MULTIWAVELETS ASSOCIATED WITH COUNTABLE GROUPS
OF UNITARY OPERATORS IN HILBERT SPACES

DAVID R. LARSON, WAI-SHING TANG AND ERIC WEBER

ABSTRACT. Let G be a countable group of unitary operators on a complex sepa-
rable Hilbert space H. We give a characterization of biorthogonality among Riesz
multiwavelets in terms of certain invariant properties of their associated core spaces.
A large family of non-biorthogonal Riesz multiwavelets is exhibited. We also dis-

cuss some results on linear perturbation of orthonormal multiwavelets.

1. INTRODUCTION

In this paper, we consider wavelet-type problems associated with countable groups
of unitary operators on a separable complex Hilbert space. Other results in such and
similar settings can be found in [1, 2, 4, 5, 7, 8, 12, 13, 14, 15, 17].

In section 2 of this paper, we use operator-theoretic methods to obtain and clarify
results related to ”orthonormalization” of frames and Riesz bases in Hilbert spaces.
In section 3, we give a characterization of biorthogonality among Riesz multiwavelets
in terms of certain invariant properties of their associated core spaces. A large family
of non-biorthogonal Riesz multiwavelets is exhibited. In section 4, we discuss some
results on linear perturbation of orthonormal multiwavelets.

Let us set up some notations and terminologies. Throughout this paper, let H
denote a separable complex Hilbert space. The inner product of two vectors x and
y in H is denoted by (x,y). A countable indexed family {v,},., of vectors in H is

a frame for its closed linear span V' = span{v,},, if there exist positive constants
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A and B such that

(1.1) AIFIP <D 1 v < BIFIP, VFeV;

the family {v,} is a tight frame (respectively normalized tight frame) for V if the
above condition holds with A = B (respectively A = B = 1). A countable indexed
family {v,}nes is a Riesz basis for its closed linear span V' if there exist positive

constants A and B such that

(1.2) A aal <1 anval> < B> anl’, Van} € £2(J).

It is well known that a Riesz basis for a Hilbert space is a frame for the same space.

Two families {v,,} and {9,} in H are biorthogonal if
(1.3) (Uny Om) = Opom VY, m.

If Vand W are closed linear subspaces of H such that VN = {0} and the
vector sum V3 = V 4+ W is closed, then we write V; =V @& W and call this a direct
sum. In this case, the map P : Vi — Vj defined by

(1.4) Pv4+w)=v, veV,weW,

is called the (oblique) projection of V; on V' along W. For the special case when
V and W are orthogonal, we shall write V; = V @+ W and call this an orthogonal
direct sum. We write V+ for the orthogonal complement of V in H.

The space of all bounded linear maps on H is denoted by B(H). A unitary system
U in B(H) is a set of unitary operators on H which contains the identity operator
on H.

Let G be a discrete group. For every g in G, let x, denote the characteristic
function of {g}. Then {x, : ¢ € G} is an orthonormal basis for ¢*(G). For each ¢ in
G, define I, : (*(G) — (*(G) by (l,a)(h) = a(g~*h), h € G. Then l,(xn) = xgn for
all g, h in G. For an indexed set J, the space (*(G x J) can be identified with the
spaces (2(G) @ (*(J) and (*(G, (*(J)). For each g in G, define L, : (*(G,(*(J)) —
(G, 2(J)) by (Lga)(h) = a(g~*h), h € G. Then L, = l,® I, where [ is the identity

operator on 2(.J).
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2. ORTHONORMALIZATION AND POLAR DECOMPOSITION

In this section, we show how operator theory has important implications in results
related to ”orthonormalization” of frames and Riesz bases.

Let X = {z, }nes be aframe for V = span{x,}nes C H. Let T =Tx : (*(J) — V
be defined by

(2.1) T({an}) =Y anra, Yan} € £2(J).

It is well known that in this case T is a surjective bounded linear operator. Also, its

adjoint T* = T% : V — (2(J), given by

(2.2) () ={{f,zn)}, VeV,

is bounded below on V' and so has closed range. Moreover, the bounded operator
S=TT*:V — V, given by

(2.3) SF=> {f.xa)ta, YfEV,

is invertible. (For the case that X = {x,}nez is a Riesz basis for V, then both T’
and T are invertible.)

