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SCHRODINGER REPRESENTATION

XY(x) = zp(x), X ==z
Py(x) = —ihy'(2), P = —ih 0y

[X,P] = XP - PX = ihld

Define the “creation and annihilation” or “raising and lower-
INng” operators

1 1
1 1

A~ =§(X—|—iP) =§(€U+h3w)



Thus
X=AT4+A4", P=i(AT —A7).
Then

(A= AT] = %[X, _iP] + %[iP, X] = (h/2)Id.

Mathematics: set h/2 = 1.

n-DIMENSIONAL CASE

X =z
ij — _iailijw

X ;'s commute among themselves.



FOCK REPRESENTATION
Let Hy = real Hilbert space, for example RF.
Let H = its complexification, for example C.

Denote H®" = HR;H®...® H, H®? = CQ, Q =

n

special vector.
n = number of particles, {2 = zero particles, vacuum vector.

Define the symmetric Fock space

00
Fs(H) = @ H®™
n=0

=—CQPHD (HRsH)D(HRS;sSHRQRXSH)D . ...

A Hilbert space, with an inner product making levels orthog-
onal.



For f € Hp, define

at(f),a” (f) : Fs(H) — Fs(H)

at()Q =,

at(H)(@1®.. Qgm)=fR91® ... gn,

a (f)Q2=0,

a (f)g=1{(f9),

a (f)@1®...Qgm) =) (/L) 91Q... QG ® ... gn.
k=1

Note

a” (fat(R)(g1®...® gn)
— <f7 h> (91 ®...®gn) + a+(h)a_(f)(91 ®...R3gn),

SO

[a=(f),a™t ()] = (f,h)1d.

If f1,..., fn, = orthonormal basis for H,

la™(f),at (fi)] = <fjafk> = 0k



Denote X (f) = a1 (f) +a=(f).

Thus a(f),a~ (k) in general do not commute. But the po-
sition operators do:

X, X (W) = [ (H)a” (W] + [ (N, at ()]
= (f.h) = (h.f) = 0

since f, g real.

Question 1.

(€2, X(f1)X(f2) ... X(fn) 2) =7

This equals to

(2, (a4-(f1) +a-(f1)) - (¢ (fn) + 0~ (fn))2)
= ¥ (2D (f)...a"M () Q),

eel(n)

In)=A{+,-}"={e:e(i) =+ or—}.
Question 0.

(2, a“ M (f1) ... afM(fa) Q) =7



Example 1.

(2,a”(f)a” (f2)aT (f2)a™ (fa)a™t (f5)a™ (f6) )

fe
f5® fe
(fa, f5) f6 + (fa, f6) 5
(fa, [5) [3® fe + (fa, f6) [3® [5

(fa, f5) (f2, f3) f6 + (fa, f6) (f2, f3) f5
+ (fa, f5) (f2, f6) 3+ (fa, f6) (fo, f5) f3

(fa, I5) (f2, [3) {[1, f6) + (fa, fe) {[2, /3) (f1, [5)
+ <f47 f5> <f2>f6> <f17 f3> —l_ <f47 f6> <f27 f5> <f17 f3>



Let P>(n) = a set of all pairings (perfect matchings, pair
partitions, Feynman diagrams)

7= (1=, 74 (D) (1=(2),74(2)), ..

(4,5)(2,3)(1,6), etc.
Clearly P>(odd) = 0.

A pairing v € P»(n) is consistent with ¢ if

e(v-(@) =—, e(h() =+
Write v € P(e).

Fore = (—,—, 4+, —, 4+, +), the consistent pairings are
(1,3)(2,5)(4,6), (1,3)(2,6)(4,5),
(1,5)(2,3)(4,6), (1,6)(2,3)(4,5).

Answer 0.

(92,51 (f1) ... 0" (f2n) Q)

= ). <ffy_(1)afv+(1)>“‘<f7—(n)’fv+(n)>
YEP2(¢)

and O if the number of f’s is odd.



Answer 1 (Wick formula).

(2, X(f1)X(f2) ... X(f2) 2)
= > (L ha@) - Bmy fm)

~YEP>(2n)
and O if the number of f’s is odd.

Example 2.

(2n)!
2Nn|
—22/2 112 4.

(2, X(H)7"2) = [IFII7" [P2(2n)| = || 1>

:/xQn 1
R V2r|f]

So X (f) has the normal distribution with mean O, standard
deviation || f||.



WICK PRODUCTS

A Wick product

W(f1, fo,.--, fn) =: X(f1)X(f2) ... X(fn) :

IS obtained by expanding

X(DX(f2) - X(fn) = 3 a*V(f1) ... af™ ()

ecl(n)

and moving all a1 to the leftt Non-commutative = get a
different operator.

Example 3.

W(f1, f2) =: X(f1)X(f2) :

: (ail_a; -+ a,1|_a5 + al_a;_ +ajas):

af af +af a5 +afal +aja;

= X1Xo — al_ajg_ + a;al_ = X1Xo — [af,a;]

= X(f1)X(f2) — (f1, f2)

a polynomial in X (f1), X(f>)!



True in general, follows from the recursion

W(f7f177fn):X(f)W<flaafn)
— Z <f7fk>W(f77fk77fn)
k=

1
(exercise)

Also note

W(f1,-- s f)Q=ab(f1)...at () Q=f19...0 fn

since only the first term in the sum makes a non-zero contri-
bution.

Question 2. Express W(fq,..., fn) in terms of the usual
products.

Question 3. Express X (f1)...X(frn) in terms of the Wick
products.

Denote by P> 1(n) the set of all incomplete pairings (match-
Ings, left-open pair partitions, incomplete Feynman diagrams):
v € P2.1(n) breaks {1,...n} into 2-element classes

(7= (2),74(4))

and one-element classes (vg(5)). Denote by |v| the total
number of classes in ~.
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Answer 2. Using the recursion relation,

W(fl)"'7fn)
YEP2,1(n) : J
Example 4.

X(f1)X(f2)X(f3) Q2= X(f1)X(f2)f3
= X(f1)(f2® fa+ (f2, f3) 2)
= f1® fo® fa+ (f1, f2) 3+ (f1, f3) f2 + (f2, f3) f1-

In general,

X(f1) .- X(fn)
= > ]l <f7—(i)’ ffy+<7:>> Fro(1) @ -+ @ Fyo(k)-

vEP2,1(n)

Therefore
Answer 3.

X(f1) .- X(fn)
= 3 I @ Fra) W) Fro)-

vEP2.1(n) ¢
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LetYp W(fp,l,...,fp,np),p: 1,...,t

Answer 4.

(£2,Y7 .. = > H<f NOWLMeO >

YEP> 1
where ~ does not connect the elements in the same block.

Answer 5.

vioYi= 3 TI( @ Frp@) W o1 o)

YEP21 1t
where ~ does not connect the elements in the same block.

Use the normal-ordering representation for the proofs.
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