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Rajen K. Sinha∗ and Raytcho D. Lazarov†

We propose a new technique for analyzing the error of finite element ap-
proximations of parabolic problems with non-smooth initial data. For ho-
mogeneous equation we prove optimal L2-error estimate of order O

(
h2/t

)
for t > 0 when the given initial data is in L2. Further, for non-homogeneous
parabolic equation with zero initial data we establish an optimal error
estimate of order O(h2) in L2. Thus, we get the results of Luskin and
Rannacher from [6] by a new technique that does not require error esti-
mates in negative Sobolev norms.

1. Introduction

In this paper, we study the semi-discrete finite element method for solving
initial-boundary value problem of the form

ut +Au = f(x, t) in Ω× (0,∞), (1.1)

u = 0 on ∂Ω× (0,∞),

u(·, 0) = u0 in Ω.

Here, Ω ⊂ Rd is a bounded domain with smooth boundary ∂Ω and ut = ∂u/∂t.
Further, A is a selfadjoint, uniformly positive definite second order elliptic
partial differential operator of the form

A = −
d∑

i,j=1

∂

∂xj
(aij(x)

∂

∂xi
) + a0(x)I.

The non-homogeneous term f and the coefficients of A are assumed to be
smooth functions of x.
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Finite element approximations for this type of problems have been studied
in the past three decades (see, e.g. ([1], [2], [4], [5], [7], [9], [10], and [11]).
Optimal convergence and superconvergence estimates have been established by
using Ritz projection, duality argument, semi-group theory, and various types
of a priori estimates. Self-adjoint problems with non-smooth initial data were
analyzed in [1], [2] and [11], while nonself-adjoint problems were considered
in [6], [8], and [4]. The semigroup theory used in [4], [11] and [8] and en-
ergy types of estimates in conjunction with duality argument used in [6] led to
optimal error estimate in L2 for u0 ∈ L2(Ω). For the non-homogeneous differ-
ential equation (f 6= 0) with homogeneous initial data (u0 = 0), Luskin and
Rannacher [6] obtained a quasi-optimal error estimate in L2 that is uniform
in time. A crucial role in their analysis play the error estimates in negative
Sobolev norms.

In the present paper we used an elementary energy technique and duality
argument in time to derive optimal error estimates in L2 for both smooth and
non-smooth initial data. More precisely, for homogeneous equation, a new
energy formulation is used to derive optimal error estimate in L2 when u0 ∈
H2(Ω) ∩H1

0 (Ω). In the case of non-smooth initial data i.e., when u0 ∈ L2(Ω),
energy method and parabolic duality argument is used to obtain error estimate
of order O(h2/t) for t > 0. An attractive feature of the proposed technique is
that unlike [6], it does not require error estimates in negative Sobolev norms
while dealing with non-smooth initial data. Further, for the non-homogeneous
equation with zero initial condition, we were able to established optimal order
error estimate in L2, uniformly in time, provided that ‖f(0)‖ and ‖ft(t)‖ remain
bounded.

The paper is organized as follows. In Section 2, we introduce some nota-
tions, define the relevant function spaces, and recall some basic estimates from
the literature. Section 3 is devoted to the error estimates for smooth initial
data. Finally, error estimates with non-smooth initial data are discussed in
Section 4.

2. Preliminaries

Let H1
0 (Ω) =

{
φ ∈ H1(Ω) | φ = 0 on ∂Ω

}
. The standard weak formulation

may be stated as follows: Find u : [0,∞)→ H1
0 (Ω) such that

(ut, φ) +A(u, φ) = (f, φ) ∀φ ∈ H1
0 (Ω) (2.2)

with u(0) = u0, where the bilinear form A(·, ·) on H1
0 (Ω)×H1

0 (Ω) is given by

A(u, φ) =

∫
Ω

 d∑
i,j=1

aij(x)
∂u

∂xi

∂φ

∂xj
+ a0(x)uφ

 dx.
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Here and below, we denote by (·, ·) and ‖ · ‖ the L2 inner product and the
corresponding norm on L2(Ω). Further, Hm = Hm(Ω), m ∈ Z, is the standard
Sobolev space with a norm denoted by ‖ · ‖m.

