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P, = monic polynomials of degreen = 0, 1, .. ..
{Pn} = basis for the polynomials in 1 variable.

Linearization coefficients: coefficients in the expansion of

PpPny... Py,
In the basis { P, }.

For many classical families of orthogonal polynomials,
these are positive. For some examples, in fact positive
Integers.



Let 1. be a positive measure on R such that its moments

mn(p) = /Rajnd,u(x) < 00.

{Pn},2 o = Gram-Schmidt orthogonalization of {z"} 2 5.
These are, up to normalization, the orthogonal polynomi-
als for p,

[ Pu(@) Pi(@)dpu() = (PuPy) = O
if n # k.
Theorem (Favard's theorem). {P,} 2, are the monic

orthogonal polynomials for some positive functional iff they
satisfy a three-term recursion relation

tPn = Ppit1 + apy1Pn+ BnbPp-1,



When { P, } are orthogonal,

o0
1
m=— m

where (-) is the expectation with respect to the orthogo-
nality measure,

(F) = [ F(@)dp(o).

Thus their linearization coefficients are, up to normaliza-
tion,

(PniPny ... Pn).

Generalizations of moments (x") if P;(x) = .



Hermite polynomials:

vHp(z,t) = Hyqq1(z,t) +ntHy 1(z,1).

Orthogonal with respect to the Gaussian distribution

1
dp () = \/27]56_932/ 2t 1.
Moments
(1) 0, n odd,
m p—
nAt t"/2(p — 1)1, neven

— "/2 |{Pair set partitions of n}|.

Linearization coefficients

k
< 11 an(w‘,t)> = "2 |Pa(n1,no,. .., np)|.

j=1
Here P>(nqi,no,...,n,) = inhomogeneous pair parti-
tions.



Centered Charlier polynomials:

rCn(z,t) = Cpy1(x,t) +nCh(x,t) +tnCp_1(z,t).
Orthogonal with respect to the Poisson distribution

R
dut(x) = e —6;(x)

j=07"
shifted by ¢. Moments: fort = 1, related to Bell numbers.

More generally,

mn () = Z 4l
Te€P(n),
s(m)=0

Here the sum is over all set partitions with no singletons,
and || = number of classes of the partition.

Linearization coefficients

< ﬁ C’nk(a:,t)> = 3 A

j=1 meP(ny,no,...,nk),
s(m)=0

(Zeng '90)



Centered Laguerre polynomials:

tLn(x,t) = Lyy1(x,t) + 2nLn(z,t)+
n(t+n—1)L,_1(x,t).

Orthogonal with respect to the Gamma distribution

1
dui(x) = @xt_le_xd:c

shifted by t. Moments: for t = 1, n!. Suggests statistics
over permutations. General moments:

mn(,ut) — Z tCyC(O').
occD(n)

Here cyc (o) = the number of cycles of o, D(n) = de-
rangements. Linearization coefficients

k
< I1 Lnk(x,t)> = D teyeo).

J=1 ceD(nq,no,...,nL)
(Foata-Zeilberger '88)

Here D(n1,no,...,n;) = “inhomogeneous permutations”
= generalized derangements.



Meixner and Meixner-Pollaczek polynomials:

+n(t + aB(n —1))P,-1(x, 1),

depending on whether «, 3 are real or 8 = a.

Appell polynomials: exponential generating function

i iPn(sc,t)zn = f(2)%"%.
a—on

The only orthogonal ones are the Hermite polynomials.

Sheffer polynomials: exponential generating function

> ian,(a:,t)zn = f(z)tewu(z).
n=0 n!

The only orthogonal ones are precisely the classes above.



Linearization coefficients:

k
< H Py, (x, t)>

j=1
— Z adec(a)—cyc(a)ﬁexc(a)—cyc(a)tcyc(a).

ceD(nq,no,...,nL)
(Zeng '90, Kim-Zeng '01)

Here dec(o), resp. exc(o) are the numbers of the de-
scents, resp. ascents in the permutation o, i.e. the num-
ber of ¢ such that o(¢) > ¢, resp. o(i) < i.

Note: recover Laguerre for « = ¢ = 1, Charlier for a =
1, 8 =0, Hermite foraa = 3 = 0.



Chebyshev polynomials of the second kind:

:cUn(a:,t) — Un_|_1(33,t) + tUn_]_(CE,t).

Orthogonal with respect to

_ 1 2
Moments

(1) 0, n odd,
m s
nit t"/2 % p’th Catalan number, n even
— /2 |{Non-crossing pair set partitions of n}|.
Linearization coefficients
d 2
< 11 an(w,t)> = "2 |NCo(n1,no,...,np)|.
j=1
(=~ de Sainte-Catherine, Viennot '85)

Here NC>(nq1,ns,...,n;) = inhomogeneous non-crossing
pair partitions.



Expect to have

k
< I1 Co,nk(x,t)> — Y ¢

J=1 meNC(ni,no,...,nk)
s(m)=0

for some polynomials. Indeed have this for the free Char-
lier polynomials

rCoo(z,t) = Co1(x,t)  (+1),
CCCO,m(QZ, t) = C1O,m—|-1($7 t) + OO,m(ajy t)
+ tCO,m—l(xa t).

These are orthogonal with respect to

dut(r) =
1 >
%\/zu —(z—t— 1)1y, o (2)da
+ max(1 —¢,0)dg(x),
whereci =t +1 -2Vt co =t+ 142Vt
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Continuous (Rogers) g-Hermite polynomials:

rHgn(x,t) = Hq,n—l—l(xa t) + t[n]qu,n—l(xat)'
Here g is (say) in (—1,1), and
n—1
: 1— g
[n]q — Z ¢ = 1
j=0 — 4

Orthogonal with respect to

diig(2) = —=V/T=qsin(0)(g; 0)oc | (2e>; )| i,

_ 2
forz = m\/i cos(0), 0 € [0, «], and

(a:0)50 = [ (1 — ag?).

