STRUCTURE OF THE MALVENUTO-REUTENAUER
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ABSTRACT. We analyze the structure of the Malvenuto-Reutenauer Hopf alge-
bra of permutations in detail. We give explicit formulas for its antipode, prove
that it is a cofree coalgebra, determine its primitive elements and its coradical
filtration and show that it decomposes as a crossed product over the Hopf al-
gebra of quasi-symmetric functions. We also describe the structure constants
of the multiplication as a certain number of facets of the permutahedron. Our
results reveal a close relationship between the structure of this Hopf algebra and
the weak order on the symmetric groups.

RESUME. On analyse la structure de l'algebre de Hopf de Malvenuto et
Reutenauer en détail. On donne des formules explicites pour son antipode, on
prouve que c¢’est une coalgebre colibre, on détermine ses éléments primitifs et sa
filtration coradicale et on montre qu’elle se décompose comme un produit croisé
sur I'algebre de Hopf de fonctions quasi-symétriques. On décrit aussi les con-
stantes de structure de la multiplication comme un certain nombre de facettes
du permutoedre. Nos résultats mettent en évidence une forte relation entre la
structure de cette algebre de Hopf et ’ordre faible dans les groupes symétriques.

INTRODUCTION

Malvenuto [15] introduced the Hopf algebra &Sym of permutations, which has a lin-
ear basis {F, | v € &,,n > 0} indexed by permutations in all symmetric groups &,.
The Hopf algebra & Sym is non-commutative, non-cocommutative, self-dual, and graded.
Among its sub- and quotient- Hopf algebras are many algebras central to algebraic com-
binatorics. These include the algebra of symmetric functions [14, |, essel s algebra

Sym of quasi-symmetric functions [11], the algebra of non-commutative symmetric
functions [10], the oday- onco algebra of planar binary trees [1 |, tembridge s algebra
of pea s | |, the illera- iu algebra of ulerian enumeration [4], and others. The struc-
ture of these combinatorial Hopf algebras with respect to certain distinguished bases has
been an important theme in algebraic combinatorics, with applications to the combina-
torial problems these algebras were created to study. e give a detailed understanding
of the structure of &Sym, both in algebraic and in combinatorial terms.

ur main tool is a new basis { | u € &, n > 0} for &Sym related to its original
basis by Mobius inversion on the wea order of the symmetric groups. These bases { .}
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and {F,} are analogous to the monomial and fundamental basis of  Sym, which are
related via Mobius inversion on their index sets, the oolean posets .

e give enumerative-combinatorial descriptions of the product, coproduct, and an-
tipode of &Sym with respect to the basis { ,}. or example, the coproduct is obtained
by splitting a permutation at certain special positions that we call global descents. e-
scents and global descents are left ad oint and right ad oint to a natural map , &,,.

The structure constants for the product with respect to the basis { ,} are non-
negative integers with the following geometric-combinatorial description. The 1-s eleton
of the permutahedron ,, is the Hasse diagram of the wea order on &,,. The facets of
the permutahedron are canonically isomorphic to products of lower dimensional permu-
tahedra. ay that a facet isomorphic to has type , . ivenu € & and

€ 6 , such a facet has a distinguished vertex corresponding to w, under the canon-
ical isomorphism. Then, for € & | the coe cient of in the product is
the number of facets of the permutahedron of type , with the property that
the distinguished vertex is below and closer to  than to any other vertex in the facet.

e also give explicit formulas for the antipode with respect to both bases. The
structure constants with respect to the basis { ,} have constant sign, as in the case of

Sym. The situation is more complicated for the basis {F,}, which may explain why
no such explicit formulas were previously nown.

lucidating the elementary structure of & Sym with respect to the basis reveals further
algebraic structures. or example, GSym is a cofree graded coalgebra. A consequence
is that the coradical ltration of &Sym which encapsulates the complexity of iterated
coproducts is the algebraic counterpart of a ltration of the symmetric groups by certain
lower order ideals. n particular, the space of primitive elements is spanned by the set
{ & | whas no global descents}. ofreenes was shown by oirier and eutenauer [ 0],
in dual form, through the introduction of a di erent basis. The study of primitive
elements was pursued from this point of view by uchamp, Hivert, and Thibon [ |.

