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Repetition

Voiculescu’s Random Matrix Model

Theorem [Voiculescu]. For each nin N, let Xl("), .. ,X,(") be
independent random matrices from GUE(n, %) and let i, i, .
be indices from {1,2,...,r}. Let further D§”), e D,g") be
non-random diagonal n X n matrices such that

s ip

i€ {L,....p}: sup | D] < oo,
neN
and

Vp e C(Xi,...,Xp): lim tr,,(p(D{"), e Dé"))) exists in C.

n—oo



Repetition

Voiculescu’s Random Matrix Model (continued)

We then have

lim E{tr,(X\” DX, D57 - XV DI} = 7 (xi, dixiyda - - - xi,dp).

)

n—oo P
where
o {di,...,dp} and {xi,...,x,} are free sets of operators in a
non-commutative probability space (A, 7).
o {x1,x2,...,x/} is a free semi-circular system in (A, 1), i.e.
(a) x1,x2,...,x, are free selfadjoint operators.

(b) For eachiin {1,2,...,r} and any p in N,
T(xP) = % Jr tPy/4 — t2dt.

° T(p(dl, A dp)) = limp—oo tr,,(p(Dln), A D,(,"))) for all pin
C(Xq,..., Xp).



Strong version of VRMM
When there are no constant diagonals

In the case where
0{0 — Df == D -1,

one may verify (as in the illustration of Step II) that for any ~y in I'p,

1 b -
An(’)/r lna e 71n) = ; Z H(n 15ijv’.fy(j)+1) =nP 1+d(’Y)’

1<ir,...,ip<nj=1

where d(7) denotes the number of equivalence classes for the
equivalence relation ~, on {1,2,..., p} generated by the condition

i~y () +1, (=1,2,...,p).
One may then prove that

o ,D—|—].—d(’)/) € 2Np.
e p+1—d(y) =0 <= ~ is non-crossing.



Strong version of VRMM
When there are no constant diagonals (continued)

Hence the proof of Voiculescu's theorem outlined yesterday leads to
the formula

E{trn(Xi(ln)X’.(Z") .. -X("))}

Ip

— Z An(’)/,lna‘-'aln)

VET (i1 y---yip) )
— Z p—P~1+d(v)
VET (i1 y---yip)

=#{y €T (i1,...,ip) | v is non-crossing} + O(n"?).



Repetition Strong version of VRMM Main application Further results Convergence of norms

Since we know that the limit of the left hand side of (1) is
7(XiyXiy - - - Xi,), it follows that we must have

T(Xiy Xy -+~ Xi,) = #{v € [(i1, ..., ip) | v is non-crossing}
and hence we get that

E{tra(X\" X X)) = 7(xiuxi, - x,) + O(n72). (2)



Strong version of VRMM
Strong version of Voiculescu’'s RMM.

Proposition. For each nin N, let Xl(")7 . ,X,(") be independent
random matrices from GUE(n, %) and let i1, o, ..., i, be indices
from {1,2,...,r}. Then for almost all w in (2, F, P) we have

tr,,(X ( )X(n)(w) Xign)(w)) — T(Xiy Xy - -+ Xi,),

n—oo

where {x1,x2,...,x/} is a free semi-circular system in a
non-commutative probability space (A, 7).



Strong version of VRMM
Proof.

Put
Q, = X,(n)Xi(Zn) o x™ and G = XX X

n Ip P

We know from Voiculescu's RMM that
E{tra(Qn)} — 7(q), asn— oo,
so it suffices to show that
trn(Qn) — E{trn(Qn)} 220, asn— oc. (3)

By standard probability techniques, (3) will follow if we establish
that

> V{tra(Qn)} < o0. (4)
n=1



Repetition Strong version of VRMM Main application Further results

Note here that
V{tra(Qn)} = E{[tra(Qn)2} — [Eftra(@n)} |
— E{trn(Qn)ira(Q))} - |r(q)\2 +0(n7?)

=E{tra(YQ Y@} — I7(q)* + O(n?) -
5
= 7(yayq") — I7(q)|* + O(n~?)
=7(q)7(q") = I7(q)* + O(n~?)
= 0(n?),
where
o Y € GUE(n, L) which is independent of {X{" ... x{"}
@ y is a semi-circular element which is free from {xi,...,x.}.
Now (4) follows immediately from (5). ]



Main application

Main Open Problem on the free group factors

Problem. Let g, r be numbers in {2,3,4,...} U{oco}, and consider
the free group factors L(IFq) and L(F,). Do we have

L(Fq) ~ L(F,)?
Key observation [Voiculescu]. Let r be an element of NU {oco}

and consider the free group factor L(F,). Then L(F,) is generated,
as a von Neumann algebra, by a semi-circular system

{x1,x2,..., %} C L(F,).



