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von Neumann algebras
Let H be a separable complex Hilbert space.

Let B(H) be the set of all bounded linear
operators from H to H.

The adjoint of a bounded linear operator
T is the operator T™ characterized by the
identity

<T'v,w>=<v,Tw > Vo, w € H.



Weak operator topology (WOT) on B(H)
is the topology such that a sequence (or
a net) {Tn} converges to T in the weak
operator topology if and only if

<TO&U17U2> — <T’U]_,’U2>

for all vy,vo € H.

A von Neumann algebra M is defined to
be a selfadjoint subalgebra of B(H) which
IS closed in weak operator topology, i.e.

(H)VTeM, then T* € M; and
(i) MVOT = m.

Example: L°°(T, 1), where p is the Lebesgue
measure on the unit circle T.



Suppose M is a von Neumann algebra. De-
fine
M ={T e B(H) | ST=TS, VS € M}

to be the commutant of M and

ZM)=MnM
to be the center of M.

Factors are the von Neumann algebras whose
centers are scalar multiples of the identity,
i.e. Z(M) = CI. The factors are classified
by means of a relative dimension function
into type I,,, II7, II, III factors.



1. A factor M is a type I,, factor if it is *
isomorphic to B(H) for some n—dimensional
Hilbert space H.

2. A factor M is a type II; factor if and
only if that it is infinite dimensional al-
gebra and there is a positive linear map-
ping 7 from M to C such that 7(AB) =
7(BA) for each A and B in M and (1)
— 1. Such positive linear mapping 7 is
also called a “trace” on M.

3. A factor M is a type Il factor if it
is * isomorphic to R ® B(H) for some
II; factor R and a infinite dimensional
Hilbert space H.

4. All other factors are type III factors.



Examples of factors of type II;

We assume that GG is discrete countable
group and the Hilbert space H is ZQ(G). For
each g in G, let Ly denote the left trans-
lation of functions in I2(G) by ¢g—1. Then
g — Lg is a faithful unitary representation
of G on H. Let

L(G)=% —alg{Ly: ge ) 7

be the von Neumann algebra generated by
{Lg: g€ G}.

Proposition 1 (Murray and von Neumann)
If G is an infinity conjugacy class group
(Ve #= g € G, the cardinality of the set
{h=1gh | h € G} is infinite), then L(G) is
a I factor.



1. L(F(n)) (n>2), where F(n) is the free
group with n generators.

2. L(MN), where I is the permutation group
of Z (consisting of those permutations that
leave fixed all but a finite set of Z).

3. L(SL(3,7)), where SL(3,7Z) is the spe-
cial linear group with integer entries.



2. Free entropy theory

A result proved by Voiculescu using ran-
dom matrices

Proposition 2 Let L(Fy,) be the free group
factor on n generators with the tracial state
T, anduy,...,un be the standard generators
of L(Fy). For each m,k > 1 and € > 0, let

Qm,e(k) ={(U1,...,Un) € U(k)" |
TR (U - U;;p) — 7 (ut - ugf)| <e
forall 1<p<m,1<iq,...,%p <n,
{7717 e 77719} C {17 *}}
Then
M (2 e(k)) = 1,
k— 00

where p;. IS normalized Haar measure on
U(k)™.



Free entropy

Let M, (C) be the k x k full matrix algebra
with entries in C and 7, be the normalized
trace on M(C), i.e., 7, = +Tr, where Tr is
the usual trace on Mk(C). Let M7p® denote
the self-adjoint complex matrices. The eu-
clidean norm || |l[e on (M;*)™ is given by

[(Ag,..., A)||2 = Tr (A$ +--- + A2),

for each (Aq,...,An) in (M7*)™. Let A de-
note the Lebesgue measure on (M;%)™ in-
duced by the euclidean norm || |le.



Voiculescu’s microstate space

Let (M, 7) be a free probability space. (In
our case, M is a von Neumann algebra with
a faithful normal tracial state 7).

Let X4,...,Xn be self-adjoint elements in
M. For e, R>0, m,k €N, let

Mp(X1,..., Xn;m,k,€)

be a subset of (M;*)™ consisting of all

(Al,,An)

in (M;*)"™ such that

[T ( Xy - Xop) — (A4 - A <oe
for all 1 < p < m, 1 < 1,...,% < n and
|4/l < R,1<j<m.