We shall assume that A satisfies the following conditions:
(A1) full elliptic regularity: i.e. there exists a positive constant α such that

‖Aφ‖ ≥ α‖φ‖2, φ ∈ H2(Ω) ∩H1
0 (Ω); (2.3)

(A2) the bilinear from A(φ, φ) is coercive in H1: i.e. there exists a positive
constant c such that

A(φ, φ) ≥ c‖φ‖21, φ ∈ H1
0 (Ω). (2.4)

For the finite element Galerkin approximation, we assume that we are given
a family {Sh}, 0 < h < 1, of finite dimensional subspaces of H1

0 (Ω) such that
for r = 1, 2

inf
χ∈Sh

{‖φ− χ‖+ h‖φ− χ‖1} ≤ Ch
r‖φ‖r, φ ∈ Hr(Ω) ∩H1

0 (Ω). (2.5)

Throughout this paper C denotes a generic positive constant which does not
depend on the mesh parameter h.

The standard semi-discrete finite element approximation of (1.1) is then
defined as a function uh : [0,∞)→ Sh such that

(uht, χ) +A(uh, χ) = (f, χ), ∀χ ∈ Sh, (2.6)

uh(0) = Phu0,

where Phu0 is the standard L2-projection of u0 onto Sh.
Below, we state some a priori bounds for the solution u satisfying (1.1)

under appropriate regularity assumption on the initial function u0. For a proof,
we refer to [6].

Lemma 1. Let u satisfy (1.1). If u0 ∈ L2(Ω) and f ∈ L2(Ω) then

‖u(t)‖2 +

∫ t

0

‖u(s)‖21ds ≤ C
(
‖u0‖2 +

∫ t

0

‖f(s)‖2ds
)
.

Moreover, when u0 ∈ H1
0 (Ω) and f ∈ L2(Ω), we have

‖u(t)‖21 +

∫ t

0

{‖us(s)‖2 + ‖u(s)‖22}ds ≤ C
(
‖u0‖21 +

∫ t

0

‖f(s)‖2ds
)
.

Lemma 2. Let u satisfy (1.1) with f = 0, and let 0 ≤ i, j, k ≤ 2.
If 0 ≤ k + 2j − i ≤ 2, then

ti
∥∥∥∥∂ju∂tj (t)

∥∥∥∥2

k

≤ C‖u0‖2k+2j−i.
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Further, if 0 ≤ k + 2j − i− 1 ≤ 2, then∫ t

0

si
∥∥∥∥∂ju∂sj (s)

∥∥∥∥2

k

ds ≤ C‖u0‖2k+2j−i−1.

Following the arguments of Lemmas 1-2 on the discrete level, it is easy to
derive the following stability estimates for the solution uh satisfying (2.6).

Lemma 3. Let uh satisfy (2.6). If u0 ∈ L2(Ω) and f ∈ L2(Ω) then

‖uh(t)‖2 +

∫ t

0

‖uh(s)‖21ds ≤ C
(
‖uh(0)‖2 +

∫ t

0

‖f(s)‖2ds
)
.

Moreover, when u0 ∈ H1
0 (Ω) and f ∈ L2(Ω), we have

‖uh(t)‖21 +

∫ t

0

‖uhs(s)‖2ds ≤ C
(
‖uh(0)‖21 +

∫ t

0

‖f(s)‖2ds
)
.

Lemma 4. Let uh satisfy (2.6) with f = 0. Then we have

tk‖uh(t)‖2 +

∫ t

0

sk‖uh(s)‖21ds, ≤ C‖uh(0)‖2, k = 0, 2,∫ t

0

s‖uhs(s)‖2 + t‖uh(t)‖21ds ≤ C‖uh(0)‖2.

3. Error estimates for smooth initial data

In this section, we obtain an optimal error estimate in L2 when the initial
data u0 ∈ H1

0 (Ω) ∩ H2(Ω). First, we recall the associated Ritz projection
defined as Rh : H1

0 (Ω)→ Sh by

A(Rhu− u, χ) = 0, ∀ χ ∈ Sh. (3.7)

Set ρ = Rhu−u. It is quite standard to prove that (cf. [3]) ρ and its temporal
derivatives satisfy the following error estimates.

