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statement of VRMM
Voiculescu’s Random Matrix Model

Theorem [Voiculescu]. For each nin N, let Xl("), .. ,X,(") be
independent random matrices from GUE(n, %) and let i, i, .
be indices from {1,2,...,r}. Let further D§”), e D,g") be
non-random diagonal n X n matrices such that

s ip

i€ {L,....p}: sup | D] < oo,
neN
and

Vp e C(Xi,...,Xp): lim tr,,(p(D{"), e Dé"))) exists in C.

n—oo



statement of VRMM
Voiculescu’s Random Matrix Model (continued)

We then have

lim E{tr,(X\” DX, D57 - XV DI} = 7 (xi, dixiyda - - - xi,dp).

)

n—oo P
where
o {di,...,dp} and {xi,...,x,} are free sets of operators in a
non-commutative probability space (A, 7).
o {x1,x2,...,x/} is a free semi-circular system in (A, 1), i.e.
(a) x1,x2,...,x, are free selfadjoint operators.

(b) For eachiin {1,2,...,r} and any p in N,
T(xP) = % Jr tPy/4 — t2dt.

° T(p(dl, A dp)) = limp—oo tr,,(p(D{"), A D,(,"))) for all pin
C(Xq,..., Xp).



Permutations

Non-vanishing of mixed moments

Lemma. Let Xl("),Xz("), ..., X" be independent random matrices
from GUE(n, %) let i1, i, ..., ip be indices from {1,2,...,r} and
for each i in {1,2,...,r} put

K(i) = € {L.2...p} | i = i}

Let further Dg"), Dé"), e DF(,") be arbitrary non-random n x n
matrices. Then

E{x"D{"Xx,D{" - X" D{"} =0,
unless #K (i) is an even number for all /, i.e., unless there exists a
permutation « from S, such that
(i) yoy=id,
(i) v() #J, forall jin {1,2,...,p}.
(iii) y(K(i)) = K(i), for all i in {1,2,...,r}.



Permutations
Proof.

Assume that #K (i) is odd for some i from {1,2,...,r}. Then the
)

random matrix X,-(" appears an odd number of times in the product

X\ DX D x\" Dl
But since —X,-(") € GUE(n, %) too, this implies that

(XD X0 X0} = ~E{X7D{" X, XD}

from which the assertion follows. []



Permutations
Sets of permutations

Definition. In the setting of the previous lemma, we put
C(i1, 2, - .-, ip) = {7 € Sp | (i).(ii) and (iii) are satisfied}.

We note in particular that

C(it,i2s ...y ip) # 0 < #K(i) is even for all i in {1,2,...,r}.

Definition. Let p be an even positive integer. Then we put

Mp={v€S,|yoy=id and ~(j) #/ for all j}.

Remark. Note that for any even positive integer p and any indices
i, b, ..., Ip from {1,2,...,r} we have the inclusion

M(it, 2,0, 0p) CTp.



Permutations
Pairs and crossings

Definition. Let p be a positive integer and let v be a permutation
in[p. Then if j € {1,2,..., p— 1} such that

vU)=j+1,

we say that (j,j + 1) is a pair for .

If p>4and (j,j+ 1) is a pair for 7, then we denote by C;vy the
permutation in [,_ obtained by cancelling the pair (j,j+ 1). More
precisely C;~y is given by:

~v(k), if 1<k, vy(k)<j-—1,

() = (k) — fl<k<j—1land~v(k)>j+2,

J v(k + ) ifj<k<p—-2andy(k+2)<j—1,
y(k +2) — ifj<k<p—2andy(k+2)>j+2.



Permutations
Pairs and crossings (continued)

Definition. Let p be a positive integer and let v be a permutation
in[p. Then if j, k,I,me {1,2,...,p} such that

1<j<k<l<m and v() =1, v(k) = m,

we say that (J, k, /, m) constitutes a crossing for ~.
If v has no crossings, we say that v is a non-crossing permutation.

For any subset F of S, we put
F"¢ = {~ € F | 7 is non-crossing}.
Remarks.

(a) If v is non-crossing, then v must have a pair.
(b) If (j,j+ 1) is a pair for 7, then

7y is non-crossing <= [;7 is non-crossing.



Permutations

The canonical GUE mixed moment associated to

a permutation

Definition. Let i1, i, ..., i, be indices from {1,2,...,r}, and let ¢
be a permutation from (i1, o, ..., ip). Let further D;"), e D;(,n)
be non-random n x n matrices. Then we put

An(’y; D§n)a Dén)’ ceey Df(7n)) = E{trn (Zl(n) D{”)Z2(”)D§”) e ZISH)DF(’H)) }a

where
° Zl("),Zz("), . Z,g") are GUE(n, 1) random matrices.
o The set {Zln), Zz("), .. .,Z,g")} consists of £ distinct random

matrices, each of which appears twice. These £ distinct
matrices are independent.

o Vjje{l,2,....p}: =2y = j =] or j =~()).



Permutations

The canonical semi-circular mixed moment

associated to a permutation

Definition. Let i1, i, ..., i, be indices from {1,2,...,r}, and let ¢

be a permutation from (i1, i, ..., ). Let further dl("), . d,g") be
operators in a non-commutative probability space (A, 7). Then we
put
Ay, di,da, ..., dp) = T(Zld122d2 e zpdp),

where

© {z1,25,...,2p} and {d1, >, ..., d,} are free sets of operators

in (A, 7).
® The set {z1,2,...,2,} consists of 5 distinct selfadjoint

operators, each of which appears twice. These £ distinct
operators form a free semi-circular system.
HA

o Vj,je{l,2,....p}:zy=zp <= j=j or j=n~().



