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1. Microstate F're,e, Ent\rop:é:

(M,L) : a tracial WS prob. Sp.

( M: a aron Neumann a[%ebra
< ( or W* a[gebvc\)

T : a normal Faith. tracial
L state on M.

Mﬁ“: the set of all nun-

S@l&-&djdn‘b matrices
T\r‘Nt (usual) Trace on MN(‘B).
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Xo (X1,.... Xn; m, §)

< Lo Sup[ /\?‘n(rk(x‘,..., Xnj N,mag»

N=>¢n |
n |
+ T g N ]
XR(X., Xh) b Qm R<x| Xn”"”s)
XW
)4 (X| xh)v Su % X
3° R)Po R( Iy X)

: The (‘microstate) $ree entropy

of X, Xn
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TM“Lebesgue:’meaSure /\N on M:ﬁ'

[A‘J] e M

N __-|-,r (A) = "ziﬁlA.“;
-—-ZA“-l-Q.Z((ReA»&.)"‘(Im Atdr))

ve=| 1<
¢
(ll‘“HS . the Hilbert- Schmidt norm )
There{-ore,

Ae———(a) (B TReAD (FImAg) )

€SN ?
m

( M:lai “°“Hs> ( ’EN: the Euclidean nom)

and« N( D N
dA (A= 2 § /"Il'dA;;E&d(ReA;J)A(ImA{J)



Basic properties of X«

1° (Independence of cut oi—f—)

(Xoa(1, s X0 =) X (X Xn) = X (X, ... %)
Jor any R = moax Wzl
L |£3€n

2° For every single X with dist. M,
%) = §f oy |- lapeodplp+ 5+ 4 Lag2T
3° (Upper bound )
% (X, Xn) £ - og (5 z(x."+~--+x:))
4° (swbmoutiw;ﬂa) /
X (X1, Xn Y, )
< %(Xy,..., Xp) + X (7, ,...,Ym)



5° (Upper semicontinuit%>
(
(X:hz...,)(:)) > (Xl,...,xn>;'n4?st.
S;_F “(xl(k)s‘ ** XY“\O)"M {+too,

> 204X 2 Mimsup X x{)

ﬁ\dd ?tivit&theovem $or X

X, 2 hon-comm. s.a. r.uS

’...’

in a tracial W= prob. sbh.

@) Xi,...,Xn are $reely indep.
=> X()ﬂ Yoo ,Xn>= x(X) +--- + X (xn)

() The converse & (&) folds True
whenever %(X:)>-o0o $or l€i€n



2. Orbital Free Ehtvopg.

TUN) : the wnitam% 9roup o4 order N,
(Nei)

Kmﬂ) : the Haar prob. meas. on UN)

\Aa

$eMu
: distributi aa

Wi : distribution of SeMPw.rt +YN-

\—Jﬂ,'g: U(N) —_— MN %Wen 6‘3

Eng (V)= Ui UY Sor Ue U(Ny
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N,meMN,B 6 2>0
.;yb(X-, <3 Xt JU0, 50 (N Nm, 3 )

- (U, =(U
gwg 1oy Un)= (Y oUy,.., s mU))

e [ (X,..., Xn3N,m,§ ) J

XOYb (X|,... > Xh:E‘ g 0aed gn)

Dvm QmSu‘o
'g?(sw N->ew [ .6%‘“3( Torb (X150, X2
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5, ., 35 Nym, ) ) ]

t the orbival free entvopy of (x, . X,)
TN 3%y h |



Remar k:

Xorb (X.,...,Xh: L ST ) 1S independent
Q:S' the d\oiges o} §;(N,) & M:q', N &[N

N—> 6 L. lesien,

So %orbcxl,...,xntgn,...,&,) will be
denocted 590} Xovb(xl,...,xh)



Basic properties o Xerh

1° %o (XD =0 $or & single variable X

2° (Ne%ad:ivitn&> Xorb (Xi,..., Xn)= ©
37 (Subadditivity )
Xovb (X1,...,%Xn5 Y0, ..., Yin)
£ Xorb (X1 5.0y Xn )+ %o (M .0 Yom )
4° !(U'Ppew sem?cﬂont?nuin&)
(X%, X0 —> (%,,.... %)

In d?st.

