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Introduction

Let N > 2 be an integer, and let A C RY be
a lattice of full rank. Define the minimum
of A\ to be
IAl=min |z,
£eN\{0}
where || || stands for the usual Euclidean norm
on RV, Let

S(N) ={z e Az = A}

be the set of minimal vectors of A\. We say
that A is a well-rounded lattice (abbreviated
WR) if S(A) spans RV,

WR lattices come up in connection with sphere
packing, covering, and kissing number prob-
lems, coding theory, and the linear Diophan-
tine problem of Frobenius, just to name a
few of the contexts.

Still, the WR condition is special enough so
that one would expect WR lattices to be
rather sparce among all lattices.



McMullen’s theorem

In 2005 C. McMullen showed that in a cer-
tain sense unimodular WR lattices are "well
distributed” among all unimodular lattices in
RN, where a unimodular lattice is a lattice
with determinant equal to 1.

More specifically, he proved the following the-
orem, from which he derived the 6-dimensional
case of the famous Minkowski's conjecture
for unimodular lattices.

Theorem 1 (McMullen, 2005). Let A be a
subgroup of SLy(R) consisting of diagonal
matrices with positive diagonal entries, and
let A\ be a full-rank unimodular lattice in R¥.
If the closure of the orbit AN is compact in
the space of all full-rank unimodular lattices
in RY, then it contains a WR lattice.



Arithmetic problem

We consider an arithmetic problem: study
the WR sublattices of ZY and understand
their distribution among all sublattices of Z.

In this talk we describe our results for the
case N = 2.

Question 1: Which full-rank sublattices of
72 are WR?

Examples: WR sublattices of Z2:

a —b\ .o a b\, o
U Sk

for any a,b € Z - these come from ideals in
Z[i] and have orthogonal bases.

No orthogonal basis:

4 4 2 7T 7 2 7T —1 2
5 %)= (5 5)2 (05)
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Gauss’s criterion

Lemma 2 (Gauss). Let A be a full-rank sub-
lattice onQ, let x,y be a basis for \, and let
0 be the angle between x and y. If

7 2T

—<H< ==

33— 3
then the basis x,y contains a minimal vector
of A.

This leads to the following characterization
of full-rank WR sublattices of Z2.

Lemma 3. A sublattice AN C Z2 of rank 2 is
WR if and only if it has a basis x,y with

z'y| <1
l|[yll — 2
where 0 is the angle between x and y. More-
over, if this is the case, then the set of min-
imal vectors S(\) = {4+, +y}. In particular,
a minimal basis for \ is unique up to + signs
and reordering.

]| = llyll, |coso| =



Parametrization of WR lattices

et
WR(Z2) = {/\ CZ? : rk(A) =2, Ais WR}.

Lemma 4. Let a,b,c,d € Z be such that

0 < |d| < |c| < V3|d|, max{]al,|b|} > O.
T hen

bc — ad bec+ ad
is in WR(Z?) with
det(A) = 2(a® + b2)|cd|.

A — (ac—l—bd ac—bd) 72

Lemma 5. Let a,b,c,d € Z be such that
c® + d° > 4|cd|, max{|al,|b|} > O.
T hen

__ {ac—bd ad—bc)\ .2
/\_<ad—|—bc ac—l—bd)Z

is in WR(Z?) with
det(A) = (a® + b°)|c? — d?|.



Proposition 6. Suppose A € WR(Z?). Then
N\ is either of the form as described in Lemma
4 or as in Lemma 5.

In other words, we are able to completely
describe all WR sublattices of Z2. Next we
want to understand how they are distributed
among all sublattices of 72. For this, we first
define and study the minima and determi-
nant sets of elements WR(Z2).

Let

m = { min ||a;||2:/\evvR(22)}
0FxeN

= {a°+b°:a,be T}

Let

{det(A) : A € WR(Z?)}
_ {(a2 +b2)ed 1 a,b€ Zsg, max{a,b} > 0,

S
|

¢,d € Zwo, 1323\/5}.
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Determinant and minima sets

Question 2: Is the determinant of a lattice
in WR(Z?) related to its minimum?

Not difficult to show:
V3 |A]?
2

< det(A) < A2

for every A € WR(Z?).

A classical result of E. Landau (1908) implies
that 911 has asymptotic density O in Z, i.e.

im {meIM : m < M}

M —oo M -

0.

Theorem 7. The set D has positive lower
density. More precisely

1
u < p -
IimianUED u < M} 3 11
~ 0.120038216...
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Number of WR sublattices with fixed
determinant

Question 3: For a fixed v € D, how many
lattices in WR(Z?2) have determinant equal
to u?

For each u € Z~q, let
N(u) = [{A € WR(Z?) : det(A) = u}|,
so N (u) # 0 if and only if u € D.

We will give an explicit formula for A'(v) and
investigate its rate of growth, normal order,
and extremal properties. This information
provides information about the distribution
of elements of WR(Z?2) among all sublattices
of Z2.

To state an explicit formula for N(u), we
need to introduce more notation.



Arithmetic functions

For each u € Z~q, define
a(u) = |{(a,b) €73 1 a®+b*=u, a<b,
gcd(a, b) = 1}

if u>2, and (1) = a(2) = 3.