Then, we define successively,
XR(X1,...,Xn,m,k,¢)

= log A(lMp(X1,...,Xn;m,k,€)),
Xr(X1,...,Xn,m,¢)

= lim sup (k_QXR(Xl, o Xnim, kK, €) —|—glog k) ,

k— o0

— inf{Xr(Xl,...,Xn;m,e) . mEN,€>O},

X(Xla"'7Xn)
= Sup XR(Xl,...,Xn).
R>0
Proposition 3 Let R > max{||X4]|,..., || Xn||}

be a positive number. Then

x(x1,...,zn) =limsupxp(x1,,...,Tn).

w—



D. Voiculescu proved the following

Theorem 1 Basic Properties of x(X1q,...,Xn),

1. Upper Bound

Y(X1,...,Xn) <2 nlog(2ren=1C?)

where C? = 7(X? + --- 4+ X2). In par-
ticular x(Xq,...,Xy) is either finite or

—OQ.

Proof: Let C1 > /7(X?+ -+ + X2) and

r={(A1,...,An) € (M;*)" |
I(A1, ..., An)lle < VEKC1}.

Then when m is large enough and € is
small enough, we have

Fr(X1,..., Xnik,m,e) CT.



But

ﬂ.nk2/2(\/Ecl)nk2
(14 nk?2/2)
Using the sterling’'s formula, we have

2 /5 \nk?2/2
I_(l—I—nk:Q/Q)z\/nka(nk /52)/2 .
en

Thus

A(M) =

. log(A(l")) | n
llll;n—?o%p( 2 -+ 5 log k)

<2 1n |Og(27ren_lC%)

2. One Variable Case

3 1
x(X) = [[ tog |s—t|du(s)du(t)+5+3 log 2,
where p is the distribution of X.

3. If X4,...,X, are freely independent, then,
x(X1,..., Xn) = x(X1) + -+ x(Xn)



Free entropy dimension

Covering number in complex matrix al-
gebras

Let M (C) be the k x k full matrix algebra
with entries in C, and 7, be the normalized
trace on My(C), i.e., 7, = +Tr, where Tr
is the usual trace on M (C).

Let M (C)™ denote the direct sum of n
copies of M (C).

Let |||/ denote the trace norm induced by
1. on Mp(C)", i.e.,

1(A1, ..., An)l|5 = T(ATAD)+. . - +7p(A5AR)
for all (A1,...,An) in M (C)™.



For every w > 0, we define the w-|| - ||>-ball
Ball(B1,...,Bn;w,|||2) centered at (B4, ..., Bn)
in M (C)™ to be the subset of M (C)™ con-
sisting of all (Aq,...,An) in M,(C)™ such
that

I(A1, ..., An) — (B1,..., Bn)ll2 < w.

Definition 1 Suppose that 2 is a set in
M (C)". We define v5(3,w) to be the min-
imal number of w-|| - ||2-balls that consist a
covering of X in M (C)™.



Voiculescu’s microstate spaces

Let (M,7) be a finite von Neumann al-
gebra, Xq,...,X, be elements in M. For
e, R >0, mkeN, let

Mp(X1,..., Xn;m,k,€)
be a subset of (M;%)™ consisting of all
(A]_, c ooy An)
in (M;*)"™ such that
T( Xy - X5,) — Tk(Ar?ll . A,Zf)| < e,

forall 1 < p <m, (i1,...,ip) € {1,...,n}?,
N,---,Mn € {1,%} and [[A;]| < R, 1 < j < m.



Now we define, successively,

oo(x1,..., 20w, R,m,€)
— lim sup log(vo(IMp(x1,...,xn;mk,€),w))
k— o0 —k:2|ng
do(x1,...,2n,w, R)
= inf dp(xq,...,2n,w,R,m,e¢)
meN,e>0
oo(x1,...,2n,w)
= Sup 50(:131, y e ,:cn;w,R)
R>0
doo(x1,...,2n)
= limsupdp(z1,,...,2n,w),
w—s
where 6g(x1,,...,xn) is called the free en-
tropy dimension of x1,...,zn. (Here we

used an equivalent definition by Jung [12])



Proposition 4 Let R > max{||X4|,..., || Xnl|l}
be a positive number. Then

oo(x1,...,xn) = limsupdpg(xq,,...,zn;w, R).

w—0



Theorem 2 Let L(F,) be the free group
factor on n generators with the tracial state
T, anduq,...,un be the standard generators
of L(Fy). Then

do(ug,...,un) = n.