7=0
This is a probability measure supported on the interval

[—2vVE/VT =4, 2VE/VT—al.
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Moments
mn(ﬂt,q) — Z qrc(w).
7T€772(n)

Here rc () is the number of crossings of the pair parti-
tion 7.

Linearization coefficients

k
< I1 an(x,t)> = Y q" (™),

]:1 71—6732(”’17”27"'7”]{:)
(Ismail, Stanton, Viennot '87)
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Centered continuous big g-Hermite polynomials, which
In our context are g-analogs of the Charlier polynomials.
Recursion relations

CECq’n(ZU, t)
— q,n+1($7 t) + [n]ch,n(wa t) + t[n]qu,n_l(x, t).

Moments

ma(ueg) = Y. ¢,
T€P(n)
s(m)=0

where rc (w) = number of restricted crossings of the par-
tition .

Linearization coefficients

k
< H Cq,nk(a:,t)> = Z qrc(ﬂ)t|7f|_

j=1 T€P(n1,n2,...,nL)
s(m)=0

13
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PROCESSES ON A ¢q-DEFORMED FULL FOCK SPACE

Consider the Hilbert space H = LQ(IR%_l_, dx). Let

0@,

Fag(H) = @ HEF
k=0

be its algebraic Fock space. Here the O’'th component is
spanned by the vacuum vector €2.

(f1®...® fr,91 Q... @ 9gn)g = Okn (f1,91) - - - (fks 9k)

IS an inner product.

Let

Pq(f1®"'®fn): Z qi(g)fa(l)@)"'@fa(n)’
oceSym(n)

where Sym(n) is the permutation group and (o) is the
number of inversions of o.
(Bozejko, Speicher 91) = F; > O for —1 < ¢ < 1.
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<€7 77>q — <£7 Pq77>o .

another inner product, F4(L2(R,.)) = the completion of
J—“a|g(L2(IR{+) with respect to the corresponding norm,
the g-deformed full Fock space

On ]—"q(LQ(IR{+)), define creation , annihilation , and gauge
operators a*(t), a(t), p(t).

The non-commutative stochastic process

X () =a"(t) + a(t)

IS the g-Brownian motion , and the process

X () = a"(t) + a(t) + p(t)

IS the centered ¢-Poisson process .
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Corresponding distribution:

(2, F(X (1)) = [ F(@)dpus(a).

For the degenerate case ¢ = 1, get the corresponding
classical processes.

Moments expressed in terms of generalized cumulants:

myp — Z R’]‘(‘.
TeP(n)

Proposition. For the processes on the ¢-Fock space,

Rp = qI’C(T(‘) H T‘B‘

For the Brownian motion, o = t, r, = O forn > 2. For
the centered Poisson process, r, = tforn > 1. The
formulas for the moments follow.
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COMBINATORIAL STOCHASTIC MEASURES
(Rota, Wallstrom 97)

{X (t)} = operator-valued stochastic process, stationary
wrt (-}, “independent” increments.

For a set partition 7 = (B3, Bo, ..., B;), temporarily de-

note by c(z) the number of the class B,y to which : be-
longs.
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Stochastic measure corresponding to the partition « is

Str(t) =

[O,t)l dX(SC(l))dX(SC(Q))
all s;’s distinct

An = Stg the higher diagonal measures

Dn() = | (@X ()",

[0,8)
Yn = Stg the full stochastic measures

ba® = [ pn dX(51)dX(52)
all s;’s distinct

X (So(ny)-

o dX (sn).
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t — X (¢) an “operator-valued measure”. So imitate
Lebesgue integration. More precisely,

/ 1.0y (DAX (£) = X (v) — X (u)

and approximate the integrand by simple functions. Con-
vergence shown under various conditions.

Proposition (Linearization < 1t0 formula).

k
11 ¥ = > Str.
j=1

reP(n1,no,...,nL)

Analogy: ¢y, < Pp. In our examples
Yn(t) = Pn(X(2),1).

Proposition. R; = (Stx) and r, = (Ap).
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<'1i[1 wnk> = > Rr. (1)

WEP(nl,nQ,...,nk)
For a centered Process, r1 = 0.

(Ynthy) =0

for n # k. Thus stochastic measures are analogs of
orthogonal polynomials, and formula (1) describes their
linearization coefficients.
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In particular, for the stochastic measures on the g-Fock
space

B 5

reP(ny,no,...,ng)

= 3 g™ T] T

reP(ny,no,...,ng) Bemn

For the g-Brownian motion,

¢m(t) — Hq,m(X(t)a t)a

a scaled version of the continuous (Rogers) g-Hermite
polynomials.

For the centered g-Poisson process,

Ym(t) = Cq,m(X(t)a t),
a scaled version of the centered continuous big g-Hermite
polynomials.

The formulas for the linearization coefficients follow.
22



In fact, in the g-Brownian motion case, for = € P o,

Str = ¢"WHAD 2D, (X (@), 1)

and they are O otherwise. Here singleton depth sd (7) =
sum of depths,

d(i) = ‘{j|3a,b€ Bj:a<i<bj

over all the singletons (7) of w. Thus
" = PZ( )qu(ﬁ)—FSd(w)tsQ(w)Hq’Sl(W) (1)
TCE 1,2(n
and
Hyn(z,t)
= Y (_1)82(70qu(WHSd(W)tsz(ﬂxﬂ(7r).
T€P12(n)
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