy = - = R
“ 1lyg) €
B;L = O_Zka
k=1
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Define
T T
GO - [Oa 5] X [Oa 5]
1 o
Gn — 4_nG0 +ﬁna
E = U G C 2Go \Go;
k=1
C = GuUE+(2rm, 27);
B = 2G\(GoUE).
Define
A = BUC
Ay = {(-=z,y) : (z,y) € At}
As = {(=z,~y):(z,y) € A1}
Ay = {(x,—y) : (z,y) € At}
Wi, = AjUAUA3U Ay,

Then the set W, is a 2-dimensional wavelet set for the system Up 7, 7, in
section 6.2, where (Df)(z) = |det A|"? f(Ax) = 2f(2z), 2 € R?, f € L*(R?).

Proof. We have

AE = (4G1)U([j AGY)

oQ

1 -
= (Go+(2m2m)u(| Ti=7 Go+ Br1 + (27,2m))
k=2
= 2r2m)+GyUE
= C.

Since
FUB= 2G0\G0

is a 2-dilation generator for the first quadrant, and 4F = C, so A; 1s a 2-dilation
generator for this. So Wi is a 2-dilation generator for the 2-dimensional plane
R,

Also, it 1s clear that W1 is congruent modulo translations along the coordinate
axes by integral multiples of 27 to the set [—m, 7] x [-m, 7]. O

The following graph was inspired by the graphs of Soardi and Weiland, as
noted above.
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| |

n u

Figure 1: Wavelet set W) in R?

Example 6.6.2 Let A and E be as in Example 6.6.1. For n € N, define
2-dimensional vectors &@,, 5, by:

- 1 o« 2
[0 7% = 471—_1(5, 0) S ]R ;
B;L = O_Zka
k=1
G = 0
Define
T T
GO - [OaQ]X[_§a§]
1 N
Gn — 4_nG0 +ﬁna
E = |JGr C 2G0\Go;
k=1
C = GuUFE+(2m,0);
B = 2G\(GyUE).
Define
A = Budl
Ay = A(=2,y) : (v,y) € At}
W2 = A1 UAZ.

Then the set W5 is a 2-dimensional wavelet set.
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Proof. We have

AE = (4G U (| 4Gk
k=2
= (Go+ @n0) U g Got Foor 4 (27,0)
k=2
= (271',0)—1—GQUE
= C.

Since

FuB= 2G0\G0

is a 2-dilation generator for the right half plane, and 4F = C, so A; 1s a 2-dilation
generator for this. So Wj is a 2-dilation generator for the 2-dimensional plane
R?.

Also, it 1s clear that W is congruent modulo translations along the coordinate
axes by integral multiples of 27 to the set [—m, 7] x [-m, 7]. O
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Appendix: Examples of Interpolation Maps

The class of interpolation maps between wavelet sets exhibits many different
types of algebraic structural properties that are relevant to this article. We give
some examples illustrating these properties. Many are referenced as counterex-
amples in this article. These examples also serve to illustrate the manner in
which one can compute with interpolation maps.

Consider the path of wavelet sets of Example 4.5 (ii) given by

Eo=[-2r42a,—m+a)U[r+ a,2r + 2a)

. . Eo
for —m < o < w. The interpolation maps 052 = oy’
@1

o have some useful

properties. First consider the special case where oy = —a and a9 = a. Here
the union FE; U F5 1s the symmetric set

[-27 — 2a, -7+ @) U [ — o, 27 + 2a).

Example A.1. We will show that ¢%_ is involutive for « in the range 0 <
a< 2. Write 0:=02,. To compute o we can partition

E_a:AluBluCluDl and EQIAQUBQUCQUDQ

where
Ay =[-27r — 20, 27+ 200), By = [-27 + 200, — — @),
Ci=r—a,n+a), D =[r+«a,2r—2a),
and
As = [-2n4 20, - — @), By =[-7—a,—7 + «),
Co=[r+a2r—2a), Ds=[r+ 21— 2a).
Then

A1+47T:D2a BIIAZa 01_271-:32’ Dlzcza

and we also have the arithmetic relations 2B, = A; and D = 2C;. Thus on
Ay we have o(s) = s+4r € Dy, on C; we have o(s) = s— 27 € By, and

75
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o(s) =s for s€ ByUDy. Sofor s € Aj, since o(s) € Dy and Dy = 2C]
we have %0’(8) € (1, so using the 2-homogeneity of & we have
1 1
0'2(5) =20(z0(s)) = 2(50'(5) —2m)=o(s) —dr =s+4dn —4dn = s.

