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ABSTRACT

Special Values of the Goss L-function
and Special Polynomials. (August 2010)
Brad Aubrey Lutes, B.S., Stephen F. Austin State University;
M.S., Texas Tech University

Chair of Advisory Committee: Dr. Matthew Papanikolas

Let K be the function field of an irreducible, smooth projective curve X defined over
F,. Let oo be a fixed point on X and let A C K be the Dedekind domain of functions
which are regular away from . Following the work of Greg Anderson, we define special
polynomials and explain how they are used to define an A-module (in the case where the
class number of A and the degree of oo are both one) known as the module of special points
associated to the Drinfeld A-module p. We show that this module is finitely generated and
explicitly compute its rank. We also show that if K is a function field such that the degree
of o is one, then the Goss L-function, evaluated at 1, is a finite linear combination of
logarithms evaluated at algebraic points. We conclude with examples showing how to use
special polynomials to compute special values of both the Goss L-function and the Goss

zeta function.
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CHAPTER I

INTRODUCTION
Let X be an irreducible, smooth projective curve defined over FF, and let K be its function
field. One should view K as a positive characteristic analogue of Q. With this in mind,
the study of function fields closely mirrors that of number fields, especially cyclotomic
fields. The primary motivation for this dissertation is the paper of Anderson [2] in which

he considers the following classical results from the theory of cyclotomic fields:

(1) Let p be an odd prime and set e(x) := exp(2mix). Consider the cyclotomic field

Q(e(1/p)). Let € denote the circular units of this cyclotomic field. Then C is of rank

(p—3)/2.

(2) Let y be a Dirichlet character on Z/nZ for some n > 1. If  is a nontrivial character

such that ¢(—1) = 1, then

Xf
L0150 = =" ¥ 7(a)logl1 —e(a/f)

where L(s,y) is the Dirichlet L-function associated to %, f is the conductor of y, and

() is a Gauss sum.

Note that the previous special value is a finite Q-linear combination of logarithms evaluated
at algebraic points. In [2] Anderson proved a formula which relates the value of the Goss
L-function at 1 to logarithms of so called special points of the Carlitz module. Also, a result
analogous to (1) is shown in which these special points play the role of the circular units.
In Chapter II, we first begin with a discussion of the relevant notions from the theory

of function fields. If X is the curve associated to K, then fix a point o € X. We set A C K

This dissertation follows the style of Journal of Number Theory.



to be the Dedekind domain of functions whose only poles are at co. In §B, we discuss the
primary object with which to study the arithmetic of function fields, namely Drinfeld A-
modules. For more information about Drinfeld A-modules, see [7], [8], [9], [10], [13], [19].
In this dissertation, we only consider Drinfeld-Hayes A-modules which are just Drinfeld A-
modules of rank 1 with some additional assumptions. In §C, we briefly discuss the Carlitz
module. It is the simplest example of a Drinfeld-Hayes A-module. In §D, we discuss
the notion of torsion points of a Drinfeld-Hayes A-module. It is here that the connection
between cyclotomic fields and function fields begins to come into focus. In §E, we give a
brief discussion of ramification in function fields.

In Sections F and G we discuss the connections between class field theory and char-
acters in function fields. We begin with a homomorphism %: A — C. which we call a
Dirichlet character. (Here C., is the function field analogue of C.) Let m := ker). Using
the class field theory of §F, we extend % to a character y: Fn(A) — Cw, where Fn(A)
consists of the fractional ideals of A relatively prime to m, such that y|4 = . The Goss
L-function for y is defined to be

Liw =¥ v
where the sum ranges over all integral ideals of A relatively prime to m. Here j denotes a
positive integer and Ll denotes a type of ideal exponentiation. For more background on
the Goss L-function, see [4], [5], [6].

In Chapter III, we discuss the results of Anderson. In [2], a function is said to be log-
algebraic if it is formally the logarithm of a power series algebraic over the field of rational
functions in z where z is an indeterminate. In §B, a function denoted ¢(b;z) is defined
for b € H|t] where ¢ is another indeterminate and H is the Hilbert class field of K. The
following fundamental result is proven in [2] and restated in this dissertation as Theorem

I1.2:



Theorem L.1. Let B be the integral closure of A in H. Let p be a Drinfeld-Hayes A-module
and let exp,, be the exponential associated to p (cf., §11.B). For all b € Bt], the power series

exp, £(b;z) is in fact a polynomial in Blt,z].

