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Random matrices
Random Matrices

Definition. Let (2, F, P) be a probability space and let n be a
positive integer. Then a random n x n matrix A on (Q, F, P) is an
n X n-matrix

A = (aj)1<ij<n;

where all the entries are complex valued random variables on
(Q, F, P). In other words, A is a measurable mapping

A: (Q,]:, P) — (Mn(C)ag(Mn((C)))v

when M,(C) is equipped with its Borel o-algebra B(M,(C)).



Random matrices

The spectral distribution of a selfadjoint random

matrix

Let A: Q@ — M,(C) be a selfadjoint random matrix, i.e.,
A*(w) = A(w) for all w. Then for each w we consider the ordered
eigenvalues

(@) € Aaw@) < -+ < Ap(w)
of A(w). For each fixed w the empirical eigenvalue distribution of
A(w) is the probability measure

1 n
AW = > o)
j=1

where . denotes the Dirac measure at the constant c.
Then the spectral distribution of A is the mixture of the family
(HA(w))wea with respect to P, i.e.......



Random matrices

The spectral distribution (continued)

1a(B) = /Q i) (B) AP(w).

for any Borel subset B of R. Thus, by a standard extension
argument, for any bounded Borel function f: R — R we have

/Rf(t)MA(dt)—/Q(/Rf(t)uA(w)(dt)> dP(w)
- [ 23 fyenape)

_ /Q try (F(A(w))) dP(w)
= E{tr,(f(A))}.
O



The GUE
The Gaussian Unitary Ensemble

Definition. By GUE(n, 02) we denote the set of random n x n
matrices X = (xjj)1<j j<n, defined on (2, F, P), which satisfy the
following conditions:

o Vi>j: Xxj=Xj.

@ the random variables xj;, 1 </ < j < n, are independent.

o Vi < j: Re(xy), Im(x;) ~iid. N(0,302).

o Vi: x; ~ N(0,02).



The GUE
The spectral distribution of a GUE random matrix.

Let X, be a random matrix in GUE(n, ). For any bounded Borel
function f: R — R we then have

E{trp(F(X0)} = /R £V () dx,

where the function h,: R — R is given by

1 n—1
() = 2 (VB

and where
® 0, ¥1,¥2,. .., is the sequence of Hermite functions:
2
oe(x) = Graya Mk ep(=%), (k€ No),
@ Hy, Hi, Ho, ..., are the Hermite polynomials:

k
Fi() = (1 exp() - (L ().



The GUE

The moment generating function of a GUE

random matrix

Theorem. Let X, be a random matrix in GUE(n, %) Then for any
complex number z we have

B {tra(exp(2Xe))} — exp 2!1)2 (n |(J +)1)| (n—}j) (i)f.



Sketch of Proof.

By analytic continuation it suffices to consider the case z € R.
Step |. We know that

n—1
E{tr(exp(2X))} = \/127 /]R exp(zt)<z¢k( \/gt)2) dt
k=0

so by a substitution, it follows that we have to show that

F(s) :—/Rexp (st) (Z )

()3 (1= D0 =2): (=) (5]
_neXp vy J;O I(j+1) <?)7

for any real number s.



Sketch of Proof (continued).

Step Il. By partial integration we find that

F(s):= /Rexp(st)(zz::gpk(tf) dt = —1/exp (st)— (Zcpk( )

and using properties of the Hermite polynomials, one may verify

that
(X er(0?) = ~Vanen(then 1(0)
k=0
so that
Fls) = Y20 [ enlstiznteren (o)

_ @(22"—%7!(:7 - 1)!7r)1/2/ exp(st — %) Hy(t)Hn-1(t) dt.
S R



Sketch of Proof (continued).

Step Il Using the substitution y = t — %s we have that
exp(st — t2) = exp(—y?) exp(252), and hence

F(s) = F(z% Lni(n — )Iﬂ)_l/z/Rexp(st—t2)H,,(t)Hn_1(t)dt

= %(2<"*1)((n —1))%r) " exp(1s?)
x /Rexp(—yz)Hn(y +35)Hn-1(y + 35) dy.
Using then the following properties of the Hermite polynomials:
k
Hi(x + a) = Z (5) (2a)* H;(x), (x,aeR, keN)
j=0

and

Hi(y)Hi(y) exp(—y?) dy = 6y (2"k! /) (k,1 € No),



Sketch of Proof (continued).

we find that
Fls) = - (2D ((n— 1)) 7/ exp(3?)