Lemma 5. Let ρ satisfy (3.7). Then

‖ρ(t)‖+ h‖ρ(t)‖1 ≤ Ch2‖u(t)‖2,
‖ρt(t)‖+ h‖ρt(t)‖1 ≤ Ch

2‖ut(t)‖2.

For the analysis we split the error e(t) = u(t)− uh(t) as

e(t) = (Rhu− uh)− (Rhu− u) = θ − ρ.
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Since the estimate of ‖ρ‖ is already known it is enough to estimate θ. Using
(2.2), (2.6) and (3.7), it is easy to verify that θ satisfies an error equation of
the form

(θt, χ) +A(θ, χ) = −(ρt, χ), ∀χ ∈ Sh. (3.8)

Now we define ρ̂(t) =
∫ t

0
ρ(τ)dτ and note that ρ̂(0) = 0 and ρ̂t = ρ. Then,

integrating (3.7) from 0 to t we obtain an equation for ρ̂

A(ρ̂(t), χ) = 0, χ ∈ Sh. (3.9)

Further, integrating (2.2) and (2.6) from 0 to t and then using (3.9) and uh(0) =

Phu0 we obtain an error equation in θ̂ of the form

(θ̂t, χ) +A(θ̂, χ) = −(ρ, χ), χ ∈ Sh, (3.10)

where θ̂(t) =
∫ t

0
θ(s)ds.

Below, we prove a sequence of lemmas that will lead to the desired result.

Lemma 6. Let θ̂ satisfy (3.10) and uh(0) = Phu0. Then there is a positive
constant C such that∫ t

0

‖θ(s)‖2ds+ ‖θ̂(t)‖
2

1 ≤ C
∫ t

0

‖ρ(s)‖2ds.

Proof. Take χ = θ in (3.10) and integrate from 0 to t to have∫ t

0

(θ, θ)ds+
1

2
A(θ̂, θ̂) ≤

∫ t

0

‖ρ‖‖θ‖ds.

Now use standard kickback argument to complete the rest of the proof. �

Lemma 7. Let θ satisfy (3.8) and uh(0) = Phu0. Then there is a positive
constant C independent of h such that

t‖θ(t)‖2 +

∫ t

0

s‖θ(s)‖21ds ≤ C
∫ t

0

{‖ρ(s)‖2 + s2‖ρs(s)‖2}ds.

Proof. Take χ = tθ in (3.8) to have

1

2

d

dt
{t(θ, θ)}+ tA(θ, θ) =

1

2
‖θ‖2 − t(ρt, θ)

Integrating from 0 to t, we obtain

t‖θ(t)‖2 +

∫ t

0

s‖θ(s)‖21ds ≤ C
∫ t

0

{‖θ‖2 + s2‖ρs‖2}ds.

Then, use Lemma 6 to complete the rest of the proof. �
The main result of this section is given in the following theorem.
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Theorem 1. Let u and uh, respectively, satisfy (1.1) and (2.6) with f ≡ 0.
Then for u0 ∈ H2(Ω) ∩H1

0 (Ω) and uh(0) = Phu0, we have

‖e(t)‖ ≤ Ch2‖u0‖2.

Proof. By triangle inequality, we write

t1/2‖e(t)‖ ≤ t1/2‖ρ(t)‖+ t1/2‖θ(t)‖.

For the first term on the right, use of Lemma 5 and a priori estimates in Lemma
2 yields

t1/2‖ρ(t)‖ ≤ Ch2t1/2‖u0‖2.

By Lemma 7, Lemma 5 and a priori estimates in Lemma 2, the second term is
bounded by

t1/2‖θ(t)‖ ≤ C

(∫ t

0

{‖ρ(s)‖2 + s2‖ρs(s)‖2}ds
)1/2

≤ Ch2

(∫ t

0

{‖u(s)‖22 + s2‖us(s)‖22}ds
)1/2

≤ Ch2t1/2‖u0‖2.

