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Abstra ct. Let N 2andlet1< aj < < ayn berelativ ely prime integers.
Frobenius number of this N-tuplg is dened to be the largest positive inte-
ger that cannot be expressed as iNzl ajXj where x1;::; Xy are non-negative
integers. The condition that gcd(ai;::;;an) = 1 implies that such number
exists. The general problem of determining the Frobenius number given N
and az;:::; an is NP-hard, but there has beena number of di eren t bounds on
the Frobenius number produced by various authors. We use techniques from
the geometry of numbers to produce a new bound, relating Frobenius number
to the covering radius of the null-lattice of this N-tuple. Our bound is par-
ticularly interesting in the casewhen this lattice has equal successive minima,
which, as we prove, happens in nitely often.

1. Intr oduction

Let N 2 beanintegerand let a;;:::;ay be positive relatively prime integers.
De ne the Frobenius number F = F (ay; :::;a'Tb) of this N -tuple to be the largest
positive integer that cannot be expressedas iN=1 a;iX; where Xq;::;; Xy are non-
negative integers. The condition that gcd(a;;::;;an) = 1 implies that sud F
exists. The general problem of determining the Frobenius number given N and
ai;::;;ay iIsNP-hard. For eah xed N, however, it is possibleto give a polynomial
time algorithm for nding the Frobenius number of a given N -tuple (see[13)]).
Since there can be no explicit formula for the Frobenius number, it is interesting
to produce upper bounds for it. A large amount of work has been done on this
problem. The caseof N = 2is the only onewhere an explicit formula, known most
likely to Sylvester[15], is available:

1) Flajaz) = (a2 1)(az 1) L

In a more general caseN 3, the bounds on the Frobenius number in the
literature are vast. Among many others, they include results by Bed, Diaz, and
Robins [4] produced with the use of bounds on Fourier-Dedekind sums:

1P
2) F 5 ama@+tata) a a a )
as well as earlier results by Erdos and Graham [7]
h, i
a
3) F 2ay Wl ai;

1991 Mathematics Subject Classi ¢ ation. 11D04, 11H06, 52C07.
Key words and phrases. linear Diophantine problem of Frobenius, geometry of numbers,
lattices.



2 LENNY FUKSHANSKY AND SINAI ROBINS

by Selmer[14]
hy, |
(4) F 2ay 1 o an ,
N
and by Vitek [16]
(a2 1(an  2)
2

where [ ] denotesinteger part function. See[4] for further bibliography. For com-
parison, hereis a lower bound on F by Aliev and Gruber [1]:
L X
(6) F>((N Dlag::ian)V T a:
i=1
See[1] for more information on lower bounds. The objective of this paper is to
produce new upper bounds for the Frobenius number whenN 3.

In [13], Kannan relates the Frobenius number F to the covering radius of a
certain corvex body with respect to a certain lattice. More precisely let

(5) F 1;

L= x22zNV *: ajx; O0(mod ay) ;

and de ne (
IX 1
S= XZRNOl: aixi 1
i=1
Then Theorem 2.5 of [13] states that
X
(7 F= (SL) a:
i=1
where (S;L) is the covering radius (also known as the inhomogen@us minimum)
of S with respect to L, namely

(8) (S;L)=inf t2Rsg:tS+L =RV 1

Identit y (7) then suggestghat onecould produceboundson F by bounding (S;L).
This, however, appearsdi cult, sincethe standard techniquesfor bounding a cov-
ering radius only work in the casewhen the convex body is symmetric with respect
to the origin, which is clearly not the casehere.