£

Jj=

n—1 . .
52 (n—1)(n—2)---(n—j) /s%\J
= nexp(¥ E =,
= '(j +1)! < 2 )
as desired. ]



Wigner's semi-circle law

Wigner's semi-circle law

Theorem. For each nin N, let X, be a random matrix in
GUE(n, 1) and consider its spectral distribution jix,. Then

fx, — =\/4 — t21[_o2)(t) dt, as n — 0o,

i.e., for any continuous bounded function f: R — R we have

E{tr,(f(Xn))} = /f(x),ux (dx) — 27T/ (x)V4 — x2dx,

as n — oQ.



Wigner's semi-circle law

Proof of Wigner’'s semi-circle law.

By the continuity theorem for characteristic functions of probability
measures, it suffices to show that

E{trn(exp(zXn))} — / exp(zt)V 4 — t2dt, as n — oo
27 _

for any complex number z. Given such a z it follows by the previous
theorem and dominated convergence (for series) that

n—1 . .
E{trn(exp(zXn))} = exp( 5—2 Z n—1) (7(/ +)1)! (n—J) (i)J

Jj=0

o0

e jzoj!(j+ He



Wigner's semi-circle law

Proof of Wigner’s semi-circle law (continued).

On the other hand we have

1 expzt W4 —t2dt—/ (sztj>\/ — t2dt
=0

2w

as desired. ]



Wigner's semi-circle law

The strong version of Wigner’'s semi-circle law

Theorem. For each nin N, let X,, be a random matrix in
GUE(n, 1). Then there is a measurable set S C Q with probability
one, such that

IU/X,,(w) L % 4 — t21[7272](t) dt’ as n — 00,

forall win S.
In other words, for any interval / in R, we have

1 .
Tpe o n N0 et} — 277/ Vi 2,

IN[-2,2]

for all win S.



Wigner's semi-circle law
Sketch of Proof.

Step 1 (Concentration inequality). Let Gy, denote the
Gaussian distribution on RN with Lebesgue density

dGN,U(X)
dx

x|
= (2m0®) 2 exp(— %),

o

where ||x|| is the Euclidean norm of x. Furthermore, let
F: RN — R be a function that satisfies the Lipschitz condition

FO) = F)l <cllx—yl,  (xyeRY) (1)

for some positive constant c¢. Then for any positive number ¢, we
have that

G ({x € RV | |F(x) —E(F)| > ¢}) < 2exp ( — £5),

where E(F) = [pn F(x) dGuo(x), and K = 5.



Wigner's semi-circle law

Sketch of Proof (continued).

Step 2. Use (1) on the function

F(A) =tra(f(A), (A€ Ma(C)sa),
where f: R — R satisfies a Lipschitz condition:

fy) —f(x) <clx—yl,  (xyeR).
This yields the estimate

P(|tra(f(Xn)) — E{tra(F(Xa))}| > €) < exp(—TES).

c2

Step 3. Use the Borel-Cantelli lemmal



Harer-Zagier

A differential equation for the spectral density h,

Proposition. For any positive integer n, the spectral density h, of
a GUE random matrix X, satisfies the differential equation:

R0+ (4= () + xhu(x) = .



Sketch of proof.

Step 1. We have seen that
Un(z) = /Rexp(zt)h,,(t) dt = E{tr,(exp(zXn))} = ezz/z"n,,(zz/n)7

with 7,: R — R the function given by

S =1)(n—-2)--(n—))

'(j+1) .

kM

It is a classical result that 7, satisfies the differential equation:

Shn(5) + (2 + s)np(s) + (n = 1)mn(s) = 0. (@)



Sketch of proof (continued).

Step II. Using the substitution s = z2/n it follows from (2) that
satisfies the differential equation

n2z1/JZ(z) + 3n2¢ﬁ,(z) - (4n2z + 23)wn(z) =0.

Setting z = —iy for y in R, it follows that the Fourier transform
hn(y) = ¥n(—iy) satisfies the differential equation:

iy ! (y) + 3n%ik,(y) + (4n?iy — iy®)ha(y) = 0. (3)



Sketch of proof (continued).

