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p = infinitely divisible probability measure, {u; : t € [0, 00)}
the corresponding convolution semigroup,

Mt * s = Hi4s-

Assume all their moments are finite, 1 centered, variance
1.

©.@)
1
k(z) =log [ e du(z) =1og 3 ~mu(u)"
R — . n!
n=0
Is the cumulant-generating function, k(z) = %22 + ...

Let U = z+4-... be an analytic function / formal power se-
ries. The Sheffer polynomials (Sheffer 1937) are defined

by

> = Pu(a,)2" = exp (:cU(z) _ tk(U(z))).

n:O n-

Note P,(xz,t) = 2™ + .. ..

Martingale polynomials for the corresponding Lévy processes;
main objects in umbral calculus; exponential families in
statistics.



Relation to the measure:
1ldus(x) =1,
/]R t( )

/R Po(,t) dpy(z) = O.

When have moreover

/RPn@:,t)Pk(x,t) dpp(z) = (Pn, Pp) = 0

for n = k? An important subclass: Meixner family. Many
properties and characterizations.

1. ORTHOGONALITY.

Meixner polynomials are the orthogonal Sheffer polyno-
mials.

2. EXPLICIT FORM. (Meixner 1934)

Three-term recursion relations

tPp=PF,4+1+anPp+n(t+08(n—-1))P,_1.
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Two degenerate cases:

a = [ = 0: Hermite, orthogonal with respect to the
Gaussian distribution.

B = 0, a = 1: Charlier, orthogonal with respect to the
centered Poisson distribution.

Otherwise, fix g = 1.

a = 2. Laguerre, orthogonal with respect to the centered
Gamma distribution.

a > 2. Meixner, orthogonal with respect to the centered
negative binomial distribution.

0 < a < 2: Meixner-Pollaczek, orthogonal with respect
to the centered continuous binomial (hyperbolic cosine)
distribution.



If not infinitely divisible, an extra case with ¢t = — N inte-
ger: Krawtchouk, orthogonal with respect to the binomial
distribution.

3. QUADRATIC VARIANCE FUNCTION. (Morris 1983)

Sheffer polynomials are Meixner if

@)

%Pn(a:, t)z"" = exp (wU(Z) — tk(U(Z)))

n=0

for

a) U(z) = (K'(2))<~1> (inverse under composition),
and

b) k" (2) = a(k'(2))* + bk/'(2) + 1.



4. QUADRATIC TWO-SIDED CONDITIONAL VARIANCE.
(Wesotowski 1993)

Let {X::t > 0} be a separable square-integrable sto-
chastic process, normalized so that forall ¢,s > O

E[Xt] = 0, E[XtXS] — miﬂ(t,S),
and forall 0 < s <t < w,

E|Xt|Fes V Fou| = aXs + bXu,

Var | Xi| FeVFsy| = Co(Xu—X5)2+C1 (Xu—X5)+Co,

where Cp, C'1, C> are deterministic functions of s < t <
u, and C> #= ab. If for every t > 0O the distribution of X}
has at least 3 point support, then the process has inde-
pendent increments, with marginal and conditional distri-
butions belonging to the Meixner family.



5. BASIS FOR REPRESENTATIONS OF sli».

Relations
[T, Iyl = Jo, [J-,Jol =2J-, [Jo,Jq]=2Jg
can be realized as
J_ P, = \/n(t +n—-1)P,_1,

Ty Po=/(n+ 1)t +n) Pyyq,
Jo Pn = (t + 2n) Py,

with
J-+Jp +aJg=X.

6. LEVY MEASURE BELONGS TO ITS INFINITELY DIVISIBLE
FAMILY.

l0g /R " dyiy ()
Ry i0r 1 10x 14 72
— [we n /R (e 1o x2> s du(:c)] |

With some fudging, u = v.



MULTIVARIATE FAMILIES.

Let 1 be an infinitely divisible measure on R", centered.

k(z) = log [ % du(x) = log(1+zf|,mﬂ<u>z ‘)

IS the cumulant-generating function,
n
i,j=1
V = [v;;] = covariance matrix.

Let U = (U, U>,...,Uy) be an n-tuple of formal power
series in (z1,...,2n), U; = z; + .... The Sheffer poly-
nomials are defined by

1+ WP #(x,8)23 = exp(x U(2) — th(U(2)) )

Note Py(x,t) = zz+ ....



Meixner: orthogonal among these.

Say { Pz} are pseudo-orthogonal with respect to p if

[, PaCx) Po(x) du(x) = 0

whenever || # |U]. They are orthogonal if this is the
case whenever u #= v.

Again, Sheffer polynomials are Meixner if

a) U(z) = (VE()<"1((Va)1, (Va)a,..., (Va)n),
and

b) For each i, 5, A; ; = matrix, B;; = vector:

0;0;k(z) = (Aijw(z)) . Vk(2) + Byj - Vk(z) + vyj.

(Feinsilver 1986, Pommeret 1996)

Again simple recursion relations. Complete set of mea-
sures of orthogonality: unknown!



