ON EFFECTIVE WITT DECOMPOSITION AND
CAR TAN-DIEUDONN E THEOREM

LENNY FUKSHANSKY

Abstra ct. Let K beanumber eld, and let F be asymmetric bilinear form in
2N variables over K . Let Z be a subspaceof KN . A classical theorem of Witt
states that the bilinear space (Z;F) can be decomposed into an orthogonal
sum of hyperbolic planes, singular, and anisotropic components. We prove the
existence of such a decomposition of small height, where all bounds on height
are explicit in terms of heights of F and Z. We also prove a special version of
Siegel's Lemma for a bilinear space, which provides a small-height orthogonal
decomposition into one-dimensional subspaces. Finally , we prove an e ectiv e
version of Cartan-Dieudonn e theorem. Namely, we show that every isometry
of a regular bilinear space(Z;F) can berepresened asa product of re ections
of bounded heights with an explicit bound on heights in terms of heights of F,
Z, and

1. Intr oduction and not ation

Let K beanumber eld, N > 1 an integer. Let

X
FX5Y) = fiy XiY;
i=1 j=1
be a symmetric bilinear form in 2N variables with coe cien ts fj; = f;; in K. We

will write F(X ) = F(X ;X)) for the assaiated quadratic form in N variables, and
will alsouseF to denotethe symmetricN N matrix (fj)1 ij ~.LetZ K N be
an L-dimensionalsubspace2 L N, then F is alsode ned on Z, and we write
(Z; F) for the bilinear space.Let M be the Witt index of (Z;F). With this basic
notation we can recall the classicalWitt decomposition theorem. We give a brief
overview of required de nitions and basic results on bilinear spacesin section 3.

Theorem 1.1. Suppsethat (Z;F) is a bilinear space as atove. Then there exists
an orthogonal decomposition of (Z;F) of the form

(1) Z=27?2H1? : ? Hy ?V;

wher Z? = fx 2 Z : F(x;z) = 08 z 2 Zg is the singular component, H; are
hyperbolic planes, and V is anisotropic component, which is uniquely determined
up to isometry.

Theorem 1.1 can easily be obtained by combining Theorem 3.8 on p. 9 with
Corollary 5.11 on p.17 of [10]. The rst objective of this paper is to make this
theorem e ectiv e, namely to prove that there exists a decomposition like (1) with
hyperbolic planes, singular, and anisotropic componerts having relatively small
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height for an appropriately de ned notion of height. By Northcott's theorem, there
areonly nitely many subspace®f xed dimensionover K whoseheight is bounded
above by a given constart. Henceour result producesa \search bound” on compo-
nents of Witt decomposition for a bilinear space(see([7] for a discussionof seart
bounds). This result is alsorelated to the vast collection of results on small-height
zerosof quadratic forms. The subject originates in a classicalpaper of Cassels|[2],
where he proved that an isotropic rational quadratic form has a zero of relatively
small height, producing an explicit bound on height in terms of the height of the
guadratic form. Cassels'theorem has been extended and generalizedin a num-
ber of di erent ways (see[13], [7] and [3] for more information on this). Our rst

main result can also be viewed in the context of those results; we will discussthis
approad in more details in section 3.

Another direction we pursue hereis investigation of the e ectiv e structure of the
isometry group of a regular symmetric bilinear space(Z;F) over K. In [7] Masser
proposesa versionof the following question. Let F and G be two symmetric bilinear
forms on KN sud that there exists A 2 GLy (K) with F(AX ;AY) = G(X ;Y).
Can we prove that there exists such an A of bounded height, where the bound
would be in terms of heights of F and G? In our context F = G, and so we can
ask for an elemen of bounded height in the isometry group of the space(Z;F).
This question is quite easyto answer (see Corollary 5.3 below), however one can
consider the following generalization. Let O(Z;F) be the group of isometries of
(Z;F). We recall a classicaltheorem of Cartan and Dieudonne (see Theorem 5.4
onp. 150f [10] or Theorem 43:30n p.1020f [8]). We review the required de nitions
in section 5.

Theorem 1.2. Let (Z;F) be a regular symmetric bilinear space over K with Z
KN of dimensionL, 1 L N. Let 2 O(Z;F). Then can be representa as
a product of at most L re ections.