Our approad relates the Frobenius number to a covering radius of a Euclidean
ball with respect to a di erent lattice, which is much easierto estimate. Let a =
(a1;:an) 2 ZNO, with 2 a; < ap < < ay relatively prime, asabove. Let

X
La(X) = a; Xi;
i=1
be the linear form in N variables with coe cien ts aj;:::;ay, and de ne the lattice
a= X2ZN :La(x)=0 :

Let V; = sparg a, then V, isan (N 1)-dimensional subspaceof RN and , =
Vo \ ZN is a lattice of full rank in V,. Let B(R) be the (N  1)-dimensional



FROBENIUS PROBLEM AND THE COVERING RADIUS OF A LATTICE 3

closedball of radius R > 0 certered at the origin in V,. Then Voly 1(B(R)) =
I'n 1RN 1, where

N 1
2
) 'n 1= Voln 1(B(1) = —¢x—
2
De ne the covering radius of the lattice , to be
(10) Ra=INffR2Rsp:B(R)+ 4= VagQ:

It is not dicult to seethat R, is the radius of the smallest ball that can be
circumscribed around the Voronoi cell of 4, which is de ned by

V( a)=1fy2Vy:kyk ky xk8x2 ,g;

where k k stands for the usual Euclidean norm on vectors. Notice that unlike
(S;L) of (8), R, is awell understood invariant of the lattice. We will discussit in
further details in section3. The main result of this paper is the following theorem.

Theorem 1.1. Let N 3andlet2 a < az < < ay be relatively prime
integers. Write a = (a1;::;;an ), and let F = F (a) be the Frokenius number of this

N -tuple. Then
n #

(N 1R, X M

(11) F Gk a kak? a?+1 ;

i=1
wher R, is asin (10).

Our approach usessome classicalresults from the geometry of numbers. Here
is a brief outline of our argument. Let t be a positive integer, and consider the
hyperplanein RN de ned by the equation

(12) aXi=+t

The intersection of this hyperplane with the positive orthant RN, is an (N 1)-
dimensonalsimplex, call it S(t). An integral point in this simplex correspondsto a
solution of (12) in non-negative integers, hencefor every t > F suc a point must
always exist. Moreover, F is precisely the smallest positive integer suc that for
ead integert > F the simplex S(t) cortains a point of ZN. By de nition of R,,
a ball of radius R, must contain an integer lattice point. On the other hand, it
is possibleto bound the inradius of the simplex S(t) from below using a standard
isoperimetric inequality. Combining thesetwo estimates producesa valuet large
enoughsothat for everyt t the simplex S(t) is guaranteedto contain an integral
point.

A particularly nice explicit bound for F can be derived from Theorem 1.1 for a
special classof latices 5. Foreahh1l i N 1, the i-th sucessiveminimum
i of 5 isdened to bethe inmum ofall > Osuc that B( )\ 5 cortains
i non-zero linearly independert vectorsin V,. Hencel 1 ::: N 1. If
1= = N 1,Wesa that 4 isanESM lattice (equal successie minima). This
is a very important classof lattices, which are widely usedfor instance in coding
theory (see[2]).
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Corollary 1.2. Let the notation be as alove. Then
P
NN 12 8" Kake &
1(kakN 21y q)wT

where !y pisasin (9). In case , is an ESM lattice, y 1= 1 in (13).

#
+1 ;

(13) F

One interesting feature of our bounds (11) and (13) is that they depend symmet-

In section 2 of this paper we prove Theorem 1.1. In section 3 we discussthe ESM
case,deriving Corollary 1.2, as well as some other related casesusing additional
tools from the classical geometry of numbers. We also shov some examplesand
exhibit some computational data comparing our bounds to the previously known
onesquoted in (2) - (5). In particular, when 5 is an ESM lattice, Corollary 1.2
will often produce a better bound on F than (2) - (5). We discussthis further
in section 3. In section 4 we prove that , is an ESM lattice for in nitely many
N -tuples a. In fact, in Theorem 4.2 we construct an explicit in nite family of ESM
lattices , parametrized by integer values of a single variable t when N = 4. We
also explain how families like this can be constructed in higher dimensions. Finally
we demonstratethat for all such in nite families of ESM lattices 5 our bound (13)
on F (a) is signi cantly better than the previously known ones.

