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Definition

Fix 0 € K, a scalar.

Let A be an associative algebra over K, not necessarily unital.

A linear map 3 : A — A such that

B(a)B(b) = B(B(a)b + aB(b) — 0 ab)

is called a Baxter operator on A.

The pair (A, §) is called a Baxter algebra (of weight 6).

1
It suffices to consider # = 0 or 1 (since 7 3 is of weight 1).




Idempotent morphism

Let 3: A — A be a morphism of algebras such that
B2 =3

Then [ is a Baxter operator of weight 1:

B(B(a)b) + B(ap(b)) +(—1) B(ad)
2N ~ ——

\ .

Ba)BB)  Ba)B(b) B(a)B(b)

Baxter operators retain some properties of idempotent morphisms.

For instance, the image of 3 is a subalgebra.




Integral operator

Let A=C(R), 8: A— A given by §(f) := F, where

F(z) = /Ox f(t)dt.

Then (3 is a Baxter operator of weight O:

/O TG dt = F(2)G(x) — /0 L EWG () di




A discrete integral operator

Let P be a partially ordered set whose Hasse diagram is a
rooted tree:

Let R be an algebra and A := RY (pointwise product).
Let 5: A— A be

B(f)(x) = f(b).

t<cx

Then [ is a Baxter operator of weight 1.







Spitzer’s identity

Theorem (Glen Baxter, 1960)
Let A be a commutative algebra, a € A,

and 3 be a Baxter operator of weight § on A.
Then, in Al[t]],

> (st o). )

n>0

exp<

When 6 = 0, RHS reduces to

exp (ﬁ(a) t).



Spitzer’s identity in low degrees

Degree 2:

0 1

B(af(@) = 3 Bla®) + 5 Bla)*

Degree 3:

3ap(asla))) = £



Example: Spitzer for an idempotent morphism.

Recall in this case 6 = 1.

LHS:

n __ mn 4n 1
Zﬁ(aﬁ(aﬁ(...aﬁ(a))...))t —Zﬂ(a) t" = T

n>0 n>0




Example: Spitzer for the integral operator.

LHS:

S8 (fﬁ(fﬁ(- L IB(F) - -)) () 1"

n>0




Example: Spitzer for a discrete integral operator.

Let P be the poset {0 < 1}. Let f € RY be




Example: (close to) Jackson’s g-integral.

Let A = K|z],

n

B(x™) = g
Then [ is a Baxter operator of weight 1.
LHS:

ZB(azﬁ(m(. L 2B(x)) ...

n>0




RHS:

J -
J — J\) — k
exp(E —B(x?) >—exp(‘>1]1_q3t> exp(E § qJ qﬂt]>
J

g>1 k>0]>1

= TLee(3 50 o7) = 1 1= i

k>0 ]>1 k>0

Conclusion:




A classical problem in probability

Let X be a random variable. The k-th moment of X is

E(XH).

Given a sequence of i.i.d. random variables

X1, X0, Xy~ X

M,, := max(Sp, S1,...,5).

Spitzer’s Problem.
Express the moments of M, in terms of the moments of X.




The positive part as a Baxter operator

Let C'(R) be a suitable algebra of functions on R.

Given a random variable X, let px € C(R) be its characteristic

function (the Fourier transform of its distribution measure).
Then

The positive part of X is

XT :=max(X,0).

Lemma.
There is a Baxter operator 3 of weight 1 on C'(R) such that

Blex) = px+

for any random variable X.




Proof.
Let X and Y be independent random variables: o xpy = ox1y.

We have

Bex)B(py)

?

B(B(ex)ey) + B((exBley)) — Blexpy)

7
= PXHLY+ T PXF4Y)F T PX+Y )+ T QX +Y)F

This follows from
{z"+y", e+ ={E"+y)", (@+y")"}

(equality of multisets).




Original Spitzer’s identity
Theorem (Spitzer, 1956).

Z gOMntn — eXp(Z % SOS;F tj>

n>0 7>1

Proof.
RHS:
B(SO?X) — 6(90)(1 U SOXj) — 6(90X1+"'-|—Xj) — 6(9053> — SOSJ‘"

LHS:
/B(ngﬁ(ng)) — (P(X1+X;_)+ — Spmax(O,Xl,Xl—l—Xg)

and by induction

5(%{5(%{5(- . pxBlex)) - >> = Pmax(S0,S1,...,8,) = PM, -




Rota’s proof of Spitzer’s identity (1968) (6 # 0).

It suffices to prove the identity in the free commutative Baxter
algebra A of weight 1 on one generator a.