The identity elemen of O(Z; F) is thought of here asthe product of zerore ec-
tions. We will be interested in proving a slightly wealker e ectiv e version of this
theorem, namely givena 2 O(Z;F) wewill provethat it canbe represerted asa
product of at most 2L 1re ections of bounded height, wherethe bound on height
is in terms of heights of F, Z, and

We start with somenotation. We write d for degreeof K over Q, Ok for its ring
of integers, Dy for its discriminant, and M (K ) for its set of places. For eac place
v 2 M (K) wewrite K, for the completion of K at v and let d, = [K, : Q] be the
local degreeof K at v, sothat for eim u2M(Q)

(2 d, = d:
v2M (K);vju
For eath placev 2 M (K ) wede ne the absolutevaluek k, to be the unique absolute

value on K that extends either the usual absolute value on R or C if vj1 , or the
usual p-adic absolute value on Q, if vjp, where p is a prime. We also de ne the

secondabsolute value j j, for ead placev by jaj, = kak$*™ for all a2 K. Then
for each non-zeroa 2 K the produc'ﬁ(formula reads
3 jajy = 1

v2M (K)



ON EFFECTIVE WITT DECOMPOSITION AND CAR TAN-DIEUDONN E THEOREM 3

For eadh nite placev 2 M (K), v-1 , we de ne the local ring of v-adic integers
O, =1fx2 K iXjyv 19, whoseunigue maximal ideal is P, = fx 2 K :jxj, < 1g.
Then Ox = ., Oy. For eath vj1 and ead positive integerj, de ne asin [13]

foli) = =2 (j=2+ 1) if vjil isreal

vy 2) B2(j+ 1% ifvjil iscomplex
It will be usefulto de ne a eld constant v
(4) Ck () = 2Dk ¥ 1y ()™=,

vjl

We extend absolute valuesto vectors by de ning the local heights. For eat v 2
M (K ) de ne alocal height H, on KN by

( maxi i N jXijy if v-1
0= P e ™ i
for ead x 2 KN. We de ne the following global height function on KN :
5) H(x) = Y Hy(x);
V2M (K)

for eadh x 2 KN. We also de ne an inhomogen®us height function on vectors by
(6) h(x) = H(1;x):

A basic property of heights that we will use states that for my;::;;m_. 2 Z and
X1 unxe 2 KN,
! ! 1=2

S S N2
(7) h m; X m? h(x;):
i=1 i=1 i=1

We extend height to polynomials by viewing it asheight function of the coe cien t
vector of a given polynomial. Hencefor our quadratic form F, H (F) is the height
of the matrix (fj )1 ij ~ viewed asa vector in K N n general,foranM N
matrix A wede ne H (A) by viewing A asavectorin KMN  sameway aswe de ned
height of F. This way we alsohave height de ned on elemerts of the isometry group
O(KN:F), sincethey canberepreseried by N N matrices, and ead such matrix
can be viewed as a vector in KN”. For ead elemeri  of the isometry group
O(Z;F) of a regular bilinear spacewe will selectan extension”® 2 O(KN:F) of
minimal possibleheight, and will de ne H( ) to be H (*). We will explain how this
is donein more details in section 5.

We also de ne another height on matrices, which is the sameas height function
on subspacesof KN. Let V. KN be a subspaceof dimensionJ, 1 J N.
Choosea basis x1;:::;x3 for V, and write X = (x1 :: x3) for the corresponding
N J basismatrix. Then

V=fXt:t2K g
On the other hand, there existsan (N J) N matrix A with entries in K such
that
V=fx2KN:Ax = 0g:
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Let | bethe collection of all subsetsl of f 1;:::; N g of cardinality J. Foreadh | 2 |
let 1°beits complemert, i.e. 1°= f1;::;;Ngnl,andlet | °= f1°:1 2 1 g. Then

N N,
=y =y J—Jl‘i-

Foread | 2 1, write X, for the J J submatrix of X consisting of all those rows
of X which are indexed by |, and ;oA for the (N J) (N J) submatrix of
A consisting of all those columns of A which are indexed by 1° By the duality
principle of Brill-Gordan [4] (also seeTheorem 1 on p. 294 of [5]), there exists a
non-zeroconstant 2 K such that

(8) det(X;) = (- 1)'(") det(;0A);
where"(1) = ,,, i. Dene the vectors of Grassmann coordinates of X and A
respectively to be
Gr(X) = (det(X,)ia 2 KI'l: Gr(A) = (det(;0A))0p 02 KI':
De ne
H(X) = H(Gr(X)); H(A) = H(Gr(A));
and so by (8) and (3)
H(X) = H(A):
De ne height of V denoted by H (V) to be this common value. Hencethe height
of a matrix is the height of its row (or column) space,which is equal to the height

of its nullspace. Also notice that Gr(X) can be identied with x; ~ 1 ~ X3,
where” stands for the wedge product, viewed under the cannonical lexicographic

embedding into K (3). Therefore we can also write
H(V)=H(Xy1™ @ M Xxg):
This de nition is legitimate, sinceit doesnot depend on the choice of the basisfor

V: let y,;:y,; be another basis for V over K, then there exists C 2 GLy (K)
sudh that y; = Cx; foreadhl i J, andso

Hy: " @ Myy) I6|(Cx1" ::: ACXi)

Y
= @ jdet(C)jyA H(x1 " = A xy)
V2 M (K)
= HxXi1"™ = Mxy);
by the product formula. We are now ready to state our main results. First is an
e ectiv e version of Witt's decomposition Theorem 1.1.