The polynomials
{exp, £(b;z) | b € Bt]}

are called special polynomials. In §C, we discuss the results of Anderson concerning spe-
cial polynomials and special points in the case of the Carlitz module C.

Let hy be the class number of A and let d.. = degeeo. In Chapter IV, we discuss our
extensions of special points and special polynomials when hy = 1 and d. = 1. In §A, we
note that there are only four such function fields ([11], [18]). The curves associated to these

function fields are
o X1:y>=13—t—1overF;3;
o X5: y2+y:t3+0coverIF4 where o € Fy satisfies a2 + o+ 1 =0
o X3:y?+y=1341+1over Fy;

o X4 2 +y=1+1>+1over Fy.

Let Kj,...,K4 be the function field of Xj,...,Xy, respectively. Each K; has exactly one
Drinfeld-Hayes A j-module, which we denote by p/. In §B, we discuss shtuka functions
which are rational functions which allow us to (1) recover the Drinfeld-Hayes A j-module
p/ and (2) explicitly compute the exponential associated to p/ (cf., Theorem IV.9). In §C—
F, we explicitly compute the invariants io(p/) and jo(t™;p’) (cf., Propositions IV.10 and
IV.15). In §G, we state as Proposition IV.17 our main result concerning the extension of

special polynomials:

Proposition L.2. For 1 < j <4, let K; be the function field associated to the curve X; and

let p’ be the unique Drinfeld-Hayes A j-module associated to K.



(1) The power series

Jom\ 4
S(t™;z) == expyi £(1™;2) = ¥ ei(p?) Y <(Pa(l)) > L

=) ag(Aj)y “

liesin Ajlt,z].
(2) One has expp;l(x) = S(t";1)|1=e; (x)-

(3) Forall c € F}, one has S(t™;z)|i=ct = ™ S(t";2), and moreover S(t"™;z) is divisible

by t".
(4) One has
S(tm,Z) m—1_gdega
tm = Z a Zq
=0 ac(A))y
form > 0.

(5) Letio(p’) and jo(t™;p’) be as in Propositions IV.10 and IV.15. The degree of S(t"™;z)

tm.

in 7 (respectively t) does not exceed glio®)+io":p))] (resp mglio®))+io(t":p)] )

(6) The specialization S(t"™;1) € A [t] vanishes identically ifm > 1 andm=1 mod ¢ — 1.

In §H, we discuss our extension of special points when iy = 1 and d. = 1. Let d be a

positive integer and fix an irreducible p € (A;)4 of degree d. For b € (A;/p)™, set

$h(D) 1= exp; b (x) = S(I": 1)]1=¢; ()

where x = b/p and b = b mod p. The A ;-module generated by points of the form s,];,(b) is
called the module of special points of p/. In §H and I, we show that this module is finitely

generated by the special points of the form
{sm()[0<m<q’—1}.

In Chapter V, we are concerned with expressing the Goss L-function evaluated at 1 as

a linear combination of logarithms. In this chapter, we only assume that d.. = 1. We make



no assumption about 24. We first explicitly compute L(1,y) where y is as in §I.G. The

following result is restated as Proposition V.13 in Section E:

Proposition 1.3. Let X be a Dirichlet character on A with kernel m. Let Y: §n(A) = Co
be the character (as in §1I.G) such that W|s = . Let {ay,...,a,} be a set of representatives
of the equivalence classes of CI(A) that are relatively prime to m where h = #CI(A). Let u

be as in (5.6) in §V.C and let d = degm. Then

L(17\|I) = ZLGJ(L\U)
j=1
h q?-1 1 |
Y v (L T v @ ( Y e zm,ajwm)
j=1 m=1 \ &;" ac(A/m)* be(A/m)x

where v € a;\ a;m are chosen as in (5.14) in §V.E.

The numbers e,f,l’aj (a/v;) are called the generalized dual coefficients. Their properties
are investigated in §D. The function [, 4;(x) is defined in §C.

