MATH 304, SECTIONS 502 - 503, FALL 2005

TAKE-HOME SHORT ANSWER TEST 4

This take-home test is to be completed by the student alone, with no
aid from any other student. This test is due on Wednesday, November
9, 2005, in class.

Aggie Honor Code:

“An Aggie does not lie, cheat, or steal, or tolerate those who do.”

Please read and sign the following statement:

“On my honor, as an Aggie, I have neither given nor received
unauthorized aid on this academic work.”

Signature of student:  SOLUTIONS

Student’s name printed:_ SOLUTIONS
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Question 1: (15 points)

(a) Is the following a linear transformation from R?® to R3:
L(xq, 29, 23) = (w3, 21 + 229 — b3, 1 — X2) 7

Briefly justify your answer. (5 points)

(b) Is the following a linear transformation from R3 to R?:

L(xy, 29, 23) = (2 — 23,21 +2) ?
Briefly justify your answer. (5 points)
(c) Is the following a linear transformation from R3 to R*:

L(xy, 29, x3) = (X — X3, X129, 29 — X1, Ty + X3) !

Briefly justify your answer. (5 points)

Answer to Question 1:

X1
1 2 -3
(a) Yes; L(xlvff?"”?’):(l ~1 O) o

€3

(b) Noj; the property L(x +y) = L(x
way the second coordinate of L(x1, s, x3) is defined.

L(y) fails because of the

) +
)
(¢) No; the property L(x +vy) = L(x) + L(y) fails because of the
way the Second coordinate of L(xl, To,x3) is defined.



Question 2: (15 points)

Find characteristic polynomial, eigenvalues, and corresponding eigenspaces
for the following matrix:

Answer to Question 2:

For the matrix A, the characteristic polynomial is:

—t 1 0
pa(t) = det(A—tly)=det | 0 —t 1
2 1 —(2+1)

= P2 4t+2=—(t-1Dt+1)(t+2),

therefore the eigenvalues of A are 1, —1, —2. Next we find the eigenspaces.

1. Let Ay = 1, then the correpsonding eigenspace is:

-1 1 0
Vi = zeR: [0 -1 1 |z=0
2 1 =3
1
= span 1
1
2. Let Ay = —1, then the correpsonding eigenspace is:
11 0
Vo, = {zeR: |01 1 |xz=0
2 1 -1
1
= span —1
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Answer to Question 2:

3. Let A3 = —2, then the correpsonding eigenspace is:
210
Vi = czeR*: |0 2 1]xz=0
210
1
= span -2



Question 3: (15 points)

(a) Suppose that A is a 157 x 157 matrix with real entries. Prove that
A must have at least one real eigenvalue. (5 points)

(b) Suppose A is a 2 x 2 matrix with real entries so that det(A) =9,
and

an + azp = 6.
Find eigenvalues of A. (5 points)

5 6
-2 =2
where D is diagonal. (5 points)

(c) Let A = ( . Factor the matrix A into a product X DX !,

Answer to Question 3:

(a) The total number of eigenvalues, counting with multiplicity, must
be 157. Complex eigenvalues come in conjugate pairs, so there must be
an even number of them, but 157 is an odd number. Therefore there
has to be at least one real eigenvalue.

(b) The eigenvalues A1, Ay must satisfy
MAy =det(A) =9, A+ Ay = a1 + ag =6,
which means that \; = 6 — A\, and so
Ao(6 — Xg) = =3+ 6y =9,
hence A3 — 6y + 9 = (A\y — 3)? = 0, therefore
A=Ay = 3.

(c) Characteristic polynomial of A is

pa(t) = det (5__; N t) —(t—1)(t—2),

so the eigenvalues are 1,2. We can also find eigenvectors corresponding

to these eigenvalues, for instance x; = ( ), corresponding to \; =

2

1
independent vectors, and so A = X DX !, where

¥=(30 7)) r=(0 1)

1, and @, = ), corresponding to Ay = 2. These are linearly
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Question 4: (15 points)
Solve the following initial value problem.

Y1 =1 y1(0) =1, 12(0) = 2, y3(0) =3
Yy = Y1 + 292
Ys = Y2 — 3Ys3

Answer to Question 4:

Our system of linear first order differential equations can be rewritten
as Y' = AY, where

10 0 ) Y
A= 1 2 0 ) Y = Y2 |, Y, = yé
01 -3 Y3 Y3
Characteristic polynomial of the matrix A is
1—t 0 0
pat)=det | 1 2—t¢ 0 =—(1-6)(2-1t)(3+1),

0 1 -3t

and so the eigenvalues of A are 1,2, —3. We can also find corresponding

—4
eigenvectors, for instance ;1 = | 4 | corresponding to \; = 1, also
1
0 0
Ty = | 5| corresponding to Ay = 2, and 3 = | 0 | corresponding to
1 1
A3 = —3. These three vectors are easily seen to be linearly independent,
and so the general solution to our system will be of the form
—4Clet
Y = 016)\1ti131 + Cgehtwg -+ 036)\3t£133 = 4016t + 50262t

C’let + Cg€2t + 036_3t
Combining this with the initial conditions, we find that
y1(0) = —4C; =1, y2(0) = 4C, + 5Cy = 2, y3(0) = C1 + Cy + C5 = 3,

therefore C = —717 Cy = %, and C3 = g—g. Hence the solution to our
initial value problem is:

hn e’

Yo | = —el 4 3e%

1t 4 3,2t | 53 -3t
Y3 —z€ +tze” + 55e



Question 5: (15 points)

For each of the following subspaces V of R? find its orthogonal com-
plement.

(a) V =span{(1,2,3),(0,0,1)}. (5 points)

(b) V is the rowspace of the matrix A = <g 1 g) (5 points)
(c) V' is the nullspace of the matrix B = (; ; é) (5 points)

Answer to Question 5:

2
(a) V+ =span¢ | —1
0
1
(b) V+ =span{ | —2
1

1 2