2. Proof of Theorem 1.1

Let the notation be asin section1 above. For eadht 2 Z  considerthe hyper-
plane lattice
a)= x2ZN:L(x)=t ;
and let Vi, (t) = sparg a(t) bethe corresponding hyperplane. Fix u; 2 4(t), and
de ne atranslation f; : Va ! Va(t) givenby f{(x) = x + u; for eah x 2 V. Then
f: is bijective and presenesdistance; moreover, it maps 5 bijectively onto 4 (t).
Notice that S(t) = Va(t)\ RNy isan (N  1)-dimensional simplex in RN with

vertices v; = at—iei foreah 1 i N, where eq;::;;ey are the standard basis
vectors. Foreah2 i N dene
t t
wi=(v; vy)' = a—l;O;:::;O;a;O;:::;O ;

and let W bethe (N 1) N matrix with row vectors wy;::;;wy. By Gram
determinant formula

p
det(WWT)
14 Vol St)) = —————=
It is easyto seethat
0 ai;ag L 1 1
2
2B 1 A g
ww' = — % ;
2 . . ) . '
1 . . . .
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isan (N 1) (N 1) symmetric matrix. We want to compute det(WW T). For
this we will needthe following lemma.

Lemma 2.1. Let 0 1
11 1
1 2 1
A=18B . . ;
1 1 K
bea k k symmetric matrix, k 2. Then 8 9
) X <% =
(15) det(A)= (i D+ | (i 1.
i=1 i=1 " j=1;]6i '
Proof. It is easyto notice that det(A) = det(B), where
0 1
1 1 0 0 1
0 2 1 0 1
B = det : : g : :
0 0 ook 1010
1 1 . 1 K
We will prove identity (15) for det(B) by induction on k. If k = 2, then
det®)=det 1Pt =(1 par(e

which is (15). Assumek > 2. Then, by Laplace's expansion combined with the
induction hypothesis, we obtain0

1
2 1 0 0 1 k
0 3 1 0 1 k
det(B) = (1 1)det : : _ :
0 0 ook 1010
1 1 : 1 K
0 1
0 0 0 1 K
2 1 0 0 1 k
+ (DT detg - :
0 0 ::: 0 1 K
0 0 ::: 11
0 g ! 9f
K X< =
= (1 1)@ (; D+ (; 1. A
i=2 i=2 " j=2;j6i '
1
> 1 i 0
DR gdeth 0 0 K
0 g 1
8 5 k 1
YK X< ¥k =¥
= (i D+ | (; .+ (; ¢

i=1 i=2 " j=1;6i
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This completesthe proof.

Applying Lemma2.1to WWT, a direct computation shows that

t2(N 1) kakz

(16) det(WW') = —@y———;
i=1 9%
and so combining (14) with (16) we obtain
tN lkak
17) Voly 1(S(t) = ——Oxv—
(N el a

We also needto compute the surfacearea Ay 1(S(t)). Notice that S(t) has N
facesFi(t);:::; Fn (1) with eadh Fi(t) being an (N  2)-dimensional simplex with
verticesvy; Vi 1;Vi+1 ;5 V. Then, applying (17) in one lessdimension we see
that foreadhl i N.

tN 2k ik
Voly 2(Fi(t)) = 0 ;
(N 2) ]N:l;jsiaj
where | = (a1;:a 1;@+1;::;an). Then
P
(18) An 1(S(1)) = Vol 2(Fi(t) = o,
i=1 I (N 2)!\{:\‘:1 a

Write r(t) for the inradius of S(t), i.e. the radius of the largest ball that can be
inscribed into S(t). By a standard isoperimetric inequality for the inradius of a
simplex (seefor instance (9) of [11])

Voly 1(S(t)) _ tkak

(19) O A s N D %Kk ka

wherethe last identit y follows by combining (17) and (18). Let us choosea positive
integert sud that r(t) Ra. By (19) we seethat it su ces to take

" N #
(N_DRa ™ e+ 1

(20) t= Kok

i=1
We will write t for the value of t asin (20). Lett t, and let B(r(t)) be the
(N 1)-dimensionalball of radius r(t) cortained in S(t). Then f, *(B¢(r(t))) is an
(N 1)-dimensionalball of radiusr(t) R, in V,. By de nition of R4 in (10), we
seethat whenewer R R, the translated ball B(R) + x will contain at least one
nonzerolattice point for every x 2 V,, and hencef, L(B(r(t))) contains a nonzero
point of ,. Therefore B¢(r(t)) contains a point of ,(t), that is 4(t)\ ZN, is
ot empty for ead integert t . Therefore F t , and observingthat k ik =
kak? a?foreadil i N nishes the proof.

