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1, v probability measures on R. Their convolution

wxv(S) = /R,u(S—x) dv(x).

Symmetrically,

[ 1@ dsnE = [[ 1@+ ) dat) du(y),

Other definitions below.

EQUIVALENT DEFINITIONS OF FREE CONVOLUTION
1) Let "1, "> be discrete groups (M1 = N, = Z works).
["1 % 1 = their free product.

L(Ir1),L(I>),L(I"'{ %= M5) = group von Neumann alge-
bras.

All with distinguished (tracial) states.



For a bounded self-adjoint operator g, its distribution with
respect to a state ¢ = unique probability measure p such
that

plg"] = /Rw”u(:v)-

Equivalently,
p(S) = ¢ [E(S)],

where E = spectral measure of g. Works for unbounded.

Let g1 € L(I"1) have distribution i, go € "> have distri-
bution v.

Theorem. (DVV ’'86) The distribution of g1 +g> € L(IM1 *
[») depends only on u,v. Call it the free convolution
uwHvof u,v.

Can take g1, g> in any freely independent subalgebras.
Can obtain any u, v as distributions.



2) Let {An},2_1 be nxn diagonal matrices, with diagonal
entries {Am} such that

% (5>\1,n T o, Tt 5>\n,n) —

Let { Bn,} similarly approximate v.

Let {Uy, } be random unitary matrices, uniformly distributed
according to Haar measure on U,,.

An + UanU,,jl = random Hermitian matrix,
{pm} = its random eigenvalues,

1
— (5,01 .+, + ...+ 0p, n) = random measure.
n ) ’ )

Theorem. (DVV ’'91, Benaych-Georges '03) These ran-
dom measures converge almost surely to a fixed mea-
sure u Hu.



3) Forz € C, let

Gu() = [, du(a)

be the Cauchy transform of . Has a local inverse with
respect to composition. Define

Ru(x) = G, (2) —

on some domain in C.

Theorem. (DVV, HB '93)

R,uEEh/(Z) — R,u(Z) + Ru(2).

Can recover G from R, and p Hv from G i, via Stieltjes
iInversion formula.

4) Using free cumulants and non-crossing partitions.

5) Using operators on the full Fock space.



SIMILARITY.
Corresponding definitions for classical convolution.

1,2) If X,Y are independent random variables with distri-
butions wu, v, then the distribution of X + Y is u * v,

3) For F,, = Fourier transform of .,

4) Using classical cumulants, all partitions.

5) Using operators on the symmetric Fock space.



DIFFERENCE.

H commutative, associative. Not distributive:

pBH@+o)#FpuBr4+ pHo.

Equivalently: the operator C, : v — p H v non-linear.

Causes many difficulties...

Different behavior of atoms (DVV, HB '98).

If 1 has an atom ad,, v has an atom (4, then p x v has
an atom (a + 8)044p.

But: n EHv hasanatomata 4+ bonlyifa4+ 6 —1 > 0.
Thus usually lose atoms.



SIMILARITY.

A convolution semigroup {u¢, t € [0,00)} such that
Hs * [t — Hg4¢-
Describe all convolution semigroups of probability mea-

sures on R. Any u included in a convolution semigroup is
infinitely divisible: can break it up as

b=HK1/k* B/ * - * A1)k
karts

Theorem. (Lévy-Khinchine) Any such p is ui"m for
f:uiky,a(e)
= exp [i'y@ + /R (ewx —1

for o a finite measure.

10x 1+ 2
_ T x2> 5 da(a:‘)]



A free convolution semigroup {u¢, t € [0, 00)} such that
ps B pt = gy

Any u included in a free convolution semigroup is freely
Infinitely divisible.

Theorem. (DVV, HB '93)

z+x
1l —zx

R () =7+ /R do ().

Thus get a formal (Bercovici-Pata) bijection

: H
Nl i,

Is a weakly continuous homomorphism.



Basic Laws

Continuous lines = Densities, dots

Classical Probability

= Dirac Measures.

Free Probability

Gauss Law
0.

2
ce ™" dx

Semicircle Law

cVR2 —x2 dx, —-R<x=<R

Poisson Law

Free Poisson Law
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.1 0.2
* [
® a a
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a A=-a)dp+v, if0=sa=<1
E e — 6, v, ifa>1
n! 1 2.1/2
n=0 dv = Qax)” da—(x—-A +a)))
A—a'?y <x <A +a'2)?
Cauchy Law Free Cauchy Law = Cauchy Law




DIFFERENCE.

Cannot extend A as a homomorphism to all probability
measures.

a) (DVV, HB '95) Can write

Semicircular = p H v

with ., v not semicircular. Cannot do this for Gaussian.

b) (Nica, Speicher '96) Any 1 can be included as 1 into
a free convolution semigroup {u¢ 1t > 1}.
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SIMILARITY.

