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Definitions

Non commutative probability space :
Unital Algebra A + linear functional Φ : A 7→ C (state).

Additional requirements :
1 Involutive Banach algebras (A , ?, || · ||).
2 C?-algebras : ||aa?|| = ||a||2,
⇒ B(H) (H : Hilbert space), Φ(a) =< aξ, ξ >, ||ξ|| = 1 (pure
state) ⇔ GNS representation.

3 W ?-algebras: weakly closed subalgebra of B(H) ⇔ A ′′ = A .

∩p≥1L
p(Ω,F , P)⊗Mm(C) : the space of random matrices of

all order moments with the normalized trace expectation:

Φ(a) =
1

m
E(tr(a)) := E(trm)
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Asymptotic + Free convergence

(Xi (m))i∈I : a collection of square random matrices.

∀ i1, . . . ir ∈ I (Asymptotic Convergence)

lim
m→∞

E{trm(Xi1(m) . . .Xir (m))} = Φ(Xi1 . . .Xir )

in some NCPS (A ,Φ).

⇔ ∀P ∈ C〈Xi , i ∈ I 〉

lim
m→∞

E{trm(P(Xi1(m), . . . ,Xir (m))} = Φ(P(Xi1 , . . . ,Xir )

⇒
lim

m→∞
E{trm(X r

i (m)} = Φ(X r
i ), i ∈ I .

Free asymptotic convergence : (Xi )i∈I free family.
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Voiculescu result

Gaussian unitary ensemble (GUE(m, 1)):

X (m) = (Xij)1≤i ,j≤m, X (m) = X (m)?,

Xij =


Nii if i = j
N 1

ij +
√
−1N 2

ij√
2

if i < j

(Nii ), (N 1
ij ), (N 2

ij ) : independent standard Normal variables.

Independent normalized matrices ∈ GUE(m, 1/m)
CA

m →∞
Free semicircular system.

Wigner Theorem :

E

(
1

m

m∑
i=1

δλi/
√

m

)
weakly−→ semicircle (or Wigner) law
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Free stochastic Processes

Definition: a collection of random variables indexed by time
t ≥ 0.

Examples
1 Free additive Brownian motion.
2 Free complex Brownian motion.
3 Free multiplicative Brownian motion.
4 Free Wishart process.
5 Free Jacobi process.
6 Haar unitary random variable.
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Definitions

X = X ?, X0 = 0.

Free increments : {Xt − Xs , 0 ≤ s < t}.

Stationary increments : Xt − Xs
L
= Xt−s .

L (Xt) : σt(dx) =
1

2πt

√
4t − x21[−2

√
t,2
√

t](x)dx

Complex free BM: X 1,X 2 free free additive BMs,

W :=
X 1 +

√
−1X 2

√
2

Multiplicative free BM: Y0 = 1 (identity element) +Yt unitary
+ free and stationary (left or right) multiplicative increments.

L (Yt) : Σt(z) = e
t
2

1+z
1−z (Bercovicci-Voiculescu).
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Voiculescu’s result Consequence

From GUE to Hermitian Brownian motion:
Independent standard Normal variables

⇓
Independent standard Brownian motions

⇓
Hermitian Brownian motion

⇓
independent normalized increments ∈ GUE

⇓
Free additive BM (Voiculescu result).

Similar results:

Non selfadjoint Brownian matrix
CA→ Free complex BM.

Unitary Brownian matrix
CA→ Free multiplicative BM.

Haar unitary matrix
CA→ Haar unitary variable.
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Free stochastic integration (Biane-Speicher)

Bi-process : Ut :=
∑r

i=1 Ai
t ⊗B i

t ∈ (A ⊗A op,Φ⊗Φ), t ≥ 0.

Simple bi-processes : 0 = t0 < t1 · · · < tk−1 < tk = T{
Ut =

∑r
i=1 αi

p ⊗ βi
p,∈ A ⊗A t ∈ [tp, tp+1[,

Ut = 0 t > T ,

X : free additive Brownian motion.

