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Abstract. Orthonormal wavelets can be regarded as complete wandering
vectors for a system of bilateral shifts acting on a separable infinite dimen-
sional Hilbert space. The local (or “point”) commutant of a system at a
vector 1 is the set of all bounded linear operators which commute with
each element of the system locally at ¢. In the theory we shall develop,
we will show that in the standard one-dimensional dyadic orthonormal
wavelet theory the local commutant at certain (perhaps all) wavelets 1
contains non-commutative von Neumann algebras. The unitary group of
such a locally-commuting von Neumann algebra parameterizes in a natu-
ral way a connected family of orthonormal wavelets. We will outline, as
the simplest nontrivial special case, how Meyer’s classical class of dyadic
orthonormal wavelets with compactly supported Fourier transform can be
derived in this way beginning with two wavelets (an interpolation pair) of
a much more elementary nature. From this pair one computes an interpo-
lation von Neumann algebra. Wavelets in Meyer’s class then correspond to
elements of its unitary group. Extensions of these results and ideas are also
discussed.

1. Introduction

A dyadic orthonormal (also called orthogonal) wavelet in one dimension
is simply a unit vector ¢ in the complex Hilbert space L3(R,y), with u
Lebesgue measure, with the property that the set

{25 (2"t — £): n,L € T} (1)

is an orthonormal basis for L2(R). Most of the work we will discuss will
be for this type of wavelet. Some results we (and others) have obtained for
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other types of wavelets will be discussed in context. Many results for dyadic
orthonormal wavelets generalize, some considerably.

The above definition (1) is the one given in, e.g., Chui’s book ({5], p. 4),
and Hernandez and Weiss’ recent book {31}, and it is referred to in Meyer’s
book ([41], p. 28) as the Franklin-Stromberg definition. The simplest func-
tion satisfying this is the Haar wavelet

YH = Xfo,3) ~ X{1,1) (2)

Wayvelets having this property (see, e.g., [14]) include those of Stromberg,
Meyer, Battle-Lemarié and Daubechies. These wavelets also satisfy strong
auxiliary regularity (differential and moment) properties and time-frequency
localization properties which make them useful in applications. Dilation fac-
tors other than 2 (the dyadic case) have also been studied. Generalizations
to R® with matrix dilations (see below), and L?(R, z) for other 1 < p < oo,
are also frequently studied. Representative articles are contained in the
collections [2,6,15,44].

The term “mother wavelet” is also used in the literature for a function
1 satisfying the above definition of orthogonal wavelet. In this case the
functions .

Yne 1= 229(27% - £) (3)
are called elements of the wavelet basis generated by the “mother”. The
functions 9, ¢ will not themselves be mother wavelets unless n = 0.

The mathematics we will describe in this article belongs to a program
that has been under development over the past four years. Much of it is
joint work with Xingde Dai which is due to appear in an AMS Memoir
{9]. It began in June, 1992, when we made two simple discoveries that
caused us to think that, as operator algebraists, we should be interested
in wavelet theory. Just before this, the point of view had been taken in
two preprints by the approximation theorists Goodman, Lee and Tang [19,
20] that orthonormal dyadic wavelets in L?(R) and multiwavelets in L%(R")
were simply unit vectors or tuples of unit vectors in L%(R") that could
be “pushed around” by an appropriate set of unitary operators, like (11)
below, to yield orthonormal bases.

Going beyond this, our first discovery was that the set of all such
wavelets could be parameterized in a natural way by a fixed wavelet to-
gether with the set of all unitary operators in an associated linear subspace
(12) of B(H) which we first, informally, called the “point” commutant in a
number of talks we gave, and later we called “local” commutant.

Our second discovery was that the joint commutant of the dilation and
translation unitary operators was nontrivial and could be characterized
simply in terms of the Fourier-Plancherel transform. Using the first discov-
ery, this gave an algorithm (22) for obtaining “new wavelets from old” by
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changing their phase. To our surprise our colleague and resident wavelet
expert at Texas A&M, Charles Chui, told us that he thought that this
algorithm was new. He gualified this response by telling us that, while
it was interesting mathematically, it probably would not be significant to
applications-oriented wavelet theory. Because of this, and also because of
the sheer simplicity of our proofs, we made a decision not to publish until we
had reached a “certain level of depth” and/or made some positive impact
on “genuine” applications-oriented wavelet theory. However, it encouraged
us that we could obtain new results concerning “concrete” wavelets using
simple functional-analytic techniques that either had escaped notice (over
2000 wavelet papers had appeared by then!}, or had not been easily ob-
tained, by wavelet theorists using “traditional” approaches.

A third discovery we made that same summer of 1992 without which we
could not have proceeded further, was the realization that the Littlewood-
Paley (33) wavelet (also called Shannon’s wavelet) could be easily “per-
turbed” to yield a large class of wavelets that have sufficiently elementary
structure to permit “hand-computation” experimentation and testing of
our ideas. These are described in chapter 4, where the examples we ab-
stracted from [9] were obtained over approximately a two-year period. Here
is where there has been some interaction with the group of Guido Weiss
and his students and colleagues. Basically, over roughly the same period of
time, we both discovered what I shall informally call here the same class
of computationally elementary wavelets. We obtained some of the same
characterizations of them, and we posed some of the same problems to
our students, although many of our results, techniques and terminology,
were still quite different. We only discovered this connection in late spring
(May-June) 1995 when our colleagues Charles Chui, Bill Johnson, and John
McCarthy saw talks each of us gave separately, and alerted both of us.

The initial computationally elementary examples led, in turn, to our
methods of operator-theoretic interpolation, which are described in chap-
ter 5. This took nearly two years to work out, with the derivation of Meyer’s
family taking the first year, and it is still under further development. Fi-
nally (actually “piecemeal” along the way) we realized that many of the
results that we, and others, have obtained for orthonormal wavelet theory
have natural generalizations to what we called abstract unitary systems,
and some proofs are actually more transparent in the abstract setting than
in the “concrete” wavelet setting. In our writing of [9) (and herein) this
was presented first, not last. Some of this is done in chapter 2. Finding our
stopping-point took two years, resulting in our memoir.

The paper [9] was the beginning of a program of investigation of wavelet
theory from a functional analysis point of view. In [9] we posed six basic
open questions, labeled A to F. In the past year, problems B,C, D, the
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“finite” case of E, and F have been solved, and we will discuss these so-
lutions in context. This reveals something about how rapidly the theory is
evolving. Problem A was the connectedness problem (described after Ex-
ample 2.4). It is still open, although much progress has been made. This
problem was also raised independently in [29, 30], where it belongs just
as much to Guido Weiss’ beautifully penetrating and fruitful program of
building a unified approach to wavelet theory via the Fourier transform.

I want to take the opportunity to thank the organizers of the NATO Ad-
vanced Study Institute on Operator Algebras and Applications, August 19-
28, 1996, of which this article is to be part of the proceedings, especially
Aristides Katavolos, for running a splendid conference in an ideal environ-
ment on the beautiful island of Samos, Greece, and for inviting me to be a
participant.

A considerable amount of the material presented in my talks and in-
cluded herein was previously presented, in various preliminary stages, in 22
talks over the past four years, beginning with an AMS Special Session in
October, 1992, and including hour talks at GPOTS-1994 and SEAM-1995.
Current wavelet work is also discussed, especially relating to some inter-
action between the work of my group of colleagues and students, and the
group of Guido Weiss based at Washington University.

All of my personal work reported on in these notes was supported in
part by NSF Grants DMS-9107137 and DMS-9401544. Credit is also due
to the NSF, USAF and NSA for sponsoring 1993 and 1996 Conferences
on Operator Theory and Wavelet Theory in Charlotte, NC, which were
~ important to this program.

2. Wavelets and Unitary Systems

If S is a set of operators we will let U(.5) denote the set of unitary operators
in 8.

Let T and D be the translation (by 1) and dilation (by 2) operators in
B(L%(R)) given by

ThHE) = f(t-1) and (4)
(DA = V2f(2)

for f € L?(R). Then T and D are unitary operators. They are in fact
bilateral shifts of infinite multiplicity, with complete wandering subspaces

Lz([Oal]) and Lz(["_21 _1] U [1$2])3
respectively, considered as subspaces of L?(R). We have

TD = DT?. (5)




Indeed, we have

(TD)f)(t) T(V2 f(21)) = V2 f(2(t - 1)) = D(f(t - 2))

(DT*f)(t), f € L*(R)

It is clear that
{239(2™ — £): n,L €T} = {D"T*: n, L€ T}

We define a unitary system to be simply a set of unitary operators i
acting on a Hilbert space H which contains the identity operator. In analogy
with the notion of a wandering vector for the bilateral or unilateral shift,
we say that a vector ¢ € H is wandering for U if the set

Ut = {Uy: U €U} (6)

is an orthonormal set, and we call ¥ complete if {1 spans H. More generally,
a linear subspace £ C H is called wandering if the subspaces {UE: U €

U} are pairwise orthogonal, and complete if H = @ UE. Following our
Uel

notation in [9] we write W(I/) for the set of complete wandering vectors for

U.

Let Up 7 be the unitary system defined by
| Upg = {D"T%: n,t € T}. 7

Then 9 is a dyadic orthonormal wavelet if and only if ¢ is a complete
wandering vector for the unitary system Up 7. We will use the abbreviation

W(D,T):= W(lip,r) (8)

to denote the set of all dyadic orthonormal wavelets.

More generally, let 1 < n < oo, and let A be an n X n real matrix
which is ezpansive as a transformation from R®™ — R™. This means that
]lA™z — zl] — o0, z # 0. This is equivalent to the condition that all
eigenvalues have modulus > 1 (cf. [47]). Another equivalence is that A is
similar in M,(C) to a strict dilation - the inverse of a strict contraction.
By a dilation-A orthonormal wavelet we mean a function ¢ € L*(R") such
that

{|det AIT Y(A™t — (£1,8s,...,8)1 m,L € T) (9)

where ¢ = (11,...,1,), is an orthonormal basis for L2(R"). (Here “¢” means
transpose.) We introduce dilation and translation unitary operators, as in
the 1-dimensional dyadic case. Define D4 by

(DAS)(2) = | det A|% f(At), (10)
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f € L*R"). For 1 < i < n let T; be the unitary operator determined by
translation by 1 in the 8 coordinate direction. The set {9) is then

{DRTH .. . Thy: k0 € 7).

Write ,
Up, TyoTo = {DET ... T k8 € 7). (11)

Then, as in the 1-dimensional dyadic case, dilation-A orthonormal wavelets
are precisely the complete wandering vectors for Up,, 1,,...,T,- '

The term “orthogonal wavelet” has been extended in the literature to
include a “multi” notion, which is an orthonormal p-tuple (f1,...,f;) of
functions in L2(R"), a multiwavelet, each of which separately generates
an incomplete orthonormal set under the system of unitaries, and which
together form an orthonormal basis.

Until very recently, the only orthonormal wavelets known in this multi-
variate setting were such multi-wavelets for very special expansive matrices
associated with n-dimensional multiresolution analyses. In [10] we showed
the existence of single function wavelets, associated with n-dimensional
wavelet sets, for any arbitrary n X n real expansive matrix.

According to certain reports we have been given, wavelet folklore had
indicated that single-function wavelets could not exist for dimension greater
than 1. So our results in [10] have evidently been a bit of surprise to some
wavelet theorists. Since we announced our results in talks, and at the end
of [9], and in Speegle’s work [46], a number of concrete examples of mother
wavelets in the plane have been worked out by several mathematicians
including Guido Weiss’ students, Xingde Dai and his student, and my stu-
dents at A&M. In particular, we refer to the interesting paper [45]. The
proof in [10] was constructive, but a direct application of the constructive
techniques in that paper does not directly yield examples of elegance. In [10]
we showed that many wavelet sets exist: for every expansive dilation matrix
factor in R™ there are sufficiently many Borel wavelet sets to generate the
Borel structure of R™.