Proof: It follows from Proposition 2 that,
for every m > 1 and € > 0O, there are some
positive integer km  and a sequence of sub-
sets {Qm,e(k) 2, _ such that

1
/’Lk(Qm,E(k)> Z 57 for k Z km,Ga
where pj;. IS normalized Haar measure on

U (k)™

Foreach R>1and m' > 1, ¢ > 0, it is not
hard to verify that, when m is large enough
and e is small enough, for any k > kp e,

Qme(k) C T r(u1,...,un; k, m’, €



Note there exists constant C (not depend-
ing on k) such that for any ball centered at
(Uq,...,Un) with radius w (with respect to
2-norm) we have

1w (Ball((Uy, . .., Un),w)) < (Cw)™ V0 <w<1.

T hus,

Vo (T p(ut, - . un kym!,€),w) > (Cw) ™.

Therefore

do(ui,...,un) = n.



Lemma 1 Let x be a normal element in
a von Neumann algebra M with a tracial
state 7. Let R > ||z||. For every w > 0,
there is some positive integer m such that,
for all Kk > 1, if A, B are two matrices in
M. (C) satisfying

1
A7 B € rR(.iU, ka m, _)7
m
then there is some unitary matrix U in U(k)
such that

|[UAU™ — B2 < w.

Proof: Suppose on the contrary that the
following holds: there is some wg > 0 such
that for every m > 1, there is some k,;, > 1
and some self-adjoint matrices A,,, By in
My, (C) satisfying

1
Am7 Bm S I_R(aji k) m, _>7
™m



and ||[UARU* — Bml|lo > wg for all unitary
matrix U in U(km).

Let o be a free filter on N then denote by
My, (C)* the ultrapower of {M;, (C)}o°_,
along the free filter o, (M, )7 is the quo-
tient of the C* algebra [[,, My, (C) by the

O-ideal of the norm || - ||, Where
1Y)z ll20 = 1im [[Yonll2

for each (Ym)5o_¢ in [1,, My, (C).

Let v or ¢ be the mapping from W*(x)
to W*([(Am)5y=11), or W*([(Bm)5y=1]), in-
duced by

r — [(Am)rr—1]

z — [(Bm)m=1l

Then ¥ and ¢ are two trace preserving -
iIsomorphisms.



For any w > 0O, there are mutually orthogo-
nal projections pq,...,pn in W*(x) and com-
plex numbers ay,...,an such that

n

lz — > aipill2 < w/3.
i=1

Thus

(A =11 = > aip(P) 2,0 < w/3
i=1

1[(Bm)m=1] — >_ ai¢(@)ll2.0 < w/3

=1

Note that M, (C)* is a factor of type IIj.
There is a sequence of unitary matrices
{Un}>°_1 with Up, in My, (C) such that

n

(Um) 110" aib ) (Um) ) = S as6(pp).
=1

1=1



Hence limm—a ||UnAmU,—Bm||2 < w, which
contradicts with the assumption that

|UARU™ — B2 > wo

for all unitary matrix U in U(km). There-
fore, the statement of the lemma is true.

Theorem 3 Suppose that x is a normal el-
ement in a von Neumann algebra M with
a faithful normal tracial state . Then

oo(x) < 1.



2.4 Some results

1. Voiculescu showed that if x is an self-
adjoint element of a von Neumann al-
gebra M with the tracial state =, then

So(z) =1 =Y (v(E{t})),
t

where FE is the spectral prejection of x
in (M,T1).

2. Jung showed that if M is a finite hy-
perfinite von Neumann algebra, i.e.

M~ Mg & (@7],\[:1./\/17%(@))

with a faithful tracial state

T =170 D (@7];\]:175727'?%)7



where Mg is a diffuse von Neumann al-
gebra. Then

2
4
2°
()

oo(x1,...,an) =1— >

i=1"

. Voiculescu showed that if uq,...,un are
the standard generators of L(Fy), then

do(ui,...,un) = n.

. Voiculesu showed that if Xq,...,Xy is
a family of generators of a finite von
Neumann algebra M with a Cartan sub-
algebra, then

. Ge showed that if Xq1,..., Xy, is a family
of generators of nonprime II; factor M,



i.e., M is a tensor product of two type
II; factors, then

So(X1,...,Xn) < 1.
In particular, L(F(n))(n > 1) is prime.