Theorem 1.3. Let F be a symmetric bilinear form on KN. LetZ KN bea
subs@ce of dimensionL, 2 L N, and Witt indexM 1. Let F haverankr
onZ,1 r L. There existsan orthogonal decomposition of the bilinear space
(Z;F) of the form (1) with

9) H(Z?) Ck(r)"H(F) ™H(Z);
and

n O M +( M +2)
L+2 M - 2z

(100  maxftH(Hi);H(V)g Ax(N;L;M) H(F) + H(2) T
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foreachl i M, where
M (M +3)
M+5L — 8
(1)  Ac(N;LM)=  2M*C (L) © NjDg ™

Next is an e ectiv e version of Cartan-Dieudonne Theorem 1.2.

Theorem 1.4. Let (Z;F) be a regular symmetric bilinear space over K with Z
KN of dimensionL,1 L N,N 2 Let 2 O(Z;F). Then either is the

identity, or there existanintegerl | 2L 1landreections g;::; |12 O(Z;F)
suchthat
(12) =1 B
and for eachl i |,
( L2 ) st 1
(13) H(i)  2N2Dkj® * H(F)SH(Z)7H()

This paper is structured as follows. In section 2 we discussa related problem
of producing an orthogonal basis of small height for a bilinear space. This can
actually be viewed asa version of Siegel'sLemma for a bilinear space,and provides
a decomposition of a bilinear spaceinto an orthogonal sum of one-dimensional
subspacesf small height - a result of independert interest. In section 3 we recall
somebasiclemmason the properties of bilinear spacesreview a result of Vaaler on
a maximal totally isotropic subspaceof a bilinear spaceof small height, and prove
an e ective decomposition lemma for a bilinear spaceinto a singular and regular
componerts of small height. In section 4 we prove Theorem 1.3. In section 5
we develop somenotation and preliminary lemmason the e ectiv e structure of the
isometry group. In particular, we prove two simple lemmasof independert interest:
one on the existenceof a small-height isometry of a bilinear space,and the other
on the bound for the height of the invariant subspaceof an isometry. We usethese
lemmasin section 6 to prove Theorem 1.4.

2. Siegel 's Lemma for a bilinear space

In this sectionwe prove a certain analogueof Siegel'sLemma for a bilinear space.
First we recall the Bombieri-Vaaler formulation of a general Siegel'sLemma.

Theorem 2.1 ([1]). Let U be a J-dimensional subsmce of KN, J < N. Then
there exists a basis x1;:::;x3 2 KN for U suchthat

¥ ¥ n _0i=2
(14) H (xi) h(xi) ~ NjDkj*™  H(U):
i=1 i=1

We will also needthe following simple technical lemmas.
Lemma 2.2. Let U; and U, be subspmcesof KN . Then
H(Ui\ Uz)  H(Up)H (Up):

This well known fact is an immediate corollary of Theorem 1 of [12].
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Lemma 2.3. LetX beaJ N matrix over K with row vectors x1;::;; X3, and let
F be a symmetric bilinear form in N variablesover K, as alove (we also write F
for its N N coecient matrix). Then

\d
H(XF) H(F)  HX):
i=1

Proof. By Lemma 4.7 of [9]

\d
(15) H(XF)= H(XiF ~ i ~x5F)  H(x{F):
i=1
Foreahl i J,
0 1
X X
X'F =@ fioxg;un finxg A
j=1 i=1

and soforv-1,

(16) Hy(xIF)  Hy(F)Hy(xi);

and for vj1 , by Cauchy-Schwarz inequality
8 29 dy=2d
2y =

Hy(x{F) = Fixi

T k=1 =1 ;
8 0 10 19 4, =29
<X X =

(17) L@ KA @ kx KA = Hy(F)H, (x)):
T k=1 j=1 j=1 '

Thereforeforeathl i J,

(18) H(x{F) H(xi)H(F):

The lemma follows by combining (15) with (18).

Next we will use Theorem 2.1 to produce a small-height orthogonal basis for a
subspaceof a bilinear space. Speci cally, we prove the following theorem.