Let T = U|T| and T* = Y|T*| = YSY2 be the polar decompositions of T
and T™ respectively, where U and Y are partial isometries with kerU = kerT and
kerY = kerT*, and |A| = (A*A)"/? for an operator A (see [6, Problem 134]). We
elucidate the following folk-result by appealing to operator-theoretic properties of
polar decompositions. (See also Proposition 1.5, Proposition 1.10 and Remark 1.12

in [7] for other related results.)

Proposition 2.1. Let {z;};es be a frame (respectively a Riesz basis) for a closed

linear subspace V of H. Then
(i) U=Y*r=S51T;
(i) {S™Y2x;};es = {Ue;}jes is a normalized tight frame (respectively an ortho-

normal basis) for V., where e; = {3 tres, J € J.
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Proof. Since T* is injective, Y : V — ¢2(J) is isometric. As Y = T*S~'/2 we have
IT)Y = (T*T)Y2T*(TT*)~V? = T(TT*)"/?>(I'T*)~'/? = T*. Taking adjoints, we
obtain T = Y*|T|. Since kerY* = kerT = kerU (as Y* = S™Y2T), by uniqueness of

polar decomposition, Y* = U. Since Y is isometric, for every f in V/,
DAY e =D Y fren® = IV AP = £

Therefore, {Y*e, } nes is a normalized tight frame for V. Moreover, for each n, Y*e, =
S—12Te, = S V2, .
If X = {x,}nes is a Riesz basis for V, then U, Y and Y* are all unitary. Hence

{Y*e,}nes is an orthonormal basis for V. O

For the rest of this section, let G be a countable (hence discrete) group of unitary
operators on H, let Y = {y; : j € J} be a countable indexed family of vectors in H,
and let V' = 3spang(Y).

Proposition 2.2. Suppose that G(Y') = {gy; : g € G,j € J} is a frame (respectively
a Riesz basis) for V.. Then there exists a countable indexed family Y = {g;:j€J}
of vectors in V' such that g(?) ={g9y; : g € G,j € J} is a normalized tight frame

(respectively an orthonormal basis) for V.

Proof. Suppose that G(Y') is a frame (respectively a Riesz basis) for V = spanG(Y).
By (2.3), the operator S = TT*:V — V is of the form

(2.4) SF=Y_Y (f.oudgy;, VfEV.

jed geg

Since G is a group of unitary operators, by routine calculations we have
(2.5) glvS==5glv Vgeg.

Hence g |y S7Y/2 = S=1/2g |y for every g in G. It follows from Proposition 2.1 that
g (}A/) is a normalized tight frame (respectively an orthonormal basis) for V', where

=Sy, jeJ and Y = {j;:j € J}. -
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Suppose that G(Y) is a frame for V. Identifying the space (?(G x J) with the
spaces (2(G) @ (2(J) and (3(G, (?(J)), the operator T : (*(G,(*(J)) — V in (2.1)
becomes
(2.6) T(a) = Z Zaj(g)gyj, Va= Zaj(g)xg ® e;.

jedJ geg

It can be easily checked that

(2.7) gI'=TL, Vgeg.
Taking adjoints above with ¢ replaced by ¢g~!, we have
(2.8) T"g=L,J1° Vgeg.

Recall that 7% : V. — ¢%(G,¢?(J)) is bounded below and T* = Y S¥/2 where
YV — (%(G,*(J)) is an isometry with ranY = ranT™.

Proposition 2.3. Let P be the orthogonal projection of (*(G,¢*(J)) onto ranY .
Then LyP = PL, for every g in G.

Proof. First observe that PT* = PY|PT*|. Considering as operators from V' to
ranY , the above is the polar decomposition of PT* and PY is unitary. By (2.8),

PT*g = L,PT* Vgeg.
Hence for every g € G, we have
PYg = L,PY,
and so
YgY* = PYgY* = L,PYY* = L,PP = L,P, Vg € G.
Taking adjoints above (with g replaced by g~ !), we get
YgY* = PL,, Vgeg.