Remark. It is possibleto replace (19) by stronger versionsof this isoperimetric
inequality, which follow from the proof of Wills conjecture and its various strength-
enings(see,for instance, (4), (6), and Theorem 4 of [5]). This may leadto a slightly
better although much lessreadable bound than (11).



FROBENIUS PROBLEM AND THE COVERING RADIUS OF A LATTICE 7

3. Cor ollaries

In this section we discussconsequencesf Theorem 1.1, in particular we derive
Corollary 1.2. Let N 3, and let all the notation be asin sections1 and 2 above.
First of all notice that if for somel< i N we canexpressa; in the form

'x 1
(21) a = X,
j=1

for somenonnegative integersxy;:::;X; 1, then
(22) F(ag;san) = F(ag;a 1;&+1;0an):

We will call the relatively prime N-tuple a reduced if (21) is not true for any
i. By (22), every relatively prime N -tuple can be reducedto a relatively prime
reducedk-tuple for somel k N by eliminating all a;'s for which (21) is true.
Moreover, if a; = 2, then there must exist 1 < i N sud that a is odd, since
gcd(ag; ian) = 1; let i be the smallest such index. It is easyto seethat in this
caseF = a 1. In particular, if a is reduced,then F = a, 1. Hencewe can
concludethat eithera; 3, or

(23) F an 1:

From here on we will assumethat a is reducedand a; 3.

Fix a basisxi;:;;xny 1 for 4, in RN, and write X = (x; :: xny 1) for the
corresponding N (N 1) basis matrix. Let | be the collection of all subsets
| of f1;::;;Ng of cardinality (N 1). For each | 2 | let |°be its complemen,
ie. 19= f1;::;Ngnl. Clearlyjlj= N 1. Foreah | 2 |, write X, for the
(N 1) (N 1)submatrix of X consistingof all thoserowsof X which are indexed
by I, and a0 for the coordinate of a indexed by 1° By the duality principle of
Brill-Gordan [9] (also seeTheorem 1 on p. 294 of [12])

(24) det(X,) = ( DV* a0

Therefore coordinates of a can be thought of as Grassmanncoordinates of 5 up
to signs(somesourcesalsocall them Plucker coordinates). They are well de ned
in the sensethat they do not depend on the choice of the basis(see[12] for details).
Then, by the Cauchy-Binet formula (seefor instance [8])

p

(25) det( 4) = det(XX?!) = kak:

Let 1;::; N 1 bethe successie minima for , asdened in section1l. An
immediate obsenation is that sincea is reduced,
(26) 2 1 N1l
Indeed, if 1 < 2, then there must exist0 6 x 2 , with kxk < 2, henceat most
three of its coordinates are non-zero, call them x;;x;;xx, 1 i <j <K N.
Assumex; O (take x otherwise). Then either x;;x; = 1and xx = 1, or one

of them is 0 and the other two are 1 and 2 respectively. In the rst caseit
must therefore be that ax = & + & while the secondcaseimplies that one of the
coordinates of a is a multiple of another. Both of these conclusionscontradict the
assumptionthat a is reduced.
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Combining Mink owski's secondcorvex body theorem (see[6], p. 203) with (25),
we obtain
2N lkak

(27) 100 N 1 i

N 1
Combining Jarnik's inequality (seeTheorem 1 on p. 99 of [10]) with (27), we obtain
a bound on Rj:

1% 1 N 1 2N (N 1)kak
P 1

i N
2., 2 !