There is a well- nown morphism of Hopf algebras &Sym Sym that maps one
fundamental basis onto the other, by associating to a permutation wu its descent set
es u . e describe this map in terms of the bases { .} and { }.

astly, &Sym decomposes as a crossed product over  Sym. This construction from
the theory of Hopf algebras is a generali ation of the notion of group extensions. e
provide a combinatorial description for the Hopf ernel of the map &Sym Sym.
These results are expanded on and proven in the manuscript [ | of the same name.
or a bac ground on quasi-symmetric functions, see [ |, .1 |, for Hopf Algebras, we
recommend the boo of Montgomery [1 |. e also recommend the papers [ 0] of oirier
and eutenauer and [ | of uchamp, Thibon, and Hivert, who studied this same Hopf
algebra of permutations from a di erent perspective, the latter under the name free
quasi-symmetric functions .
e than  wapneel Maha an, antel ergeron, and the referees for helpful comments.

1. NTI D INITION

1.1. - essel [11] introduced the algebra  Sym of quasi-
symmetric functions as the natural target for tanley s -partition generating function.

ubsequent wor has shown its centrality, even universality, for generating functions in
algebraic combinatorics [ , , 1].



A sequence s of positive integers isa m nif y° n.
ompositions of n correspond to subsets of [n 1] as follows

Y ) Y { Y ) Y }

These subsets of [n 1] and thus compositions of n form the oolean poset ,,, and
the induced order relation on compositions is called m
or [n 1], the m ymm function  , is

: 2.

These form a basis for  Sym. Another basis is provided by the monomial quasi-
symmetric functions , which are indexed by compositions .

>

These two bases are related via Mobius inversion on the oolean poset .

Z and Z 1

where . and 1 is the Mobius function of ,.
The product of these is given by quasi-shu es of their indices [ , emma . |. A
of compositions and is a shu e of the components of and , where
in addition we may replace any number of pairs of consecutive components in
the shu e by . Then we have
1.1 >
where the sum is over all quasi-shu es  of the compositions and . or instance,
1.
The unit element 1 is indexed by the empty composition.
et and  be ordered alphabets with their dis oint union ordered as indi-
cated. ubstitution induces a coproduct Sym Sym  Sym

whose action on a monomial function is as follows.

L ( )2

or instance, 1 1.
These de nitions give  Sym the structure of a graded, connected Hopf algebra. The
degree n component is spanned by those where is a composition of n. t is con-

nected, as its degree 0 component is 1-dimensional, and it is a Hopf algebra. An explicit
formula for the antipode was given by Malvenuto [15, corollaire 4. 0] and hrenborg | ,
roposition .4]

1.4 1 Z

Here, if . then is written in reverse order ,



.. T H et GSym be the graded -vector space

with m {Fu|ue€&,,n>0} graded by n. &Sym has a graded Hopf
algebra structure 1st considered in Malvenuto s thesis [15, 5. | and in her wor with
eutenauer [1 |.  rite 1 for the basis element of degree 0.

The product of two basis elements is obtained by shu ing the corresponding permu-
tations, as in the following example.

F F F F F F F
F F F F F
More precisely, for 0, set
S { €& | has at most one descent, at position }
This is the collection of minimal in length representatives of left cosets of the oung
or parabolic subgroup & & in & | called m m . ith these
de nitions, we describe the product. oru € & and €& . set
L5 Fu F > F.

This endows &Sym with the structure of a graded algebra with unit 1.
The algebra &Sym is also a graded coalgebra with coproduct given by all ways of

splitting a permutation. or a sequence , of distinct integers, let its
m st , € & be the permutation u de ned by
1. U U

or instance, st 5 1 . The coproduct &Sym  BSym G&Sym is de ned by

1. fu Z f u u f u u )
when u € &,,. or instance, F is
1 F F F F F F F F F F 1

G Sym is a graded connected Hopf algebra [15, theoreme 5.4].

This Hopf algebra &Sym has been an ob ect of recent interest [ 1, 1, 0,1, , |
1,1]. eremar that sometimes it is the dual Hopf algebra that is considered. To
compare results, one may use that GSym is self-dual under the map 7,  F, , where
F, is the element of the dual basis that is dual to F,

To de ne the m m  basis { ,} for &Sym in analogy to the basis { } of

Sym , we use the wea order on the symmetric groups &,,. et n count the inversions
{ | v w } of a permutation u. The on &, is de ned by

U € 6,, such that u and U

The cover relation u occurs precisely when is obtained from u by transposing a pair
of consecutive of u apair u,u such that andu uw 1. The maximum
element of §,is , n, , ,1. igure 1 shows the wea order on & .