Main application
The fundamental group of a Il;-factor

Let A be a ll;-factor acting on a Hilbert space H, i.e., A is an
infinite dimensional von Neumann factor with a faithful tracial state
7: A — C. Then for any t in [0, 1] there is a projection e in A,
such that 7(e) = t, and we then put

.At = eAe,

which is again a ll;-factor acting on the Hilbert space e(H). It is
not hard to see that the x-isomorphism class .A; does not depend
on the choice of e in A with 7(e) = t.

If t > 1 we choose a positive integer n greater than t, and note
that M,(A) is again a ll;-factor with trace tr, ® 7. We then define

At == Mn(A)%,

and one may verify that the x-isomorphism class of A; does not
depend on the choice of n.



Main application
The fundmental group of a Il;-factor (continued)

Now the fundamental group of A is defined as
FG(A) ={t € (0,00) | A; ~ A}

One may verify that FG(.A) is a subgroup of the multiplicative
group (0, c0).



Main application

Main application: Isomorphism results for free

group factors

Theorem [Voiculescu]. For any min {2,3,4,...} U{oco} and any
positive integer g, we have



Main application

Outline of Proof of L(F2): ~ L(Fs).

First idea. We know that £(IFy) ~ W*{Xy, Xz}, where {X;1, X2} is
a free semi-circular system. We want to realize {X7, Xz} in
(My(A),trp @ 7) for a suitable C*-probability space (A, 7). In

M, (A) we can cut down by the projection

L1 0
o o]’

which satisfies that tr, ® 7(e) = 3.



Main application

Outline of Proof (continued)

Lemma. Let (A, 7) be a W*-probability space containing a free
semi-circular system {x11, X{5, X5, X2} and a Haar unitary u, such
that

W*{x11,X]5, X1, X220} and  W*{u} are free subalgebras.
Consider further the 2 x 2 matrices over A:

1 .
X 1 1 X11 ﬁ(xiz +ix1,)

NN and U:[u 0}
V2 ﬂ(XIZ ixqy) X22

0 2u

We then have

(i) X and U are x-free operators in (Ma(A),tra ® 7).
(i) X is a semi-circular element with respect to tr, ® 7.
(i) W*{X, U} ~ L(F7).



Main application
Outline of Proof (continued)

Proof of Lemma. For each n in N consider independent n x n
random matrices

X(1,1,n),X(1,2,n),X(1,2,n)", X(2,2,n) € GUE(n, 1),
and consider further the constant diagonal n x n matrix

exp(%) . 0
V(n) = eXP(T)

0 exp(="
It is not hard to see that
V(n) “Bu ie, {V(n),V(n)} = {u,u"},

as n — oQ.



Main application
Outline of Proof (continued)

Hence, it follows from Voiculescu's random matrix model that
{X(1,1,n),X(1,2,n) ,X(1,2,n)", X(2,2,n), V(n)}

*D / "
— {x, X12, X12, X22, U}

This implies that with

X(n) =

. X(1,1,n) %(X(1,2,n)/+iX(1,2,n)u)
VE | L(X(1L.2,n) —iX(1,2.0)") X(2.2,n)
and

v = "8 o)

we have that
{(X(n), U(m} 25 {X, U} asn— . (6)
O



Main application

Outline of Proof (continued)

On the other hand it is straightforward to check that

X(n) =
) X(1,1,n) 55 (X(L,2,n) +iX(1,2,n)")
V2 | 5(X(1,2,n) —iX(1,2,n)") X(2,2,n)

€ GUE(2n, 2-),
and we know that U(n) is a constant diagonal matrix such that
U(n) = [V(()”) 2\/0(’7)} 2y,
so by another application of Voiculescu's random matrix model it
follows that
{X(n), U(n)} =2 {X', U'}, (7)

where X’ and U’ are x-free operators in a non-commutative

. ] o D
Erobablllti sEace ‘A/IT/“ X' is a semi-circular ‘element and U’ = U.