Let {vn} be any probability measures. Suppose

M vn *vp * ... % vy = L.
n—oo

kn, tTmes

Then p necessarily infinitely divisible.

Theorem. (HB, Pata '99)

im v, Br,B.. . By, = A(w).

n—00 ~
k, times
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FURTHER RESULTS.

1) Operators
Ct .V Ut H v

non-linear. What are their linearizations (derivatives)?

Theorem. (M.A.'03)
(DpsCr)(Pr(s)) = Py(s+ 1),

where { P, } is an explicit family of polynomials.
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Denote by S, the scaling operator.

Corollary. (M.A. '99) Consider the operator
C:VH(VHHV)OSI/\/E.

Corresponds to
X1+ Xo

ol
On centered probability measures with unit variance, it
has the semicircular distribution as its only, attracting,
fixed point (Free Central Limit Theorem).

X —

Its derivative is a compact operator
eigenfunctions 7%, Chebyshev functions of the 1st kind.

eigenvalues 21-7/2 | |ess than 1 for n > 2.
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2) Realize the Bercovici-Pata bijection as a deformation.

a) Using representations on g-deformed Fock spaces, can
define a g-deformed convolution operations x, interpolat-
iIng between x = %7 and H = xg. (M.A. '01)

b) Using random matrix representations. (Cabanal-Duvillard,
Benaych-Georges '04)
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FULL FOCK SPACE
Start with H = L?(R,,dx) ® V, £ € V, T an operator
on V/, with compatibility conditions. Construct

Fag(H) =CQeHO H®? o H® o ...

Define an inner product

1RV ...0&nNM MR ...RNKo
— 5nk <£17771> <§na77n>a

Completing, get the full Fock space Fo(H ).

For ( € H, define creation and annihilation operators on
Fo(H) by

a (MR ...0Mm) =COM Q... N,
a(C()(M®...0Mm) =((,NM) M ... 3 nNn.
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a(¢) and a*(¢) are adjoints of each other. Moreover,

a(¢)a™(n) = (¢, m) Id.

Also, for S an operator on H, define the operator p(.S) on
Fo(H) by

p(S)(M®..01Mm) =(SN) @M ... M.

p(.S) is essentially self-adjoint if S is.

Let

a(t) = a(lps) ® &),
a*(t) = a* (1[4 @),
p(t) =p(lpH®T),

X () = a(t) +a"(t) + p(t).

If ;0 = distribution of X (¢) with respect to the vac-
uum state ¢ [A] = (2, AQ2), {,Ut,O} Is a free convolution
semigroup.
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SYMMETRIC FOCK SPACE

On F44(H ), define a symmetrized inner product

1®H®..Q&m,mMOM Q... N1
= Ok Z <£0(1)7771> e <€a(n)777n> ’

oceSym(n)

Degenerate; quotienting out and completing, get the sym-
metric Fock space F1(H).

For ¢ € H, define creation and annihilation operators on
F1(H) by

(DM ...0Mm) =CNM Q... Ny,

n

a(QO)M®...%mm) =D ,m)m®..1; Q... .
1=1
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a(¢) and a*(¢) are again adjoints of each other. More-
over,

a(¢)a*(n) — a™(n)a(¢) = (¢, n) Id.

Also, for S an operator on H, define the operator p(.S) on
F1(H) by

n
p(S)Y(M®...@mn) = ) _ (Sn)@m®...0n;Q...Qnn.
1=1

p(.S) is essentially self-adjoint if S'is.

Now, if p; 1 = distribution of X (¢) with respect to the
vacuum state ¢ [A] = (2, AQ), {Ht,l} is a (classical)
convolution semigroup.

Note: keeping V, &, T fixed, p: 0 = A(p,1)-
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q-DEFORMED FULL FOCK SPACE

On F44(H ), define a new inner product

(1060 ...0&nM Q@M ®...Qn),
— 571/{: Z qZ(O') <€0(1),771> c. <£0(n),nn> ,

oceSym(n)
where i(o) = number of inversions.

For ¢ € (—1,1), positive definite (Bozejko-Speicher).
Completing, get the g-Fock space F,(H).

For ¢ € H, define creation and annihilation operators on
Fq(H) by

a(OM®...0Mm) =¢CRM Q... nn,
a(C)(n1®---®nn)

= Zq Cm)m® ... 10 ® ... & .
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a(¢) and a*(¢{) are again adjoints of each other. More-
over,

a(¢)a™(n) — ga*(n)a(¢) = (¢, n) Id.

Also, for S an operator on H, define the operator p(.S) on
F1(H) by

p(S) (M ® ... 1)

n .
— Zqz_l(sm)®n2®--.®ﬁi®...®nn.
i=1

Proposition. p(S) is essentially self-adjoint if S is.

The distributions {Mt,q} interpolate between {.Ut,l} and
{Mt,o} (and also fermionic {Mt,—l})-
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