In a recent article [32] with Eugen Ionascu and Carl Pearcy, we showed
that the unitary systems Up, 1;,...T. in (11), for arbitrary expansive matri-
ces A, were unitarily inequivalent. This proved surprisingly difficult, even
for the case n = 1. (For the case n = 1 there is a very nice class of wavelets
for other dilation factors than 2. See example 4.5 (x) in this article.) Thus
the corresponding wavelet theories for two different {expansive) dilation
factors are not unitary equivalent, even if one dilation matrix is simply a
scalar mulitiple of the other. We are interpreting this to mean that general
wavelet theory is mathematically “rich”.

Even if an n X n real invertible matrix is not expansive the corresponding
dilation operator D4 given by (10) is unitary, and one can ask whether




wavelets (either single function or multi) might exist for the corresponding
unitary system (11). An obvious necessary condition is that D4 must be a
bilateral shift of infinite multiplicity. In [32] we proved that this condition
is satisfied if and only if the n X n real invertible matrix A is not similar to
a n X n complex unitary matrix via a complex similarity transformation.
So in particular, the matrices

(20) d(ll)
o 1, * 0 1

both induce bilateral shifts. We left open the question in {32] of whether
these (or indeed, any other such “nonstandard” unitary systems) had com-
plete wandering vectors (which could be called “nonstandard wavelets”). If
so, there may be applications.

Problem 2.A. If I is a unitary system of the form (11}, and if W() is
nonempty, must either A or A~! be expansive?

In this article we will discuss higher dimension wavelets and dilation fac-
tors in one dimension only in passing. For simplicity we will focus primarily
on the one-dimensional dyadic theory.

It is not the purpose of this article to discuss applications. But a few
words to this effect are in order. In a setting where signals of some type are
represented by vectors in a Hilbert space H, a prescribed orthonormal basis
{en} for H can be used as a signal-processing “black box” in (at least) two
natural ways: Firstly “noise” can be filtered out by “prescribing” a fixed N
and discarding all Fourier coefficients {z,e,) for n > N; then

N
i= Z(.’B, e]-)ej,'

j=1

will be the “processed” signal, and, secondly, a signal can be “compressed”
by replacing z with the finite sequence of numbers {{z,e;)}L;; then

Z (z,ej)e;

j=N+1

is the error term, and the compression is “effective” in a case if the error
is negligible. It turns out that bases given by orthonormal (and Riesz)
wavelets (and frames (cf. [14, 31])) are particularly suitable to use in this
fashion for certain types of signal processing problems.

We introduce operator theory into the wavelet framework in an elemen-
tary way. Fix a (one-dimensional dyadic) wavelet ¢ and consider the set of
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all bounded linear operators S which commute with the “action” of dilation
and translation on . That is, we require

(S9)(2"t - €) = S((27t ~ ),

or equivalently
DTSy = §D" Ty,

for all n,£ € Z. A motivating example is that if 7 is any other wavelet,
let § be the unitary determined by mapping the orthonormal basis e :=
DT onto e := DTy, That is, Sns = 7ne, 7, £ € Z. Then 77 = 5%, so

SD*Ty = DTS,

as required. This simple-minded idea is reversible, so for every unitary V
in this “point commutant® of Up 1 at ¥, the vector Vi € W(D,T'). Indeed

DT (V) = V(D T ).

Moreover, this simple correspondence between unitaries in this point com-
mutant and wavelets is 1-1. This turns out to be useful because it leads
to some new formulas relating to decomposition and factorization results
for wavelets, making use of the linear and multiplicative properties of the
point commutant,

We capture the above notion formally.

Let & C B{H) be a set of vectors, and let z € H be a nonzero vector.
Define the local (or “point”) commutant of S at z by

Co(S) := {A € B(H): (AS — SA)z =0, s€S). (12)

It is clear that this is a linear subspace of B(H) which is closed in the
strong operator topology and the weak operator topology, and it contains
the commutant 8’ of 8. If & is cyclic for S in the sense that span(Sz) is
dense, then

z separates Cz(S).

Indeed, if A € C;(S) and if Az = 0, ther for any § € § we have ASz =
SAz = 0,s0 ASz = 0, and hence A = 0. If in addition § is a multiplicative
semigroup, then in fact Cz(8) = &', so in this case the local commutant is
not a new structure. To see this, suppose A € C;(S). Then foreach 5,7 € S
we have ST € &, and so

AS(Tz) = (ST)Az = S(ATz) = (SA)Tx.

So since T € S was arbitrary and [Sz] = H, it follows that AS = SA.
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In the wavelet case Up 7, if ¥ € W(D,T) then it turns out that Cy(Up,T)
is in fact much larger than (Up 1) = {D,T}', underscoring the fact that
Up,T is not a group. In particular, {D,TY is abelian while Cy,(Up,T) is
nonabelian for every wavelet ¢. {See the remark after Proposition 5.3.) To
see that Up r is not a group, note that

TD™' = D™'T% ¢ Up 1. (13)
In fact, it is not hard to show that the group generated by D) and T is
{D"Tj: 8 ais dyadic rational}, (14)

where for r € R T, is the unitary operator corresponding to translation by
7.

We note that most unitary systems /{ do not have complete wandering
vectors. For W(U) to be nonempty, the set I must be very special. It must
be countable if it acts separably, and it must be discrete in the strong
operator topology (pointwise convergence) because if U,V € U and if z is
a wandering vector for I{ then

U -V 2 |lUz - Va| = V2. (15)

Certain other properties are forced on I by the presence of a wandering
vector. One purpose of our work is to study such properties. Indeed, it was
a matter of some surprise to us to discover that such a theory is viable even
in some considerable generality. The more immediate purpose, however, is
to study structural properties of W{I{) for special systems I/ which are
relevant to wavelet theory.

In operator theory, wandering vectors have been studied for groups of
unitaries and semigroups of isometries, particularly those that are singly
generated. Wavelet theory entails the study of wandering vectors for unitary
systems which are not even semigroups.

It is useful for perspective to note that the reversed set

Urp = {T"D*: n,L €1}

fails to have a wandering vector. To see this choose dyadic 8 — 0, Br #
0, as above. Write 3¢, = pi/2%. A straightforward computation (see [9,
Lemma 3.2]) shows that

DT, = TP D%,
If ¥» € H then,
|77 D%y — D%yl = || D™ T, = D™ = | T, = ]| = 0.
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So if ¥ € W(UT p), then othonormality of U py implies TP* = I for all
but finitely many k, contradicting the assumption that gy # 0.

The following is a simple result which is more useful than one might
expect. In fact, it is the key to our approach.

Proposition 2.1. Let{ be a unitary system in B(H). Suppose p € W(U).
Then

WU) = {Viy: V € U(CyuU)}-
Moreover, the correspondence
V — Vi, U(Cy{U)) — WU,
is one-to-one.

Proof. Let V € U{Cy(U)). Let n = V. For U € i we have Un=UVe¢ =
VU since U commutes with V at 2. Thus

Un = VU,

and so U4n is an orthonormal basis for H since V is unitary. So n € W(U).
Conversely, let 7 € W(I{) be arbitrary. Since /% and Uy are orthonormal
bases, there is a unique unitary operator V with VU = Uz, U € Y. Then
Vi = 7 since I € Y. So

VUp =TV

for all U € U. Thus V' € Cy(ld). So since 3 separates points of Cy (I}, the
map V — V¢ is one-to-one. [ |

Proposition 2.1 shows that if / is a unitary system with W(I{} nonempty,
then given any ¥ € W() the entire set W(I{) can be parameterized in a
natural way by the set of unitary operators in the local commutant of I at
.

A Riesz basis for H is a bounded unconditional basis. Equivalently,
(since H is a Hilbert space) a Riesz basis is the image under a bounded in-
vertible operator of an orthonormal basis. A (one-dimensional) Riesz dyadic
orthonormal wavelet is a vector ¥ with the property that {D"T*y: n,£ € Z}
is a Riesz basis for L2(R). In some applications, Riesz wavelets are more use-
ful (and are more widely studied) then orthogonal wavelets. Proposition 2.1
easily generalizes to generators of Riesz bases:

Proposition 2.1’. Letl be a unitary system in B(H), and suppose ¢ € H
is a vector for which {U+: U € U} is a Riesz basis for H. If n € H, then
{Un: 7 € U} is a Riesz basis for H if and only if n = S for some invertible
operator S in Cy(U).

We follow with a very elementary application of this “operator” ap-
proach to aspects of wavelet theory, which in fact appears to be new to
wavelet theory. It says that, in particular, “most” convex combinations of
orthonormal wavelets are Riesz wavelets.
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Proposition 2.2. Let ¢ and 7 be orthonormal wavelets. Let

E=Xp+ (1= Ay
for some scalar A € C with |A| # |A = 1|. Then £ is a Riesz wavelet.

Proof. Let V = V] be the (unique) unitary in Cy(Up,) such that V¢ = 7.
Then £ = S, where
S=M+(1- AV

We may assume A & {0,1}. Since V is unitary o(V) C {z € C: |2| = 1}, 50
if |A] # |A — 1] then

§=(1-NV-AA-1)"1]

is invertible, and hence £ is a Riesz wavelet by Proposition 2.1". |
Next we give a second elementary application. It shows that in certain

cases new wandering vectors can be obtained by “interpolating” between a

given pair. It happens that in wavelet theory, pairs (1, 7) as above with

(VR =1

are not uncommon. Proposition 2.3 can be viewed as the “prototype” of our
operator-theoretic interpolation results we will discuss later, in which after
conjugating with the Fourier-Plancherel transform, the scalar o in (16) can

be replaced by a real-valued function in a certain class. See, for instance,
the “form” of (56).

Proposition 2.3. Let I{ be a unitary system, let 1,n € W(lU{}, and let V
be the unique unitary operator in Cy(U) with V4y = 5. Suppose V? = I.
Then

cosa-P +isina-n (16)
is in W(U) for all 0 < o < 27,

Proof. Let P = $(V + I). Then P is a projection which is contained in
Cy(U). Let w = cosa + isina, and let

W =wP+a(I - P).

Then W is a unitary contained in Cy(U) so Wy € W(U/). We have W1 =
wPY +&(I ~ P)y, and P = }(V +I),s0 P = 3(n+ ) and (I - P)p =
%(lb — 7). Thus

Wi

1 1_ _
;w(zb +7)+ ;w(w —n) =

cosa -9+ isinq 7. |
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Example 2.4. Let {e,,}>,, be an orthonormal basis for a separable Hilbert
space H, and let Se, = en41 be the bilateral shift of multiplicity one. Let
U = {S™: n € Z} be the group generated by §. This is the simplest unitary
system with a complete wandering vector. Each e, is in W(I/). Since U is
a group Cy(U) = U’. So by Proposition 2.1

W(U) = {Veo: V is a unitary in {S}'}.

Here {S}’ coincides with the set of Laurent operators. Let T be the unit
circle. If we represent § on L2(T) in the usnal way by identifying it with the
multiplication operator M,, then U{SY’) is identified with (multiplication
by) the set of unimodular functions on T, and e is identified with the
constant function 1. Then Proposition 2.1 just recovers the well-known fact
that the set of complete wandering vectors for the shift coincides (under
this representation) with the set of unimodular functions on T. In this case
W(U) is clearly a closed, connected subset of the unit ball of H in the norm
topology with dense linear span.