We conclude Chapter V by showing that the expression / q;(au) is a finite linear
combination of logarithms evaluated at algebraic points (cf., (5.20)). More precisely, we

prove the following (which is restated as Theorem V.14):

Theorem 1.4. Let ¥ be as in the previous Proposition. Then there exist uy,...,us; € Co

with exp,(u;) € K and ..., 0 € K such that

L(l,y) = i oLl
i=1

In Chapter VI, we return to the case when iy = 1 and de. = 1. Our main result is the

following (restated as Theorem VI.4):

Theorem LS. Let K be a function field over I, (other than the rational function field

F(T)) satisfying ha = 1 and ds = 1. Let p be the unique Drinfeld-Hayes A-module with



respect to a fixed sign function sgn. Let § be the A-module of special points of p as defined

in §IV.H. Then the A-rank of 8 equals (¢* —1)(g—2)/(q—1).

In Chapter VII, we explicitly compute special polynomials for the function fields
Ki,...,K4. In Chapter VIII, we compute special values of the Goss L-function and the
Goss zeta function for these function fields. The following example is Example VIIL.4:

Consider the curve X;. Consider the Dirichlet character

x: Aq — [y

a=a(t,y) — a(0,v/—1).

Then
L) 1ogp<a'&>/_+F g éogp@)
L(l : X3) _ 10gp (&2/ : géogp (&)

where & is a generator of the ¢-torsion p'[t] and & := pTll (€). We also consider (in Examples
VIILS and VIII.6) a function field for which 4 = 2 to illustrate the computational complex-
ity involved in going from class number one to class number two. Finally we conclude in
Chapter IX with some remarks about special points and special polynomials when /4 > 1.
As a final note, it would be interesting to compare the results contained in this dissertation
on special values of L-functions to recent work of Taelman [16], [17], [15] on Birch and

Swinnerton-Dyer type formulas for Drinfeld modules.



CHAPTER 1I

PRELIMINARIES

A. Function Fields

Let X be an irreducible, smooth projective curve defined over the finite field Iy, where
q = p" for some prime p, and r > 0. Let « denote a fixed point on X. If X C P", then the

ideal of X is
I(X) :=(F € Fylx1,...,x41], F homogeneous | F(P) =0V P € X).
Because X is irreducible, /(X) is a prime ideal; hence
LX) :=Fy[x1,...,x041]/1(X)

is an integral domain. Let Frac(I'(X)) denote the fraction field of I'(X). The function field
of X is

K :={z€Frac(I'(X)) | 3 f,g € T'(X) of the same degree with z = f/g}.

The elements of K are called rational functions on X.

For P € X, define
Op(X):={z€ K |z=f/g,f and g of the same degree, g(P) # 0}.

Then Op(X) is a discrete valuation ring, i.e. it is a Noetherian local ring whose unique
maximal ideal is principal, and whose fraction field is K.

Given a discrete valuation ring R, another way to characterize it is that there exists an
irreducible element ¢ € R such that every nonzero element of R may be written uniquely as

ut", where u is a unit in R and » is a non-negative integer ([3], §2.4, Proposition 4). The



element ¢ is called a uniformizing parameter for R. For fixed ¢, every nonzero z € K can be
written uniquely as ut”, where u is a unit in Op(X) and n € Z. We define ordp(z) := n and
say that n is the order of vanishing of z at P.

The function ordp: K — Z U {0} is a valuation satisfying:
1. ordp(k) = 4o if and only if k = 0;
2. ordp(kiky) = ordp(ky) 4+ ordp(kz);
3. ordp(k; + k) > min{ordp(k;),ordp(kz)}
for all k1, k, € K. With this notation, we have that
Op(X)={z€ K | ordp(z) > 0}
and its (unique) maximal ideal is
Mp(X) ={z€ K | ordp(z) > 0}.

We thus have two natural objects to study: points on X and discrete valuation rings of

K. The following result tells us that these objects are essentially the same.

Theorem I1.1 ([3], §7.1, Corollary 4). Let X be an irreducible non-singular projective
curve over a field F and let K be its function field. Then there is a natural one-to-one
correspondence between the closed points of X and the discrete valuation rings of K. If

P € X, then Op(X) is the corresponding discrete valuation ring.

Let P be a point on X. Define the degree of P by
deg P := dimg, Op(X)/Mp(X).

We denote the degree of oo by de.