S
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I UR The wea order on &

oreachn > 0and u € G, de ne
L. . Y, u F

where , is the Mobius function of the wea order in G,,. y Mobius inversion,

1. Fo Y.

u

so these elements  ,, indeed form a basis of &Sym. or instance,
F F F F

.. T S Sym Sym  The descent set es v of a permutation
u € 6, is the subset of [n 1] recording the descents of u
1.10 es u { €n 1]J]ju u }
Thus es 4 51 {, , }. Malvenuto [15, theoremes 5.1 , 5.1 , and 5.1 | shows
that there is a morphism of Hopf algebras

S Sym Sym
1.11 Y Y

Fu u

14. G S, »  nderlying our results are combinatorial facts

concerning the lattices &,, and ,. e describe two important conceptual facts. or a
subset [n 1],let & &, be the parabolic subgroup

G} G} G ,
where . is the composition of n such that . or a subset
n 1], let € 6,, be the maximal permutation with descent set
A between posets and isapair , of order preserving maps
and such that for any € and €

1.1



quivalently, the map is left ad oint to the map
P m es, S, n

1 {1, }

1 1 {ﬁ} {H}
1 1 {1} {1}

{1, } 1
{1} {} 1 1

I UR The alois connection &

This alois connection is why the monomial basis of &Sym is analogous to that of
Sym, and is why we consider the wea order on &,,. The connection between the
monomial bases of these two algebras will be elucidated in Theorem .4.

A permutation u € &,, has a at a position € [n 1] if
u U

quivalently, if {u , ,u} {n,n 1, .n 1}. et es u [n 1] be the set
of global descents of u. ote that es u es u , but these are not equal in general.

The notion of global descents is a very natural companion of that of ordinary de-
scents, in that the map es G, n i ad oint to G,
P m , es 6,

NT R R IC TRUCTUR O GSym
1. T GSym The coproduct of &Sym 1. ta es a simple form on

the monomial basis. or a permutation u € S,,, de ne  esu tobe esu {0,n}.
T ue G,

1 “ > v “ w

u

. T & Sym The product of GSym in terms of its monomial basis has
non-negative structure constants, which we describe. or instance,

irst, for a rassmannian permutation € & a left coset representative of & &
in 6 , consider the map corresponding to the of
& 6 G | u, u
This order-preserving map is in ective and its image is an interval in & . orue G |,
€6 and €6 |, de ne G} to be

u



where [ , |  { | } denotes the interval between —and . This set
has another description as the set of those € & satisfying

U , and
4 ifu wu and satisfy u
then v w and

T yues €6

5 " > .

or instance, in . the coe cient of in is  because among the
six permutations in &

1 4,1 4,14 , 14, 41, 41 ,

only the rst two satisfy conditions and of 4.

The structure constants , admit a geometric-combinatorial description in terms of
the permutahedron. The vertices of the n 1 -dimensional permutahedron are indexed
by the elements of &,, so that the 1-s eleton is the Hasse diagram of the wea order

see igure 1. acets of the permutahedron are products of two lower dimensional
permutahedra, and the image of  is the set of vertices in a facet. Moreover, every
facet arises in this way for a unique triple , , with nand €6 see [5,

xer. . | . wuch such a facet has y , . igure shows the image of , a facet
of the -permutahedron of type , , and the permutation 4 1.

I UR The facet of type , and 4 1.

The description . of , and hence of , can be interpreted as follows  iven
ue6, €6 ,and €6 | the structure constant , counts the number of facets
of type , of the 1 -permutahedron such that the vertex  wu, is below
and it is the maximum vertex in that facet below

or instance, the facet contributes to the structure constant because the
vertex 1,1 14  satis es the required properties in relation to the vertex

4 1, as shown in igure



.. T G Sym Malvenuto left open the problem of an explicit formula
for the antipode of &Sym [15, pp. 5 - 0]. e identify the coe cients of the antipode
in terms of both bases in explicit combinatorial terms. These are based upon a general
formula for the antipode of a connected Hopf algebra due to Milnor and Moore [1 .

or any subset { } [n 1 and €6, set

st , st , , st ,
T , €6,
, { o 1| es }
{ o 1] es }

Fooo> . F

These coe cients of the antipode may indeed be positive or negative. or instance,
F F F F F
The coe cient of F is 1 because {1}, { }, and {1, } are the subsets of {1, } which
satisfy es( 1 1

ur description of these coe cients is semi-combinatorial, in the sense that it involves
a di erence of cardinalities of sets. n the monomial basis the situation is di erent. The

n €6

sign of the coe cients of only depends on the number of global descents of
e provide a fully combinatorial description of these coe cients. et , € &, and
suppose es . e ne , S to be those € & satistying
3
if and then , and
if es and then
et , , .
T ) 6 677,

1 >

or instance,

onsider the coe cient of . n this case, es 41 { }, s0
S {1 4,1 4,14 , 14, 41, 41}

e invite the reader to verify that 41 is the only element of &  that satis es all
three conditions of . . Therefore 41 | 41 { 41 } and the coe cient is
41 , 41 1.