Y

Let
ﬁ(u)=|{d€Z>o:d|uand ‘/%Sdg\/ﬂ}

Also let

51(u) = 1 if w is a square
N7 2 if w is not a square,
and
O if uw is odd
do(u) =< 1 if wis even, 5 is a square

2 if uw is even, = is not a square.
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Theorem 8. Let u € Z~qg, and let N(u) be
the number of lattices in WR(Z?) with de-
terminant equal to w. If w = 1 or 2, then
N(u) = 1, the corresponding lattice being

1 —1
- 2
either 7Z+< or (1 1

u > 2, and define

)ZQ, respectively. Let

uw ifu is odd
% if uw is even.

t:t(u):{
Then:
t
N@) = 51(DB0) + 008 5
+4 Y a(o)sm

nlt,1<n<t/2
n not a square

t
+2 Y (_) (28(n) — 1).
n|t,1<n<t/2 n
n ad square

In particular, if w & D, then the right hand
side of this formula is equal to zero.
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Corollaries

Corollary 9. If u € Z~q is odd, then N (u) =

N(2u).

Corollary 10. Let p be a prime, k € Z~q. Let
u = pk or ka. T hen

(0
1

N(u) = < ]

ifp=3 (mod4) and k is odd
ifp=3 (mod4) and k is even
ifp=2

L k+1 ifp=1 (mod4)

Corollary 11. If u = p1p>, Where p1 < pp are
odd primes, then

4

O
N(u) = <

o ~N

if pi or po =3 (mod4), p> > V3pq
if p1 or pp =3 (mod4), px < v3p;
if p1,p2 =1 (mod4), px > V3p1
if p1,p2 =1 (mod4), pa < v3p;.

Hence when u is as in Corollaries 10 and 11,
all full-rank WR sublattices of Z2 come from
ideals in Z[i], and so have orthogonal bases.
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Asymptotics

Corollary 12. For each u € Z~,

2w(u)
N(u) <0 ((f@? “) ) ,

where w(u) is the number of distinct prime
divisors of w. Moreover,

N(u) <O ((Iog )09 8) ,

for all w € D outside of a subset of asymp-
totic density 0. However, there exist infinite
sequences {uy}p-4 C D such that for every
kE>1

N (ug) > (logug)”.

For instance, there exists such a sequence
with u;, < exp <O(k(|og k)2)) and w(ug) =
O(klogk).
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Example of an extremal determinant
sequence

Let v, = []"_, p?, where p1,po,... are primes
congruent to 1 mod 4; by Dirichlet’'s theo-
rem, there are infinitely many of them: for
instance, the first 9 such primes are 5, 13,
17, 29, 37, 43, 47, 53, 61.

For each k choose the smallest n so that
vn > (logvy)®, and let uy, = vy, for this choice
of n. Here is the actual data table for the first
few values of the sequence {u;} computed
with Maple.

EXARTE | N (ur) | (log ug)* |
1,2 | 4225 9 8.34877454
2,4 | 1026882025 518 430.5539044
3,7 | 5741913252704971225 215002 80589.79464
4,9 | 60016136730202390980384025 | 14324372 | 12413026.85

Let N7(vn) be the number elements of WR(Z?)

with determinant v, coming from ideals of
Z[i]. For comparison with the table above,

Ni(vy) = 3",
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Zeta function

Define zeta-function of WR sublattices of
72 to be

Gwrzn() = Y (det(A)

NEWR(Z?2)
= > N@u?%
u=1

where s € C is a complex variable. This is an
example of a Dirichlet series.

Studying the properties of CWR(ZQ)(s) yields
important arithmetic information about the
distribution of elements of WR(Z?2) among
all full-rank sublattices of Z=2.

First of all, we will compare CWR(ZQ)(s) to
two well-known zeta functions in number the-
ory. This will allow us to see that although
WR lattices are sparce, there are more of
them than one may expect.
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Let
() = Y. (N(I)™*

ICZI1]
> Ni(u)u™?,
u=1

where N7(u) is the number of ideals of norm
uw in Z[i]. Ideals in Z[i] are in bijective corre-
spondence with lattices in WR(Z?2) that have
an orthogonal basis.

Also, let
(z2(s) = > (det(A))™*

NCZ?2

00
> Fr(uw)u™?,
u=1

where F>(u) = O(u) is the number of all full-
rank sublattices of Z2 with determinant w.

T herefore

Ni(w) < N(u) < Fa(u)

for all w € Z~g. Therefore CWR(ZQ (s) is
“squeezed” between CZ[?L](S) and CZQ(S%
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Czi(s) is analytic for all s € C with R(s) > 1,
and has a simple pole at s = 1.

¢7z2(s) is analytic for all s € C with R(s) > 2,
and has a simple pole at s = 2; u-th coeffi-
cient of (;2(s) is O(u).

Theorem 13. Let the notation be as above,
then CWR(ZQ)(s) is analytic for all s € C with
R(s) > 1, and has a pole of order 2 at s = 1,
meaning that

@)
0< lim |s—112 Y IN(w)u%| < oo.
s—14+

u=1

It should be noted that in Theorem 13 we are
not using the notion of a pole in a sense that
would imply the existence of an analytic con-
tinuation, but only to reflect on the growth
of the coefficients. In fact, CWR(ZQ)<S) is un-
likely to have an analytic continuation to the
left of s = 1, however it can be expressed
as a product / sum of Dirichlet series (gen-
erating functions of certain known arithmetic
functions), one of which has an analytic con-
tinuation and an Euler product.
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