In the program we outlined in [9] we mentioned that the most basic
problems from a functional analysis point of view that could be raised for
wandering vectors, or wavelets, were the topological ones: Is W{l{) a closed
subset of the unit ball of H? Is it arcwise connected? Does W(If) have
dense linear span? The last question is nontrivial because, while sp(i{%) is
certainly dense for ¢ € W(U), in most cases unless, say, I is a group, the
individual basis vectors Uy will not be in W(U).

For the wavelet case, we first showed in [9] (see Example 4.5 (ii} in
the present article) that W(D,T) is not closed. Fang and Wang [17} also
showed this independently using, in fact, the same simple example derived
independently. We also proved that span W(D,T) is dense in L%(R) [9,
Corollary 3.17]. Partial results on the connectedness problem were obtained
in [9]. The connectedness problem was also raised independently in {17, 29,
30} and partial results, some similar to ours and some quite different, were
obtained. Recently, it has been shown [11, 28] that the set of all MRA-
wavelets is connected.

In [17, 29, 30] Fang, Wang, Hernandez and Weiss proved that the set
of all MRA-wavelets (see (23)) are relatively closed in W(D, T}, and tech-
niques of “smoothing” were developed. The connectedness problem for the
entire set W(D,T) is still open. However, Speegle [46] has shown that the
set of all s-elementary (equiv. MSF) wavelets (see chapter 4) are connected.
This set contains non-MRA wavelets (see Example 4.5 (i)).

Example 2.5. Let G be a countable group, let H = £*(G), and let 7,
be the left regular representation of ¢ on H. That is, for A € G and
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{As}heg € £4(G), define mp(R){Aq} = {’\h—lg}E so writing Mg) = {}¢}ses,
we have (rp(h1)mz(h2)A)g) = (rr(h)A(RTZ))(9) = (Mhz'))(h'g) =
A(R3ThT ) = M(hihe) ™ g) = (xL(h1ha)A)(g). The standard basis for H
is {e;: g € G}, where e; = x{g} = {6,k }reg- Then

7r(R)eg = {8y n-14 keg = {Ohgkthes = €hg-

The vectors e, are clearly in W(xL(G)). Since 72(G) is a group the local
commutant of 7£(G) at e is just the commutant, (where I denotes the
identity element of G). Since {r(G)}' is a von Neumann algebra, its group
of unitaries is connected in the norm topology. Since the map V — Vey is
continuous, Proposition 2.1 implies that W(7z{G)) is a connected subset
of the unit ball of H. Since e, € W(x(G)), g € G, the set W(x(G)) has
dense span.

The above example of a complete wandering vector for a group is
generic. The following “result” essentially proves itself.

Proposition 2.6. If 7 is a representation of a countable group G on a
Hilbert space H, and if 7(G) has a complete wandering vector ¢, then 7 is
unitarily equivalent to the left regular representation of G on £%(G) under
a unitary transformation which takes ¥ to ej.

Again, let G be a countable group, and let Go C G bea subset containing
the identity element . Sometimes it is possible to obtain a faithful unitary
representation 7 of G on £2(Gp) satisfying the requirement that if A € G and
g € Go are such that h~1g € Gy, then w{h)e; = epy. Then ef € W(x(Go))
trivially.

This contrived “example” with respect to a distinguished subset of a
group is generic. If ¢/ is any unitary system on a Hilbert space ‘H with a
complete wandering vector ¢, let Z{ be the group generated by I/ in B(H).
Let G = I{ as an abstract group, and let Gy = U, a subset of G. Let
K = £%(Go). Define a unitary operator

W:H—-K by Wgyp=eggcl,
making use of the fact that ¢ is an orthonormal basis for H. Define
T B(H) — B(K) by 7(A)=WAW?~,

and restrict to G = I{. Then = satisfies the property of the above paragraph,
and is unitarily equivalent to the identity representation of G = on H.

Let us call a unitary representation = of a group G relative to a unital
subset Gy a wandering vector representation of the pair (G, Go) if it is faithful
on G and if 7(Gg) has a complete wandering vector.
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Problem 2.B. Given a group §, what are the unital subsets Go which are
allowable in the sense that (G,Go) has a wandering vector representation?

In particular, if § is generated as a group by an ordered pair of elements
{g1,g2}, and if G; = Group{g:}, is the set

{G1G2 = hihg: hi € G}

an allowable subset of G? Work here may aid in understanding wavelet sys-
tems, in particular. The question is obviously nontrivial in view of wavelet
theory. This question generalizes to ordered n-tuples of generators. As ear-
lier, we have the three “basic” problems: when does W(m(Go)) have dense
span, when is it closed, and when is it connected?

For the interested reader, other examples of unitary systems with com-
plete wandering vectors are given in Chapter 1 of [9]. There is a way of
taking “twisted tensor products” of known examples to get new nontriv-
ial (i.e. where the two factors do not commute) examples, showing that a
wealth of such examples exist, even in finite dimensions.

It is likely impossible to obtain a complete classification of all uni-
tary systems which have complete wandering vectors. However, interesting
“clean” structural results are possible for certain systems, including those
most pertinent to wavelet theory. We next present some of these, for per-
spective and for independent interest. Moreover, it is a “two way street” in
the sense that some known wavelet results have natural abstract general-
izations, and results obtained abstractly sometimes have concrete wavelet
implications.

Let 24 be a unitary system in B(#), and suppose I contains a subset Uy
which is a group such that 4% = . This is the situation for the wavelet
theory case

U={D"T" n,Lel},

where Uy = {T% £ € Z}. Suppose 1) € W(U). Then Uoyy C W(U) clearly.
Usually 2y will not be contained in Cy(if). For each U € Uy, let Vi be the
wnique unitary in Cy(U) with Vuyp = U given by Proposition 2.1. Let

Kyt Uy — T(Cy(U)) (17)

denote the map sy (U) = Viy, U € Up. The following result is easily obtained
by using the definition of local commutant. In the case where I = Up (the
group case) it is just the usual antihomomorphism of the image of the left
regular representation of a group into its commutant.

Theorem 2.7. With the above notation, ky(Uy) is a group and Ky is a
group anti-isomorphism. The set Uy is contained in a connected subset of

W().
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Corollary 2.8. With the notation of Theorem 2.7, the set Uy is contained
in a connected subset of W(U).

Proof. Then xy4(Uo) is a group of unitaries contained in c&@{ }, s0 since
the latter is a weakly closed linear space it contains 35" 07 (ky{lo)) =
w*(ky(Us)). The unitary group of the von Neumann aigebra w*(K{Ua))
is norm-connected. Thus U{w*(ky(Uo)))¥ is a norm-connected subset of
W(U). It contains Uoy since for each U € Uo we have Uty = ky(U)y. W

An alternate way of obtaining Corollary 2.8 is to directly show that if
V € w*(Up) then V is a wavelet multiplier (see Chapter 3). The proof of
Proposition 3.3 easily generalizes.

In [9, Chapter 2] a number of abstract structural results are obtained
starting with Theorem 2.7. It is shown that in the case where Uy is abelian,
which is the case relevant to multi-variate wavelet theory, the map «y of
Theorem 2.7 extends to a *-homomorphism of w™(Up) into Cy(l/). Then
W. Li, J. McCarthy and D. Timotin [38] and independently my students
D. Han and V. Kamat {26G] extended this to the case where l4y is nonabelian.
Both groups then used this to answer affirmatively Problem B in [9], which
asked whether if 7 € W(I{) and 7 € Ey, := [Up¥], is there always a unitary
operator U in w*(Up) such that n = U¢? It was known for the case where
Uy was abelian. '

Theorem 2.9. ({26, 38]). In the terminology of Theorem 2.7, the map Ky
extends to a x-antihomomorphism of w*(Up) into Cy(U).

The above result generalizes the standard conjugate-linear isomorphism
between the von Neumann algebra generated by the left regular representa-
tion of a group G on £%(G) and its commutant. In the group case the commu-
tant is the von Neumann algebra generated by the right regular representa-
tion on £2(G). In the abstract unitary system case the situation is analogous
but more complicated, with the role of the commutant replaced by the local
commutant. Moreover, the conjugate linear map xy: w*(Up) — Cy(U) need
not be onto and need not be 1-1. If (as above) we set Ey = [Upt], and if we
define C,}; (1) to be the linear subspace of Cy (i) consisting of the operators
in Cy{U) which are reduced by Ey, it turns out that ry(w*(Us)) = Cf ).
Moreover, CJ (i) is +-antiisomorphic to w*(Uo)|z, . In {9] this was done for
the case where Iy is abelian and U has the special form U = Usly where
U, is also a group with trivial intersection with Ug. In [26, 38] it was done
for the general case.

We conclude with a result from {9] which we find rather intriguing,
although in practice we have found it less useful than might be expected.
It is not difficult to prove.
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Proposition 2.10. Let Uy and Uy be unitary groups in B(H), and let U
be the unitary system U = Uylly = {UV: U € U,V € Up}. If ¢ € W(U),
then

Co(Ud) = Uy N {Uy + B('H)P,f,‘}.

The above result gives a simple structural description of the local com-
mutant for an important special case. All unitary systems relevant to wavelet
theory fit this case. However, it does not seem to aid in the solution of open
problems such as: when is Cy (U} the SOT-closed span of the invertible op-
erators it contains? It does point out, at least in principle, the way in which
Cy(U) can be much larger in some cases (especially wavelet cases) than the
commutant U4’ = U] NUg.

3. One dimensional dyadic orthonormal wavelets

Let D, T be the dilation by 2 and translation by 1 operators (4) discussed
in section 2. The following results are simple and are useful.

Lemma 3.1. Let ¢ € W(D,T) be arbitrary. Then
(i) T ¢Cy(D,T)and D ¢Cy(D,T).
(i) Cy(D,T)C {D}.
(i) e W(D,T), let V € Cy(D,T) with Vi = n. Then Cyo(D,T) =
Cy(D,THV™.

Proof. (i) If either T € Cy(D,T) or D € Cy{D,T) we would have T Dy =
DT, But we have

TD = DT?,

and DT and DT? are distinct elements of U/p 7. Hence T D1 and DTt are
orthogonal unit vectors.

(ii) Let A € Cy(D,T). Then for all n,£ € Z we have (AD—DA)¢ne = (AD-
DAYD T4p = A(D™ T — D(AD™TE ) = DT Ay — DD T Ay = 0.
So since {tYn¢}n ez spans L¥(R), it follows that AD — AD = 0.

(ili) Wehave A € Cp(D,T) & AD™Tin = D"TtAnVn,lel & ADMT Vo =
DrTECAVY Va8 € Z & (AV)D'"Té) = DT AV V¥l € I & AV €
Cy(D,T). |

If @ € R, let T, denote the unitary corresponding to translation by « on
L*(R). A computation shows
DT.D"! = Ts.

This implies that Group (D,T') contains the abelian subgroup {T,: aisa
dyadic rational}. It is easy to see that xjp 1) is a cyclic vector for the linear
span of these dyadic translations. It follows that the closure of this linear
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span in the strong operator topology is a maximal abelian von Neumann
subalgebra of L%(R). Denote this by Ar. Then the commutant {D,T}' is
contained in Agr. This proves that {D, T} is abelian. A better way to see
this is via the Fourier transform.