Let A be the elements of K whose only poles are at c. Then A is a subring of K which
is also a Dedekind domain, i.e. an integral domain for which each nonzero ideal can be
factored uniquely into a product of prime ideals. For a # 0, let (a) be the ideal generated

by ain A. Then A/(a) is a finite dimensional F-vector space. Define the degree of a by
dega :=dimp,A/(a).
We set the degree of 0 to be —oo. Equivalently, we have that

4% = #(A/ (a).

Note that if A is a polynomial ring, then this notion of degree corresponds to the usual

notion of degree. Similarly, if / is an ideal of A, the degree of I is defined by
gl = #(A/I).

Given a point P on X, we may consider its associated valuation ordp. Let 0 < o0 < 1
be a real number and consider the map |- |p: K — Rxg given by |x|p = o) Tt is easy

to see that | - |p defines a non-archimedean absolute value on K, i.e. it satisfies
1. |x|p = 0if and only if x = 0;
2. |xy|lp = |x|p|y|p for all x,y € K;

3. |x+ylp < max{|x|p, |y|p}.

Note that in the case of function fields, all absolute values are nonarchimedean.

Let K. be the completion of K with respect to the valuation ord... For x € K., set
degx := —dw0rde (x).

Note that this definition of degree restricted to elements of A reduces to our previous defi-

nition of degree. We denote by |- | the normalized absolute value associated to the point oo,
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Le.
|x| — qfdwordw(x)
for all x € K. Let K., be the algebraic closure of K... We extend | - | to K via the formula

o] = |NE_ ()] /1 5

where E is any intermediate field containing z of finite degree over K., and N}?m denotes the
norm from K., to E ([13], Chapter 13).

Define C. to be the completion of K., with respect to |- |. The absolute value | - |
extends uniquely to C. and so C. is a nonarchimedean field. It is also complete and
algebraically closed. Thus, in the context of function fields, C., behaves like C.

As for the other objects we have defined, one should think of A as an analogue of Z.
With this in mind, K and K. correspond to Q and R, respectively. Also, e corresponds to

the unique archimedean place of QQ, i.e. the Euclidean absolute value.

B. Drinfeld A-modules

Assuming that A is the function field analogue of Z, we want to generalize the notion of the
sign of a number. For nonzero elements of R, there are only two such possibilities, namely
positive or negative. This corresponds to the fact that Z* = {£1}. Note that K* =F/ and
we refer to I, as the constant field of K. So the signs of elements of the function field are
elements of the corresponding constant field. Since K. is isomorphic to the field of Laurent
series F a..((7)), where @ is any uniformizer for O(X), we have that the constant field of
Koo is IF .. (In this case we also say that 7 is a uniformizer at e.) Hence the signs of K
should lie in F;dw.

Let Moo(X) := {z € K. | 0rde(z) > 0}. We say that x is a I-unit of K. if orde(x) = 0

and x — 1 € M. (X). We denote the 1-units by U(D). Every element of K. can be written as
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ct"u, where ¢ € Iquw, 7 is a fixed uniformizer at o, n € Z, and u € U M, A sign function
sgn: K& — (F )™ is a homomorphism which is the identity on (F )™ and is trivial on
UM, We use the convention that sgn(0)=0. An element of sign one is called monic. For
6 € Gal(F . /F), the composite 6 osgn is called twisting of the sign function sgn. The
number of possible sign functions equals # (quw) g g% —1.

Define T: Co — Co by 1(z) = 27 for all z € Co.. We call T the g-th power Frobenius
map. Define Co(T) to be the ring of polynomials in T with coefficients in C., with “twisted”
multiplication, i.e.

z=7zI

for all z € Cw. Note that Cw(t) is a noncommutative ring. Let Endy, (Cs) denote the
[F,-algebra of IF,-endomorphisms of C.. viewed as an additive group. The endomorphism

¢: Coo = Co is in Endy, (Co) if
() 0(z1 +22) = ¢(z1) +¢(22) for all 21,z € Cc and
(i) ¢(oz) = ad(z) for all o € F, and for all z € C..