Theorem 2.4. Let U be a J-dimensional subspce of (KN ;F), J < N. Then there
existsa basis x1;:::;x3 2 KN for U suchthat F(xi;x;)=0foralli6 j, and

32+
7

“H(F)

J(J+1)
7

v
(19) H(xi) (NjDk])
i=1
Proof. We argue by induction on J. First supposethat J = 1, then pick any
0 6 x; 2 U, and obsene that H(x1) = H(U). Now assumethat J > 1 and the
theoremis true forall 1 j < J. Let 0 6 x; 2 U be a vector guaranteed by

Theorem 2.1 so that

H(U)’:

n 01=2
(20) H(x1)  NjDkj™  H(U)@™:

First assumethat x; is a non-singular point in U. Then
Up=fy2U:x!Fy=0g=fx1g° \ U;
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has dimensionJ  1; herefx;g° = fy 2 KN : x{Fy = 0g. Then by Lemma 2.2,
Lemma 2.3, and (20) we obtain

(21)
H(U) HOUF)HU) HEHEDHU)  NDk = H(F)HU)™:

Sincedimyg (U1) = J 1, the induction hypothesisimplies that there exists a basis
X2;: Xy for Up such that F(xi;x;)=Oforall2 i6j J,and

Y 3243 2 o b
H (xi) NjD j*=¢ H(F)" 2 H(U)’ *?
i=2
J2+4J 4 2, ’
(22) NjD j2=¢ H(F)™ 2 H(U) 7 ;

where the last inequality follows by (21). Combining (20) and (22) we seethat
X1;: Xy is a basisfor U satisfying (19) sudh that F(x;;x;) = Oforall1 i6 ]
J.

Now assumethat x is a singular point in U. Sincex; 6 0, it must be true that
X1j 6 Ofor somel | N. Let

U= U\ fx 2 KN :x = 0g;
then x; 2U;, U= Kx; ? Uq, and
(23) H(Uy) H(U);

by Lemma 2.2. Sincedimy (U;) = J 1, we can apply induction hypothesis to
U;, and proceedthe sameway asin the non-singular caseabove. Sincethe upper
bound of (23) is smaller than that of (21), the result follows.

Notice that Theorem 2.4 can be reformulated by saying that there exists a de-
composition of the bilinear space(U; F) into an orthogonal sum of one-dimensional
subspacesthe product of heights of which is bounded above by (19). Therefore
Theorem 2.4 can also be viewed as a result on e ectiv e orthogonal decomposition
of a bilinear space,which is the subject of this paper.

3. Small zeros of quadra tic forms

Let F be a symmetric bilinear form in 2N variables over K, as above. Let
Z KN be asubspaceof dimension2 L N. We write (Z;F) for the bilinear
spaceon Z with the bilinear form F restricted to Z. In this sectionwe review some
basicresults on bilinear spacesand setup the notation that will later be usedin the
proof of Theorem 1.3.

We start by giving a brief overview of required notation (seeChapter 1 of [10]
for a detailed introduction into the subject). A totally isotropic subspaceW of
(Z;F) is a subspacesuc that for all x;y 2 W, F(x;y) = 0. All maximal totally
isotropic subspacesf (Z; F) have the samedimension. It is called the Witt index
of (Z;F) and we denoteit by M. A subspaceU of (Z; F) is anisotropic if F(x) 6 0
forall 0 6 x 2 U. A subspaceU of (Z;F) is called regular if for eadh 06 x 2 U
there existsy 2 U sothat F(x;y) 6 0. For eath subspaceU of (Z;F) we de ne
U? =fx2Z:F(x;y)= 08y 2 Ug. If two subspacesU; and U, of (Z;F) are
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orthogonal, we write U; ? U, for their orthogonal sum. If U is a regular subspace
of (Z;F),thenZz = U? U? andU\ U’ = f0g.

Two vectorsx;y 2 Z arecalled a hyperbolic pair if F(x) = F(y) = 0,F(x;y) =
1; the subspaceH(x;y) = spary fx;yg is regular and is called a hyperbolic plane.
An orthogonal sum of hyperbolic planesis called a hyperbolic space.Every hyper-
bolic spaceis regular.

We now state a result of Vaaler [13] (seealso[11]) on the existenceof a maximal

totally isotropic subspaceof (Z; F) of small height, which we later usein the proof
of Theorem 1.3.

Theorem 3.1 ([13]). Let M 1 be the Witt index of (Z;F) over K. Then there
exists a subsmoe W of (Z;F) of dimension M suchthat F(x) = Ofor all x 2 W
and

(24) HW) f22Y*1Cce (L M)2H(F)g- MTH (Z):

Notice that subspaceW of Theorem 3.1 is indeed maximal totally isotropic.
Maximalit y is by construction. Also, for eadh x;y 2 W, x + y 2 W, hence

0=F(x+y)=F(Xx)+F(y)+ 2F(x;y) = 2F(x;y):

A consequencef a related theorem of Vaaler is the following simple decomposi-
tion lemmain casewhen (Z;F) is not a regular space.