Similarly, for s € Cp, we have 20(s) € Ay, so

1 1
o?(s) = 50’(20’(5)) = 5(20’(5) +4m)=o(s)+2r =s—2n+ 27 = s.
On ByUD; wehave o(s) = s so 0%(s) =s. Thus o%(s) = s forall s € E_,,
and hence o%(s) = s for all s € R since o is determined by its restriction to
E_,.

Example A.2. Next consider the example above, but for « in the range
3 <a < 5. We will show that in this case o is not involutive,and moreover, the

? to E_, is nota 2m-congruence. In addition the orbit of a point

restriction of o
in F_, can be unbounded. Here a different (from that of A.1) partitioning is

required to compute o%,. Let

Ay =[-2r—2a,-37+a), By =[-3n+a,—7—«),
Cy =1 —a,2a), D1 = 20,27 — 200),

and
Az = [-27 4 20, —2a), By = [20, -7 + ),
Co=[r+a,3n—«), Dy=[37—a,2r+ 2a).
We have
A1+ 2 =By, By +4n=C4, Cy+ 21 = Dy, Dy — 27 = As.
So

s+2w, s€E A
s+4r, s€ B
s+2m, sel]
s—2m, se€ .

o(s) =

2

The additional arithmetic relationships available in A.1 to compute ¢“ are not

available here without further partitioning. The form of ¢? is complicated. For

instance, for s = =27 —2a, we have o(s) = s+2m = —2a. Since § <a < 7,
we have —4a € By. So
1 1
0'2(5) = 50’(—40[) = —5(—4a +4r) =27 — 20 € 2C1.

So 0?(s) # s at this point (and at nearby points to the right of s = —27 —2a ).
Continuing, we have

0'3(5) =o(2r —2a) =20(r —a) =2(r — a4+ 27) = 67 — 2.
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Since § < a < % we have N—Q<M<2a, SO

%0'3(5) €y, so

0'4(5) = 80’(%0’3(5)) = 8(%0’3(5) +27) = 0'3(5) + 167 = 227 — 2a.

A simple induction argument shows that the orbit of s = —27 — 2a under o is
unbounded. Now, observe that since Z < a < 7 we have —57” — 5 €A Let
51 = —57”— S. Then o(s1) =s1 421 =—-5—5. So 4o(s1) = —271' 200 € Aq.
So

7(51) = o(o(s1)) = F(40(s1) +2m) = o{s1) + 5 = 51+

2 is not a 2m-congruence on

Thus (c%(s1) — s1)/27 is not an integer. Hence o
E_,. So the correspondmg comp051t10n operator U, 1s an element of the local
commutant of {D T} at 1/)E whose square is not in the local commutant.

Example A.3. Next, fix the initial wavelet set
Ey =[-2n,—m) U [r, 2m),

and let the final wavelet set be FE, for 0 < a <. Write

_ Ba
0o = 0p.

It is easy to compute that for 0 < a < % we have, on Fy,

s+4m, € [-2m, =27 + 2a)
rals) = s, € [-2n+ 20, —7)
s—=2m, se€[mT+a)
s, € [+ «a,2m)
and for § < a <7 we have, on Ky,
s+4m, € [-2m,—n)
) s+2m, se|n 2a)
7als) = s—2m, s€[2a,m+a)
s, s €r+a,2r)

For 0 < a < 5 one may compute that o, is involutive. Indeed, if
s € [m,m+ a) then
o(s) =s—2r € [-m, -7+ «).
So 20(s) € Fy. We have

0'2(5) = %0’(20’(8)) = %(20’(5) +47m) = o(s) + 27 = s.

The case s € [-2m,—27 4 2«) is computed similarly. On the other hand, for
5 <a<m 0, isnotinvolutive. Indeed, for s = 7 we have o(s) = s+27 = 37,

so $0(s) € [2r, 7+ a) and hence
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Example A.4. For 0 <a,8 < 7 asabove, one may compute that ¢, and og
commute as maps from R onto R, so their corresponding composition operators
Uy :=Us, and Ug := Uy, commute. Moreover, here the compositions 0,005
are all 2m-congruences of FEy, so

{(cao0s)(Eo): 0<a, B< g}

is a 2-parameter family of wavelet sets. This is how the family F.g if Example
4.5 (vi) was derived; Further compositions lead to multiparameter families. Tt
follows that the group (under composition) generated by {o, : 0 < a < T} isan
abelian group of measure-preserving involutions of R such that for each element
o of the group the composition operator U, is contained in C$ (D, T). Since
0
each U,, normalizes {D, T}, so does U,. Letting
T

F={¢a:0<a< ),

this means that {oo, F} admils interpolation. Tt is, in a sense, prototypical of
involutive interpolating families.
For 0 <a < @< 7% onecan compute, on [y,

s, s € [=2m, =27+ 2«)
s+4m, s€[-2r+4 20,21+ 20)
) s, s € [=2r+28,—)
(caoop)(s) = s, s €[m m+a)
s=2m, s€[r+a,r+p)
s, s € [r+ 4, 2m).