Altogether these estimates yield the desired result and this completes the proof.
�
Remark. We note that the similar result (Theorem 1) has been established

before in [6] in which parabolic duality argument is used in a crucial way and
the initial approximation is is assumed to be uh(0) = Rhu0. From the proof
of Theorem 1, it is clear that we can choose uh(0) as the L2 projection of u0

into Sh instead of the elliptic projection Rhu0 and use of duality argument is
avoided in the proof.

4. Error estimates for non-smooth initial data

This section we establish an optimal error estimate in L2 for non-smooth
initial data, i.e. u0 ∈ L2(Ω). Below, we shall prove a sequence of lemmas which
will be used to derive the error estimates for non-smooth initial data.

Lemma 8. Let ρ̂ satisfy (3.9). Then

‖ρ̂‖+ h‖ρ̂‖1 ≤ Ch2‖u0‖.

Proof. By (3.9), we have

c‖ρ̂‖21 ≤ A(ρ̂, ρ̂) = A(ρ̂, ρ̂− χ)
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In view of (2.5)

‖ρ̂‖1 ≤ C inf
χ∈Sh

‖û− χ‖1 ≤ Ch‖û‖2, (4.11)

where χ = χ− Rhû. Now it remains to estimate ‖û‖2. Integrating (1.1) from
0 to t, we obtain for f = 0

Aû = u0 − u(t), t ≥ 0.

An use of elliptic regularity and Lemma 2 yields

‖û‖2 ≤ C (‖u0‖+ ‖u(t)‖) ≤ C‖u0‖, t ≥ 0. (4.12)

Combine (4.11) and (4.12) to obtain the estimate for ‖ρ̂‖1.
Next, we shall use duality argument to estimate ‖ρ̂‖. Let ψ ∈ H2(Ω) ∩

H1
0 (Ω) be the solution of

Aψ = ρ̂ in Ω, (4.13)

ψ = 0 on ∂Ω.

Note that by (2.3) the solution ψ satisfies the following a priori estimate

‖ψ‖2 ≤ C‖ρ̂‖. (4.14)

Multiply (4.13) by ρ̂. Then, taking L2 inner-product over Ω and using (3.9),
we obtain

‖ρ̂‖2 = A(ρ̂, ψ − χ) ≤ C‖ρ̂‖1 inf
χ∈Sh

‖ψ − χ‖1.

The desired estimate now follows from (2.5), (4.14) and the estimate of ‖ρ̂‖1.
This completes the rest of the proof. �

Lemma 9. Let u and uh be the solution of (1.1) and (2.6), respectively.
Then for u0 = 0, we have∫ t

0

‖u(s)− uh(s)‖21ds ≤ Ch
2

∫ t

0

‖f‖2ds.

Proof. The proof is contained in (page 100, [6]).

Define ê(t) =
∫ t

0
e(s)ds. In order to obtain optimal L2-error estimate in

the case non-smooth data, it is convenient to prove first an estimate of ‖ê‖.
This is accomplished via parabolic duality argument. For this purpose, we
now consider the following backward problem: for a fixed t > 0 and given any
f̄ ∈ L2(Ω), let v(s) ∈ H2(Ω) ∩H1

0 (Ω) be the solution of

vs −Av = f̄ , s ≤ t, v(t) = g. (4.15)

The associated weak formulation is then find v : [0, t)→ H1
0 (Ω) such that

(φ, vs)−A(φ, v) = (φ, f̄), ∀φ ∈ H1
0 (Ω), s ≤ t (4.16)
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with v(t) = g. Similarly, the finite element approximation of the above problem
is: find vh : [0, t)→ Sh such that

(χ, vhs)−A(χ, vh) = (χ, f̄), (4.17)

∀χ ∈ Sh, s ≤ t with vh(t) = gh, where gh is a suitable approximation of g in
Sh to be defined later.

Remark: With a simple change of variables in the proofs of Lemmas 1-2, it
is easy to obtain a priori bounds for the backward solutions v and vh (cf. [6]).

Lemma 10. Assume that u0 ∈ L2(Ω) and f = 0. Then there is a constant
C independent of h such that

‖ê(t)‖ ≤ Ch2‖u0‖ (4.18)

holds.