Proof of VRMM

Sketch of Proof of Voiculescu’s Random matrix

Model

Step | (The /s-trick).
For each fixed n in N we have that

B {1 (X007, 087 XD}

= Z An('yi D§n)>"'7Dﬁ(7n))
’yer(il,iz,...,l'p)
and that

T(Xi1d1X;2d2~--Xipdp) = Z A("}/; dl,...,dp).

'Yer(ily"Zv""iP)



Proof of VRMM

Sketch of Proof of Voiculescu’s Random matrix

Model (continued)

Step Il (Vanishing of terms from permutations with
crossings).
If v € I'p has a crossing, then

lim An(y; D™, ..., D) =0,

n—oo

and
Ay, di,...,d) =0.



Proof of VRMM

Sketch of Proof of Voiculescu’s Random matrix

Model (continued)

Step Il (Cancellation properties).

Suppose p > 4 and that v € ', has a pair (j,j + 1) for some j in
{1,2,...,p}, and let C;y be the permutation in ',_> obtained by
cancelling (j,j + 1). Then for all nin N

An(y, DI DI

= tro(D") - A Gy D57, ..., D, DI DT DY),

where Dj(") = D(ZIDJ-(_i'Z)l. Similarly we have that
A(fY: dl: SRR dr) = 7_(dj) : A(UJP% d1> SRR dj—27 81'7 dj—|—27 s dp)a

where glj = dj_1dj41.



Proof of VRMM

Sketch of Proof of Voiculescu’s Random matrix

Model (continued)

Step 4 (Conclusion).
Using Steps 1-2 it follows that

im_&{i5a (XD X,D{ - X707}

n—o0 Ip

= lim DS O i )

n—o0
’YErnc(il,iz,...,ip)

and that
7'(x,-1 dixi,dy - - -X,'pdp) = Z A(y; dy, ..., dp).
Ve (it i, eip)
Hence it suffices to show that
An(v; D, DYy — A(y,dy,...,dp),  asn—oo, (1)

for any v in ;¢



Proof of VRMM

Sketch of Proof of Voiculescu’s Random matrix

Model (continued)

Formula (1) is proved by induction on p:
Assume that the assertion has been established for p — 2 and all

(n) (n)

choises of constant diagonal matrices [)1 Yoo and

corresponding operators 31, ce 8,,,2 as in the theorem. Then let v
from ¢ be given, and recall that v must have a pair (j,j + 1) for
some j in {1,2,...,p}. Then by Step 3 and the induction
hypothesis,

An(y; D7, ... DI

= trn (D) - Bn(Ciyi D7, D", DI, .. DYV DI)

— 7(d) - ALy dim, i, - dpda)

n—oo

= A(y; di, ..., dp),

as desired. ]



Proof of VRMM
Illustration of Step 2.

Consider the permutation ~y in 4 given by
v(1)=3 and ~(2)=4.
Then if Z; and Z, are independent GUE(n, 1) matrices we have
An(7; D1, Dy, D3, Ds) = E{tr,(Z1D1Z2D273D57,D4) }
where Z3 = Z; and Z; = Z,. Writing
Z; = z”: Zj(k,e(k,I) and D;= z”: Dj(k,le(k, 1),
k,I=1 k=1

with e(k, /), 1 < k,I < n the n x n matrix units, we find that



Proof of VRMM
Illustration of Step 2 (continued).

Ap(v; D1, Do, D3, Dy)

= Z E{Zi(i,j1)D1(ki, h) - - - Za(ia, ja) Da(ka, ) }

1<i jishykayeesiasala,ka<n

-tr, (e(il,jl)e(kl, /1) s e(i4,j4)e(k4, /4))

_ 1 Z E{Zi(i1,j1)D1(j1s i2) - - Za(ia, ja) Daja, i) }

1<ityj1,e.siaja<n

]

=2 S E{Z(,0)Dilb, ) Zalis, 1)Dali )}

1§i1,...,i4§n

== Z D2(i2,i2)-~D4(i1,i1)E{Zl(i1,i2)Z2(i2,i3)---Z4(i4,i1)}

n . .
1<i1,...,ia<n



Proof of VRMM
Illustration of Step 2 (continued).

Continuing the calculation we have

An(v; D1, D2, D3, Dy)
= Z Do(ip, i2) -+ - Da(ir, n)E{ Z1 (i1, 2) Z2(i2, 13) - - - Za(ia, 11) }

n__. .
1311,...,14§n

1 .. ..
= Z Do(ip, i) - -+ Da(i1, 1)

1<i,...,ia<n

x B{Z1(i1, 2) Z1(i3; ia) }E{ Z2(i2, ;3) Z2(ia; 1) }
1 o o _
== Y Dy(ia,2) -~ Dalit, 1) (N 6. 0rnsis ) (0™ 610.005.70)
M < <

1 .o .o
== Y Daliz,i2) - Da(ir, 11)di,is0r 130022 Oz ia-

1<i“... ii<n _



Proof of VRMM
Illustration of Step 2 (continued).

Since we have assumed that

K = < D; ) <
13, (sup D) < oo,

1459

it follows that

K
|[An(7: D1, D2, D3, Da)| < — D OuiaOh,is0h,n O i

1<iy,...,ia<n

as desired. ]



Proof of VRMM
Step Il in general

For general p in N and «y in [, one is lead, by the argument
illustrated above, to consider the sum

S VN | (R ET S
n ’j:’y(J+1 ’
1<it,..,ip<nj=1

where d() denotes the number of equivalence classes for the
equivalence relation ~., on {1,2,..., p} generated by the condition

Jry )+ (G=1,2,...,p).
One may then prove that

o p—l—l—d(’y) € 2Np.
e p+1—d(y) =0 <= ~ is non-crossing.
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