Hence L,P = PL, for every g in G. O
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3. CHARACTERIZATION OF BIORTHOGONALITY AMONG RIESZ MULTIWAVELETS

Let U be a unitary system in B(H), and let r be a positive integer. A vector

Y = (Y1,...,%,.)in H" := H® ... ® H is an orthonormal multiwavelet (respectively,
—_———

r—fold
a Riesz multiwavelet) of multiplicity r for U if {Uy; : U € U,i = 1,...,r} is an

orthonormal basis (respectively, a Riesz basis) for H. Denote by W"(U) (respectively
by R"(U)) the set of all orthonormal multiwavelets (respectively Riesz multiwavelets)
of multiplicity r for . Obviously W"(U) C R"(U). A vector n = (1, ...,n,) in R"(U)
is a biorthogonal Riesz multiwavelet if there exists a vector 77 = (7, ...,7,) in H" such

that
(31) <U771,V’f]3> = 5U,V6i,j7 U,V S Z/l, Z,j = 1, ey T

It is easy to see that such a vector 7 is necessarily unique and is in R"(U).
Let ¢ = (¢4, ...,1,) € H". Following [4], we define the local commutant of U at v
to be the set

For any operator A on H, write Ay = (Avy, ..., A,). We have several occasions to

use the next simple lemma (cf. [4, Lemma 1.1]). We leave its proof to the reader.

Lemma 3.1. Let A € C,(U) and B € B(H). Then B € Cy,(U) if and only if
BA € Cy(U). Moreover if A € Cj(U) is invertible, then C,(U) = Cj,(U)A™

Let n = (m,...,n,) € R"(U). In this case, the frame operator S : H — H as
given by (2.3) takes the form

(33) Sf=Y_> (f.Un)Un;, feH,
i=1 UeU
and it is an invertible positive operator on H. For every j =1,...,r, V € U, we have

Vi = S(S™'Vn) ZZ “Vay, Ung) U,
=1 UeU
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Therefore
(34) <S_1V77j,U77i> :(SUJ/(SiJ', uveld,i,j=1,..r,

ie., {S7'Un; : U €U, i=1,..,r} is biorthogonal to {Un; : U € U, i = 1,...,7}. Tt
follows from (3.4) and (3.1) that

Proposition 3.2. 7 is biorthogonal if and only if S~ € Ch(U).

If W"(U) # 0, there is another characterization of biorthogonality. The first two

parts of the next result are analogous to [4, Proposition 1.3].

Proposition 3.3. Assume that W™ (U) # 0. Fixz a vector ¥ = (Y1, ..., 1) € W'(U).
Let ® : B(H) — H" be defined by

O(A) = (A, ... Ay,), A€ B(H).

(i) ® maps the set of all unitary operators in Cj,(U) bijectively onto W' (U).

(ii) @ maps the set of all invertible operators in Cy,(U) bijectively onto R"(U).

(iii)  Letn = (m,...,n.) € R™(U) and let A € C;(U) be invertible such that Ap; =
ni, i =1,...,7. Then n is biorthogonal if and only if A*~' € CQ(U).

Proof. Parts (i) and (ii) follow from similar arguments as in the proof of [4, Propo-
sition 1.3].
(iii): First observe that by (3.3) and the assumption that A € Cj,(U), the frame

operator S satisfies S = AA*, since

Sfo= DD Af.Un)Un,

i=1 Uel

= YD (AU AUY,

i=1 Uel

= A (Z > oA, U%Wm)

i=1 Uel

= AAf
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for every f € H. Since A*~! = S71A, the desired result follows from Proposition 3.2
and Lemma 3.1 0J

For the rest of this section, let U be a unitary system of the form U = UyG such
that

(1) Uy = {D" : n € Z} for some unitary operator D on H and G is a countable
(but not necessarily abelian) group of unitary operators on H,
(2) there exists a non-surjective map o : G — G satistying gD = Do(g) for
every ¢ in G, and
(3) D¢ =T onlyifn=0and g =1.
We remark that this set-up includes, as a special case, the usual setting in the
wavelet literature: for H = L*(R?), x in R? and f in L?(R?), the dilation operator
D is defined by

(Df)(x) = |det(M)|? f (M),

where M is a d x d matrix with integer entries and |det(M)| > 1, and the (abelian)
group G is generated by the translation operators Uy, ... , Uy, given by

(Urf)(x) = f(z —ex),

where e, = (0;j)j=1,..qa for k=1,... ,d.
For the time being, we do not assume that W"(U) # 0. Note that condition (2)

implies that ¢ is an injective homomorphism and

(3.5) gD’ = D’a’(g), ge€G,j>0.