. K. Dykema computed the free entropy
dimension for the von Neumann alge-
bras with finite multiplicity and the ones
with property C.

. M. Stefan showed that the free group
factors L(F(n)) don’'t have nonprime
subfactors with finite index.



8. Let M be a type II; von Neumann al-
gebra. If there is a sequence of "Haar”
unitaries (a unitary w is called the Haar
unitary if 7(u™) = 0 for n # O){uj}f??O:1
in M such that

(a) {uj}f??ozl generate M, and

(b) uj_|_1uju3’f_|_1 is in the von Neumann
subalgebra generated by {uq,...,u;}
for all y > 1,

then, we showed

60(X17 < 7Xn> S 17

when Xq,...,X, is a family of genera-
tors of M.

9. Jung and Shlyakhtenko showed that all
generating set of all property T von



Neumann algebra have free entropy di-
mension lass than or equal to 1.



Topological free entropy dimension

Covering number in complex matrix al-
gebras M, (C)

Let M. (C) be the k x k full matrix algebra
with entries in C, and 7, be the normalized
trace on My(C), i.e., 7, = +Tr, where Tr

is the usual trace on M (C).

Let M (C)"™ denote the direct sum of n
copies of My (C). Let M7%(C) be the sub-
algebra of M (C) consisting of all self-adjoint
matrices of M(C). Let (MZ%(C))™ be the
direct sum of n copies of M7¢(C).



Let || - [|co denote the operator norm on
Mk(C)n, l.e.,

(A1, ..  An)lloc = max{[[A1]|,. .., [|Axnl[[}
for all (Aq,...,An) in M (C)™.

For every w > 0, we define the w-|| - ||-ball

Ball(B1,...,Bn;w,]|||) centered at (B1,...,Bn)

in M. (C)™ to be the subset of M, (C)™ con-
sisting of all (Aq,...,An) in M, (C)™ such
that

I(A1,...,An) = (B, ..., Bp)|| < w.

Definition 2 Suppose that 2 is a set in
M (C)".  We define voo(X,w) to be the
minimal number of w-|| - ||-balls that consist
a covering of = in My(C)™.



Noncommutative polynomials In this ar-
ticle, we always assume that A is a C*-
algebra. Let zq,...,zn,y1,...,ym are self-
adjoint elements in A. Let

1€C(Xq1,...,Xn,Y1,...,Ym)

be the noncommutative polynomials in the
undeteminates Xiq,...,Xn,Y71,..., Y. Let
{FPr}>2 be the collection of all noncommu-
tative polynomialsin C(Xq,...,Xn,Y1,...,Ym)
with rational coefficients. (Here “rational
coefficients’” means that the real and imag-
inary parts of all coefficients of P, are ra-
tional numbers).



Voiculescu’s Norm-microstates For all in-
tegers r,k > 1, real numbers R,e > 0 and
noncommutative polynomials Py, ..., Pr, we
define

I_R(xl,...,Z‘n,yl,...,ym;k,E,P]_,...,Pr)

to be the subset of (M$:4(C))"T™ consist-
ing of all these

(A1,..., An, By,..., Bm) € (MFA(C)"T™
satisfying

max{[|A1ll,-.., | Anll, IB1l,- .-, |Bmll} < R
and
||P](A1, oo .,An,Bl, .. ,Bm)

—Pj(xl,ym’nnyl))ym)”
<e V1<j<r



In the definition of norm-microstates space,
we use the following assumption. If

P](wl,axnay]_))ym)
N
= aQ - IA -+ Z Z Qjq.igRiq """ Rig
s=11<21,...,is<n+m

where zq1,..., 2,4, denotes xq1, ..., Tn, Y1,-- -, Ym
and ag, a;,...;; are in C, then

Pj(Al,...,An,Bl,...,Bm)

N
=oag-Iy+ . Ay owisZiy -+ Zig
s=11<41,...,is<n+m

where 71, ..., 2,4, denotes Aq,..., Ap,B1,...,Bm
and I, is the identity matrix in My (C).