Let F be the Fourier-Planchere] transform on H = L*(R), normalized
so it is a unitary transformation. If f,g € L(R) N L?(R) then

(FI)(s) := \/% jﬂ e~ f(1)dt = f(s), (18)

and
(F o)) = \/— e’ g(s)ds. (19)
We have

FLaf)s) = = [ - )= D)

So FT,F~lg = e~*g. For A € B(H) let A denote FAF'. Thus
j:‘c( = Me—l'asr, (20)

where for b € L we use M}, to denote the multiplication operator f — A f.
Since {M,—ia:: @ € R} generates the m.a.s.a. D(R) := {My: h € L®(R)}
as a von Neumann algebra, we have

f.ATf_l = D(R).

Similarly,

(FD"f)(s) e~ (V2)" f(27t)dt

1
vk
= = e
= (V2T(FERTT) = (DTVFS)s).
So D" = D~" = D**. Therefore,

—12 "‘stf

D=D"1'=D" (21)

We have F{D,T}YF~! = {D,T}. It turns out that {D,TV has an easy
characterization. As mentioned in the introduction, the following result
was obtained at the beginning of this program as the “second discovery”
which motivated the rest of our work. We remark that it was discovered
independently by Manos Papadakis [34] in a somewhat different type of
operator-theoretic study.
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Theorem 3.2.
{D,TY = {Ms: h e L®(R) and h(s) = h(2s) a.e.}.

Proof. Since D = D* and D is unitary, it is clear that Mj € {ﬁ,’f}’ if and
only if M commutes with D. Solet g € L?(R) be arbitrary. Then (a.e.) we
have

(MyDg)(s) = h(s)(v2g(2s)), and
(DMyg)(s) = D(h(s)g(s)) = Vh(25)g(25).

Since these must be equal a.e. for arbitrary g, we must have h(s) = A(2s)
a.e. |

Now let E = [-2,-1) U[1,2), and for n € Z let E, = {2"z: z € E}.
Observe that the sets E, are disjoint and have union R\{0}. So if g is
any uniformly bounded function on E, then g extends uniquely (ae)toa
function § € L*°(R) satisfying

d(s)=g(2s), s€R,

by setting
§(2"s)=g(s), s€E,nel,

and §(0) = 0. We have ||fflcc = [|gllco. Conversely, if k is any function
satisfying h(s) = h(2s) a.e., then A is uniquely (a.e.) determined by its
restriction to E. This 1-1 mapping ¢ — M; from L®(E) onto {f),f}' isa
*-isomorphism.

We will refer to a function h satisfying A(s) = h(2s) a.e. as a 2-dilation
periodic function. This gives a simple algorithm for computing a large class
of wavelets from a given one:

Given , let ¢ = F(3), choose a real-valued function h € L®(E)
arbitrarily, let g = exp(ih), extend lo a 2-dilation periodic (22)
function § as above, and compute 5 = F-1 (‘(}'1,3)

In the description above, the set E could clearly be replaced with
[~27,—7) U [r,27), or with any other “dyadic” set [~2a,a) U [a,2a) for
some a > {.

We note (cf. [31, p. 234]) that if H denotes the Hilbert transform on
L?(R) then H = My, where h(s) = —i for s < 0, h(s) = +i for s > 0,
and h(0) = 0. So h is a 2-dilation-periodic unimodular function of a simple
type. It has long been known that the Hilbert transform maps wavelets to
wavelets. So (22) can be thought of as a generalization of that fact. It is
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curious that (22) is transparent from a functional analysis point of view,
but was apparently unobserved in the function-theoretic wavelet theory.

Let us define a wavelet multiplier to be a unitary operator V € B(L*(R))
with the property that VW(D,T) C W(D,T). So in particular the Hilbert
transform on L?(R) is a wavelet multiplier. The above algorithm (22) follows
from the fact that {D,T} C Cy(D,T) for every ¥ € W(D,T), so every
unitary in {D,TY} is a wavelet multiplier. That is,

{FYM,F: h is a unimodular 2-dilation-periodic function}

is a group of wavelet multipliers. Another group of wavelet multipliers is
the unitary group of w*(T').

Proposition 3.3. Let V € UW*(T)). Then VW(D,T) C W(D,T).

Proof. Suppose V € U{w*(T)). Let v be a wavelet, and let n = V.
Let E, := 3p{T%y: £ € Z} denote the translation subspace for 9. Then
E, reduces V and {T%n: € € 7} = V{T%: £ € Z}. So {T*n}eez is an
orthonormal basis for Ey, and since Ey is a complete wandering subspace
for D, it follows that {D*T*V4: n,f € Z} is an orthonormal basis for
L}R). ®

A multiresolution analysis (MRA) for L?(R) is a nest of closed subspaces
Va, n € Z, of L*(R) satisfying

(]) Vn C Vn+lan €1
(i) feVoo f(2-)€EVayn€el

(i) () Va={0} (23)
nel

(iv) U V, is dense in L*(R)
nek

(v)  There is a function ¢ € V, such that {¢(- —£): £ €2} isan
orthonormal basis for Vp.

The function ¢ is called the scaling function of the MRA. It is known
(cf. [5, 14, 31, 40]) that given an MRA with scaling function ¢ there is a
(nonunique) orthonormal dyadic wavelet ¢ for which {¢(- - £): £ € Z} is
an orthonormal basis for Wy := Vg & V.

The proof of Proposition 3.3 is very elementary from an operator-
theoretic point of view. In apparent contrast to Theorem 3.2, it is not
new to function-theoretic wavelet theory, at least for MRA (multiresolution
analysis) wavelets. The following result is at least implicit in, for instance,
{14]. Its proof (at least to me) is not anywhere near as transparent as the
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proof of Proposition 3.3. For the connection, note that T = M,:s implies
that

Fuw*(T)F~! = {M;: f € L*®(R), f is 2r-translation-periodic}.  (24)

Proposition 3.3'. Let © be an orthonormal dyadic MRA wavelet, and
suppose f € L(R) is a unimodular 2n-periodic function. Then F~'(f4))
is also an MRA wavelet.

The proof of Proposition 3.3 easily abstracts to abstract unitary systems
of the form

U = Ul (25)

where Uy and U, are groups. In [9] we treated it in the abstract as well as
the concrete fashion.

Let us define a functional wavelet multiplier to be any unimodular mea-
surable function f(s) with the property that f(s)¥(s) is the Fourier trans-
form of a dyadic orthonormal wavelet whenever ¢ is a dyadic orthonormal
wavelet. That is, a functional wavelet multiplier is a unimodular function f
for which F~1M,F is a wavelet multiplier in the above sense. Motivated by
the results Theorem 3.2 and Proposition 3.3, in Problem C’ of [9} we asked:
If h is a unimodular function in L®(R) with the property that F~1(hF(4))

is a wavelet for every wavelet 1, does h necessarily factor f = fi fo, where .

f1 is 2-dilation-periodic and f; is 27-translation periodic?

Very recently [8], in joint work with Xingde Dai, my student Qing Gu,
and Dai’s student Rufeng Liang, we showed that the answer to Problem C'
in [9] is no. Our solution also showed that the answer to Problem D in [9]
is negative. In his thesis work, Gu has answered Problem E in {9] positively
for the “finite” case.

Problem C' was given as a subproblem of Problem C in [9] which asked
the corresponding problem in the context of wandering vector multipliers
for abstract unitary systems of the form (25) above. In this abstract con-
text, negative answers have been obtained by my student Deguang Han
[25] in which he studied wandering vector multipliers for unitary systems
generated by a pair of generators of an irrational rotation C*-algebra, and
Li, McCarthy and Timotin [38] in which a different counterexample was
constructed.

In [8] we obtained a negative answer to Problem C’, and pushed it fur-
ther [8, Theorem 4] to obtain a complete characterization of the functional
wavelet multipliers.

Theorem 3.4. Let f € L®(R) be unimodular. Then f is a functional
wavelet multiplier if and only if the funciion k(s) = f(2s)/f(s) is 2n-
translation-periodic.
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Note that if f is a unimodular function which is either 2-dilation-
periodic or 2-translation-periodic, or a product of these two types, then
f trivially satisfies the property of Theorem 3.4. However, there are many
other functions having this property. Denote this class as (DT'). It is clearly
a group under multiplication. The following (26) is a constructive charac-
terization of all elements the class (DT) which take the value 1 on the
Littlewood-Paley set. Every unimodular DT-function factors uniquely as
the product of a unimodular dilation-periodic function and a unimodular
function of the form (26).

Proposition 3.5. (A Formula.) Let E = [-2x,—w)U [r,2r), and let k(s)
be any unimodular measurable 2n-translation-periodic function on R. De-
fine f(s) on R by:

11 8 £ E
£(s) = k(271s)... k(27 "s), s€2®E,n2>1
7Y BS).. k(@Ts), se€2"E,n>l
1,

s = 0.

(26)

Then f € (DT) and f(2s)/f(s) = k(s), a.e. s € R. Moreover, the map
given by this formula from the family of unimodular 27 -translation-periodic
functions to the family of unimodular DT-functions which are 1 on EU {0}
is one-to-one and onto.

Let & € L*R). We will define the phase of h to be the real-valued
~ function a(s) defined on the support of & determined uniquely a.e. modulo
271 by the equation

h(s) = ()| h(s)]. (27)

It is known [5, Section 5.5] that linear phase can be a useful property for
a wavelet to have. {This means a(s) = as + b for some a,b € R.) If ¢
is a wavelet, we will say that a phase function a(s) is attainable for ¢ if
eia(s)|$(s)| is the Fourier transform of a wavelet. A few years ago Charles
Chui raised the question to us of whether linear phase is always attainable.
One of the main purposes of the paper [8] was to answer this question. We
showed that the answer is “yes” for MRA wavelets, but “no” in general.

Our main theorem from [8] shows that the phase s/2 is always attainable
for an MRA wavelet.

Theorem 3.6. Let ¥ be an MRA wavelet. Then there is a unimodular
function f in the class (DT') such that ¥(s) = e? f(s)|¥(s)|, s € R. Thus
the function 7(s) = e?{9(s)| is also the Fourier transform of an MRA-

wavelet. We have {n: n is a wavelet with || = ¢} = {F‘l(gﬁ): gisa
unimodular DT -function}.
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Define g(s) on R by

o(s) = { e“?’z_ s € [(2n)27, (20 + 1)27),n € 2 (28)

—e~%, s€|(2n+1)2m,(2n 4+ 2)27),n € L.

Then g(s) is 27-translation-periodic, so is a functional wavelet multiplier.
So a consequence of Theorem 3.6 is the following result, which is apparently
new to wavelet theory.

Corollary 3.7. Let ¢» be an MRA wavelet. Then there is an MRA wavelet
n with |f| = || such that 7 is a real-valued function.

Next in [8] we obtained some delimiting counterexamples for non-MRA
wavelets. We used examples and techniques contained in Chapters 4 and
5 of the present article and [9, 21, 23, 29, 30] in obtaining these. In [23]
a criterion which is contained in this article as Theorem 5.9 was used to
verify Examples 3.8 and 3.9 below together with the phase information. We
refer the reader to these verifications for some insight as to how certain of

these computations can be done in practice.
First we give an example of a wavelet (in fact a path of wavelets pa-
rameterized by ¢) for which the phases s and 35 are attainable, but not

the phase %s.

Example 3.8, Let 0 < ¢ < %, and let

HE, s E [—%7:‘,—2‘:1'—26) U [-—w+e,—§1r)
U [%w, %ﬂ‘) U [%,SW - e) U [611' + 2¢, 3;,—21r)
h(s) = 4 -2—:7;, s € [-2m — 26, -27 4+ 26) U [37 — 6,37 + ¢)
U[6r — 2¢,67 + 2¢)
—5%, sE[-T—e,—T+e)
| 0, otherwise.