For a vector ¢ = (¢, ...,¢,) € H", let

(3.6) V(o) =span{D’g¢; : j <n,g€G,i=1,...,r}, ncZ

Obviously V,,(¢) C V,41(¢) and V,41(¢) = D(V,(¢)) for every n in Z.
Let n = (m1,...,n,) € R"(U). In this case, the frame operator S : H — H as
given by (3.3) now takes the form

(3.7) SF=> 3> (f,D"gn)D"gni;, f € H.

i=1 neZ geg



MULTIWAVELETS 9

(3.8)
(S_lDlhnj,D"gm) = 01n0ng05i, LNEZ g heG, i,j=1,..,r,

ie., {S7'D"gn; :n €Z,g€ G,i=1,..r}is biorthogonal to {D"gn; :n € Z, g €
G,i=1,...,r}. Note also that SD = DS, since for every f in H, we have

SDf=>_Y"> (Df.D"gn;)D"gn; = D (Z SN D“gm>D"lgm> = DSY.

i=1 n€Z geg i=1 n€Z geg

By (3.7), for every f in H,

(3.9) F=8718F =YY (f, D gn;)S D" gn;.

i=1 n€Z geg

It follows from (3.6), (3.8) and (3.9) that for every n in Z,
(3.10) Va(n)t =span{S™'Digni:j >n, g€ G, i=1,..r}

We need the following two elementary results, which are of independent interest.

We omit the proof of the first lemma.

Lemma 3.4. Let M and N be linear subspaces of a vector space X such that X =
M&N (ie, X =M+ N and M NN = {0}). Let P be the (oblique) projection of
X on M along N, and A : X — X be a linear map. Then AP = PA if and only
if A(M) C M and A(N) C N.

Lemma 3.5. Let M, M’ and N be linear subspaces of a vector space X such that
X=M®N=M&N.

Let P be the projection of X on M along N and let QQ be the projection of X on M’
along N. Then P, = Plyy : M/ — M and Q1 = Qly : M — M’ are invertible,
and Pt = Q.

Proof. If f' € M" and Pf" = 0, then f' € M’'N N = {0}. Therefore P, is injective.
Also, P,(M') = P(M' + N) = P(X) = M. The same arguments hold for @);. For
every f"in M', f' =wu+ v for some u € M, v € N. Thenu = f'—v e M+ N, and
Q1P f' = Quu = f'. Therefore Q1 P, = idyy. Similarly, PiQ1 = idyy. O
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The next result gives characterizations of biorthogonality among Riesz multi-

wavelets n in terms of certain invariant properties of the associated core spaces
Vo(n).

Theorem 3.6. Letn = (1, ...,m.) € R"(U). The following conditions are equivalent:

(a) n is biorthogonal;

(b) 9(Vo(n)) = Vo(n), g€G;
(c) there exists p = (f1, ..., ptr) € WT(U) such that Vo(n) = Vo(p).

Proof. We shall first prove the equivalence (a) <= (b). Suppose that 7 is biorthog-
onal. By Proposition 3.2 and (3.10),

Vo(n)* = span{D’giji : j 20, g € G, i=1,....1},
where 7; = S™'n;, 1 = 1,...,7. Hence by (3.5), we have
g(Vo(m)*) S Vo(n)*, Vgeg.

It follows that (b) holds.
Conversely, suppose that (b) holds. We claim that

(*) := (gS™'ni, D"hn;) = Sy ndij, n € Z, g, h € G, i, 5 =1,..,1.

If n < 0, then for all h € G and j = 1,...,r, D"hn; € Vy(n). Hence by (b),
g 'D"hn; € Vy(n) for every g € G. By (3.10), S~'n; € Vo(n)* for every i = 1,...,7.
In this case (x) = 0.

For n > 0, by (3.5),

(%) = (n;, S~ g™ D"hyy) = (i, ST D" (g7 ) ).
If n > 0, then by (3.8), (x) = 0. For n = 0, again by (3.8),
(%) = (n:, S™'g™ " hmy) = G404 5.

This completes the proof of the claim. Since span{D"hn; :n € Z,h € G,j=1,...,r}

is dense in H and

<S_lg77i, Dnhﬂj> = 5O,n6g,h5i,j7 n e Z, g, h - g, l,] = 17 Ty
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comparing the above with (x), we conclude that
(3.11) gS 'y =S"tgn,, g€G,i=1,..r
Since S commutes with D,
D ¢S 'n, =8S'D"gn;, neZ,geG,i=1,..,r

Hence S~' € C;(U). By Proposition 3.2, 7 is biorthogonal.