Lemma 3.2. Let F haverankr on Z, and assumethat 1 r < L. Then the
bilinear space (Z;F) can be representa as

(25) Z2=2"?2W,
where W is a regular subspce of Z, with
(26) H(Z7) Ck(N"H(F)H(2);
and
n OL=>
(27) H(W)  NjDgj*™ H(Z):

Proof. The fact that Z? satis es (26) is guaranteed by Theorem 2 of [14]. Now let
Z3;::;zL bethe basisfor Z guranteed by Theorem 2.1, then
Y n _O=>2
(28) H(zi)  NDkj™  H(2):
i=1
Notice that dimk (Z?) = L r. We can now pick r vectors z;,;:::;z;, from our
basisfor Z sudc that
spang fZ2?;z;,;:52, 9= Z:
Let W = span fzj,;:::;2i,9,then Z = Z?  W. This implies, by Theorem 3.8 on
p. 9 of [1Q], that Z = Z? ? W, W is regular and unique up to isometry. Also,
combining Lemma 4.7 of [9] with (28), we obtain
Y no 02
HW)=H(zij, " = "z,) H(zi) NjDk ™ H(Z):
j=1
This nishes the proof.
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Notice that we can immediately deducea version of Cassels'theorem on small
zerosof quadratic form F over K from Theorem 3.1. Namely, if F is isotropic over
K, then there exists0 6 x 2 Vi (F) = ft 2 KN : F(t) = Og sud that

(29) H(x) kn H(F)7:

The exponert % onH (F) is provedto be bestpossible. In fact, if Vk (F) contains
a nonsingular point, then by Corollary 1.2 of [3] there exists such a point satisfying
(29). A similar statemert about singular points of small height in Vk (F) can be
deducedfrom Lemma 3.2.

Corollary 3.3. Supmsethat Vi (F) = ft 2 KN : F(t) = 0g contains a singular
point x 6 0, sol r = rk(F) < N. Then there exists sucha point x with

(30) HeO P NIDK E29Ck (1) T H (F)

Proof. Let Z of Lemma3.2beKN,thenH(Z) = 1,L = N, anddimg (Z?)=N r.
Clearly Z? Vi (F), and all points of Z? are singular in Vi (F). By Theorem
2.1, there must exist 0 6 x 2 Z? sud that

P— - P—
H(x) ~ NDgj™2H(Z?) N D T ND 2k () v TH(F) ™ 7
where the last inequality follows by (26).

Notice that Corollary 3.3 suggeststhat in this context the singular casecan
be simpler than the nonsingular one. This unusual phenomenonhas already been
obsenedin [6] and [3]. We are now ready to prove Theorem 1.3.

4. Pr oof of Theorem 1.3

We rst prove a version of our theorem for a reglﬁar bilinear space. We remark
@at everywhere in our arguments, if m < n, then " is takento mean 0 and
m

i=n
iz Istakento mean1.

Theorem 4.1. Let F be a symmetric bilinear form on KN. LetZ KN bea
subs@ce of dimensionL, 2 L N, suchthat the bilinear space (Z;F) is regular,

i.e. Z? = f0g. LetM 1 bethe Witt index of (Z;F). There exists an orthogonal
decomposition of (Z;F) of the form

(31) Z=H1? @ ?Hnu?V,
where H; are hyperbolic planes,V is anisotropic component, and
n O (M +)( M+2)

L+2 M

(32)  maxtH(Hi);H(V)g Ax(N;L;M) H(F) « H(Z) T

foreachl i M, where

M (M +3)
M+ L 8

33)  Ac(N;L;M)=  22M*C(L)2 " NjDg =

Proof. Let W be a maximal totally isotropic subspaceof (Z;F) satisfying (24)
and let x3;:::;xm be the basis for W guaranteed by Theorem 2.1. Notice that
F(xi;x;) = Oforall 1 ij M, since W is a totally isotropic subspace. Let
yq1;:5 Yy, bethe basisfor Z guaranteed by Theorem 2.1, ordered so that

H(y:) H(yz) =t H(y.):
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Foreahl1 i M letj; bethe smallestindex sudh that F(x;;y; ) 6 0. Suct
ji exists for eadh i since otherwise x; would be a singular point, contradicting
regularity of (Z;F). By reordering x1;:::; X if necessarywe can assumewithout
loss of generality that

1 jm jm 1 = jr L
Moreover,foreachl i M,j; L i+ 1,since
span fy ;YL 141 9% span fxq;:uxig”;
andsoH(y;;) H(y_ i+1) by our ordering of y,; 1y, . Therefore, by (14)

Y
HXi)H (y;,) HXi)HYL i+1)
i=1 i=1 | |
W B '
= H (xi) HL i)
i=1 i=1
n OM;L
(34) NjDk j* H(W)H (2):
In particular, for somel i M, we must have
n B OMZKAL 1
(35) H(xi)H(y;)  NjDj*™ (H(W)H (@)™ :