Then

(i) h(s) is the Fourier transform of a wavelet, and
(i) if € R with 0 < a < 1, then e'®*|h(s)| is the Fouriers transform of
1.3

a wavelet if and only if a = 5 or §

Next we give a wavelet {a 2-parameter family of them) for which no
linear phase function is attainable.
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Example 3.9. Let ¢1,¢ > 0 with €1 + €3 < 4?7r and 46 + % < %n—, and let

Tan 8 € [——?r+61,—4:7r—€2)u[ W,%ﬂ')
[ 1r+4e1,7ﬂ'—— -22) U [%ﬁr,%% )
ﬁ;, $E [—3-2—1? ——1r+4£1 U —:71’—62,—%??
h(s):ﬁ U l8x, :,7r+£1) [27“ 241r+461)
U 2.;511' %,%w) U [i.,gﬂ' — €3, —7271')
_ﬁ? s€ [ 8x ——W+€1)U[—%W—%,—%w)
L 0, otherwise.

,

~1h

-

Then

(i) h(s) is the Fourier transform of a wavelet, and
(ii) there is no real number a € R such that ¢**%|h(s)| is the Fourier
transform of a wavelet.

Both of these Examples 3.8 and 3.9 can be obtained (and this is essen-
tially the way they are in fact analyzed in our theory) by “multiplying”
wavelet whose Fourier transform is the normalized characteristic function
of a set (an s-elementary or MSF-wavelet) by a unitary in an interpola-
tion von Neumann algebra”, computed for a pair of such “wavelet sets”,
which lies in the local commutant of Zp r at the initial wavelet. It is a non-
commutative von Neumann algebra, but of a simple form isomorphic to a
subalgebra of 2x 2 matrix valued functions which are “twisted” with respect
to a certain measure-preserving transformation of the line. These examples
represent the simplest and most “hands-on-computational” aspects of the
general theory. Even so, they are not so easy to work out.

Now we can better describe the way in which von Neumann algebras
enter into formulas and characterizations of classes of wavelets. If ¥ is an
orthonormal wavelet then the local commutant Cy(D,T) is a strongly closed
linear space which contains many von Neumann algebras as subsets. So
any method of constructing and parameterizing a von Neumann algebra M
embedded in Cy (D, T) yields a family of wavelets (“new” wavelets from the
“old” wavelet 1) parameterized by the unitary group of M under the map
U -» U. It turns out that concrete formulas, which are new to wavelet
theory, can be obtained in this way.

To facilitate exposition, let us define a *-wavelet bundle to be a family of
orthonormal wavelets parameterized by a von Neumann algebra M C B(H)
and a single orthonormal wavelet % of the form

By(M) = {Uy: U € U(M)}. (29)
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(The von Neumann algebra M need not be contained in Cy(D,T) for any .
For instance M = w*(T) satisfies this. Two examples are thus By({D,T}")
and By(w*(T)).

For any ¥ € W(D,T) the space Cy(D,T) is not an algebra and not
self-adjoint (both of these assertions are nontrivial to prove) and many
properties of its structure are mysterious. Complete knowledge about the
set of unitaries in Cy(D,T) would yield complete knowledge about the
set W(D,T) of all dyadic orthonormal wavelets. Also, complete knowledge
about the set of invertibles in Cy(D,T) would yield complete knowledge
about the set

RW(D,T) (30)

of all Riesz wavelets. So there is ample motivation to analyze Cy(D,T). A
von Neumann algebra is. the SOT-closed linear span of its unitaries. This
motivates:

Problem 3.A. Is Cy(D,T) the SOT-closed linear span of its unitaries?
(Lemma 3.1 (iii) shows that if this is ever true it is always true.)

Another problem of even greater potential significance is:

Problem 3.B. Is Cy(D,T) the SOT-closure of the set of invertible oper-
ators it contains? (Again, by Lemma 3.1 (iii) this is either always true or
never true.)

Here by invertible we mean invertible in B(*), not necessarily that it has
an inverse in Cy(D,T). A positive answer would imply, by Proposition 4,
that the set of all Riesz wavelets is dense in L*(R). I have it on some
authority that a “yes” answer would be rather astounding to certain wavelet
theorists. The answer is probably no. A “yes” answer would be marvelous,
because, as I understand, it would suggest that very “good” wavelets are
always possible for certain application problems: one could then choose a
wavelet “close’ to the prototype signal (i.e. I%-function) for a problem.

If ), 7 are two orthonormal wavelets there is a simple relation between
the local commutants Cy(D,T) and C,(D,T). We have

Cy(D,T) = Co(D,T) -V (31)

where V is the unique unitary in Cy(D,T) with V4 = n. This shows that
Problems A and B have positive answers for C,,(D,T) if and only if they
have positive answers for C,,(D,T).

 Let us call a s-wavelet bundle B,,(M) abelian if the von Neumann alge-
bra M is abelian. Then B, ({D,T}') and B, {w*(T)} are abelian. The main
application of the theory developed in [9] concerning operator-theoretic
interpolation of wavelets involved examples where M is non-abelian. We
showed that M could be taken to be isomorphic to the cross-product of




25

{D,TY by a cyclic group of order 2 or 3. The group is commutative but
the von Neumann algebra is, of course, noncommutative. Recently, my stu-
dent Gu [21] extended this to arbitrary (not necessarily commutative) finite
groups. See the remarks after (50) and before (61). Of course, M can be
taken to be any von Neumann algebra contained in Cy(D,T) for some 4.
So far, the examples we know of are all type I. But examples are hard to
construct.

Problem 3.C. If ¥ € W(D,T), can Cy(D,T) contain a von Neumann
algebra not of type 1?7 In particular, can it contain a type II or type III
factor?

A positive answer would certainly be interesting from an operator-
algebraic point of view. Some evidence for a “yes” answer is that we have
been able to show that, for certain ¥, Cy(D,T) contains an isometry V,
which is not a unitary, for which V* € Cy(D,T). However, in our case
V2 ¢ Cy(D,T),s0 w (V) & Cy(D,T). In the abstract theory for wandering
vectors for unitary systems which, say, contain i.c.c. groups as right or left
factors the theory can be very rich in the sense of Problem 3.3. But in
the concrete wavelet theory for one (or higher) dimensions we do not know
enough at present to even venture a good guess.

4. Wavelets of Computationally Elementary Form

We now give an account of s-elementary and M SF-wavelets. The two most
elementary dyadic orthonormal wavelets are the Haar wavelet and Shan-
non’s wavelet (also called the Littlewood-Paley wavelet).

The Haar wavelet is the function

1, 0gt<}
Pg(ty=4q ~1, ;<t<1 (32)
0, otherwise.

In this case it is very easy to see that the dilates/translates
{28 pg(2” - €): n,L €1}
are orthonormal, and an elementary argument shows that their span is
dense in L2(R).
Shannon’s wavelet is the L?(R)-function with Fourier transform ¢s =
712_71-'XE0 where
Ey=[-2r,—7)U[x,2m). (33)

The argument that z,ll;g is a wavelet is in a way even more transparent than
for the Haar wavelet. And it has the advantage of generalizing nicely. For
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a simple argument, start from the fact that the exponents
{e**: n €1}

restricted to [0,27] and normalized by 715; is an orthonormal basis for
L2[0,2%]. Write Eg = E_ U E} where E_ = [-27,-7), E} = [r,27). Since
{E_ 4+ 2r,E.} is a partition of [0,27) and since the exponentials e'ts are
invariant under translation by 2, it follows that

oits
{ﬁ Eo: ﬂEZ} (34)

is an orthonormal basis for L2( Ep). Since T = M-, this set can be written
(T4, L€ 1} (35)

Next, note that any “dyadic interval” of the form J = [b,2b), for some b > 0
has the property that {2"J: n € Z}, is a partition of (0,c0). Similarly, any
set of the form

K = [-2a,—a) U [b,2b) (36)

for a,b > 0, has the property that
{2"K: n € Z}

is a partition of R\{0}. It follows that the space L%(K), considered as a
subspace of LZ(R), is a complete wandering subspace for the dilation unitary
(Df)(s) = V2 f(2s). For each n € Z,

DML*K)) = L2(é-”/c). (37)

So @, D*(L*(K)) is a direct sum decomposition of L?(R). In particular Eo
has this property. So

gils o2nits :
Dl —| 1 f€el) =4 — :fel 38
{\/217 Eo } { V27 127" E } (38)

is an orthonormal basis for L2(2~™Eg) for each n. It follows that
(D™ n,€ €2}

is an orthonormal basis for L?(R). Hence {D"T*Y,: n,f € Z} is an or-
thonormal basis for L2(R), as required.

The Haar wavelet can be generalized, and in fact Daubechies well-known
continuous compactly-supported wavelet is a generalization of the Haar
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wavelet. However, known generalization of the Haar wavelet are all compli-
cated and difficult to work with in hand-computations.
For our work, in order to proceed with developing an operator algebraic
theory that had a chance of directly impacting concrete function-theoretic
" wavelet theory we needed a large supply of examples of wavelets which
were elementary enough to work with. First, we found another “Shannon-
type” wavelet in the literature. This was the Journe wavelet, which we
found described on p. 136 in Daubechies book [14]. Its Fourier transform is

- 1
Y = =XE,, Where

E;= [—g‘i,—éﬁw) U I:—‘J'l',—fl,-;r—) u [é;,w) u [47r,§27—7r) .
Then, thinking the old adage “where there’s smoke there’s fire!”, we painstak-
ingly worked out many more examples. So far, these are the basic building
blocks in the concrete part of our theory. By this we mean the part of
our theory that has had some type of direct impact on function-theoretic
wavelet theory.

We define a wavelet set to be a measurable subset EAof R for which
712_WXE is the Fourier transform of a wavelet, The wavelet ¥5 := VILTEXE is

called s-elementary in [9].

It turns out that this class of wavelets was also discovered and system-
atically explored completely independently, and in about the same time
period, by Guido Weiss (Washington University), his colleague and foi-
mer student E. Hernandez (U. Madrid), and his students X. Fang and
X. Wang. In [17, 29, 30} they are called MSF (minimally supported fre-
quency) wavelets. In signal processing, the parameter s, which is the inde-
pendent variable for ¥, is the frequency variable, and the variable ¢, which
is the independent variable for v, is the time variable. No function with
support a subset of a wavelet set E of strictly smaller measure can be the
Fourier transform of a wavelet.

Problem 4.A. Must the support of the Fourier transform of a wavelet
contain a wavelet set? This question is open for dimension 1. It makes
sense for any finite dimension.

From the argument above describing why Shannon’s wavelet 1s, indeed,
a wavelet, it is clear that sufficient conditions for E to be a wavelet set are

(i) the normalized exponentials \/-%e"e’, ¢ € Z, when restricted to E

should constitute an orthonormal basis for L2(E) (in other words E is
a spectral set for the integer lattice Z),

and
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(ii) the family {2"E: n € Z} of dilates of E by integral powers of 2
should constitute a measurable partition (i.e. a partition modulo null
sets) of R.
These conditions are also necessary. In fact if a set E satisfies (i), then for
it to be a wavelet set it is obvious that (ii) must be satisfied. To show that
(i) must be satisfied by a wavelet set E, consider the vectors

ﬁ“{l;E = nel

1
\/ﬁXZ‘“Es

Since ¥k is a wavelet these must be orthogonal, and so thesets {2"E: n € Z}
must be disjoint modulo null sets. It follows that {ﬁe'eﬂ};: ¢¢ 7} isnot

only an orthonormal set of vectors in L*(E), it must also span L*(E).