R The antipode of &Sym has in nite order. A computation gives that
S



o) R IC TRUCTUR O &Sym

1. C SSym The basis { ,} reveals the
existence of a second coalgebra grading on & Sym, given by the number of global descents.
ith respect to this grading, &Sym is a cofree graded coalgebra. e deduce an elegant
description of the coradical ltration it corresponds to a ltration of the symmetric
groups by certain lower order ideals determined by the number of global descents. n
particular, the space of primitive elements is spanned by those , where u has no global

descents.

et be a vector space and consider the graded vector space

D

The space is a graded connected coalgebra under the coproduct
and counit 0if >1.
The following universal property is satis ed for the canonical pro ection .
iven a graded coalgebra and a linear map such that 0
for 1, there is a unique morphism of graded coalgebras such that the

following diagram commutes

xplicitly, is de ned by
1

n particular, , and )
To establish the cofreeness of &Sym, we rst de ne a second coalgebra grading. et
6 G , and for >1, let

S {u € &, | uhas exactly 1 global descents}, and

& IIs.
or instance,
G} {1} {1} {1 , 1,1 } {1 4, 14,1 4,14, 14,
14, 14 ;14 14, 14, 14, 41 ,14 }

et &Sym be the vector subspace of &Sym spanned by { , |ue & }.

T m & Sym S Sym
S Sym



The coradical of a graded connected coalgebra  is the 1-dimensional component
in degree 0 identi ed with the base eld via the counit . The primitive elements are

rim { € | 1 1 }

et rim  , the rst level of the coradical Itration. More generally, the
-th level of the coradical Itration is

() (X )
e have U , and

2.

Thus, the coradical ltration measures the complexity of iterated coproducts.
or a cofree graded coalgebra , the coradical ltration is easy to describe. The
space of primitive elements is ust , and the -th level of the coradical ltration is
. These are immediate from the de nition of the deconcatenation coproduct.

€ ne
. [[6, and & [1s

n other words, & S and for >1,

S

S, {u€e6,|uhasatmost 1 global descents}
roposition 1. asserts that es G, n is order-preserving. ince , is ran ed
by the cardinality of a subset, it follows that &,, is a lower order ideal of &,,, with
S, S, . The coradical lItration corresponds precisely to this Itration of the
symmetric groups by lower ideals.
C S Sym
{ wlue6 ;
m m
{ ulu ¥
.. T - e study the e ect of the
morphism of Hopf algebras 1.11
S Sym Sym, de ned by F, u

on the monomial basis. Here, we use subsets  of [n 1] to index monomial quasi-
symmetric functions of degree n.

D A permutation u € G,, is if we have u for some € .
quivalently, u is closed if and only if es u es u .
T ue g,

” U
“ 0



.. BSym Sym e describe the structure of
G&Sym as a crossed product over the Hopf algebra Sym. ee [1 , | for a review
of this construction in the general Hopf algebraic setting. et us only say that the
crossed product of a Hopf algebra  with an algebra  with respect to a Hopf cocycle

is a certain algebra structure on the space , denoted by

P m m m Sym
& Sym m m & Sym Sym

n this situation, an important theorem of lattner, ohen and Montgomery [ | ap-
plies.  amely, suppose is a morphism of Hopf algebras that admits a
coalgebra splitting . Then there is a decomposition
where is the of

{e 1) 1}

and the Y is

DY

ote that if and preserve gradings, then so does the rest of the structure.

et be the left Hopf ernel of S Sym Sym and , its n-th homogeneous
component. nce again the monomial basis of &Sym proves useful in describing
P n { 4} u m
n m
1 n

n

dim n Z

R NC
A D C G
G S F CAD CA
M A F S
N S M F S S
C T S A S
G C R
L N L A
C MR
A M L S N G M
C U C MR
R M C S M
T A M S MR
G D F T
F M S
MR



I M
T
I MG
L
A C
I M
U
MR
C M
C M
S M
M
F
S
C
)
R
R S

L S R
A M MR
C
RI A M S MR
A M
T C 0O
A @) S
LACIM U
MR
A M
C
DC MR
A S M
C 0] U N
C U C

S F MR



