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1 = probability measure on R with finite moments

mnp(p) = /Ra:n du(zx) < oo.

Induces a functional on polynomials C[x],

¢ [P(2)] = [ P(@)dp().

On the polynomials C[z], define the sesquilinear inner
product

<fc”, wk>u = ¥u [at”+k] = My 41 (1)

The set {z"} 2, is a basis for C[z]. Gram-Schmidt with
respect to the inner product (-, '>u’ get a family of polyno-
mials

Note they have real coefficients . They are orthogonal
with respect to pu:

pulPaPy) = [ Pa(2)Py(a) du(a) = 0
If n # k.



Hermite polynomials: normal (Gaussian) distribution
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Laguerre polynomials: Gamma distribution
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Jacobi polynomials:
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In particular: Ultraspherical (Gegenbauer)
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Chebyshev of the 1stkind , o = (8 = ~lax=0,
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Ty l

Chebyshev of the 2nd kind ,a =8 =23, 1 =1,
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Kravchuk : binomial distribution, forg = 1 — p,
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Charlier : Poisson distribution

Meixner : negative binomial (Pascal) distribution
kE—1

Lg" 5, (2).
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Can describe in various ways:

e Using the measure of orthogonality.

e 2nd order differential or difference equations.

e Explicit formulas using hypergeometric functions.

e Three-term recursion relations.



Favard's theorem . (Stone 1932) Let { P, }, 5 be a poly-
nomial family, that is, P, has degree n.

{Pn} are orthogonal with respect to some measure u
with positive leading coefficients <= they satisfy a three-
term recursion relation

Po(xz) =1,
rPo(x) = agP1(x) + BoPo(x),
rPp(x) = OénPn—|—1(33) + BnPrn(z) + YnPr—1(x),

where all 3,, are real, ay, > 0, v, > O.

Moreover, { P, } are monic iff all o, = 1.
{P,} are orthonormal iff v, = «,,_1.
1 has finite support iff v, = O for some n.



=) Suppose the polynomials are orthogonal with respect
to 1 and have positive leading coefficients. Then

P, L span(Py, P1,...,P,_1).
So
(xPn, P),, =0
forn + 1 < k, and also

<xpn7pk>/$:90/i [aanPk] — <Pn,$Pk> =0

forn>k+1,n—1>k. So

xPn(z) = anPpy1(x) + BnPn(z) + mbPr—1(x)

for some real o, Bn, Yn.

Leading coefficients of P, P,y are positive = ayn > 0.
Also, (leading coefficients are 1) < oy = 1.



From the recursion relation,

<33Pn, Pn—1> — Tn <an—17 Pn—1> °

Also, from the recursion

rPy,_1(x)
— O‘n—lpn(x) + 6n—1pn—1(x) + ’Yn—an—Q(x)a

it follows that

So

Tn <P’rL—17 P’rL—1> — Op—1 <PTL7 Pn> .

So v, > 0, and {P,} are orthonormal iff v, = a,,_1.
Finally, v, = 0 & (P, P,) = 0.



<) Suppose the polynomials satisfy a three-term recur-
sion relation

rPp(x) = ’Yn—l—an—l—l(fU) + BnPn(z) + YnPp—1(x).

On C|x], define a functional ¢ by

¥ [PnPk] = Onk

and extend linearly: for

A@) =Y anPu(z),  Bla) = Y. bpPy(a).
n k

@ [AB] =) > anbpo [PnPi] = > anbn.

n L n

Why consistent? Suppose
A1B1 = A Bpo,
to show

@ [A1B1] = ¢ [A2B3].



Factoring over C, enough to show

o [(A(z)(z — a))B(2)] = ¢ [A(2)((z — a) B(z))]

for a € C. By linearity, enough to show

o [(Py(z)z) Pn(z)] = ¢ [Pp(z)(zPn(x))].

But from the recursion relation, these are

Ye4+10k4+1.n + Brdkn + VeOk—11n
= Y419k n+1 + Bndk p + g n—1-



Remains to show ¢ = ¢, for some measure p. Note: p
not unique.

<§: a; P;(x), f: az'Pq;(a?)>
i=0 i—=0

mn
=Y ja;* >0

so the induced inner product is positive definite (assume
non-degenerate) Let 'H be the Hilbert space completion
of C[x] with respect to the inner product (-, '>so’ and X be
the operator with dense domain C[x] defined by

XA(z) = zA(x).

Then X is an unbounded symmetric operator. Has a self-
adjoint extension? von Neumann: look at the deficiency
subspaces

K+ = ker(X* F1).

A self-adjoint extension exists iff the deficiency indices
d4+ = dim(K4) are equal.
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Let

Since

(C(P),C(P)), = (P,P), = (P,P),,

C' can extend to an operator on H. It commutes with X,
SO

C(K+) =K+

Indeed,

Kiy={neH: X*n=in}
={neH:VP eR[x],(n,XP)= (in, P)}.
But
(C(n), X(P)) = (n,CX(P)) = (n,XC(P))

— <7’777C(P)> — <_i777P> .

We conclude that

dy =d-_.
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Let X be a self-adjoint extension of X. It has a spectral
measure: for any subset S C R, have a projection E(S).
Define

u(S) = (1, E($)1).

This is a probability measure. In fact,

mn () =/ " du(x) = <1,/R:UndE(a:) 1>

R
= (1,%"1) = (1,2") = ¢ [2"].

X not unique = u not unique.

12



Hermite:

2Py = Pyyq +tnP,_1.

Laguerre:

tln =Lyy1+{+2n)Ln+n(t+n—1)L,_1.