It is known from the theory of spectral sets (as an clementary special
case) that a measurable set E satisfies (i) if and only if it is a generator of a
measurable partition of R under translation by 2x (i.e.iff {E +27n: n € T}
is a measurable partition of R). This result generalizes to spectral sets for
the integral lattice in R™. For this elementary special case a direct proof is
not hard.

We say that measurable sets E, F are translation congruent modulo 27 if
there is a measurable bijection ¢: E — F such that ¢(s) — s is an integral
multiple of 27 for each s € E; or equivalently, if there is a measurable
partition {E,: n € Z} of E such that

{E, + 2nm: n €1} (39)

is a measurable partition of F. Analogously, define measurable sets G and
H to be dilation congruent modulo 2 if there is a measurable bijection
r: G — H such that for each s € G there is an integer n, depending on
s, such that T(s) = 2"s; or equivalently, if there is a measurable partition
{G}2,, of G such that

{2"G} 2 (40)

is a measurable partition of H. {Translation and dilation congruency mod-
ulo other positive numbers of course make sense as well.)
The following lemma is useful.

Lemma 4.1. Let f € L*(R), and let E = supp(f). Then f has the property
that .
{e™f: nel}
is an orthonormal basis for L*(E) if and only if
(i) E is congruent to [0,27) modulo 27, and
it 1
(i) 1f(s)f = Fi &€ on E.
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If E is a measurable set which is 27-translation congruent to [0,27),

then since
eii’s
— - fel
{ LY 2T [0!2“) }

is an orthonormal basis for L*[0,2r] and the exponentials e
invariant, as in the case of Shannon’s wavelet it follows that

eies
—1 : Lel

is an orthonormal basis for L2(E). Also, if E is 2x-translation congruent
to [0,27), then since '

s are 97-

{[0,27) + 27n: n € I}

is a measurable partition of R, so is
{E +2mn: n€1}.

These arguments can be reversed.

We say that a measurable subset G C R is a 2-dilation generator of a
partition of R if the sets

"G = {2"s: s € G}, nel (41)

are disjoint and R\ U, 2"G is a null set. Also, we say that ECRisa
9n-translation generator of a partition of R if the sets

FE 4207 :={s+2nm: s € E}, n€Z, (42)

are disjoint and R\ U, (E + 2nx) is a null set.

Lemma 4.2. A measurable set E C R is a 2m-translation generator of a
partition of R if and only if, modulo a null set, E is translation congruent
to [0,27) modulo 27. Also, a measurableset G CRisa 2.dilation generator
of a partition of R if and only if, modulo a null set, G is dilation congruent
modulo 2 to the set [-2r,—7) U [x,2T).

The following is a useful criterion for wavelet sets. It was published
independently by Dai-Larson in [9] and by Fang-Wang in {17] at about the
same time in December, 1994. In fact, it is amusing that the two papers
had been submitted within two days of each other; only much later did we
even learn of each others work and of this incredible timing.
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Proposition 4.3. Let E C R be a measurable set. Then FE is a wavelet set

if and only if E is both a 2-dilation generator of a partition (modulo null
" sets) of R and a 2 -translation generator of a partition {modulo null sets)
of R. Equivalently, E is a wavelet set if and only if E is both translation
congruent to [0,27) modulo 2r and dilation congruent to[—2m, —m)U[w,2m)
modulo 2.

Note that a set is 2x-translation congruent to [0, 27) iff it is 27-transla-
tion congruent to [—2m,7) U [r,27). So the last sentence of Proposition 4.3
can be stated: A measurable set E is a wavelet set if and only if it is
both 2r-translation and 2-dilation congruent to the Littlewood-Paley set
[-27,—7) U [7,27).

Remark 4.4. If E is a wavelet set, and if f(s) is any function with support
E which has constant modulus ﬁ on E, then F~1(f) is a wavelet. Indeed,

by Lemma 4.1 {T¢f: € Z} is an orthonormal basis for L?*(E), and since the
sets 2" F partition R, so L?(E) is a complete wandering subspace for D, it
follows that {D"T*¢f: n,£ € 7} must be an orthonormal basis for L3*(R), as
required. In {17, 29, 30] the term MSF-wavelet includes this type of wavelet.
So MSF-wavelets can have arbitrary phase and s-elementary wavelets have
phase 0. Every phase is attainable in the sense of chapter 3 for an MSF or
s-elementary wavelet.

Example 4.5. It is usually easy to determine, using the dilation-translation
criteria, in Proposition 4.3, whether a given finite union of intervals is a
wavelet set. In fact, to verify that a given “candidate” set E is a wavelet
set, it is clear from the above discussion and criteria that it suffices to do
two things:

(1) Show, by appropriate partitioning, that E is 2-dilation-congruent
to a set of the form {—2a,—a) U [b,2b) for some a,b > 0.

and

(2) Show, by appropriate partitioning, that E is 27-translation-congruent
to a set of the form [c,¢ + 27) for some real number ¢.

On the other hand, wavelet sets suitable for testing hypotheses, can be
quite difficult to construct. There are very few “recipes” for wavelet sets,
as it were. Many families of such sets have been constructed for reasons
including perspective, experimentation, testing hypotheses, etc., including
perhaps the pure enjoyment of doing the computations - which are some-
what “puzzle-like” in nature. The interested reader can consult the papers
[9] and [17] and some of the subsequent articles {21, 29, 30] for a wide array
of examples of such sets. In working with the theory it is nice (and in fact
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necessary) to have a large supply of wavelets on hand that permit relatively
simple analysis.

For this reason we take the opportunity here to present for the reader
a collection of such sets, mainly taken from [9], leaving most of the “fun”
in verifying that they are indeed wavelet sets to the reader.

We refer the reader to [10} for a proof of the existence of wavelet sets
in R(®), and a proof that there are sufficiently many to generate the Borel
structure of R(™. These results are true for arbitrary expansive dilation
factors. Some conecrete examples in the plane were subsequently obtained
by Soardi and Weiland in [45], and others were obtained by Gu and Speegle
(not yet written up). Two had also been obtained by Dai for inclusion in
the revised concluding remarks section of our Memoir [9].

In these examples we will usuaily write intervals as half-open intervals
[, ) because it is easier to verify the translation and dilation congruency
relations (1) and (2) above when wavelet sets are written thus, even though
in actuality the relations need only hold modulo null sets.

(i) As mentioned above, an example due to Journe of a wavelet which
admits no multiresolution analysis is the s-elementary wavelet with wavelet

set
[ 32r —41r)U[ W—E)U[i{ TF)U[471' @-)
7’ T T’ 1)
To see that this satisfies the criteria, label these intervals, in order, as
J1,J2,J3,J4 and write J = UJ;. Then

J1U4J2U4J3UJ4 = [—275,—16—”) U [

1o 320)
7 7 ’

T 7

This has the form [—2a,a)}U[b, 2b) so is a 2-dilation generator of a partition
of R\{0}. Then also observe that

{Jl +6m,Jy + 21, 03,04 — 47{'}

is a partition of [0,27).

(i) The Littlewood-Paley set can be generalized. For any —7 < a <,
the set
E, = [-21 4+ 20,—7 + ) U [7 + , 27 + 2a)
is a wavelet set. Indeed, it is clearly a 2-dilation generator of a partition of

R\{0}, and to see that it satisfies the translation congruency criterion for
—7 < a < 0 (the case 0 < a < 7 is analogous) just observe that

{27 + 2a,27) + 47, [~ 27, -7 + @) + 27, [7 + @, 27 + 2a)}
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is a partition of [0,2%). It is clear that ¢g, is then a continuous (in L(R)-
norm) path of s-elementary wavelets. Note that

lim vg = 1
aﬁﬂ,’ﬁbEa = mX[QW,fiw)-

This is not the Fourier transform of a wavelet because the set [27,4n) is
not a 2-dilation generator of a partition of R\{0}. So

lim ¥E,
is not an orthogonal wavelet. (It is what is known as a Hardy wavelet
because it generates an orthonormal basis for # }(R) under dilation and

translation.) This example demonstrates that W(D,T) is not closed in
L*(R).

i) Journe’s example above can be extended to a path. For —Z < 8 <
p P 7
7 the set

Jg = [—-?-’-,271, —4r 4+ 4,B)U[—1r + ﬁ’-%ﬁ)u[%,w + ﬂ)u[tl?r + 48,47 + %)
is a wavelet set. The same argument in (i) establishes dilation congruency.
For translation, the argument in (i) shows congruency to [43,27+4(3) which
is in turn congruent to [0,27) as required. Observe that here, as opposed
to in (ii) above, the limit of ¢, as 3 approaches the boundary point % is
a wavelet. Its wavelet set is a union of 3 disjoint intervals.

(iv) While the Littlewood-Paley and the Journe wavelets sets are sym-
metric by reflection through the origin (modulo the boundary, which is a
null set), the paths in (i) and (iii) consist of non-symmetric sets (except
at 0). It is noteworthy that paths of symmetric wavelet sets also exist: For
example, consider for 0 L o < %,

8m 4w 4 2
F, = |—— - — = St A
o [ 3 + 20, 271') U { 3 2a, 3 -l—a) U [ T, 3 a)

2r 4 i 8T
U[——a—+a,1r)u[3 - a, 3 +2a)U[27r, 3 —2a).

We leave to the reader the (easy) verification that F, satisfies the dilation
and translation congruency criteria so is a wavelet set. Note that Fiz is the
Littlewood-Paley set. We have

8 2r 21 8T
Fy=j——\,— —T, — —— — 21, — | .
0 [ 3,2W)U[7r, 3)U[3,7r)u[27r,3)
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(v) The wavelet set

T T 5T i ST 13r 7w 13m
—_———— — U |—,2 —.,3 —,— } U |67, —
-3 ALY L’QU[WW%44’2)[”2)

is the union of 6 disjoint intervals, all but one of which are positive.This
illustrates that wavelet sets can be very asymmetric in structure.

(vi) Let 0 < @ < B <7 < § < --- < §. The sets of item (ii) admit

further “splitting” into multiparameter families of wavelet sets:
E,s = [-2r,-2r4+2a)U[-2r +28,m)U[-7+a,-7 + 3)
ulr, T+ @)U [+ 3,27) U [27 + 20,27 + 20)

Eupy = [-27+20,-2r4+26)U{-27+27,-7m +a)U [-r+8,-7+7)
Ulr +a, 7+ 8)U[r+7,27 + 20) U 27 + 28,27 + 27)

Eupys = [—2m,—27 +2a)U[-27 + 28,27 + 27) U [-27 + 26, -7)
U-m+a,-t+B)U[-r+y,-71+ 86U [r, 7+ a)
Ulr + B, m + y)U{r + 6,27} U [27 + 20,27 + 23)
U274 27,21 + 26).

This process can be continued. It is perhaps curious that E,5 and Eopy
have 6 disjoint intervals, yet E,3.s has 10.

(vil) Another easily-checked family of wavelet sets is

Go = [_S_Tr’__ﬁ +2a) u [—f}—z -i-a,—gz)

3'° 3 3 3
NEE PRI
3°3 "¢ 3 ThT

for0<a< 3.

(viii) Let A C [r, %) be an arbitrary measurable subset. Then there is
a wavelet set W, such that W N [r, 3F) = A. For the construction, let

B = [27,37m)\24,

C:[—m—%)“A—Qﬂ
and D =24 —4nr,
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Let

W= [%‘”,QW)UAUBUCUD.

We have W N [, 3F) = A. Observe that the sets [3%,27), A,B,C,D, are
disjoint. Also observe that the sets

3 1
—-—,2 -B,2C, D,
[ 2 T Tr) ,A, 2 ? C D

are disjoint and have union [—2x,—7)U [7,27). In addition, observe that
the sets

[%T,Qn') JA,B - 2x,C + 27, D + 2,

are disjoint and have union [0,27). Hence W is a wavelet set.