Proof. Let w(s) ∈ H2(Ω) ∩H1
0 (Ω) be the solution of the backward problem

ws −Aw = ê, s ≤ t, w(t) = 0. (4.19)

With a simple change of variables in the proofs of Lemmas 1- 2 and their
discrete analogies and Lemma 9, it is an easy to check that the solution w(s)
and its semi-discrete approximation wh(s), which may be stated in a similar to
(4.16)-(4.17) manner, satisfy the following estimate∫ t

0

{‖ws − whs‖2 + h−2‖w − wh‖21}ds ≤ C
∫ t

0

‖ê‖2ds. (4.20)

We form L2-inner product of (4.19) with e to obtain

1

2

d

ds
‖ê(s)‖2 =

d

ds
(e, wh) + (e, ws − whs)−A(e, w − wh), (4.21)

where we have used the fact that (recall that f = 0)

(et, χ) +A(e, χ) = 0, χ ∈ Sh. (4.22)

Multiply both side of (4.21) by s and integrate from 0 to t to have

1

2
t‖ê(t)‖2 =

1

2

∫ t

0

‖ê(s)‖2ds+

∫ t

0

(e, wh)ds+

∫ t

0

s(ρ, ws − whs)ds

−
∫ t

0

sA(ρ, w − wh)ds =
1

2

∫ t

0

‖ê(s)‖2ds+ I1 + I2 + I3.

Since ê(0) = 0 = wh(t), we obtain using (4.20)

|I1| = | −
∫ t

0

(ê, whs)ds| ≤ C
∫ t

0

‖ê‖‖whs‖ds

≤
(∫ t

0

‖ê‖2ds
)1/2(∫ t

0

‖whs‖2ds
)1/2

≤ C

∫ t

0

‖ê(s)‖2ds.
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For I2 and I3, an application of Lemma 5, (4.20) and a priori estimates yields

|I2|+ |I3| ≤
∫ t

0

s‖ρ‖‖ws − whs‖ds+

∫ t

0

s‖ρ‖1‖w − wh‖1ds

≤ Ch4

∫ t

0

s2‖u‖22ds+ C

∫ t

0

{‖ws − whs‖2 + h−2‖w − wh‖21}ds

≤ Ch4t‖u0‖2 + C

∫ t

0

‖ê‖2ds.

Altogether now leads to

t‖ê(t)‖2 ≤ Ch4t‖u0‖2 + C

∫ t

0

‖ê(s)‖2ds. (4.23)

It now remains to estimate
∫ t

0
‖ê‖2ds. Multiply (4.19) by ê and integrate by

parts with respect to x to get

‖ê(s)‖2 =
d

ds
(ê, wh) + (ê, ws − whs)−A(ê, w − wh). (4.24)

Here, we have used the relation (e, χ) + A(ê, χ) = 0,which is obtained by
integrating (4.22) from 0 to t and using uh(0) = Phu0. Now integrate (4.24)
from 0 to t and note that ê(0) = 0 = wh(t) to get∫ t

0

‖ê(s)‖2ds =

∫ t

0

(ρ̂, ws − whs)ds−
∫ t

0

A(ρ̂, w − wh)ds.

Using Lemma 8 and (4.20), it now follows that∫ t

0

‖ê(s)‖2ds ≤
∫ t

0

‖ρ̂‖‖ws − whs‖ds+

∫ t

0

‖ρ̂‖1‖w − wh‖1ds

≤ C(ε)

∫ t

0

{‖ρ̂‖2 + h2‖ρ̂‖21}ds

+ε

∫ t

0

{‖ws − whs‖2 + h−2‖w − wh‖21}ds

≤ Cth4‖u0‖2 + εC

∫ t

0

‖ê‖2ds.

Choose ε appropriately so that∫ t

0

‖ê‖2ds ≤ Cth4‖u0‖2. (4.25)

Now combine (4.25) and (4.23) to complete the rest of the proof. �
Remark. Defining the error ē = v−vh associated with the backward problem

(4.16) and its finite element approximation (4.17), set ˜̄e(s) = −
∫ t
s
ē(τ)dτ , s ≤ t.
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Then, for g ∈ L2(Ω) and f̄ = 0, analogous to Lemma 10, it is easy to show
that

‖˜̄e‖ ≤ Ch2‖g‖. (4.26)

We conclude this section by showing our main results in the following two
theorems.