Step IIl. Consider the co-Fourier transform F: L1(R) — L1(R)
defined by

F(y) = /R exp(iyt)f(1)d, (v €R),

and recall that by Fourier inversion Fhy = (2m) hp,.
Applying now F to (3), we obtain that h, satisfies

06) + (4 = xPVh () + xha(x) = O,

as desired. ]



Harer-Zagier

The Harer-Zagier Recursion Formulae

Theorem. For each nin N and p in Ny, put
Ao = [ EPhe)de = E{ers(X37)]:
R

where X, € GUE(n, 1). These moments satisfy the recursion
formula

(4p°> —1)p

(P —1n) + (4p+2)y(p. n),

(4)

(p+2)y(p+1,n) =

for any positive integer p.



Harer-Zagier

Proof of the Harer-Zagier recursion formulae

Since h, satisfies the differential equation
1
W60 (= XV (x) 4 xhn(x) = O,
it follows by multiplication by x?P*1 and partial integration that

0= / X2PTL(n72h) (x) + (4 — x®)hy(x) + xhn(x)) dx
R

= / (- n~2(2p + 1)(2p)(2p — 1)x?P~2 — 4(2p + 1)x*P
R

+ (2p + 3)x%PF2 + x®PT2) h,(x) dx

J— 2 —
_ Wv(p_l,n)_qzﬁ 1)7(p, n) +2(p+2)y(p+ 1, ),

from which (4) follows readily. [ ]



Largest and smallest eigenvalues

Convergence of largest and smallest eigenvalue for

a GUE matrix

Theorem. For each positive integer n, let X,, be a random matrix
from GUE(n, %) and let Amax(Xn) and Amin(X,) denote,
respectively, the largest and smallest eigenvalues of X,,. Then

lim Amax(Xn) = 2, almost surely,
n—oo
and
lim Amin(Xn) = =2, almost surely.
n—oo



Largest and smallest eigenvalues

Proof of limsup,_, . Amax(Xs) < 2 almost surely

It suffices to show that

Ve > 0: P(Iim SUp Amax(Xn) <2+ e) =1,

n—oo

which will follow if we show that
Ve > 0: P(/\maX(Xn) < 2+ ¢, for all sufficiently large n) =1,

which in turn follows from the Borel-Cantelli Lemma if we show
that

Ve > 0: Z Amax(Xn) > 2+ €) < o0. (5)



Largest and smallest eigenvalues

Proof of limsup,_,. Amax(Xs) < 2 (continued)

So let € > 0 be given, and then note that for any t > 0 we have by
Chebychev's inequality that for any t > 0,
P(Amax(Xn) = 24 €) = P(exp(tAmax(Xn)) = exp(t(2 + €))
(6)
= exp(—(2+ €)t)E{ exp(tAmax(Xn)) }-

Note here that

exp( tAmax(Xn)) = Amax(exp( tXn))

< Z Aj(exp(tXn)) = ntrn(exp(tXy)),

since all the eigenvalues of exp(tX,) are positive. Thus.....



Random matrices The GUE Nig semi-circle law

E{ eXP(t)\maX(Xn))} < nE{trn(exp(tXn))}

nfl n_ ) (2]

= nexp(5- Jz: 2 I(j +)1) =) (%) ’
t2 S n Y

< nexp(zn);w(;y

< nexp(ﬁ)i (th|)2

j=0
< nexp ;— (Z*)

= nexp( + 2t).



Largest and smallest eigenvalues

Proof of limsup,_,. Amax(Xs) < 2 (continued)

Comparing with (6) we conclude that
P(Amax(Xn) > 2+ €) < exp(—(2 + €)t)E{ exp(tAmax(Xn)) }
< nexp(—(2+ €)t) exp (% + 2t)
= nexp ( — €t + ;—i),
which holds for all t > 0. Putting t = ne we obtain
P(Amax(Xn) =2+ ¢€) < nexp (%62),

from which (5) follows immediately. ]



Largest and smallest eigenvalues

Proof of liminf, .. Anmax(Xn) > 2 almost surely

Let € be a positive number. Then for almost all w we have
#{ e {l... n} [ N(Xa(w)) = 2= €} = 0y () (2 — €0))
j=1

= npix,w)([2 — €,00))

— 0OQ,
n—o0

since, according to the strong version of Wigner's semi-circle law,

1 2
[ () ([2 — €,00)) — / Va4 —t2dt >0,
2—e

n—oo 27
for almost all w. It follows in particular that

liminf Amax(Xn(w)) > 2 —¢, for almost all w.

n—oo
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