De ne Hy = spary fx;;y;, gfor this choiceofi. SinceF(xi) = 0OandF(xi;y;,) 6 O,
H; is aregular subspaceof Z with Witt index equalto one, henceit is a hyperbolic
plane. Notice that by combining (35) and (24), we have

M

(36) H(H1) HX)H(Y;,) Bk (N;L M)H(F) = H(Z)w;

where

1
M+L 2™

37)  Be(N;LiM)= 2M7ce MY M NjDk

De ne
Z;=H] =fz2KN :F(z;x) = 08x 2 Hig\ Z;

sodimg (Z1) = L 2,andZ = H; ? Z;. Notice that by combining Lemma 2.2,
Lemma 2.3, and (36), we have

L+3 M M +2
2M

H(z) ™ :

(38) H(Z1) HH)DH@)H(F)? Bk (N;L; M)H(F)

We continue by induction on M. If M = 1, we aredone. If M 2, assumethat
the theorem holds for a bilinear spaceof Witt index smallerthan M, in particular
it holds for (Z1;F), a bilinear spaceof dimensionL 2 and Witt index M 1.
Then there exists a decomposition

(39) Z1=H,? @ ?2Hu ?V;
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whereV, the anisotropic componert of Z; is the sameasthat of Z, and combining
the induction hypothesiswith (38) and (37), foreadh2 i M we obtain

n OM WM +1)
L¥2 M 4 —z

maxf H (H;);H (V)g Ac(N;L 2M 1) H(F)™ = H(Zy)

M (M +1)

A (N;L 22M  1)Bx (N;L; M) =

n L+2M 4, L3 M w e 0N
H(F) = am H(Z) ™™
n Lia O M+ M+2)
(40) Ak (N;L;M) H(F) = H(Z)

This nishes the proof.

Proof of Theorem 1.3. If (Z;F) is regular, then Z? = f0g, and we are done by
Theorem 4.1. Let r berank of F on Z, and assumethat 1 r < L. By Lemma
3.2, there exists a decomposition of Z of the form (25) with H(Z?) and H (W)
boundedasin (26) and (27) respectively. Now W is a regular subspaceof Z, sowe
can apply Theorem 4.1 to the bilinear space(W;F). The result follows.

5. Isometries of a bilinear space

In this sectionwe dewvelop the preliminaries neededfor the proof of Theorem 1.4.
We start with somede nitions and then prove a few technical lemmas. Let F be
a symmetric bilinear form as above, and let Z be an L-dimensional subspaceof
KN, 1 L N,N 2, sud that the bilinear space(Z;F) is regular, and thus
KN =2z22Z%«n, whereZ?«n = fx 2 KN :F(x;z)=082z2 Zg. Let O(Z;F)
be the group of isometriesof (Z;F), and write id; for its identity elemen. Also
let idz be the elemen of O(Z;F) that takesx to x for eath x 2 Z. Each
elemert  of the isometry group O(K N ;F) is uniquely represeried by an N N
matrix A 2 GLy (K), and sowe candene H( ) = H(A), whereH (A) is de ned
by viewing A asa vector in KN * aswe did in section 1.

Notice that each 2 O(Z;F) can be extendedto an isometry of » 2 O(K N ;F)
by selectingan isometry 92 O(Z?«N ;F). For eah 2 O(Z;F) choosesud an
extension”® : KN I KN sothat H(*) is minimal, and de ne H( ) = H(*) for this
choiceof ~. This de nition of height in particular insuresthat for eadh 2 O(Z;F)

(41) H()=H( )
where = idg . Moreover, if A is the matrix of ~, then
(42) det(A) = det(") = det(" jz)det "j - = det( )det( 9= 1

We will alsoreferto this matrix A asthe matrix of
For eah x 2 Z sud that F(x) 6 0 we can de ne an elemen of O(Z;F),
x . Z | Z,givenby

2F(><:y)x.

43) W=y Tgax

which is a re ection in the hyperplanefxg’® = fz 2 Z : F(x;z) = 0g. It is not
dicult to seethat the matrix of sudh a re ection is of the form ( j (X))1 ij w~.
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where ( P L
i (X) = 1 ﬁ k=1 fie Xixg ifi =]
“ 25 wer fjexixe i8]

For each re ection «, det( x) = 1. Wesay that is a rotation if det( ) = +1.