Obviously (¢) = (b), for in this case p is in particular biorthogonal and we can
use the implication (a) = (b) proven earlier. Suppose then (b) holds. For every
n € 7, let

(3.12) Wi(n) =span{D"gn;: g€ G, i=1,....1},
and
(3.13) Lo(n) = Vaga(n) 0 Va(n) ™.

We have the decompositions

Vi(n) = Vo(n) & Wo(n) = Vo(n)@* Lo(n).

By (2) and (b),

g(Vi(n)) = g(D(Vo(n))) = D(a(9)(Vo(n))) = D(Vo(n)) = Vi(n), g €.

It is obvious that both Wy(n) and Ly(n) are invariant under all g in G. Let P :
Vi(n) — Vi(n) be the orthogonal projection of Vi(n) on Ly(n). By Lemma 3.4 and
Lemma 3.5, P commutes with g|y, () for every g € G and P|y,,) : Wo(n) — Lo(n)
is invertible. Since {gn; : g € G, i = 1,...,r} is a Riesz basis for Wy(n), {gPn; : g €
G,i=1,...,r} is a Riesz basis for Ly(n). By Proposition 2.2, there exist pq, ..., i,
in Ly(n) such that {gu; : g € G, i = 1,...,r} is an orthonormal basis for Ly(n). It
follows from standard Hilbert space arguments that Lg(n) is a complete wandering

subspace of H for D, p = (uq, ..., ptr) € W' (U) and for all n € Z,

Va(n) =Y @ Li(n) =Y @D/ Lo(n) = Vi (n).

j<n j<n
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Remark. After we had obtained Theorem 3.6, we received from Professsor H. O.
Kim the preprint [10], where he and his coauthors had also proved independently a

special case of Theorem 3.6. Another special case can be found in [11].

Corollary 3.7. W' (U) # 0 if and only if there exists a biorthogonal Riesz multi-
wavelet in R™(U).

The following example is motivated by the discussion in [9, pp. 415-417]. It shows
that under our setting and provided that W™ (U) # 0, there is an abundance of

non-biorthogonal Riesz multiwavelets.
Example 3.8. Let ¢ = (11, ...,1,) € W' (U). Define an operator V : H — H by
(3.14) V(D"gp;) = D" o(g)y, n€Z, geG,i=1,..r.

It is routine to check that V' is an isometry in the local commutant Cy,(U) of U at 1,

(315) V*(Dna(g)¢z) = Dn_lgwiv n e Z? g€ ga 1= 17 ey Ty
and
(3.16) VA(D"hn) =0, neZ, heG\a(G),i=1,..r

Note that by (3.16), V* & C;(U). Let t € C with 0 < [t| < 1. Then A =1 —tV
is an invertible operator in C{;(U). Let n; = AvY;, i = 1,...,r. By Proposition 3.3,
n=mm,..,n) € R (U). We will show that n is not biorthogonal.

First recall that the frame operator S : H — H associated with the Riesz basis
{D"gn; :n€Z,ge€q,i=1,..r} satisfies S = AA*, and the dual basis of {D"gn; :
ne€Z gegG,i=1,..r}isgiven by {S'Dgn,:n€Z geG,i=1,..r} For
everyn € Z,ge€ G,i=1,...,r, we have

STID gy, = (AA")TAD gy = (A) ' Dgihy = Y EVP(D ).

p=0

We claim that for every ¢ =1, ..., 7, there exists no u; in H such that

D"gu; = S~ 'D"gn;, n€Z geQG.



MULTIWAVELETS 13

Suppose on the contrary that for some ¢ = 1,...,r, such an pu; exists. Then in

particular

pi=S"tn = Z?V*p?/fi = Z?Dfp%
p=0 p=0

by (3.15). Take any h € G\ 0(G). By (3.16),
hpg = S iy = Y FVP(haby) = b,

Then ; = u; = 1; + Z;ozl t*D~Pq);. Hence Z;‘;l t’D~P1); = 0, which contradicts
the orthonormality of {D"; : n € Z}.

For some special types of frames, we have the following result related to Theo-

rem 3.6.