= Yort (X‘ yeens xh>29~;m5“ﬁ’)‘oyb(x's'--,x”)~
R~—~>oo '



Main $ormula

n
X(Xy,..or Xn)= Xorb (X.,...,Xh)‘l“ é'mg

Lemma. | <pess , R>0, €50

Jmeml , 3550 st

$’ N e, q D] elR t diagonal matvices

\ with IDM<R,
\ N(Q"’)—*rNLDz )| <3, 12kem
'f = 15 - D"Pt <E

[ted D) -2(XD)] <3, 12ksm]



Sketch o the proot of Main formula

Mw& assume °

&N ’s a"e«dia}om\\ with || E;(N)"m—‘- "X;“N

B'a Lemmc\.,

VmelN Vs >o
S,Noel’N) SmoelN with my>m,

2
s.t.

YNzN , 1¥ien, VDeRY
l'h" (O™ - 'C(X°k')\ < 3, , Isk,smo

= D- 50l £ 22 (R= melbxil )




N2 N,
(Al, crey Ah) € rRCX|,... ,xh > N, mo,go)
Ai =T DuU:k dia%ona\l 12ation .

"—; D{, € AR(XL;N’MO’SO>

= D= ol < 2

2mR™

(B| ,-u,Bh).‘: EsCN)(.U'a'”:Uh) .
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= (U‘:“'3U“)
€ r;Yb (xh'" )xh : §|(N)"'°’ gh(N'); N,M,X)

50 that we foanve
(Ui, Un, Dy, -, Dn )

€ Tovip (X1 X (M), . By (N3 N, w0, )/T.,
X f__‘:' AR(X;; N,m,X)

The coordinate ch ange

A eME e—> (U.D) e T x Ry

N —> 7.‘004)3 7\\',4
where
[ o %U'(N): the Pt—ob. meas. oM U(Nyruv
< induced from Yy
o N (2E)N('Hyz' T‘- 2 N N
NN= 'ﬁ" X tc}(x‘ ’L&) ;l;l.' dy; ¢m|RZ

L k=1



THherefore,

X(Xg,...,Xh)
: | &n
st 5 0 AL ([ (5 s Ny )
+ 7'1— L0y N]
< Q;msuf[—- 9.0%( mN)®’/"\9“ (Evb(x')"°7xh:

N —>60

3,(N), . (N); N',m,s)/,n,nx T‘A (XN S))
+ N |

- Qh
N->00 [ N 9'03 ( oyb(xq ,Xn § (N), . i (V)

1+ i SLW. Qo}/\ ('_R(XI: XnJN m§)>



= XXy, ., Xo) € Xy (%1,-, X) + ;% (%)
—y

In Pavticulara Main Fovmula j,'.,ves
~ Xgrp, (XYY == X (%, YD+ 2 () +2(Y)
$ov o (non- comm. ) s.a. v X,Y
in (M,T) with %(x) , X(r) >-%

i.e., —Xovk S a kind o§ $ree
probability counterpart oS the

mutual information I(X;Y) S0
Twe veal vandom varviables X, Y.



AV I . «
Microstate mutual $ree m:f-orma:bton,?

¥ (Al; s An) : the (microstate -'S'ree)
mu,‘buw»l -S-\ree ih*o’rma,‘tion r}ar Subu\a..s

A\,---, An.

Cbn je cture - _ Xevhs (x )= ¥ (W*CX) > W(Y))?

Note : This is true when X, Y are
freely inderendent

e, = Xep, (X, )= 6= i¥(W*(x); W)

From the above point of view  we are
Tempted to write:

L(WHX0); - 3 WHOM)T = Koy (), X0 )

Cyvmicrogtate

. s )
mutual Free infovmation D

aond use the Term



Other properties

1° %o\»b(x!) Xn) depends Ohla upon
W*(’(l) W*(Xn)
i.e., yovb('x':‘“)x“>=xovb(xl,"") X;x)
dor s'a"s Cx‘a"')xh) ond. Cxl): et ) Xé)
with WX =W*(X{) for [sism
2° Xovh (Xg,,,., Xn)= 0 ifand only if
Xy ..., Xn are :S—ree_lt} ;ndependent.

The Siniteness asswmption of the

%(*:)’s is dvopped !!