(28) Ra :
N 1 1--- N 2

Then Theorem 1.1 combined with (26) and (28) yields a generalbound
" #

29—
(29) F M a kak? a?+1 ;
TNy

however we can do much better for more specialized classesof lattices ,. Com-
bining (27) and (28), we obtain

KPS D (N Dy kak T3
30) Ra — S ;

2. 1 2 1 'n 1
which, combined with Theorem 1.1, immediately implies Corollary 1.2. Clearly the
bound of Corollary 1.2 becomeshetter when the ratio % is small, and especially
in case , is an ESM lattice.

We will now show a few examplesof a such that 5 is an ESM lattice for which
(13) of Corollary 1.2 producesa better bound on the Frobenius number than (2) -
(5). In the following comparisontables of the bounds(2) - (5) with (13), , stands
for the common value of the successie minima of ,. First let N = 4.

| 4-tuple a | a [min (2) - (5) [(13) |
9337,9961,11593,67367 ; 1802 | 91235853(2) 10995433
33199,38351,47759,152057| = 3218 134668440(02) | 55055950

Next let N = 5.
| 5-tuple a | a | min (2) - (5) | (13) |
39221,46967,47869, D
62839,206749 524 | 171901924Q2) 66231577
1867558,2348176,2918749, P
5249843,26695349| 5591 | 477806089120@2) | 14595157176

Finally let N = 6.

| 6-tuple a | a | min (2) - (5) | (13) |
6595,90709,110483, p___
121833,147472,462217| © 209 | 1015946371(3) 168600688
5958323,14864655,
19945128,28191201, D
28507523,117697394 1915 13418008364349(2) | 104669816534
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It is of coursepossibleto comeup with numerous such examplesfor these and
higher dimensions. In fact, in the next section we will show that 5 is an ESM
lattice for in nitely many a.

4. ESM Lattices

Let N 4. In this sectionwe will describe a procedurethat allowsto construct
in nite  families of sublattices of ZN of rank N 1 which have equal successie
minima and are of the form 5 for N -tuples a of relatively prime positive integers
1< a < < an.

We start with some additional notation, following [3]. An ordered collection
of linearly independert vectorsfxq;:::;xkg ZN,2 k N, is called nearly
orthogonal if for each 1 < i k the angle between x; and the subspaceof RN
spannedby xi;:::;X; 1 isin the interval z;5 . In other words, this condition
meansthat foreachh 1< i Kk

j<xpy>j 1
(31) kx i kky k 2’

inner product on RN . The following result is Theorem 1 of [3]; it is our main tool
in this section.

Theorem 4.1 ([3]). Supmsethat an ordered basisfxq;:::;xkg for sublattice of
ZN of rank1< k N is nearly orthogonal. Then it contains the shortestnon-zem
vector of

is an ESM lattice. We are now ready to describe our construction for in nite
families of ESM lattices.

Let x1 = (t1;:::;tn) beavariable vector, and write Sy for the symmetric group
on N letters whereid stands for the identity permutaion. Assumethat there exist
id=1; 2;::50 v 12 Sy andN(N 1) integersmyg;::i;my yn 2 F0;1g such
that

Xi= (D™ gy )™t w3 P N

(2) Foreah1 i N the corresponding Grassmanncoordinate det(X,,) of
the matrix X = (x1:::xn 1) satis es the condition

( DN Tdet(X,) > O;

lattice
spanfX1;::iiXN 10
is ESM and of the form 5 where a is the vector with coordinates
a = ( DN Tdet(X),);
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foreadhl i N;the last statemert follows by (24). This would meanthat there
exist in nite families of ESM lattices of the form ,. It appearsto be possibleto
nd suc permutations for each N. As an example, we exhibit suc a family for
N = 4,

Theorem 4.2. Lett 2 Z.o, and de ne
ai(t) = 6t2 13t 216 ap(t) = 6t> 125
(32) as(t) = 7t> 174 as(t) =t 36t 78

Then for eacht 2 Z.q, a(t) = (ai(t);ax(t);as(t);as(t)) 2 Z*%, and there exist
in nitely many positive integer valuesof t such that

(33) 0< a(t) < ax(t) < as(t) < ay(t);
(34) ged(as(t); ax(t); as(t); aa(t)) = 1;
and the lattice ( , )

0

ay = x2Z%:  a(t)xi
i=1
is ESM. Moreover, for each such a(t) the minimum of bounds (2) - (5) on the
Frokenius number F (a(t)) is O(t*) while our bound (13) is O(t3). For instance,
a(t) hastheseproperties for all t = 13s+ 2, where s 2 is an integer.