Then Endr, (Cs) C Cuo(T).
We define the homomorphism D: Ce.(t) — C. by D(Y.c;T') = co. A Drinfeld A-
module over C,, consists of an [F,-algebra homomorphism p: A — C. (1) such that for all

acA
D(ps) =a

where p, := p(a). We also require that the image of p not be contained in C.. Denote by
Dring (C.) the set of all Drinfeld A-modules over C... The rank of the Drinfeld A-module

p is defined to be the unique positive integer r such that

deg.(pq) =r dega
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forall a € A, where deg.(p,) denotes the degree of p, as a polynomial in T. We next explain
why Drinfeld A-modules exist.
A lattice A is a discrete, finitely generated, A-submodule of C... The dimension of the

vector space KA over K. 1s called the rank of the lattice. Given A, we define

where z € C... Because A is discrete, ey is entire on C.., and it is [F-linear. By construction,
it is the unique entire function on C. with simple zeros on the elements of A and with
leading term z.

Let A C A’ be two lattices of the same rank. Then A’/A is a finite A-module. Consider
the surjective map ex: A’ — ex(A’). The kernel of this map is clearly A, and thus A’ /A =
en(A"). So ep(A) is a finite set.

Consider the polynomial

PN /A) =z [] (1 - 5) .
veeaw) N ¥
¥£0

The polynomial P(z; A’ /A) satisfies
en (x) = Plen(x);A'/A)

([13], Proposition 13.22). Now fix a lattice A of rank r and for each nonzero a € A define
pA € Coo(t) by
pMz) == aP(zza 'A/N).

The map induced by sending a to p* and 0 to 0 is a Drinfeld A-module of rank r ([13],
Theorem 13.23). The existence of Drinfeld A-modules is thus guaranteed by the following

result.
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Theorem I1.2 ([13], Theorem 13.24). Let Lats(C.) denote the set of lattices in Co. The

map

Lat4 (Cw) — Dring (Cs)

A ph
is a rank-preserving bijection.

Therefore, if A is a lattice of rank r, then there is a unique corresponding Drinfeld
A-module of rank r which we call p. The function which we previously denoted by e, will
now be denoted by exp,,. We say that exp,, is the exponential belonging to p. The function

exp,, satisfies the following functional equation:

exp, (az) = pa(exp,(2)) 2.1

for all a € A and for all z € C.. We denote the (multivalued) inverse of exp, by log,, and
we call this the logarithm belonging to p.

A Drinfeld A-module p € Dring(C.) is called normalized if the leading coefficient
pp(a) of p, belongs to F a.. for all @ € A. If for some sign function sgn, the map a — up(a)
is a twisting of sgn, then p is called sgn-normalized.

Fix a sign function sgn. A Drinfeld-Hayes A-module with respect to sgn is an injective
[F,-algebra homomorphism p : A — C.(t) such that for all nonzero a € A the following

properties hold:
1. the degree of p, as a polynomial in 7T is deg a;
2. the coefficient of t° in p, is a;
3. the leading coefficient of p, is sgn(a).

Note that a Drinfeld-Hayes A-module is a rank one sgn-normalized Drinfeld A-module.
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Let p,p’ € Dring (Cw). A morphism from p to p’ is an element m € Ce.(T) such that
mp, = p.,m for all a € A. The set of all such morphisms is denoted Hom¢_ (p,p’). We say

that p,p’ are isogenous over C., if

Homc..(p,p’) # (0).

Fix a nonzero ideal I C A and recall that p; is defined to be the unique monic generator
of the left ideal in C.(t) generated by {p; | i € I'}. Then there is a uniquely determined

Drinfeld A-module 7 * p such that p; is an isogeny from p to I *p, i.e. we have

PIPa = (I* p)apl

for all a € A ([13], Proposition 13.13). Now suppose that p is a Drinfeld-Hayes A-module
with respect to a fixed sign function sgn. Since deg. p; = deg/ ([13], Proposition 13.17),
it follows that 7 * p has rank one. Since p; is a monic polynomial in C(t) and since the
leading coefficient of p, is sgn(a), we have that the leading coefficient of (I *p), is also
sgn(a). Therefore, I x p is a Drinfeld-Hayes A-module.

Two Drinfeld A-modules p and p’ are isomorphic if there exists ¢ € C such that cp, =
p.cforall a € A. Thus the set Dring (C..) may be partitioned into isomorphism classes. It is
enough to study sgn-normalized Drinfeld A-modules because every Drinfeld A-module p €
Drinyg (C.) is isomorphic to a sgn-normalized Drinfeld A-module ([14], Theorem 13.5.14).
So we are interested in the number of Drinfeld-Hayes A-modules in each isomorphism
class.