Main application
Outline of Proof (continued)

Combining now (6) and (7) it follows that
XU E XU
which proves (i) and (ii) of the lemma.
To prove (iii), note that by spectral calculus, W*{U} = W*{ Xz}
for some semi-circular element X, € W*{U}. Therefore

W*{X, U} = W*{X, Xa} ~ L(FF2),

since X and X5 are free. ]



Main application
Immediate consequences

Corollary [Voiculescu].

(i) If mis a positive integer of the form m = n? + 1 for some
positive integer n, then

L(Fm) = L(F2)1)/m=T1-

(ii) For the free group factor L(F.,) we have



Further results
Further results on the free group factors

Theorem [Voiculescu]. For any min {2,3,4,...} and any
positive integer n we have

L(Z/E) * F)y = L(E i),

Theorem [Dykemal]. For any min {2,3,4,...} and any positive
integer n, we have

(Mn(C©) % L(Fm))s = L(Fyz2).

Theorem [Radulescu]. For any positive integer min {2,3,...,}
we have

L(Fm) = L(F2)1 ) /m=1



Further results

Further results on the free group factors

(continued)

Definition [Dykema/Radulescu]. For any t in (1,00) we define a
«-isomorphism class £(F;) of Il;-factors by

L(Fe) = L(F2), /=1
These are called the interpolated free group factors.
Theorem [Dykema]. The interpolated free group factors defined
above satisfy
(i) L(Z/nZ) « L(F¢) ~ E(IFHP%), whenever t > 1.
(i) Mn(C) x L(F) ~ ﬁ(]Ft“*n%

(iii) R+ L(F¢) ~ L(F¢t1), whenever t > 1, and where R denotes
the hyperfinite Il;-factor.

), whenever t > 1.



Further results

Further results on the free group factors

(continued)

Theorem [Dykema/Radulescu]. The interpolated free group
factors defined above satisfy

(iv) L(Fs) ~ L(Fi—2(5_1)41) whenever s > 1, t > 0.
(v) L(Fs)* L(F;) ~ L(Fs4+t), whenever s, t > 1.
(vi) L(Z) % L(F¢) ~ L(F¢4+1), whenever t > 1.

Theorem [Radulescu]. For the free group factor £L(F,) we have

FG(L(Fo)) = (0, 00).

Present status of the main open problem
[Dykema/Radulescu]: One of the following two extremes hold:

o L(Fg) ~ L(F,) for all positive integers q, r.
o L(Fq) # L(F,) for any distinct positive integers g, r.
O



Convergence of norms

Second application of VRMM: Convergence of

norms of polynomials of GUE's — the easy part

Theorem. For each n € N, let Xl("), e ,Xr(") be independent
random matrices from the class GUE(n, 1), and let {xi,...,x} be
a semi-circular system in a C*-probability space (A, 7) with a
faithful state 7.

Then for any polynomial p in r non-commuting variables, we have
with probability one that

liminf [ (X", X57, .. XE) | > (lp(as - x)])



Convergence of norms
Proof.

For each nin N put
Qo =p(X", . xMyp(x(M L xtm
and similarly put
qg=p(x1,...,x)"plx1,. .., %)
By the C*-identity, it suffices to show for any positive € that

liminf [|@Qn(w)]| > ||q|| —€, for almost all w
n—oo

Note for this, that for any positive integer m we have by the strong
version of Voiculescu's theorem

[ 7 o) = (@ () — 7a™) = [ " gfar). (@)
R R

for almost all w, where 114 is the measure on R defined by the last
equality.
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Since supp(pq) = sp(q) is compact, (8) implies that

K Qn(w) —% ug  for almost all w,

VF € Co(R /f ot (dt—>/f ) 1g(dt).

Now choose a function f from Cp,(R) satisfying that
@ 0<f(t)<1lforalltinR.
e f(t)=0forall tin (—o0,|q| — €]
e f(t)=1forall tin[|q],o0).



Repetition Strong n of VRMM Main application Further results Convergence of norms

Then since llqll € sp(q) = supp(pq), it follows that
Jg (t) g(dt) > 0, and hence (9) implies that for almost all w

11Qu(w) (gl — €,00)) >0, for n sufficiently large
and therefore
| Qn(w)|l = Amax(Qn(w)) € (||q]] — €,00), for n sufficiently large.
This implies that
im inf | @(w)1] > gl — e

for almost all w. ]
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