Proof. Lett 2 Z. o and de ne
(35) x1(t) = ( 7;t6; 6); x2(t) = ( 6;7:t; 6); x3(t)=( 6 67;1):

A direct computation shows that
X4
a(y = X2 zZ4: ai(t)xi = 0 = span,fxi(t); X2(t); x3(t)0o;
i=1
where a(t) is asin (32), and its coordinates can be seento have no commonroots.
In particular, 5« has rank 3 and basis vectors x 1(t); x2(t); x3(t) are linearly
independert for all real values of t. Also notice that for ead t 10, (33) is
satis ed.
To demonstrate that (34) holds in nitely often, notice that

ged(as(t); ax(t); as(t); as(t))  ged(ax(t); as(t));
and de ne d(t) = gcd(ax(t);as(t)) = ged(7t> 174 6t2 125). Then d(t) must
divide both
ax(t) as(t) =t2 49 T7ax(t) 6as(t) = 13%
Notice that if, for instance,t = 13s+ 2 for any s2 Z. ¢, then
t> 49= 16%%+ 525 45 7 (mod13);

hencegecd(t? 49;13%) = 1, and sod(t) = 1 for all such t. This provesthat (34)
holds for in nitely many t 2 Z. .

We now want to show that fx(t);Xx2(t);x3(t)g is a nearly orthogonal ordered
collection of vectorsfor in nitely many t 2 Z. . For this we refer to criterion (31)
and rst obsene that

J<X1;X2>j  13t+78 1
kx1kkxok — t2+ 121 2’
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forallt 28. Also, for eath non-zerovectory = uxi+ vx, 2 spargfxi;X2g de ne

36) f(uv)=p td2u v) 6(4u V) _ < Xay >
(tZ+ 120)f (U2 + v®)(t2 + 121)+ 26uv(t + 6)g  kxskkyk

A computation of the critical points of f (u;v) in Maple shows that if t 17
then 1 f(u;v) 1 forall u;v 2 R, not both zero. Henceby criterion (31)
we concludethat fxi(t);x2(t);x3(t)g is a nearly orthogonal ordered collection of
vectors for all integerst  28. Therefore, by Theorem 4.1 and remark after it the
lattice 51y is ESM for all such valuesof t.

Finally, a direct computation shows that for ead a(t) asin (32) the minimum
of bounds (2) - (5) on the Frobenius number F (a(t)) is O(t*) while bound (13) is
o(t3).

Combining all theseobsenations, we concludethat the statemert of the theorem
is true for instance for all t of the form

(37) t=13s+ 2

wheres 2is an integer. This completesthe proof.

Notice in particular that the rst example from the table in caseN = 4 in
section 3 is precisely of the form (32) wheret is asin (37) with s = 3. A good
strategy to obtain one-parameterin nite families of ESM lattices of the form 4
in di erent dimensionsseemsto be by a variation on a circulant basis matrix with

signsasin (35). In fact, the rest of the examplesin the table of section 3 can
also be seento comefrom sud in nite families.

Moreover, one can seethat for a general N if a lattice () is ESM and is
generatedby an (N 1) N circulant basismatrix with  signssimilar to (35),
call this matrix X (t), then t appearspreciselyoncein every row of X (t) and in all,
except for one, columns of X (t). This meansthat all, except for one, Grassmann
coordinates of X (t) in generalwill be polynomials of degreeN 2 in t, and one
will be a polynomial of degreeN 1. It is not dicult to seethat in generalin
this casethe minimum of bounds (2) - (5) on the Frobenius number F (a(t)) will
be O t%N 2 while our bound (13) will be O tN 1.
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