For instance, for s € [-27 + 2o, =27 + 28) we have opg(s) = s + 41 €
[27 4 2a, 27 + 23), so %0'@(5) Elr+a,rm+8) Clr+a,2r). So
1

(700 03)(5) = 20a(505(5)) = Ag0s(s)) = 5+ 4m.

Verifying commutativity on this interval, we have oq4(s) = s, so
(05 0 7)(s) = 05(s) = 5 + 4,

as required. The computations for the other subintervals of Fy are similar.
Example A.5. For 0 <«, <, if either a or § is greater then 7 then o,
and o can fail to commute, and the composition can fail to act 2m-congruently

on FEg. For instance, let o =% and (= ?jT”. Then, on Fjy,

s+4mr, s¢€ [—271',—37”)

) s s€ [—37”,—71')
0'%(5)— s — 2, 86[71’,5%)
s, s€ [%”,271')
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and
s+4m, s€[-2m —m)
) s+2m, sel|n, 37”)
7= o Car selimm
s, s€ [?T”, 2m)
A routine computation yields
s, s € [-2m, —21)
s+ 4m, 56[—3?”,—71')
_ s+2m, selm T
(0xo00sx)(s) = s—m se[iE 13
s—2m, s¢€ [i%”, %ﬂ)
s, s € [, 2m).
and
s+8n, s€[-2m, —3F)
s+ 4, 56[—3?”,—71')
B s, s € [m, Tﬂ)
(0008 =\ JLon e
3r 7
s—2m, se[F, )
s, s€ [?T”, 2r).
The map ¢ = oz o Osx fails to act 2m-congruenctly on FEjy because for

s €[5, 55,

(a(s) = 5)

1
=——=¢ 7.
2 2 ¢

The image of FEy under oz ooczx is not a wavelet set because it is not

ki
4

2n-translation congruent to [0, 27). So

UO' UO' 3

sy
4

On the other hand, Osn 0 0x is a 2mw-congruence of FEy. The image (ozs o

ox)(Ep) is the wavelet set of Example 4.5 (v). We have '

Us,

ST
4

U,, € C%(f),f).

This shows that the local commutant Cgo (ﬁ, f) can contain unitaries A, B

with AB € C; (D,T) but
BA ¢ C; (D,T).

In particular it shows that C%(ﬁ, f) is non-abelian.
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Example A.6. Consider the map o

an above. We can compute o%,, on Fy,
as ’
s+8m, se€[-2m —m)
2 _ s = 271-’ s € [ﬂ-a 3771-)
0-377'(5)_ §—, 56[3771-’%)
s, s€ [?T”, 2m)

It follows that o3, (s) = s for all € Fy, and hence for all s € R. For instance,
letting o := Osx, for s € [-2m,—7m) we have ¢?(s) = s+ 81 € [6m,77). So

152(s) € [32, %) C Ey. Thus

0'3(5) = 40’(%0’2(5)) = 4(%0’2(5) —271) = 0'2(5) — 81 = s.

Computations for the other intervals are analogous. However, o¢? is not a
2m-congruence of FEgy because o%(s) — s is not an integral multiple of 27
for s € [37”, ?T”) So Tsx does not admit operator-interpolation. We have

Us €C; (D, T) but
Ur=U2¢ c%(f),f),

showing that C$ (ﬁ, f) is not self-adjoint.