(ix) Let A € (%,37) be an arbitrary measurable subset. Then there
is a symmetric (by reflection through the origin) wavelet set W such that
W n (8F,37) = A. For the construction, let

B=-1A+2r and C:[w,?w)\(QBU%A).

We claim that the symmetric set
W=-(AUBUC)U(AUBUC()

satisfies our requirements. Observe that the sets A, B,C are disjoint and
contained in (0,00). Then observe that the sets %A, 2B, are disjoint and
have union [x,2r), so W is 2-dilation congruent to [-2m,—7)U [7,27)
modulo a null set. Then note that

%A-.—.——B-{—?ﬂ' and 2B = —A + 4.

So the sets —A + 47, —B + 27, C are disjoint and have union {r,27), and
the sets A — 47, B — 2r, —C are disjoint and have union [—27,—m). So
W is 27-translation congruent to {—2x,—7) U {r,2r), and hence to [0,2x).
This shows that W is a wavelet set. By the construction we have W n
(&,37)= A.

(x) Wavelet sets for arbitrary (not necessarily integral) dilation factors
other then 2 exist. For instance, if d > 2 is arbitrary, let

4 = 2dw B 27r)
— L d+1 d+1)’
[ 27 2T
A
d2-1"d+1
C = 2d7r,2d27r
_d-l-l d?—1
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and let G = AU BUC. Then G is d-wavelet set. To see this, note that
{A + 2=x,B,C} is a partition of an interval of length 2x. So G is 2x-
translation-congruent to [0,27). Also, {A4,B,d"'C} is a partition of the
set [~da, —a)U[B,dB) for « = £=;, and § = 3722—1, so from this form it fol-
lows that {d"G: n € Z} is a partition of R\{0}. Hence if ¢ := f‘l(#xa),
it follows that {d2(d"™t — €): n,¢ € 7} is an orthonormal basis for Li(R),
as required.
(xi) There exist unbounded wavelet sets. Let {4,: n =0, 1,2,...} be

a measurable partition of [, 27). Then the sets {A,} are disjoint, and for
n > 1 we have 27" A, C[0,2x). Let By = {Jax; 27" A,. Then let

.B = U%o=02-n.'4n

C [-27, —m)\{B1 — 27)

D Use,2™(27" A, — 2m).

Note that the set D is unbounded. We leave to the reader the verification
that
W=BUuCUD

satisfies the dilation-translation congruency criteria so is a wavelet set.

We note that an example of an unbounded wavelet set (i.e. an MSF-
wavelet with unbounded support) was also obtained independently by Fang
and Wang in [17]. It is a different example. In {4, 17, 31] the term band-
limited is used to denote wavelets and other L*-functions whose Fourier
transforms have bounded support.

The following gives an operator algebraic characterization of MSF (s-
elementary) wavelets. The proof is contained in [9, Chapter 4], and was
more difficult than might be expected. It was very difficult for us to obtain,
partly because that we did not, at first, believe that it was true. It is perhaps
good for perspective in this present context. It is an open question whether
the analogue of this is true in n-dimensions.

Theorem 4.6. Let v € W(lp ). Let Vy be the unique unitary operator
in Cy(Up,T) with Vyy = T%. Then TV, = VT if and only if

1
19| = ToXE

for some wavelet set F.

5. Operator-Theoretic Interpolation of Wavelets

If ¢, n are wavelets let V := VJ} be the (unique} unitary operator in
Cy(D,T) with Vi = . We call this the interpolation unitary for the or-
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dered pair (¥, 7). Suppose that V' normalizes {D, T} in the sense that
vV*{D,T})V = {D,TY}. (43)

In this case the algebra, before closure, generated by {D,T} and V is the
set of all finite sums (polynomials) of the form 3~ A,V™, with coefficients
A, € {D,TY. The closure in the strong operator topology is a von Neu-
mann algebra. Now suppose further that every power of V' is contained in
Cy4(D,T). This occurs only in special cases, yet it occurs frequently enough
to yield some general methods. Then since Cy(D,T) is a SOT-closed linear
subspace which is closed under left multiplication by {D, T} this von Neu-
mann algebra is contained in Cy(D,T), so its unitary group parameterizes
a path-connected subset of W(D,T) that contains ¢ and 7 via the corre-
spondence U — Ut. We say that wavelets in this set are interpolated from
(#,n), and that (1,7n) admits operator-theoretic interpolation.

It turns out that if ¥ and 7 are s-elementary wavelets, then indeed V,”;
normalizes { D, T} . Moreover, VJ} has a very special form: after conjugating
with the Fourier transform, it is a composition operator with symbol a
natural and very computable measure-preserving transformation of R. In
fact, it is precisely this special form for V£ that allows us to make the
computation that it normalizes {D,T}. On the other hand, we know of no
pair (1, 7) of wavelets for which V] fails to normalize {D,T}'. The difficulty
is simply that in general it is very hard to do the computations.

Problem 5.A. If {v,7} is a pair of dyadic orthonormal wavelets, does
the interpolation unitary VJ,’ normalize {D,T}? As mentioned above, the
answer is ves if ¥ and n are s-elementary wavelets. ‘

Let E and F be arbitrary wavelet sets. Let o2 E — F be the 1-1,
onto map implementing the 2r-translation congruence. Since E and F both
generate partitions of R\{0} under dilation by powers of 2, we may extend
o to a 1-1 map of R onto R by defining ¢(0) = 0, and

a(s) = 2"¢(27"s) for s€2"E, ne€l (44)

We adopt the notation o for this, and call it the interpolation map for the
ordered pair (E, F).

Lemma 5.1. In the above notation, of is a measure-preserving transfor-
mation from R onto R.

Proof. Let ¢ := ag. Let £ C R be a measurable set. Let 2, = QN 2"E,
n € Z,and let E, = 27", C E. Then {Q,} is a partition of {}, and we have
m{o(E,)) = m{E,) because the restriction of & to E is measure-preserving.
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So
m(o(Q) = Y. m(a(Qa)) =Y m(2"o(En))

= S orm(e(E,)) =) 2"m(En)
S m(2rEn) = ) m(Q) = m(Q). B

i

A function f: R — R is called 2-homogeneous if f(2s) = 2f(s) for all
s € R. Equivalently, f is 2-homogeneous iff f(2"s) = 2"f(s),s €R,n € Z.
Such a function is completely determined by its values on any subset of R
which generates a partition of R\{0} by 2-dilation. So ok is the (unique)
2-homogeneous extension of the 27-transition congruence £ — F. The set
of all 2-homogeneous measure-preserving transformations of R clearly forms
a group under composition. Also, the composition of a 2-dilation-periodic
function f with a 2-homogeneous function g is (in either order) 2-dilation

periodic. We have £(g(25)) = f(29(s)) = [(g(s)) and g(f(25)) = 9(f(s)).
These facts will be useful.
Now let
Uf = U,r, (45)

where if ¢ is any measure-preserving transformation of R then U, denotes
the composition operator defined by U, f = fo o', f € L*R). Clearly
(6E)~! = oF and (UE)" = UE. We have UEg = ¢ since oE(E) = F.
That is,

- - 1 1 -
UEdE = ¢poof = T XE oof = T XF = vF.

Proposition 5.2. Let E and F be arbitrary wavelet sets. Then Uf ¢
C&;E(D,T). Hence F~'UEF is the interpolation unitary for the ordered

pair (Y8, ¥F).
Proof. Write ¢ = crg and U, = Ug. We have UMEE = @F since d(E) = F.
We must show

Ugﬁ"T8$E = ﬁnera'{b\E, ,m,l el
We have

(U D"TE)s) = (UsD"e*dp)(s)

= U,2 %75 gp(27"s)
-~ 9" ;‘—e-ifz-"a—l(s) ib‘E(z-n p— (s))
= - RIS g (27 T))
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-1 2—n

— 2—-2716—1'(’0' 8),¢ (2-?1.

This last term is nonzero iff 2~"s € F,in which case 0=1(27"s) = gf(27"s)
= 2"g + 2rk for some k € Z since ¢ is a 27-translation-congruence on
F. Tt follows that e~ (2778} = ¢=#27"s_ Hence we have

(U, D" T dE)(s) 9%~ h (27" 5)
= (D"T%r)(s)

= (D"T'U,dE)(s).

We have shown UE € CA (D T) Since U ¢E = qbp, the uniqueness part

of Proposition 2.1 shows that F-YUEF must be the interpolation unitary
for (Y, ¥F). |

Proposition 5.3. Let E and I be arbitrary wavelet sets. Then the inter-
polation unitary for the ordered pair (¥g,%¥r) normalizes {D,T}'.

Proof. By Proposition 5.2 we may work with UE in the Fourier transform

domain. By Theorem 3.2, the generic element of {D,T} has the form M},
for some 2-dilation-periodic function h € L®(R). Write 0 = of and U, =
UE. Then

U7 MLU, = Mygo-a. (46)

So since the composition of a 2-dilation-periodic function with a 2-homo-
geneous function is 2-dilation-periodic, the proof is complete. [

It can also be shown ([9, Theorem 5.2 (iii)]) that if E, F’ are wavelet sets
with £ # F then UE is not contained in the double commutant {D, T}”
So since /L and {D,TY are both contained in the local commutant of Uz z

at Pg, this proves that CA (D T) is nonabelian. In fact (see [9, Proposx-
tion 1.8]) this can be used to show that Cy(D,T) is nonabelian for every
wavelet 1. We suspected this, but we could not prove it until we discov-
ered the “right” way of doing the needed computations using s-elementary
wavelets.

The above shows that a pair ( E, F') of wavelet sets (or, rather, their cor-
responding s-elementary wavelets) admits operator-theoretic mterpola,tmn
if and only if Group{U£} is contained in the local commutant C; (D 7Y,

since the requirement that Uf normalizes {D,T}’ is a.utomatlcally satis-
fied. It is easy to see that this is equivalent to the condition that for each
n €, o” is a 2r-congruence of E in the sense that (o™(s) — s)/27 € Z for
all s € E, which in turn implies that ¢™(E) is a wavelet set for all n. Here
o = ok. This property holds trivially if o is involutive (i.e. o? = identity).
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In cases where “torsion” is present, so (O'F ) is the ldentlty map for

some finite integer k, the von Neumann algebra generated by {D T} and
U:= U has the simple form

k
{Z My U™ hy, € L®(R) with hy(2s) = hn(s), sE€ R} ,

n=0

and so each member of this “interpolated” family of wavelets has the form

k
\/—12—; > ha(8)Xom(E) : (47)

nx==0

for 2-dilation periodic “coefficient” functions {hn(s)} which satisfy the nec-
essary and sufficient condition that the operator

Z My U™ (48}
n=0

is unitary.
A standard computation shows that the map # sending Tk M, U™ to
the k x k function matrix (h;;) given by

h,‘j = ha(i,j) 0 O’_i+1 (49)
‘where a(i,7) = (i+1) modulo k, is a *-isomorphism. This matricial algebra

is the cross-product of { D, T} by the x-automorphism ad(U £ correspond-
ing to conjugation with U g For instance, if & = 3 then ¢ maps

My, + My, UE 4+ My (UE)?

hi ha ha
hzoo~! hioo ' hgoo ! |. (50)

hooo 2 hzoo™? hyoo™?

to

This shows that Eo M, U™ is a unitary operator iff the scalar matrix
(hi;)(s) is unitary for almost all s € R. Unitarity of this matrix-valued
function is called the Coefficient Criterion in [9], and the functions h; are
called the interpolation coefficients. This leads to formulas for families of
wavelets which are new to wavelet theory. They are x-wavelet bundles in
the sense of section 3. (See (29.)

