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@ Non commutative probability space :
Unital Algebra <7 + linear functional ¢ : &7 — C (state).
@ Additional requirements :
@ Involutive Banach algebras (&7, %, || - ||).
@ C*-algebras : [[aa*|| = ||a||?,
= B(H) (H : Hilbert space), ®(a) =< a&,& >, ||¢]| =1 (pure
state) < GNS representation.
© W*-algebras: weakly closed subalgebra of B(H) & &/ = 7.
° Np>1LP(Q,.#,P) ® Mn(C) : the space of random matrices of
all order moments with the normalized trace expectation:

o(a) = - E(tr(a)) = Eftry)
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Asymptotic + Free convergence

@ (Xi(m))ies : a collection of square random matrices.
e Vii,...ir € I (Asymptotic Convergence)

lim E{trm(X,-l(m) .. X,,(m))} = CD(X,'I ... X,'r)

m—0o0

in some NCPS (<7, ).
e & VP eC(X,iel)

lim E{tr,(P(Xi(m),..., X

(m))} = ¢(P(X,‘1, ce ’Xir)

° =
lim E{trm(X"(m)} = &(X7), i€l
m—0o0

e Free asymptotic convergence : (Xj);e/ free family.
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Voiculescu result

e Gaussian unitary ensemble (GUE(m, 1)):
o X(m) = (Xj)i<ij<m, X(m) = X(m)*,

Nii
Xj =14 Nj+V-IN;

V2

(Nii), (/\/,Jl), (N?2) : independent standard Normal variables.

i
. . CA
@ Independent normalized matrices € GUE(m,1/m) m — oo

Free semicircular system.

@ Wigner Theorem :

1 = weakly .. .
E|— g J 1 W 1
<m 2 N/ \/5) —"  semicircle (or Wigner) law

Nizar Demni Paris VI University Free Processes via Matrix Theory Concentration week on free P



Free stochastic Processes

o Definition: a collection of random variables indexed by time
t>0.
o Examples

Free additive Brownian motion.

Free complex Brownian motion.

Free multiplicative Brownian motion.
Free Wishart process.

Free Jacobi process.

Haar unitary random variable.

000000
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e X =X* Xo=0.
@ Free increments : {X; — X5, 0 < s < t}.

. . A
Stationary increments : X; — Xs = X;_s.

ZL(Xe) : 0¢(dx) \/4t—x 1 o z00q(X)dx
Complex free BM: Xl,X2 free free additive BMs,
X!+ /—1X?
W=——
V2

Multiplicative free BM: Yy = 1 (identity element) + Y} unitary
+ free and stationary (left or right) multiplicative increments.

ZL(Ye)  Li(2) = R (Bercovicci-Voiculescu).
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Voiculescu's result Consequence

@ From GUE to Hermitian Brownian motion:
Independent standard Normal variables

4

Independent standard Brownian motions

4

Hermitian Brownian motion

4

independent normalized increments € GUE

4

Free additive BM (Voiculescu result).

@ Similar results:
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4

Independent standard Brownian motions
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@ Similar results:

.. . . CA
@ Non selfadjoint Brownian matrix = Free complex BM.
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.. . . CA
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. . . CA T .
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Voiculescu's result Consequence

@ From GUE to Hermitian Brownian motion:
Independent standard Normal variables

4

Independent standard Brownian motions

4

Hermitian Brownian motion

4

independent normalized increments € GUE

4

Free additive BM (Voiculescu result).

Similar results:

.. . . CA
Non selfadjoint Brownian matrix = Free complex BM.

. . . CA T .
Unitary Brownian matrix — Free multiplicative BM.

. . CA . .
@ Haar unitary matrix = Haar unitary variable.
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Free stochastic integration (Biane-Speicher)

Bi-process : Uy :=>."_Al®@ Bl € (o @ SP,dx®), t >0,
Simple bi-processes : 0 =ty < t1-- - < th1 <t =T

{ Ue =311 0p @ p, € o © A t € [tp, tpa,

Ut:Ot> T,

@ X : free additive Brownian motion.
@ U : simple bi-process
) r k-1
/0 UstdXs := > > ab(Xe,,, — X5,) 50
i=1 p=1

@ Extension to bi-processes: 1td's free formula for polynomials
and globally Lipschitz functions (Biane-Speicher).

Example : free multiplicative Brownian motion:

1
dYt =V —1dXth- - EYtdt
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Complex Wishart and free Wishart processes

e Complex Wishart : B(p, m) complex Brownian matrix p x m
Zt(m) = B:(ma P)Bt(P, m)? W(P, m, Zo(m))

@ Free Wishart process W(\, Zy) (Capitaine-Donati):
m v p(m) < d(m)

Z. = lim_Bf(m. p(m))Be(p(m), m)
= lim_PpB; (d(m)) Qpm) Be(d(m)) Py
= PWt*QWtP

I'm Lim
n(0) one(5 )

such that

where
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Spectral distribution

o Free Wishart variable (t = 1) : Marchencko-Pastur or free
Poisson distribution

A/ (b—x)(x — a)

o . it oa>1
g(x) = X
A/(B = X)(x =
(b=x)=3) 4\ i 0<r<1
27X

where b= (1+V)\)?, a=(1-V\)>2
@ )\ > 0: additive convolution semi group of the variable A
(Anshelevich).

Nizar Demni Paris VI University Free Processes via Matrix Theory Concentration week on free P



Complex Jacobi and Free Jacobi processes

e O(d) : d x d unitary Brownian matrix.

e X(m,p): m x p upper left corner.

e J:=X(m,p)X*(m,p): mx m (Doumerc).

@ Free Jacobi process FJ(, 0, Jy) (Demni): mV p(m) < d(m)

Je = lim_X(m, p(m))X*(m, p(m))
= lim_PnO:(d(m)) Qu(m©7(d(m))Prm
= PYtQYt*P

Im Lim
() e (50)

such that

where
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Stationary Jacobi case

@ Stationary complex Jacobi or JUE or Beta matrix
(Casalis-Capitiaine, Collins, Demni)

@ © : Haar unitary Brownian matrix.

@ Cauchy transform

2-rz+1/A=-1)+VAz2-Bz+ C

6(2) = 2z(z—1)
where A=r2=1/(\0)?, B=2(r+ (r —2)/\) et
C=(1-1/N2
° =

_ VO =)= x)
() = 27—:)\0x(1 - x)

@ A€]0,1]=ap=0,0<1/(A+1)= a; =0 (injectivity).

dx + agdp + a101
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More...

e Stationary case +A =1, # = 1/2 : Tchebycheff polynomials
of the first kind martingales:

(MK .= e T\ (24;—P))i>0, Tk(x) := cos(k arccos(x)), k > 0.

@ General case : non linear partial differential equation for the
Cauchy transform G;:

0:Ge(z) = 0,{[(1 —2X0)z—0(1 = \)] Ge(2) + \0z(z—1)G2(2)}
@ Stationary case : G; = G,

[(1—2X0)z — (1 — \)]G(2) + Nz(z — 1)G?(2) = — )\
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Free SDE

W: free complex Brownian motion.
Free Wishart (Capitaine-Donati): A > 1 (injectivity),

(]

dZy = \/ Z;dW; + dWiN/ Z; + APdt

Uniqueness of the solution for A\ > 1 (invertibility).
Free Jacobi (Demni) : A €]0,1], # < 1/(A+ 1) (injectivity),

dJy = \/E(\/jtth\/P - Jt+\/P - Jtth*\/jt)"‘(eP—Jt)dt

@ Uniqueness 7
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