Theorem 2. Let u and uh be solutions of (1.1) and (2.6), respectively with
f = 0. Assume that u0 ∈ L2(Ω) and uh(0) = Phu0. Then there is a positive
constant C independent of h such that

‖e(t)‖ ≤ Ct−1h2‖u0‖, t > 0.

Proof. From (2.2), (2.6), (4.16) and (4.17) with f̄ = 0, we first note that

d

ds

{
s2[(u, v)− (uh, vh)]

}
= 2s {(u, v)− (uh, vh)}

Integrate the above equation from 0 to t. Then, with gh = Phg, where Ph is
the L2-projection onto Sh defined by (Phg, χ) = (g, χ), χ ∈ Sh, we have

1

2
t2(e(t), g) =

∫ t

0

s {(u(s), v(s))− (uh(s), vh(s))} ds

=

∫ t

0

s(e(s), v)ds−
∫ t

0

s(e(s), ē(s))ds+

∫ t

0

s(u, ē(s))ds

= I1 + I2 + I3.

For I1, we integrate by parts to have

I1 =

∫ t

0

s(ês, v)ds = t(ê, g)−
∫ t

0

(ê, v)ds−
∫ t

0

s(ê, vs)ds,

and hence, by Cauchy-Schwarz’s inequality, Lemma 10 and Lemma 2 (with
time reverse) we obtain

|I1| ≤ t‖ê‖g‖+

∫ t

0

‖ê‖‖v‖ds+

∫ t

0

s‖ê‖‖vs‖ds ≤ Cth2‖u0‖‖g‖.

Since ˜̄e(t) = 0, using (4.26) and the a priori estimates in Lemma 2, we can
estimate I3 as

|I3| ≤
∫ t

0

‖˜̄e‖‖u‖ds+

∫ t

0

s‖˜̄e‖‖us‖ds ≤ Cth2‖u0‖‖g‖.

Finally, for I2, integration by parts leads to

I2 = −
∫ t

0

s(ês, ē) = −t(ê, g − Phg) +

∫ t

0

(ê, ē)ds+

∫ t

0

s(ê, ēs)ds.
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Apply Cauchy-Schwarz’s inequality, Lemma 10 and a priori estimates in Lemma
2 (with time reverse) to obtain

|I2| ≤ t‖ê‖‖g‖+

∫ t

0

‖ê‖‖ē‖ds+

∫ t

0

s‖ê‖‖ēs‖ds ≤ Cth2‖u0‖‖g‖.

Altogether these estimates yield the desired result and complete the proof. �
We now have the following result for the nonhomogeneous equation (f 6= 0).

Theorem 3. Let u and uh be solutions of (1.1) and (2.6), respectively.
Assume that u0 = 0 and f(0), ft(t) ∈ L2(Ω). Then there is a positive constant
C independent of h such that

‖e(t)‖ ≤ Ch2

(
‖f(0)‖+ max

[0,t]
‖fs(s)‖

)
.

Proof. As before, using (2.2), (2.6), (4.16) and (4.17) with f̄ = 0, we first note
that

d

ds
{(u, v)− (uh, vh)} = (f, v − vh) = (f, ē).

Further, integrate the above equation from 0 to t. Then, with uh(0) = Phu0

and gh = Phg, we obtain

(e(t), g) = (u0, v(0))− (uh(0), vh(0)) +

∫ t

0

(f, ē)ds

= (u0, ē(0)) +

∫ t

0

(f, ē)ds.

Since u0 = 0 and ˜̄es = ē, we rewrite the above equation as

(e(t), g) =

∫ t

0

(f, ˜̄es)ds = −(f(0), ˜̄e(0))−
∫ t

0

(fs, ˜̄e)ds.

Apply Cauchy-Schwarz’s inequality and (4.26) to have

(e(t), g) ≤ ‖f(0)‖‖˜̄e(0)‖+

∫ t

0

‖fs(s)‖‖˜̄e(s)‖ds

≤ Ch2‖g‖
(
‖f(0)‖+ max

[0,t]
‖fs(s)‖

)
,

which yields the desired result. �
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