Proposition 3.9. Suppose n = (m1,...,m.) is a frame wavelet, i.e. {D"gn; : n €
Z, g€ G, i=1,....r} is a frame for H, and S is the associated frame operator
given by (3.7) such that S~ € C;(U). Then

(3.17) g(Vo(m) =Vo(n), g€g.

Proof. Define operators X and Y by

(3.18) X = ZZZ D" gn;) D" gm;

1=1 n<0 geg

(3.19) Y = ZZZ b, D" gni) D" gn;

=1 n>0 geg
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Note that X +Y = SS~' = I. Furthermore, for every h € G, since S~' € C;(U),

Yih= Z Z Z<5_1h'7 D" gns) D" gn;

i=1 n>0 geg

=Y > D (L hTIDgS ) Dy
i=1 n>0 geg

=ZZZ D"o"(h™")gS™ i) D" g
i=1 n>0 geg

=3 > (DS ) D " (h)g'n:

i=1 n>0 g’eg
= Z D> (S D g h D" g'n,
i=1 n>0 g’€eg

by the reindexing of G via g — ¢"(h)g. Therefore, for every g € G, we have gX = Xg
as well, whence it follows that the closure of the range of X is invariant under g. We
claim that the closure of the range of X is Vy(n). Clearly, by definition, the range
of X is contained in V(7). Now, suppose v € H is perpendicular to the range of X.
Then

(X Sv,v)
<ZZZ 1Sv,D”gm>D”gm,v>
i=1 n<0 geg
ZZI (v, D" gny) |
=1 n<0 geg

Thus, v is perpendicular to V5(n), hence the range of X is dense in Vy(n). It follows
that (3.17) holds. O

The converse of Proposition 3.9 is false (see [3]).

Corollary 3.10. Let n = (m1,...,n,) € H". Suppose that {D"gn; :mn € Z, g € G, i =
1,...,r} is either
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(i) a tight frame for H, or

(ii)  a semi-orthogonal frame for H, i.e., it is a frame for H such that
(D"gni, D™hn;) =0, n#meZ, gheq, i,j=1,..r.

Then
g(Vo(m)) =Vo(n), g€g.

Proof. (i) Suppose first that {D"gn; :n € Z, g € G, i = 1,...,r} is a tight frame for
H, with frame constant c. Then the frame operator S equals ¢/, a scalar multiple of
the identity operator I on H. Hence the desired result follows from Proposition 3.9.

(ii) Suppose next that {D"gn; - n € Z, g € G, i = 1,...,r} is a semi-orthogonal
frame for H. Then

H= Z@LWn(n), where W, (n) =3span{D"gn;: g€ G,i=1,..,r}.
nez

Hence {gn; : g € G, i =1,...,r} is a frame for Wy(n). By Proposition 2.2, there exist
U1, ..., € Wy(n) such that {gi; : g € G, i = 1,...,r} is a normalized tight frame
for Wy(n). Then for every n € Z, {D"gy; : g € G, i = 1,...,r} is a normalized tight
frame for W,(n). Hence {D"¢q1p; : n € Z,g € G,i = 1,...,r} is a normalized tight

frame for H, and

Vo) = Y & Waln) = Vo(n),

n<0

where ¢ = (¢1,... ,¢,). By (i),

g(Vo(n)) = g(Vo(¥)) = Vo(¥) = Vo(n), g€G.

4. LINEAR PERTURBATION OF ORTHONORMAL MULTIWAVELETS

In this section, consider first a unitary system U in B(H) such that W"(U) # 0.
Lemma 4.1. Suppose ) € W'(U) and B € C;,(U) but B*" ¢ C},(U) for some positive

integer n. Then there ezists a v > 0 such that for every complex ¢ with 0 < |e| < 7,

the vector 1 + B is in R"(U) but it is not biorthogonal.
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Proof. Without loss of generality, replace B with —B. Also, assume that n is the
smallest positive integer such that B** ¢ C;,(U). For every sufficently small nonzero

e, I — eB is invertible and we have the expansion

(4.1) (I —eB*) ' =1+¢eB*+ (eB*)* + (eB*)* +....
Write
n—1
(I —eB*)™ =Y (eB*)" = (eB*)" + (eB*)"™ (I —eB*) ™",
k=0
SO

B*n — Ce - €B*n+1<1 _ EB*)il,

where
(I —eB*)™! — Z;é(»sB*)k
en )

C. =

Hence
1B — G|l = le B (I — B~ < [elllBI™/(1 - <l BII).