Let R =K[xy,29,23,...]and P={1<2<3<---}.
Consider the Baxter algebra R*. Recall

6(f1(x)7 fQ(X), fg(X), .. )
= (A6, A1) + 20, Hix) + 2 + fo(x), ).

Let ® : A — RY be the unique morphism of Baxter algebras such
that

®(a) == (x1, 2,23, ...).




Rota proves ® is injective. So it suffices to check the identity in R” .
LHS:

Zﬁ(aﬁ(aﬁ(. .aB(a)) .. )) £

n>0

where

hip(x) = Z Ti, Tiy * T, -

11 <1< <in

1

3(]%‘(331), pj(xl,xg), .. ) tj>




It only remains to show that
Z ho(x)t" = exp(
n>0 ) >

This is Waring’s formula. O

There is another proof by Cartier via an explicit description of the

free commutative Baxter algebra. This one works for all 6.




From Baxter algebras to associative algebras

Let (A, 3) be a Baxter algebra of weight 6.

Define a new operation on A:
axb:= ((a)b+ aB(b) — 0 ab.

Proposition: the operation * is associative.

Example: A=K with P={1<2<3<---}.
Let a := (al,ag,ag, .. .), b = (bl,bg,bg, .. ) Then

axb = (G151, a1ba + a2by + asbhy,

albg + agbg + agbg + &3b2 + agbl, “e




A term in a x b:

a1bs + agb3 + azbs + azba 4+ a3by




A term in the Cauchy product:

a1b3 + agb2 + azb;

Why is a * b associative?







=y

(axb)xc




Baxter vs associative

There are two functors from Baxter algebras to associative algebras

{ Baxter } e { Associative }
algebras J — = algebras

ES

and a natural transformation

B

by —— F,.

We are interested in their left adjoints

F#
{ Baxter } <" _ { Associative }

algebras / = — = — algebras

#
A




Other algebraic structures related to Baxter (Loday)

A dendriform algebra of weight 6 is a space D with 3 operations
(>7 =, )
such that

(r<y)<z=x<(y*2) (z=y) z=x > (y-2)

(x=y)<z=x (y < 2) (x <y) z=x-(y = 2)

(x*xy)=z=x (y = 2) (x-y) <z=x-(y < 2)

(z-y)-z=z-(y-2)

rxy:=r-y+r<y—0x-y.

Proposition: the operation * is associative.




From Baxter to dendriform

Let (A, 3) be a Baxter algebra of weight 6.
Define new operations on A:

a >~ b:= [(a)b, a < b:=alB(b), a-b:= ab.

Proposition: (A, >, <, ) is dendriform of weight 6.

Note: the associative products * corresponding to
(A, B) and (A, =, <, ) are the same.




Baxter, dendriform, associative

There are functors

Baxter Dendriform\ — o ; Associative
{algebras} 5 { algebras }—>{ algebras }

v

We are interested in their left adjoints:

J— _— —_
—_— — —
— JE— _— — P —

— —
:/ — ~ =~
- ~

{ Baxter }: L {Dendriform} < — Associative}

algebras algebras J == — U algebras

These and related constructions appear in work of Cartier, Loday
and Ronco, Hazewinkel, Hoffman, Guo and Keigher, Ebrahimi-Fard
and Guo, and others.




The quasishuffle product (Cartier, Ehrenborg, Fares, Hazewinkel,
Hoffman,. .. )

Let A be an associative algebra.

Given two tensors

and a lattice path

(0,0) = (n,m)

with horizontal, vertical, or diagonal steps, define a partial product
ax; b

as in the following example.




Here n = 5, m = 4, and L is shown in red:

ai
o

aj as as

The corresponding partial product is

ax;b=0a®b ® (a2 b)) ®asz @ (as-b3) @by @ as € A®.




On the space

TV(A) = P A®",

n>1
define 3 operations
a>b::Z axyb, a<b::Z axy,b, a-b ::Z axyb,
first(L)=V first(L)=H first(L)=D
so that
axb=a>b+a<b—-60a-b
is the sum over all lattice paths L (the quasishuffle product).

Theorem. Let A be a commutative associative algebra.
Then (TV(A), =, <, ) is a commutative dendriform algebra.
Moreover, the functor TV is the left adjoint of F

dendriform associative

{ Commutative Commutative }
algebras algebras




There is a similar construction involving planar trees that yields
the left adjoint

{ Dendriform} _fe { Associative }
algebras =~—- - = algebras

(Loday and Ronco, Ebrahimi-Fard and Guo).




