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1 = probability measure on R, all of whose moments

mn(p) = /Ra:n du(zx) < oo.

Many polynomial families {P,}, .4 associated to it. All
satisfy Py(x) = 1,

(P, 1) =/an(x) dp(z) = 0

forn > 0.

1) Orthogonal polynomials:

(Poy Py = [ Pu(@)Pi(e) dpa(w) = b

Example: Hermite, Laguerre, Charlier, Jacobi, Cheby-
shev, etc.

2) Appell polynomials (1880) { A }:

Oz An(x) = nA,_1(x)

for n > 0. Example: {z™}, Hermite, Bernoulli.



3) Sheffer polynomials (1937): for U(0) = 0, U’(0) =
1,

oo

ngo ;Pn(ﬂﬂzn — ea:U(z)—log MM(U(Z)).
where
< 1
n=0 """

IS the exponential moment generating function of u. For
U(z) = z, get Appell. Example: all Appell, Charlier,
Laguerre, Abel.

4) Kailath-Segall polynomials (1976, 2004) {W,}. poly-
nomials in many variables, related to the Fock space rep-
resentation. Example: Hermite, Charlier.

And then...

Free analogs.

And then...

g-analogs.



POSSIBLE QUESTIONS:

1) Which of the Sheffer polynomials are orthogonal?
Meixner (1934). exactly 5 families.

2) What are the linearization coefficients

/R Ppy (2) Pao(@) . . . Py () dys(z)?

Explicit formulas for Meixner families and Appell.



MULTIVARIATE APPELL POLYNOMIALS

Let A = commutative real algebra with a unital real linear
functional E. For example, A = R[zq1,z>o,...,xn], but
also A = random variables on some probability space,
E = expectation functional.

For X1, X»,..., X, € A, define the multivariate Appell
polynomial

Ax, Xo.... X, (T1,%2,...,Tn)
by
8’iAX1,X2,...,Xn (331, cee sy Lgy e ,xn)
p— AX]_,,XZ,,XT), (ml, e o e 751\:?:7 .« o o ,l‘n)
and

E [AXl,XQ’._.,Xn (X1, Xo,... ,Xn)] = 0.



Are well defined. Most of the time we will be interested in

AX| X, X, (X1, X0, ., Xn),
which will be denoted simply by

A(X1,Xo,...,Xn).

Polynomial in X’s and their moments.

A(X1) = X1 - E[X4],

A (X1, X2) = X1Xo — E[X1] Xo — E[X2] X1
— E[X1X2] +2E[X1] E[X7],



If instead fix {X1, X»o,..., Xy}, define the polynomials
Az (x) by

Az (x; 1 i = u(y) for some j)

— AXu(l)’Xu(2)7"°7Xu(k) (‘Eu(l)’ Tu(2)s -+ ’%(k)) ’

Example. A(1,2,1) (r1,722) = Ax, X0, x; (T1,T2,71).

Single-variable polynomials: for

E[X") = [ 2" dp(a).

A (@) = Ax x.. x (z,2,... ).
So
0z A (1) = A=) ().



FREE APPELL POLYNOMIALS

Let A = non-commutative real algebra with a unital real
linear functional ¢. For X1, Xo,..., Xy € A, define the
monic multivariate free Appell polynomial

Ax, Xo.... X, (T1,%2, ..., Tn)
by
aiAXl,XQ,...,Xn (ZU]_, ceey Lgy e e ,$n)
— AXl,...,Xi_l (xla s 7$i—1)'AXi_|_1,...,Xn (mi—|—17 R 733?1)
and

© [Axl,XQ,...,Xn (X1, Xo,. .. 7Xn)} = 0.

For a polynomial P in non-commuting variables

P(a?]_,ZEQ, <o 7xn)7

jiu(g)=t
and extending linearly.



Are well defined. Most of the time we will be interested in

AXl,XQ,...,Xn (X17 X27 <. 7XTL) )

which will be denoted simply by

A(X1,Xo,...,Xn).

This is a multi-linear map.



A(X1) = X1 —p[X1],

A (X1, X2) = X1 X0 — o [X1] Xo — ¢ [X2] X3
— @ [X1Xo] + 20 [X1] ¢ [X2],

A (X1, X2, X3)
— X{XoX3 — <g0 [X1] X0 X3
+ ¢ [X2] X1 X3 + ¢ [X3] X1X2>
- (90 [X1X2] X3+ ¢ [X2X3] Xl)
+ (2 [X1] 9 [X2] X3+ 0 [Xa] ¢ [X3] X

+ 20 [Xo] ¢ [X3] X1 ) — 0 [X1 X5 Xs]

+ 20 [X1X2] ¢ [X3] + 20 [X1] ¢ [X2X3]
+ ¢ [X1X3] ¢ [X2] — By [X1] ¢ [X2] ¢ [X3].
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Usually, fix {Xq1, Xo,...,Xn}. Then define the polyno-
mials Az (x) by

Az (x; 1 i = u(y) for some j)

= AX, 1) X2y Xuk) (xU(l)’ Tu(2)r - ’%(k)> ’

Single-variable polynomials: ¢ = distribution of X,

A (z) = Axx. . x(zz...,z).

So

n—1
9, AM) — > Ak) . p(n—k-1)
k=0

For example: Chebyshev 2nd kind.
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Goal: generating function.

Joint moments of X = (X1, Xo,...,Xs) C A with re-
spect to ¢ are

M X1y Xu(2)s > Xum)l = M Xzl = ¢ [X7]
— @ [Xu(l)Xu(Z) c. Xu(n)] ,

and their ordinary moment-generating function is
M(z) = > M[Xzlzgz

— ZM[X’L]Z’L + ZM[Xin]Zizj +....