Therefore, C. — B*" as ¢ — 0.
Since Cj(U) is closed and B*™ ¢ Cj(U), then there exists a v > 0 for which
(I —eB*)~" ¢ Cj(U) for every nonzero e with |e| < 7. O

Proposition 4.2. Let v € W'(U) and B € C;,(U). The following conditions are

equivalent:

(i) There exists a sequence of real (or complex) numbers €,, such that €, — 0 and
Y + e, BvY is biorthogonal for each n.
(ii)  There exists v > 0 such that for every real (or complex) € with |e| < v, the
vector 1) + e By s biorthogonal.
iii) B*™ € C,(U) for every positive integer n.
P

Proof. The implication (ii)==-(i) is trivial and the implication (i)==-(iii) follows from
Lemma 4.1.

Suppose that (iii) holds. For every € with |e| < 1/||B||, I 4+ B is invertible and
by (4.1), (I +eB*)~" € Cj(U). Therefore (ii) holds. O
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For the rest of this section, consider in particular a unitary system U = UyG of the
product type satisfying the same assumptions as in the previous section.

We say that n = (m1,...,n,) € R'(U) is an MRA multiwavelet if there exist a
positive integer s and ¢, ..., ¢, in the core space Vy(n) such that {g¢; : g € G,j =
1,...,s} is a Riesz basis for V5(n). (By Proposition 2.2, we can choose ¢y, ..., ¢5 such
that {g¢; : g € G,j =1, ..., s} is an orthonormal basis for V;(n).)

Two vectors ¢ and n in R"(U) are said to be core equivalent if there exists an
invertible operator Y on H such that Y (V5(v)) = Vo(n) and Yg = gY for every
g € G. The following result shows that two core equivalent vectors share certain

similar properties.

Proposition 4.3. Let ¢ and n in R"(U) be core equivalent.

(i) If ¢ is biorthogonal, then so is n.
(ii)  If 1 is an MRA multiwavelet, then so is 1.

Proof. (i) follows from Theorem 3.6.

(ii) Suppose that ¢ is an MRA multiwavelet. Then there exist a positive integer
s and ¢1, ..., o5 € Vo(¢0) such that {g¢; : g € G,j =1,..., s} is an orthonormal basis
for V4(v). By core equivalence of ¢ and 7, there exists an invertible operator B
on H such that B(Vo(v)) = Vo(n) and Bg = gB for every g € G. It follows that
{9Bop; : g € G,j = 1,...,s} is a Riesz basis for V;(n). Hence n is also an MRA

multiwavelet. O

Theorem 4.4. Let ) = (¢, ...,¢,) e W (U) and n = (n,....,n.) € R"(U). Let A be
an invertible operator in Cj,(U) such that Ay =m;, i =1,...,7, and w*(A) C Cj(U).
Then the following statements hold:

(i) n is biorthogonal and core equivalent to v, i.e., there exists an invertible oper-
ator B on H such that B(Vy(v)) = Vo(n) and Bg = gB for every g € G.

(ii)  If A is unitary, then the operator B in (i) can be chosen to be unitary.
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Assume that the conditions in Theorem 4.4 hold. We break up the proof of the

main part of Theorem 4.4 into several lemmas. Let

(4.2) T ={V e w*(A) : V is invertible}

be the group of all invertible elements of w*(A), and for any operator V € Z, let
Vip = (Vipy, ..., Vab,.), which is in R™(U).

Lemma 4.5. For every V € T, w*(A) C Cy,(U).

Proof. Let V € T and B € w*(A). Then BV € w*(A) C Cj(U) and V € C},(U) too.
By Lemma 3.1, B € Cy,,(U). O

Define a closed linear subspace E of H by

(43) E= () VoV

Vel
Denote by P and @ the orthogonal projections of H onto E and E* respectively. For
every V € T, since V*~! € w*(A) C C},(U), by Proposition 3.3 V¢ is biorthogonal
in R"(U). By Theorem 3.6, for all g € G, we have g(Vo(Vy))) = Vo(Vyh) and so
g(E) = E. Since g is unitary, P and () both commute with ¢ for all g € G.

Lemma 4.6. For the projection Q) as above, we have AgQ) = gAQ for all g € G.