Lemma 5.1. Let x 2 Z be anisotropic and x 2 O(Z;F) be the correspnding
re ection. Then

(44) H(x) N3N+ 2H(F)H(x)

Proof. By the product formula, H( x) = H(F(x) x). If v2 M(K) is such that
v-1,thenforeahl i=j N

X
F(X) 2 fijiXk

JF(X) i (X)jv

k=1 v
PP X )
(45) = f|m X1 Xm 2 fijiXk HV(F)HV(X) X
1I=1 m=1 k=1 v

sincej2jy 1, and similarly wheni 6 j, soH,(F(x) x) Hy(F)H,(x)2.
If vjil ,thenforeahl i=j N

XX X
kF(X) i (X)kv Kf im XiXmky + 2 kfijikaV
I=1 m=1 k=1
1 Im N

(46) N(N +2) Hy(F)Hy(x)2

and similarly wheni 6 j, thereforeHy (F (x) x)  N3(N + 2) ™

The result follows by taking a product over all placesof K .

Hy (F)Hy (x)%.

Lemma 5.2. Let 2 O(Z;F). There existsan anisotropic vector y in Z suchthat
(y) vy is also anisotropic for somechoice of , and
p_" , 0L
(47) H(y) h(y) 2 L NjDkj# H(Z) =

Proof. If L = 1,then Z = Ky for some0 6 y 2 KN, and since (Z;F) is regular,
F(y) 6 0,H(y) = H(Z), O(Z;F) = fidzg, and clearly idz(y) + y = 2y is also
anisotropic. HenceassumelL 2. Let x3;:::;x. be a basisfor Z which satis es
(14), ordered sothat
h(x1) h(x2) h(xL);
Let m be the the smallestindex sudc that the restriction of F to
U = sparg fx1;:Xm@

is not identically zero. Since(Z;F) is regular, we must havel m % + 1, and
therefore, by (14)

\d n 0
(48) h(xi) ~ NjDkj¢

i=1
Notice that for every vectorx 2 Z,

FO() )+ F( (x)+x) = 4F (x);

m n IOLZZ L+2
H(Z)-  NjDkj¢ H(Z)=:

INE]
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SinceF is not identically zeroon U, it must therefore be true that at least one of
F( idz) is not identically zeroon U. Assumefor instancethat F ( idz)
is not identically zeroon U. Then the homogeneouspolynomial of degreefour in

m variables | | |

X ' X ' X
P(ai;:am)=F aixi F ai X aixi 2 Klas; i am]
i=1 i=1 i=1
is not identically zeroon U. Theggforethereexist 1;::;; m 2 f 2, 1;0;1;2gsuch
that P( 1;:5; m)6 0. Lety = i”ll iXj for this choiceof 1;:::; m,theny 2 U
is precisely the vector we are looking for. Combining (7) and (48) we obtain
Yn p—n 10Lz+12 L +2
h(xj) 2 L NjDgjd H(Z)=;
i=1

r—
4(L + 2)

H(y) h(y) >

sinceL 2. This completesthe proof.

An immediate consequenc®f Lemma 5.1 and Lemma 5.2 is the following state-
ment on the existenceof isometries of (Z;F) of small height. This is related to a
guestion of Masserin [7] (seethe discussionon this in the intro duction - section1).

Corollary 5.3. There existsa re ection 2 O(Z;F) with

(49) H() 4ALN “25(N + 2)iDx |75 H (F)H (Z2) T
Proof. Let x be an anisotropic point in Z guaranteed by Lemmab5.2. Let = .

The result follows by combining (44) with (47).

Lemma 5.4. Let A 2 GLy (K) be suchthat det(A) = 1, and write Iy for the
N N identity matrix. Then

(50) H(A In) 2H(A):
Proof. Let ai;:::;an berow vectorsof A. Then for eadh v 2 M (K)
¥ jdet(A)jy =1 ifv-1
Hv(ai) J ( )JV

. kdet(A)k, = 1 if vjl

by Hadamard's inequality. Therefore,if v-1 , we have

Hv(A) = max fH(ai)g 1L

and so
(51) Hy(A 1In) maxfL;Hy(A)g= H,(A):
If vj1l ,
W P X
1 Hu@)® 5 Ha)®
i=1 i=1
1
)(\] 2
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where the last inequality follows by Cauchy-Schwarz. HenceHV(A)% N, and
so, by the triangle inequality,

p_
(52) Hu(A In)®  Hy(A)& + Hy(In)®  Hy(A)& + N 2H,(A)&:

The result follows by combining (51) with (52) and taking a product over all places
of K.

The following simple corollary of Lemma 5.4 provides a bound on the height of
the invariant subspaceof an isometry, which is an object of interest in the algebraic
theory of quadratic forms.