Known cases: (Letac 1988, Casalis 1991, 1996)
Linear: 828]k(z) = Bij y Vk(Z) + ng
Products of Gaussian and Poisson distributions.

Simple quadratic:

2n + 4 families (including non-infinitely-divisible), mar-
ginal and conditional distributions belong to the Meixner
class.

Homogeneous quadratic:
8;0;k(z) = (Aijw(z)) . VE(z).

Wishart distributions on symmetric cones.



Free analogs?

1
1 —2U(2) +tR(U(2))

@)
> Pu(z, )" =
n=0

Here R(z) = free cumulant generating function of the
measure u, z xthe R-transform. Why are these free Shef-
fer polynomials?

a) Give martingale polynomials for free Lévy processes.
(Biane 1998, Voiculescu 2000)

b) In the particular case U(z) = =z (free Appell), many
combinatorial formulas, identical to the formulas for the
Appell polynomials, with the lattice of all partitions re-
places by non-crossing partitions. (M.A. 2004)
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Free Meixner class (orthogonal free Sheffer):
a) U(z) = (R(2)/2)<~1>, and
b) R(2)/2%2 = a(R(2)/2)? + bR(2)/z + 1.

Recursion relations: almost constant,

rPo = P1,
xP1 = P>+ aP] + tFp,

Measures: semicircular, free Poisson, and new families
similar to free Poisson. (M.A. 2003)

Free binomial distribution: sum of N freely independent
projections. Polynomials of this form.
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MULTI-VARIATE SITUATION.

x = (x1,...,2n), 2 = (21,...,2n) n-tuples of non-
commuting indeterminates.

Define
_1
1+ Y Pax)z = F(2) (1 _x. V(z)>

(inverse under multiplication), where V(z) = n-tuple of
formal power series,

—1
Then in fact, F(z) = (1 + R(U(z))> ,

Vi(z) = Ui(2) F(2),

where R(z) = free cumulant generating function of ¢, a
state on R(x1,x2,...,ZTn).

@ is determined by: ¢ [1] = 1, ¢ [Pgz] = 0.

_1
L+ 3 PaCx, )2 = (1 _x-U(z) + tR(U(z)))
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{ Pz} pseudo-orthogonal with respect to a functional ¢ if
» [PgPy] =0

whenever |u| % |¥]. Orthogonal if this is the case when-
ever u = v.

Define a linear operator D; (right partial derivative) on
non-commutative power series via

0, u(n) # j,

Djwu(l),...,u(n) - {wu(l),...,u(n—l)’ u(n) =7
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Proposition. If the polynomials are pseudo-orthogonal,
then

(DR (U@ = 3 vz,

=1

Proposition. If the polynomials are pseudo-orthogonal,
then

2i = Ui+ biajzaU;+ Y b;(48).,7028U;
a,j a,B,]
No higher-order terms.

Pg 0,57 = Pgapj + Z bi,5,i P,
+ Z(%m + b (a,8),/) Pai
1

Coefficients do not depend on .

D;D;R(z) = > A DaR(z) DgR(z)
o,
+ Z Bi:DaR(z) + v;j.
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If V' = Id, then

DZDJR(Z) — Z bi,(a’ﬁ)’jDQ{R(Z) DBR(Z)
a?/B
+ > b o jDaR(z) + 6;;.

In the proof: if polynomials are pseudo-orthogonal, they
satisfy a recursion

P’&'ajj_ + Z Bwu,jp + Z Cﬁﬁ,jp

[w|=|d] |v]=lu|-1

Also, use the right-acting

D, @ z-. = 52']'2,&;,

1 u,j

left-acting

and the main identity: for

M(w) =Y pleqg wy

R(w1(1 4+ M(w)),...,wn(1 4+ M(w))) = M(w).
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Added after the talk: more properties of the single-variable
Meixner class.

7. QUADRATIC REGRESSION. (Laha, Lukacs 1960)
X = (X1,Xo, -+ ,Xpn) = n-tuple of i.i.d. random vari-
ables. Let Q = X*AX and A = a'X. If the regression

E[Q|A] is quadratic in A, then the distribution of X; be-
longs to the Meixner class.
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8. EXPLICIT LINEARIZATION COEFFICIENTS. (Kim, Zeng
2001)

Changing notation, assume the recursion

rPp=F,11+ (a+B8)nPr+n(t+af(n—1))F,_1.

Linearization coefficients are integrals of products of poly-
nomials with respect to the orthogonality measure:

/R Ppy (2) Pay(x) ... Poy (2) du(z)
For the Meixner class, they are equal to
Z aa(a)—cyc(a)ﬁd(a)—cyc(a)tcyc(a).
ceSym(ni,no,...,ng)
o is a permutation, a(c) = number of ascents of o (¢

with ¢ < o(%)), d(o) = number of descents of o (¢ with
i > (1)), cyc(o) = number of cycles of o.

Tni,no,...,n, — Set partition whose k£ classes are intervals
of lengths nq,no,...,nE. Sym(ni,no,...,nE) = gen-
eralized derangements = inhomogeneous permutations
= o such that for all 7, o(2) and i lie in different classes
of Tny,mo,...,n -
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