Proof. It suffices to establish the lemma at the generating vectors of £+. Note that

(4.4) E* =span | Vo(Ve)*,
Ver

whence E* is precisely the closed linear span of {D"hV* "1, :n >0, h € G,i =
1,...,m,V € I}. For every V € Z, V*7! is again in Z and by Lemma 4.5, A €
e-1(U). Hence for alln >0, h € G and i = 1,...,7, by (3.5) we have
AgD"hV*"p = AD"0"(g)hV* e
= D"o"(g)hAV* 1y,
= gD "hAV*



MULTIWAVELETS 19

Proof of Theorem J.4.
(i) Since A € Z, we have A*, A~" and A*~" all in Z C C},(). Hence 7 is biorthogonal.
Also, as 7 is a group, A(Z) = Z and A*(Z) = Z. For every V € Z, by Lemma 4.5
A(Vo(Vy)) = Vo(AVY) and A*(Vo(V)) = Vo(A*Ve). Tt follows from (4.3) that
AE)= N AVo(Vy)) = N Vo(AVY) = E. Similarly, A*(E) = E and so A(E+) =
E+. Hen‘g:IAQ = QA. -

We define the operator

(4.5) B=AQ+P

and claim that B satisfies the desired conditions in Theorem 4.4(i). First note that

by Lemma 4.6, for every g € G,
Bg=AQg+ Pg = AgQ + gP = gAQ + gP = ¢B.

Furthermore, we claim that B is invertible, with inverse B! = A7'Q + P. Indeed,

since AQ = QA and QP = PQ = 0, we have

(AT'Q+ P)(AQ+P) = A'QAQ + A'QP + PAQ + P?
= Q+0+0+P

= [

A similar computation shows that (AQ + P)(A™'Q + P) = I.
Finally, as noted above, A maps V(1)) onto Vo(Av) = Vi(n). Since E C V() N

Vo(n), we have the orthogonal decompositions

Vo) = E+ (E-NV(¥)), Vo(n) = E+ (E-NVo(n)).
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Therefore by (4.5) and properties of P and @,

B(Vo(¥)) = B(E)+ B(EXNVy(¥))
= P(E)+ AQ(E* nVy(v))
= E+ AET N V()
= E+ (AEY) N AV ()
= E+(E"nVy(n)

= Vo(n).

(ii) Suppose that A is unitary. Then by (4.5) and the above discussion,
B*=AQ+P=A"'"Q+P=B" O

Corollary 4.7. Let ¢ = (¢1,...,¢,) and n = (11, ...,n,) be vectors in W"(U). Let V
be the unitary operator in Cy(U) such that Vip; = n;, i = 1,...,1, and V" € Cy(U)
for everyn € Z. Then

(i) n is core equivalent to ;

(ii)  for every t € C with |t| # 1, the vector 1y = b + tn is core equivalent to 1).

A special case of part (i) of the above corollary is in [16, Theorem 2].

Proof. Since V' is unitary and V" € C;,(U) for every n € Z, we have w*(V') C C,(U).
Hence (i) follows from Theorem 4.4.

Let t € C with [t| # 1, and ¥y = ¥ + tn. Define V; = I +tV. Then Viyp = 1,
and it is easy to check that V; is an invertible operator in w*(V'). Hence w*(V;) C

w* (V) C Cj(U). Therefore (ii) also follows from Theorem 4.4. O

Theorem 4.8. Let ) = (Y1, ...,%¢,) and n = (0, ...,n.) be vectors in W' (U), and let
V' be the unitary operator in Cj(U) such that Viy; = n;, i = 1,...,r. The following
conditions are equivalent:

(i) There exist sequences €, — 0 and 6,, — 0 such that ¥ + €,n and n+ 4,2 are

biorthogonal for all n.

(i) w (V) Ccy).
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(i) 9 +tn is core equivalent to 1 for every real (or complex) t with |t| # 1.

Proof. Suppose that (i) holds. Then by Proposition 4.2, V™" = V*" € C;(U) and
V= (V=) € Cp(U) for all positive integers n. Then by Lemma 3.1, V" € C},(U)
for all positive integers n. Hence w*(V) C Cy(U).

The implication (ii)==-(iii) is a consequence of Corollary 4.7. The implication
(iii)==(i) follows from Proposition 4.3(i) and Proposition 4.2(ii), since 1) is ortho-

normal (hence biorthogonal). O
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