U : simple bi-process∫ ∞
0

Us]dXs :=
r∑

i=1

k−1∑
p=1

αi
p(Xtp+1 − Xtp)β

i
p

Extension to bi-processes: Itô’s free formula for polynomials
and globally Lipschitz functions (Biane-Speicher).

Example : free multiplicative Brownian motion:

dYt =
√
−1dXtYt −

1

2
Ytdt
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Complex Wishart and free Wishart processes

Complex Wishart : B(p,m) complex Brownian matrix p ×m

Zt(m) := B?
t (m, p)Bt(p,m), W (p,m,Z0(m))

Free Wishart process W (λ, Z0) (Capitaine-Donati):
m ∨ p(m) ≤ d(m)

Zt := lim
m→∞

B?
t (m, p(m))Bt(p(m),m)

= lim
m→∞

PmB?
t (d(m))Qp(m)Bt(d(m))Pm

= PW ?
t QWtP

where

Pm =

(
Im

0

)
Qp(m) =

(
Ip(m)

0

)
such that

lim
m→∞

p(m)

m
= λ > 0.
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Spectral distribution

Free Wishart variable (t = 1) : Marchencko-Pastur or free
Poisson distribution

g(x) =


λ
√

(b − x)(x − a)

2πx
if λ ≥ 1

λ
√

(b − x)(x − a)

2πx
+ (1− λ)δ0 if 0 < λ < 1

where b = (1 +
√

λ)2, a = (1−
√

λ)2.

λ ≥ 0: additive convolution semi group of the variable λ
(Anshelevich).
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Complex Jacobi and Free Jacobi processes

Θ(d) : d × d unitary Brownian matrix.

X (m, p) : m × p upper left corner.

J := X (m, p)X ?(m, p) : m ×m (Doumerc).

Free Jacobi process FJ(λ, θ, J0) (Demni): m ∨ p(m) ≤ d(m)

Jt := lim
m→∞

X (m, p(m))X ?(m, p(m))

= lim
m→∞

PmΘt(d(m))Qp(m)Θ
?
t (d(m))Pm

= PYtQY ?
t P

where

Pm =

(
Im

0

)
Qp(m) =

(
Ip(m)

0

)
such that

lim
m→∞

m

p(m)
= λ > 0, lim

m→∞

p(m)

d(m)
= θ ∈]0, 1].
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Stationary Jacobi case

Stationary complex Jacobi or JUE or Beta matrix
(Casalis-Capitiaine, Collins, Demni)

Θ : Haar unitary Brownian matrix.

Cauchy transform

G (z) =
(2− r)z + (1/λ− 1) +

√
Az2 − Bz + C

2z(z − 1)

where A = r2 = 1/(λθ)2, B = 2(r + (r − 2)/λ) et
C = (1− 1/λ)2.

⇒

µ(dx) =

√
(x+ − x)(x − x−)

2πλθx(1− x)
dx + a0δ0 + a1δ1

λ ∈]0, 1] ⇒ a0 = 0, θ ≤ 1/(λ + 1) ⇒ a1 = 0 (injectivity).
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More...

Stationary case +λ = 1, θ = 1/2 : Tchebycheff polynomials
of the first kind martingales:

(Mk
t := ektTk(2Jt−P))t≥0, Tk(x) := cos(k arccos(x)), k ≥ 0.

General case : non linear partial differential equation for the
Cauchy transform Gt :

∂tGt(z) = ∂z{[(1−2λθ)z−θ(1−λ)]Gt(z)+λθz(z−1)G 2
t (z)}

Stationary case : Gt = G ,

[(1− 2λθ)z − θ(1− λ)]G (z) + λθz(z − 1)G 2(z) = −λθ
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Free SDE

W : free complex Brownian motion.

Free Wishart (Capitaine-Donati): λ ≥ 1 (injectivity),

dZt =
√

ZtdWt + dW ?
t

√
Zt + λPdt

Uniqueness of the solution for λ > 1 (invertibility).

Free Jacobi (Demni) : λ ∈]0, 1], θ ≤ 1/(λ + 1) (injectivity),

dJt =
√

λθ(
√

JtdWt

√
P − Jt+

√
P − JtdW ?

t

√
Jt)+(θP−Jt)dt

Uniqueness ?
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