Corollary 5.5. Let 2 O(Z;F). Let U be the invariant subspmce of ,i.e. U =
fz227Z: (z)=1zg. LetJ = dimg(U) L. Then

(53) HU) f2H( )" "H(@);

Proof. Write A forthe N N matrix of , and Iy for the N N identity matrix.
Notice that U =fz2 Z : (A Iy)z = 0g. Let B be asubmatrix of A |y which
consistsof N J linearly independert rows of A |y. Hencerows of B are of
the form a;, ei,;:5ai, , €, , for someiq;:;in 5 2 f1;:::Ng. Then, by
Lemma 4.7 of [9]
H(B) = H (ai1 eil)l\ S (aiN J iy J)

N{ J
(54) H(a, e,) HA )Y @eH@E)Y 7

j=1
where the last inequality follows by Lemma 5.4. Combining (54) with Lemma 2.2,
we obtain

H(U) H(B)H(Z) f2H(A)" TH(Z):
The nishes the proof, sinceH ( ) = H(A) by de nition.

The following lemma bounds the height of a product of two matrices.

Lemma 5.6. Let A and B betwo N N matriceswith entries in K. Then

(55) H(AB) H(A)H (B):
Proof. Write A = (a;:::an)', i. e.al;:::;al arerow vectorsof A. Then we can
think of

asa vectorin KN°. Hencefor eath v2 M (K) such that v-1
Hy(AB) = max fHy(aiB)g Hy(B) max fHy(ai)g= Hu(A)Hv(B);
I I

by (16). For eath vj1 , we have
(n ) % (n ) %
2d 2d
Hv(AB) = Hv(a}B)W Hv(B) Hy(ai)d = Hy(A)H(B);
i=1 i=1
by (17). The conclusionfollows by taking a product.

a
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6. Effective  version of Car tan-Dieudonn e theorem

In this sectionwe will prove Theorem 1.4. Let all the notation be asin section5.
We argue by induction on L. When L = 1, Z = Kx for someanisotropic vector
ﬁgKN, since(Z;F) isregular. Then = idz, where idz = x,andH( ) =

N by (41).

Then assumeL > 1. Write A forthe N N matrix of ,andly forthe N N
identit y matrix, soin particular H( ) = H(A). Notice that for each x 2 Z,

(56) F(C(xX) x; (x)+x)=0:

Let X 2 Z be the anisotropic vector guaranteed by Lemma 5.2 with (x) x also
anisotropic. For this choiceof , (y) x xes (x) x and maps (x) X to
((x) x). Then2 (x)=( (X)) + ( (x) x) will bemappedto ( (x) Xx)

( (x) x)= 2x. We cantherefore obsenethat if (x) x is anisotropic, then

(57) 0= (x) x
xes x. If, onthe other hand, (x) + x is anisotropic, then
(58) 0= (X)+ X (x)

xes x. In any case, °de ned either by (57) or (58) is an isometry of the (L  1)-
dimensionalregular bilinear space(f xg” ;F), wherefxg® = fz 2 Z : F(x;z) = 0g.
Then, by the induction hypothesis,

0_— .
= 1 ]

for somere ections q;::;; ywith1 | 2L 3and
( ) ) 5L 2
, 2 L1 , 1t
(59) H(i) 2N %D j2a H(F)= H fxg® 7 H(9 ;
foreahl i |, andso
(60) = © 1 I
for the same ;5 jand %= () yor ®= ., (), depending on which

of (x) X is anisotropic, so is a product of at most 2L 1 re ections. Next
we are going to produce bounds on their heights. Combining Lemma 5.1 with an
argumert identical to the proof of Lemma 2.3 and Lemma 5.2, we obtain

(61) H( o)) 4LN 7 (N + 2)iDkj 2 H(F)H(Z) T H( )2
Therefore () satis es (13). Also by Lemma5.1,
(62) H( o) x) N3N+ 2H(F)H( (x) x)*

Notice that (x) x = (A Iy)x. Then, onceagain, by an argumert identical to
the proof of Lemma 2.3

p_n 052
(63) H( (x) x) HE)H(A In) 2 L NjDkj® H(Z) = H(A In);

where the last inequality follows by (47). Combining (63) with Lemma 5.4, we
obtain

p_n , O
(64) H( (x) x) 4 L NjDgj@ H(Z) =z H(A):
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Combining (62) and (64), we obtain
65  H( () x) 16LN 27 (N + 2)iDx |7 H(F)H(Z) T H( )%

hence () x satis es (13). By combining (57), (58), (41), Lemma 5.6, (61), and
(65), we have

L +2 2L +4

(66) H( 9 64L°N-"8(N + 2)%Dkj @ H(F)*H(Z) = H( )™
By Lemma 2.2, Lemma 2.3, and (47)

n QL+
3L +2

67) H fxg HEHEHE@) 2 L NDjb * HEH@)S

Then bound (13) follows upon combining (59) with (66) and (67) while keepingin
mind that 2 L N andN + 2 2N. This completesthe proof.

Akno wledgemen t. | would like to expressmy deep gratitude to Professor
Damien Roy for pointing me in the direction of these problems, as well as for his
extremely helpful suggestionsthat allowed to improve the bounds and simplify the
argumerts in this paper.
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