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All know

(FG) = F'G+ FG (product rule)
(Fo @) = F(G)G (chain rule)
1
(F~ Y = T (inverse function rule)
What about

(FG)////

(F o G)////

(F_l)””?

Use Taylor series (invented by Newton)

Once have the answer, can check it even if don’'t have
Taylor expansions.
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Problem: find the coefficients in the power series expan-
sions of

FG, FoG, r L



PRODUCT RULE.

F(z) =ag+ a1z + axz® + ...
G(z) = by + bz + boz? + . ..

(ag + a1z + asz® 4+ ...)(bg + biz + boz® +...)
= agbg + (agby + a1bg)z + (agba + a1by + azbg)z? + .

@) ©.@)
F(z)G(z) = > anz™ > _ bkxk
n=0 k=0

@) O 0 m
= > ) anbpz™ Tk = > ) anbm_nz™.
n=0 k=0 m=0 n=0
Thus

F(x)G(xz) = i cmax’,
m=0
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n=0
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Binomial coefficients:
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CHAIN RULE

Assume ag = bg = O,
F(z) = a1z + axz® + azz> + . ..

G(z) = byz + boz® + byz> . ..

F(G(2)) = a1G + axG? + a3G3 + . ..
= alzbuaiu—l—aQZbuaﬁquvxv—l—...
Uu U v

= a1 Z buz® + ao Z bulbuQa:u1+u2
+ a3 buybuybygztitu2tus 4

c1 = aibs,
cop = a1by + anbyb1,
c3 = a1bz + asb1bo + axboby + azb1b1by,

m
Cm — Z an, Z b’U,]_b’UQ “ e bun
n=1

UL, UD,..., Up>1

ui1tuo+...+un=m



F(n) a) o) oun)

(FoG)™ =m! Z

=1 u!  un!l  up!
_ v gLt om! (u1) (uz)  o(un)
n;F anuﬂw AL
_ v v L m (w1)  (un)
nglF Zn!(ul,ug,...,un>G G .

Multinomial coefficients:

(31+82+...—|—3n)m
m
pr— Z ( )S?]'flng...S%n.
u].?uza---,UnZO ul? u27 o o o ,un

u1tus+...+un=m

Ugly! Reformulate.



Back to product rule.

m

Cm =— Z a/nbm_n.

n=0

0]
0]
0]
0]
0]
0]
0]
0]

(FG)™) — f: <7:) 7 (m) (m—n)

n=0

m )
( > = # of n-element subsets in an m-element set.
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What is the combinatorial structure for the chain rule?

m
Cm — Z an Z b’l,l,]_b’UQbun
n=1 UL ,UD,..., Un> 1
u1tus+...fFun=m
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For a shrubbery P

A(P) — Q# pbushes H b# leaves on a bush
bushes

Crn = > A(P)

shrubberies with m leaves
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(F~1H(n),
Flop = xT

(FloFY =1, (Flor)™=no.

1l =a1bq
0 =ai1by + axb1by
0 = a1b3 + asb1by + asboby + azb1b101.

Let b1 = 1.
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—a1bo

aj

a2
as

—a1bz — asb1bo — arbobq
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m—1
Am — — Z an
n=1

In its turn

2.

UL, UD,..., Up>1
ui1tus+...+Fun=m

buybus - - - buy,.
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m—1
aAm = — Z an, Z buqbus - - - buy,.
n=1

UL, UD,..., Up>1

uy1tus+...fFun=m

m leaves
(=D
u_ 1 u_2 u_3 o
v_1 v 2 v_k (=1)
k

Decorated tree, on each level at least one branch splits.
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B(T) — bkbvl “ e bvkbul “ e bu
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Ay = Z (_1)# IeveIsB(T)

splitting trees with m leaves
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Used combinatorics to find derivatives.
Can also use derivatives for combinatorics.
What is the sum of binomial coefficients?
Many ways. One of them:

Let F'(x) = G(x) = €. Then

o) =ac™ ) = 1.

Use the product rule:

(FG)™ = 3 (T)FGe = §° (),

n=0 n=0

But (FG)(z) = e2% and

(F&)(M)(Q) = 2™
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How many partitions of a set of n elements are there?
Called Bell numbers, no easy formula. But:

Let F(z) = e — 1, G(x) = eb* — 1.
rmo) =a", G"™(0) ="

Use the chain rule:
(FoQ@) (m) — Z o classesbm.

partitions
But

FoG =1 _ 1
Thus

# partitions of m with k classes

.. ) bx
— coefficient of a*b™ in e2(¢"=1) _ 1.

.. .. i bx
# partitions of m = coefficient of 5™ in e® 1 — 1.
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