If E is a wavelet set, define an interpolation family of wavelet sets based
at E to be a family F of wavelet sets, with E € F, with the property that
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{o£: F € 7} is a group under composition. Then Gr := {UE: FeF}isa
group of unitaries in C,‘[,E(f),’f) which is isomorphic to the group {cf: F €
F} of measure-preserving transformations of R, and every unitary in Gz
normalizes {D,T}. So the von Neumann algebra generated by {D,TY
and G liesin C,;,E(ﬁ,f), hence its unitary group yields a x-wavelet bundle
(29). In [9], Problem E asked which groups were attainable in this way.
Gu partially answered this question by showing that every finite group
is attainable. He showed that for each n, the permutation group 5, on n
generators is attainable. So the cross-product of {D, T} by any finite group
is attainable as a subalgebra of Cy( D, T) for some wavelet t. This was also
discussed previously just before Problem 3.C.

The involutive (k = 2) case seems to be common. Let us say that a pair
of wavelet sets (E, F') is an interpolation pair if (o) = identity. In this
case of = of.

Example 5.4, Let E = [-8, - 4)y[2F 48 ) and F = [- 7, -, 8.
Then (E, F') is an interpolation pair, and EU F ={ - ST’T,—%—") U [—235, %’r),

which is the support set of Meyer’s well-known class of (Fourier transforms
of) wavelets. To see that (E, F} is an interpolation pair, note that

-2 - 2 =l L R
37 3 - 13’3 “921 3’ 3

£5) - [5-5)we[55)

37 3 3°3
80
s—21 on | 4x
oh(s) = { . PR (51)
s$+47 on 'Tv"‘s‘)'

Hence for s € [%", 13’“'*), 20(s) € ["’%E’“%)’ 50
2 1 1 !
ag*(s) = 50(20(8)) = 5{20(5) +4n] = 5[2(5 - 27) +47] = 5.

Similarly, 0%(s) = s on [—%’r,——%’r). So since ¢? is 2-homogeneous, this
implies o? = id on R.
The above is a special case (@ = 7) of the following;:

Example 5.5. Let £ = [—%a,-—%a) U {'211’— %a,tlar-— -g—a) and F =

[—%a,—%o:) U [271' - %a,41r - %a) for some 0 € o < w. Partition these
by

3 4 4 2
= —— —— E - —— —_—
By [ 304, 301) , Lo [271' 30:, 27 30:) ,
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2 8 4 2
By = [Q:rr — §a,47r - gcx) and F} = [—ga,—ga) .
2 8 8 4
F, = [211' - 50:,471' - -?;a) ,F3 = [411- - Ea,4ﬂ— — Ea) .

It is easy to see that these are wavelet sets: E clearly generates a partition

of R\{0} under dilation by 2, and since {E; + 2, E2, E3} is a partition of
[21r - %a,47r - %af) , and this latter set generates a partition of R under 27~

translation, so does E. Thus E is a wavelet set by the dilation-translation
congruency criteria. Similarly, F' is a wavelet set. Now consider the relations

F1 = Eg — 21 = %E1
R = E |
Fs = E|+4r =2E,.

Thus on E,

s+4m, se FE
of(s)=< s— 27, s€ By (52)
‘51 5 G E3.
Ifs € Ep, then o(s) = s+41 € 2F;,50 ¢%(s) = 20 (-%0‘(3)) =2 [%a(s) - 21:']
= o(s) ~4r = s. If 8 € Ea, then o(s) = s - 27 € 1Ey, so 0%(s) =
10(20(s)) = 3[20(s) +47] = o(s) + 2x = s. And if s € E3 then o?(s) =
o(s) = s. So 0% = id on E, hence on R. So (E, F') is an interpolation pair.
Observe that EU F = [—%a,dlw - %a) \H,, where H, is the “hole” of
Theorem 5.8. |

The Coefficient Criterion for the case k = 2 yields:
Proposition 5.6. I {E, F) is an interpolation pair then

B(s) = ha(s)Pr(s) + ha(s)pr(s) (53)

is the Fourier Transform of an orthogonal wavelet whenever hy and h; are
2-dilation-periodic functions on R with the property that the matrix

)= Mr ) (54)

hyoop hioog

is unitary (a.e.). Moreover, unitarity a.e. of H(s) on R is equivalent to
unitarity of H(s) on any measurable set G C R which has the property
that

U(Gudk(G) = R (55)

nel
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modulo a null set. In particular, it is sufficient to check (54) on E or F.

Proof. We need only prove the reduction to G. Since hq,ho are 2-dilation-
periodic we have, for a.e. s €R,

CH(2"s)=H(s),n€Z, and H(Q"ag(s)) = H(ag(s)) =

hl(UE(S)) hz(UE(S))
h2(°’E(‘7E(3)) ha(og(aE(s)))
which upon using the identity ok O aE = identity and interchanging rows

and columns yields H(s). So unitarity of H(s) on G implies unitarity on

U(GUdoE(G))=R. n
nel

We shall show that Meyer’s (family of) wavelets have the above form.
Meyer’s class is (cf. [14], p. 117):

'ji—ﬂei?’cos[%u(—f—;—l)]s s € ."'851["'%)’
)=t Dot py (3], oclzE) O
AT A R

\ 0 otherwise

for s € R, where » is a real-valued function which satisfies the relation
vis}+wv(l—-s)=1, s€R.

Normally, one chooses v so that @Me has desired regularity properties. If v is
taken with v(s) = 0 for s < 0 an v(s) = 1 for s > 1, then if v is continuous,
or in class C*, or C*°, then the function @bMe is in the same class. Any choice
ofa measurable real valued function v satisfying v(s) + v(1 — s) = 1 yields
a (perhaps “badly behaved”) wavelet, however.

Proposition 5.7. The wavelets @Me have the interpolation form (53).

Proof. The support of '{b\Me is EUF, where E and F are as in Example 5.4.
Define oy on E by

x 33

ho(s) = 4 €2 € [3v (-3~ )] se -%.-%)
1(3) - i, 3s 2r 4Ax (57)
tanlso (B 0] oc(5%)

and extend h; to R 2-dilation-periodically. (That is, set hy(s) = ha1(27"s)
if s € 2"E, n € Z, and set h(0) = 0.) Similarly, define 2 on F' by

) ¥ sin [%V (—%%— 1)] , SE [—%’T —%’”)
hals) = {e% cos [21/ (2; - 1)] s € [% —3’5) (58)
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and extend to R 2-dilation periodically. Then

B(s) = ha(s)bi(s) + ha(s)Pr(s)- (59)
Let G = [~ &, ~4E). Then 0£(G) = [ - &, -——)+41r = [42,%8),50 G
satisfies the hypotheses of Proposition 5.6. For s € [ — 3% — %) we have

_ hi(s) ha(s) _ hi(s) ha(s)
26 = (b0 hatekn ) = Cintos by haget 4m )

and s + 4w € [%, 8). Using 2-dilation-periodicity we have

i . [ 3s 4r 8w
hl(.s)—e4sm{2v(4ﬂ_——l)] 36[3,3)

and is . [T 3s 8r d4rm
ha(s) = e+ sin [EV (—4?—1)] , SE [-—?,—?).
So
B e cos _Ev (——S — 1)] e sin [E (—3-5 — )]
H(s) = ( Jiepam :OS {%:Eagsj:ﬁ) _ 1)] Qilatin) :in [EV( (s4x) _ 1)]

= z,{_3s _ £ [z, (_3s _
_ ( e.2 COSs -2UE ar )] €4 sln [QV( i ;

e% cos 3v %:74—2)] —et sm[ (33 +2

) .

Now consider the equation v(s) + v(—s) = 1. This implies Ju(

3—;-{—2):

——V(-————l) Let 8(s) = Zv( ~

— 1).-Then

cos

wiz u!“

H(s) = ( :

which is unitary. Hence e satisfies (53).

e+ sind _{ ez cos@ e+ sind
is =\ i i
cos (3 —0) —etsin(f -6 e?sind —et cosd

Beginning with the operator-theoretic interpolation result [9, Prop. 5.4],
which is also Proposition 5.6 in this present article, together with a gen-
eralization to our setting we obtained of a result of Hernandez, Wang and
Weiss [29], we have recently (23] settled affirmatively Problem F in [9] which
asked for a converse of Proposition 5.6.

Theorem 5.8. (29, Thm. 2.1.] Let ¢ € L%(R) with support ($) c[-

3a 4T — -a) for some 0 < & < w. Then ¥ is an orthonormal wavelet if and
only if (a, e.):
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(i) 1B +IBE = 3 on [47 = §or 47 — fa),
(i) [9(s)| = F= on [2x — o, 47 - $a),

(iii) 19()|* +19(s + 2m)* = 3 on [ - §o, —30),

(iv) |$(s)| = (38 +2m)f on [~ a,~1a),

(v)  %(s) = e"P3)|9(s)], where the phase function p(s) satisfies p(s) +
p(2(s — 27))— p(2s) - p(s — 27) = (2n(s) + 1)x on [27 — §a, 27 — Fa)N
(supp @)ﬂ(% supp 1,5) for some integer -valued measurable function n(s),

and
(vi) $(s)=0on Hy =[- 30,27 — 4a).

We remark that in [29] the form of the Fourier transform used is f(s) =

Ja e f(t)dt, and in the present article the normalization factor 712—1; is

used to make F unitary. The appropriate numbers in the statement of
Theorem 5.8 have been changed to reflect this.

We observed that Theorem 5.8 appeared to be close in content, if not in
form, to Proposition 5.6. Indeed, an inspection of Theorem 5.8 suggests that
its criteria might be interpreted as a unitarity requirement for a certain 2X2
matrix-valued function, even though its manner of proof is not suggestive of
such an interpretation. This turns out to be correct. The family of wavelets
in Theorem 5.8 is indeed a *-wavelet bundle (defined in (29)).

If E is a wavelet set, let 7z be the projection from R onto E determined
by 2x-translation. (That is, for a.e. s € R there exists a unique 3 € £ with
(s—3§)/2x € Z; define 75(s) = 3.) Also, let 6g be the projection from R\{0}
onto E determined by 2-dilation. (That is, for a.e. s € R\{0} there exists
a unique &' € E with s = 2"s' {or some n € Z; define ég(s) = ¢'.) Then for
E and F wavelet sets, the interpolation map of takes the form

T7(8) ifsekl
ob(s) =< 2"rp(27"s) ifs€2°E (60)
0 ifs=0.

The main result of [23] is the following criterion, which improves Propo-
sition 5.6, and generalizes Theorem 5.8 to the union of an arbitrary interpo-
lation pair of wavelets sets. It is a complete characterization of the wavelets
in the *-wavelet bundle determined by E and F. Not all *-wavelet bun-
dles look like this. Most are going to be much more complicated. This one
“arises” from the cyclic group of order 2. As indicated earlier after (50),
other #-wavelet bundles can “arise” likewise from arbitrary finite groups,
and probably many infinite groups. As was noted in Chapter 3, (61} is the
criterion that is most easily used in verifying examples such as Examples 3.8
and 3.9.
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Theorem 5.9. ({23, Theorem 1].) Let (E,F) be an interpolation pair of
wavelet sets, and let 1 € L¥*(R) satisfy support ($)C EUF. Then v is an
orthogonal wavelet if and only if 19(s)] = —ﬁ; for a.e. s € ENF and the
2 X 2 matrix-valued function

\/2_71'( b _bobr ) (61)

&o*rp YobpoTE

is unitary a.e. on E\F.
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