1,]
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Joint free cumulants of X = (X1, Xo,...,Xs) are de-
fined via

M[Xgl= > 1l RX@pl
TeNC(n) Bem

Here NC'(n) are all the non-crossing (set) partitions of
the set of n elements.

Example. For a partition = = {(1,4), (2,3)}, get

R[X, (1) Xu@) | RIX () Xu3)l-

The free cumulant generating function is

R(z) = Z R[X7)zz
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For a single random variable X with distribution ,

RIX, X,..., X] = ro(w),

the free cumulants of 4, and R(z) = R-transform.

Relation using generating functions (Nica, Speicher): let
2 = w;(1+M(w)).
Then
R(z) = R(w1(1+MW)), ..., wa(1+MwW)))
= M(w).

ﬁC\ NC NC NC
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Recursion relation for A(™) using free cumulants of u:

rAM () = AT 4 D 7“n—|—1—kA(k)(33)-
k=0

Theorem. Let {Az} be the free Appell polynomials and
R the free cumulant generating function for { X1, ..., Xn}.
Then

1—|—Z:A,J(X)zﬁ=H(X,z) =(1-x-z+R(z))'.

Inverse of a power series in non-commuting variables!
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COMBINATORIAL EXPANSIONS
Fix u € N,
Proposition . The following expansions hold.

a. The expansion of X; in terms of the free Appell poly-
nomials is

Xg= > Y A(Xam) I RX@el

meNC(n) BeOuter(n) Cem,

C#B
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b. The recursion relation for the free Appell polynomials
IS

A (X(j,ﬁ)) = X,A (Xg)
— Y R[X;, Xu(1ys s Xu(nt)]
k=0

X A (Xu(n—k—|—1)7 ce 7Xu(n)) .

c. The expansion of the free Appell polynomial is

A(Xz) = Z X(@v)
Vc{l,...,n}
x Y DTRAX Gyl

melInt(V°)
(m,V)ENC(n)

A'ANA

(O
(O

(O)
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RELATION TO FREE INDEPENDENCE:

Example' {Xla X2, X6, X7} 3 {X37 X4, X8} ) {X5} freely
Independent. Then

A (XlaX27X37X47X57X67X77X8)

= A(X1,X2) - A(X3,X3) - A(X5) A(Xe, X7) - A(Xs)
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Further consequence: binomial formula. For X,Y non-
commuting variables,

(X 4+ )t =Y xuDyu@ xu@) 4y,

For X, Y freely independent,

AN 4+ Y)Y=A(X+Y,...,X+Y)
=5 A (x) 4@ () AeBG)(x) ... 4+ v
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Theorem. Letu; € Ns(i),z’ =1,2,....k, N = Zle s(1),

and @ = (uq,u»p,...,u). Each of the quantities
M[Xg,, Xay, - Xa,] = M[Xg] (1)
M|A (Xg,), A (Xzy) - A(Xg,)] )
R[(Xg,): (Xgy)s- -, (Xg, )] (3)
R[A (X,Jl) A (X,EQ) LA (Xﬁk)] (4)

Is equal to the sum of R [X ;] over partitions m € NC' (V)
which are:

a. Equation (1): arbitrary,

b. Equation (2): non-homogeneous,

c. Equation (3): connected,

d. Equation (4): connected and non-homogeneous

with respect to the interval partition g1y 5(2), . s(k)-
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—_— m = } = o—

With respect to the partition {(1, 2, 3), (4,5,6),(7,8,9)},
partitions which are (a) non-nomogeneous, connected,
(b) inhomogeneous, connected, (c) not connected.

Note

are linearization coefficients.
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Say { Az} pseudo-orthogonal if
p [AgAz] =0

whenever |u| # |9|, and orthogonal if true for u # .

Proposition. Fix {Xq, X5, ..., X, } with the moment gen-
erating function M, free cumulant generating function R,
and free Appell polynomials { Az}.

a. { Az} are pseudo-orthogonal iff { X1, X5, ..., Xy} form
a semicircular family.

b. {Az} are orthogonal iff { X1, X5,..., X} form a free
semicircular family.
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Let R be a free cumulant generating function, and U(z)
an n-tuple of non-commutative power series such that
U;(z) = z; + higher-order terms. Multivariate free Shef-
fer polynomials are defined via their generating function

H(x,z) =14 Z Pz(x)zz
= (1-x-U@® +R(U@)) .
When orthogonal?

In one variable, 5 families: Chebyshev polynomials and
relatives (M.A. '03). In general?

Define a linear operator D; on non-commutative power
series via

0, u(n) # j,

D :w =
J7u(d),uln) {wu(l),...,u(n1)7 u(n):]

Define the gradient operator
D : Clwq,...,wp) — Clwy,...,wn)",
D = (Dq1,D5,...,Dyp).
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Theorem. Suppose that a family of multivariate free Shef-
fer polynomials { P;} is pseudo-orthogonal. Suppose also
that the covariance matrix R[X;, X;] is non-degenerate.
Then

U(Z) = F<_1><Z R[XZ', Xl]zi + o [X1],. ..,
1=1

Z R[X;, Xnlz; + ¢ [Xn])
1=1

Here F;(z) = (DR)(z) — ¢ [X;], and for an n-tuple of
power series F, G = F<—1> is the inverse of F under
composition,

Fi(G(z)) = z;.

So for each R, have a unique choice of U. In the classi-
cal case, the corresponding condition defines the natural
exponential families.
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