We define the norm-microstates of z1,...,xzn
in the presence of yq1,...,ym, denoted by

Mp(z1,...,2n Y1y, Ym, k, 6, P1,..., Pr)

as the projection of

l—R(x].)"'7xn7y17°"7ym;k767P17“'7PT)
onto the space (M3%(C))" via the mapping

(Al,...,An,Bl,...,Bm) — (A]_,,An)
Voiculescu’s topological entropy dimen-
sion
We define

Voo(Tp(x1, .-y 2n Y1, ym; k, 6, P1,..., Pr),w)

to be the covering number of the set

Mp(z1,...,2n Y1y, Yym, k, 6, P1,...,Ppr)



by w-||-||-balls in the metric space (MF*(C))"
equipped with operator norm.

Define
5150]?(:617"'7 CUn,y]_,...,ym;’I“,E,R,W):
Voo (I p(Z,y ke, P1,...,Pr),w
lim sup co(MRr(Z, ¥ . 1 ), W)
k—s 00 — k< logw
5t0p(£17°°°7 xnayla"'aym;w):
supinf Siop(x1,--.5 Tn, Y1, Ymi 7€ R, w)
R r,c

The topological entropy dimension of

x1,...,xn N the presence of yi1,...,ym IS
defined by
5t0p(w17°"7 w’nnyl)"'aym)

= limsup d¢op(x1,. .-y Tn, Y1, - -+ Ym; W)
w—00



Results of topological free entropy di-
mension

1. Suppose that z1,...,zn IS a free fam-
ily of semicircular elements. Voiculescu
showed, using the result by Haagerup
and Thorbjornsen, that

5t0p(a’;1, .« .. ,.CEn) = n.

2. Suppose that z is a self-adjoint element
in a unital C* algebra A. Then

1
) =1-—
top(w) o

where n is the cardinality of the spec-
trum of =z in A.

3. Suppose that A is a finite dimensional
C* algebra and dimc.A is the complex



dimension of A. If z1,...,xy is @ family
of self-adjoint generators of A, then

1
dim@.A‘

5t0p(x17 - . 7337’&) =1-

. Suppose that A is a C* algebra with a
unique tracial state . Then

6t0p(x17 <. ,,CUn) < 50(%1, ey I T)7

for any family of self-adjoint generators
Llyee+93Ln Of ./4

. Suppose that A is a infinite dimensional,
unital, simple C* algebra with a unique
tracial state and suppose that A has
the approximation property. Then

5t0p($1, .« .. ,xn) Z 1,



where x1,...,xn IS a family of self-adjoint
generators of A.

Suppose A is a C* algebra and x1,...,xn

is a family of self-adjoint elements of A
that generates A as a C* algebra. If for
any R > max{||z1|l,.... lzall, lw1ll, - - lymll},
r >0, e >0, there is a sequence of pos-
itive integers k1 < ko < --- such that

r%op)(f:g’;ks,e,Pl,---,Pr) #~ @, Vs>1

then A is called having approximation
property.

. We have

Stop(@1, -y n) = 1

where x1,...,xn IS a family of self-adjoint
generators of UFH algebra, or irrational
rotation algebra, or C,.;(F5)®minCrea(F2).



7. Suppose that A and B are two unital
C* algebras and z1 ® y1,...,2n B yn IS
a family of self-adjoint elements that
generates AP B. Assume

S — 5t0p(3317 ey Tn)

and

t = Otop(Y1,---,Yn).

(i) Ifs>1ort>1, then

5t0p<331 DYL; -, Tn D yn) — maX{S, t}

(i) If s < 1, t < 1 and both fami-
lies {x1,...,zn}, {y1,...,yn}t are stable,
then

st—1
s+t—2°
and the family of elements x1®yq,...,zn®
yn 1S also stable.

5t0p(x1 DYl Tn D yn) —



A family of elements zq,...,2n in A is

called stable if for any o < §iop(x1,...,2n)
there are positive numbers C3 > 0 and

wog >0, r9g>1, kg > 1 so that

1
VOO(rgop)(wlw'wxn;Q'kOa;ap]_a"wP’l“)aw)

2 a-(q-ko)?
w
VO<w<wg,r>rg,q € N.

Y

. (Work in progress) Suppose that A a
unital C* algebras and B = A& M, (C).
Suppose

1
Tq =Zx§t>®est,...,xnZng?)(X)eSt

is a family of self-adjoint elements in
B that generates B, where {ey}7,_; is
the canonical system of matrix units of



Mn(C). Then

Stop({asy)) = 1

Gtop(1,- - yom) = 1 4 S
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