Example A.7. Consider the set of Journe in Example 4.5 (i). Let

327 4 4 327
J = [_?a _47T) U [_ﬂ-a _7) U [Ta 7T) U [471-’ ?)a

s+6mr, s¢€ [—271',—107”)
) s+2m, 56[—107”,—71')
7s(s) = s—2m, s¢€]|n, 107”)
s — 6, 56[107”,271')

s+4m, s¢€ [—271',—87”)
0"71(8)2 5+27ﬂ—a SE[_STWa_Tr)

s— =, s€|m, 87”)

s—4m, s¢€ [87”,271')

Then 0';1 is not a 2m-congruence of FEj, so again, we have

Us, ¢ Cs (D, T).
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The compositions with oz are not difficult to compute. On Ey, we have

s—2m, s¢€ [—271',—107”)
s+2m, s¢€ [—107”,—71')
(Ug ooy)(s) = s, s € [m, 87”)
s—2m, s¢€ [8—”,107”)
s—6m, s€ [107”,271')
and
s, s€ [—271',—177T
s+6mr, s¢€ [—127”,—107”)
(O'JOO'%)(S): s+ 2m, 56[—107”,—71')
s+m,  se|m 87”)
s—6m, s€ [8777,271').

and

Example A.8. Consider Example 4.5 (viii). Here, A C [r, 37”) is a prescribed
measurable subset, and B, C, D are derived from A so that {[32—”, 2m), A, B,C, D}
partitions a wavelet set W. Let oy be the interpolation map between FEy =
[2m, —m) U [m, 27) and W. The sets

3T
e
partition [0,27). So the sets

{[32—71-,271'), A, B—4r, C+ 27, D}

,2m), A, B—2m, C+2r, D+ 2r}

partition Fy. Hence

s, 56[37”,271')
s, seA

ow(s) =< s+4w, s&€B-—Ar
s—2m, selC+2nm
s seD .

bl

From the construction we have B = 2C +4xw. So

1
§BIC—|—27T and 2C = B —4n.
So for s € B—4m, ow(s)=s+ 4w € B, hence

0'[2/1/(8) = QUw(%Uw(S)) = 2(%0’W(5) —2m) =s.
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Similarly, for s € C+2r, ow(s)=s—2r€ C, so

O'IZ/V(S) = %Uw(QUw(S)) = %(20’[/1/(8) +4r) =s.

Thus the map o is involutive.

Example A.9. We construct an example of an interpolation map o between

3 2

two wavelet sets £ and F' for which ¢ =identity, and ¢° is a 27-congruence

on the initial wavelet set E. Hence
Group{U,} C C"ZE (ﬁ,f),

so o admits operator-interpolation.

Let
T T 31w T 7 31x
A== — — —), B=[—-——,—— —
- - Ul 50, B =2, -Dyultn )
Let
T Tm 1bw 157 31w
A = ), A, =[— — — [
1 [ , 2), 2 [2a 4 )a 3 [ 4 3 ] )a
T 7 157 157 31w
B = [—Z,—g) By = [77T,T), B; = [T’ T)
Then

A1—|—87TIBQ, A2—|—47TIB3, A3—47TIBl,
A1 =4By, 2A; = By, 2A3 = Bs.

It follows that A and B are both 27-translation congruent and 2-dilation con-

gruent. If fact, both are translation congruent to [, H’Tﬂ) and both are dilation
congruent to [—2m, —m) U [?T”, 311—6”) It follows, using an exhaustive induction

technique, that there exists a (nonunique) measurable set C| disjoint from A and
B, such that
EF:=AuCand F:=BUC

are wavelet sets. Let

o :=ok.
We have o(s) =s for s € C, o(s) =s+8r € By for s € Ay, o(s) =
s+4r € By for s € Ay, and o(s) =s—4r € By for s € Az. Soon Aj,
since 24, = B, we have %0’(8) € As, hence

0'2(5) = 20’(%0’(5)) = 2(%0’(5) +4n) = s+ 16m7.

Similar computations yield o%(s) = s — 4w for s € Ay, o?(s) = s—2r for
s € Az, and of course o(s) =s for s € C. So ¢? isa 2m-congruence on F as
required. To compute o3, note that for s € A; we have o(s) € By = 245,
so 0?(s) € 0(242) = 20(As) = 2B3 = 4A3. Thus

%0'2(5) —4n) = o?(s) — 167 = s,
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as required. For s € As we have o(s) € Bs = 243, so o?(s) € 0(243) =
231 = %Al, SO

1 1
0'3(5) = 50’(20'2(5)) = 5(20'2(5) +87) = 0'2(5) + 47 = s.
For s € Az we have o(s) € By = %Al, so o%(s) € %O'(Al) = %Bz = %Az, SO
1 1
0'3(5) = 50’(20'2(5)) = 5(20'2(5) +4nm) = 0'2(5) + 21 = s.

Thus ¢ =identity on £, Hence on B, as claimed.
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