Jacobi:
62_052
Pn: n Pn
; Mt G Tt Hentat it
N 4n(n+ a)(n+ B)(n + a + 6) o

Cn4+a+8-1)2n+a+B)2@n+a+5+1)

Ultraspherical:
n(n+2x—1) P
dn+r—Dn+r) L

xPn = n—l—l_l'

Chebyshev:
1
rPn=PFP,11+ ZPn_l.
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Kravchuk:

fora = (1 —2p),b=4pq, a® —b=1,

tKpn = Ky,y1+a(2n—N)Kn+bn(N-—n+1)K,_;.

Charlier:

Meixner:

forazp_l—%,bqu_z,aQ—b=%>O,

tMpn = M,+1+a(t+2n)Mp+bn(t+n—1)M,_.

Meixner-Pollaczek: same for a2 — b < 0. Note for La-
guerre, a® — b = 0.
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Can study zeros, asymptotics, continued fractions.

stead;:

In-

Denote {en} the basis of H coming from { P, }

Xen = Ypt1€n+1 1T Onen + Tnep—1.

X has a tri-diagonal matrix

(Bo M1 \
Y1 B1 2
Y2 B2 v
V3

Thus X is a sum of three operators: creation
A¥en = Yp41€n41,
annihilation
Aep = Ynep_1,
and preservation

N@n — ﬁnen.
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Since 3, Is real, N is symmetric, and

(A%en, e) = Tn+1 <€n—|—17 €k> = Tn+1%n+1,k
— Yk <€n7 ek—1> — <€n7 Aen—1> y

A, A* are (formal) adjoints of each other.

For the Hermite polynomials, N = 0, A, A* are the usual
annihilation and creation operators.

For the Charlier polynomials, A, A* are as before, and N
IS (almost) the number operator.
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Another way to look at this. Heisenberg Lie algebra H;
has the basis { A, A*, t} subject to the relation

[A, A*] = t, tscalar.

Each H; has a representation on some Hilbert space 'H
with basis {en} 2 -

Aenp =+Vtne,_1,
Atep = \/t(n + 1) ept1-

(AA* — A*A)ep = [t(n + 1) — tn]en = ten.
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If we want

A+ A" = X,

where
XP(x) =zP(x),

can take

H = L*(R, pt)
for

ue = Gaussian measure,

and

en = Pp(x,t) = Hermite polynomials.
In this representation,

A — tam, A* — T — taaj.
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Oscillator Lie algebra Os; has the basis {A, A*, N,t}
subject to the relations

[A,A*] =t, [A,N]=A, [N,A*]= A% tscalar.
Each Os; has a representation on some H.

Aenp =+Vtne,_1,

A*e, = \/t(n + 1) ent1,

Nen = (t + n)en.
Note eq IS a cyclic vector. In fact, the representation is
irreducible. If we want

A+ A"+ N =X,
can take H = L2(R, ;) for
¢ = Poisson measure,
and

en = Pp(x,t) = Charlier polynomials.

A=1tA, A(P)=P(x)— P(zx—-1),
A*(P) =zP(x —1) —tP,N(P) = AP+ tP(x — 1).
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The Lie algebra sl(2,R) of real traceless 2 x 2 matrices
has the basis {J_, Ji, Jo}

[0 0O ! (1 0
= (59) #=(50) 0o )

subject to the relations

[J—a J—|—] = Jo, [J—a JO] = 2J_, [JO7 J—l—] — 2J—l—

Abstract representations, parameterized by ¢ > O:

J_ep = \/n(t +n—1)e,_1,

Jyen = \/(n + 1) +n)ept1,
Joen = (t 4+ 2n)en.

Want
J_—|-J_|_—|-CJO=X.
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Foreach t, c, sl(2,R) has a representation on L2(R, Lt.c),
for

(negative binomial (Meixner), ¢ > 1,
ut.c = ¢ Gamma (Laguerre), c=1,
| .. (Meixner-Pollaczek), 0 <c<l1.

Where are the finite-dimensional representations?

Take t = — N, N > O integer.
J_ep = —\/n(N —n+1e,_1,

Jyen=1/(n+1)(N —n)epys,
JO €n — (277, — N)efn,

Finite-dimensional since J4 ey = 0. Can take

1y = binomial measure,
en = Pp(t, N) = Kravchuk polynomials.
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For example, for N = 1,

du(z) = q6_1(x) + pdé1(z)
Is the Bernoulli distribution,
Ko =1,
K1y =xz+ (1-2p).
In the basis (K7, Kg) for
L%(R, pn) = C?,
J—,J4, Jo have matrices as above, and

- 1
X=Jy —4pqJ-+ (¢—p)Jo = <q4pqp o q>

sends
X (Kg=1)+— (Kl—(l—Qp)Ko=x>
and
X K1~ (q—p)K1+ 4pgKg
= (¢ —p)z+ (1 —2p)? + 4p(1 - p)
=(¢g—p)z+ 1.
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Note that for x = —1,
rKi(zx) =2p=(q—p)r+1,
and for x = 1,
rKi(r) =2¢=(¢—p)r+1,
SO
rtKi(x) =(g—p)zr+1

and

Jy —4pqJ_ + (¢ — p)Jo = multiplication by x.
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Additional material:

1) The Hilbert space H (the closure of C[z] with respect to (:, ) )

is not always equal to L?(R, 1). In fact, C[z] is dense in L?(R, i)
if and only if © comes from a self-adjoint extension of a symmetric
operator as in slide 12; there may be measures that do not.

2) For the uses of representation theory to obtain results about or-
thogonal polynomials, see reference 4.

3) Different representations of the Lie algebra si(2,R) on slide 21,
distinguished by the parameter ¢, correspond to representations of
different Lie groups all of which have the same Lie algebra. See
reference 3.
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