For this dissertation, we consider only rank one Drinfeld A-modules. In this case, we

have the following results.

Proposition I1.3 ([14], Proposition 13.5.16). If p and p’ = cpc™! are sgn-normalized rank

one Drinfeld A-modules, then c € ]F;dm and pp(a) = py(a) for all a € A.
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Theorem I1.4 ([14], Corollary 13.5.17). Each isomorphism class of Drinfeld A-modules of

rank one over Ce, contains exactly (¢* —1)/(q — 1) Drinfeld-Hayes A-modules.

Note that the number of Drinfeld-Hayes A-modules equals the number of sgn functions
divided by #F .

Let p be a Drinfeld-Hayes A-module with respect to sgn. Since p is a Drinfeld A-
module of rank one, there exists a unique lattice A of rank one associated to p. The lattice
A has the form 7,1, where 7, € C. and I is an integral ideal of A ([13], Chapter 13). The

element 7T, is called the period of p.

C. The Carlitz Module

The simplest example of a Drinfeld-Hayes A-module is called the Carlitz module. Let
X =P!(F,) and denote the unique point at infinity by co. Then K = F,(T) and A = F,[T].

Choose sgn such that sgn(7)=1. The Carlitz module C: F,[T] — C. (1) is defined by
C(T):=Cr =T +1

and extended to all of A by [F,-linearity and the “twisted” multiplication rule. The lattice

associated to C is of the form - A with

= T4 —T
fie="VT-Ti[[|(1- 57—
i=0 rv " —T
([13], Chapter 13). Notice that exp., the exponential associated with C, has simple zeros
on the elements of ic A. So if A is viewed as the function field analogue of Z, then the

element f¢ is analogous to 27i.
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D. Torsion Points

Returning now to the case of a general ring A, p is defined on the elements of A but can
be extended to integral ideals of A as follows. One knows that C..(t) has a right division
algorithm and every left ideal in C (1) is principal ([13], Lemma 13.11). So if  is an ideal
of A and J is the left ideal in C..(t) generated by {p;| i € I}, then p; is defined to be the
unique monic generator of J.

Let P be a prime ideal of A and let p[P] denote the roots of the polynomial pp(x).

These are the P-torsion points of p. If the lattice associated to p is Tp/, then

p[P] = {exp, (Tpr) [ 1 € P71}

where P! = {x € K | xP C A}.

E. Ramification

Let L be a finite separable extension of K. Let P be a point on the curve X and consider
the associated discrete valuation ring Op(X). Let R be the integral closure of Op(X) in L.
Since L is a separable extension of K, R is a Dedekind domain. We may view the ideal

Mp(X)R as an ideal of R. Hence this ideal has a unique prime ideal decomposition in R:
Mp(X)R=pi' - py

where each p; is a prime ideal of R. Let Ry, be the localization of R at p; which is a discrete
valuation ring whose maximal ideal is *3; := p;Rp,. Set Ogp; := Ry,,. We say that the ideal °B;
lies above P. The set {*B1, ..., B¢} consists of the all prime ideals of L which lie above P
([13], Chapter 7).

The ramification index of B; with respect to P, denoted e(*}3;/P), is the unique non-
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negative integer such that

Pomi — ;136(‘431/13)

1

The relative degree of *B; with respect to P, denoted f(*B;/P), is the dimension of O, /B;
over Op(X)/Mp(X). The point P is said to be unramified in L if all prime ideals above P
in L are unramified. The point P is said to split completely in L if there are [L: K| prime

ideals above P in L.

F.  Some Class Field Theory

Let H denote the Hilbert class field of A. The Hilbert class field H is the maximal abelian
extension of K such that oo splits completely and every finite point is unramified. One
knows that H is a separable extension of K ([10], §14). Let B denote the integral closure of
Ain H, i.e. the set of all elements of H which are integral over A.

Let p € Dring(Cs) and let E be a subfield of C., containing K. Then E is a field of
definition for p if p is isomorphic to some p’ € Dring (Co) such that p/, € E(t) for all a € A.
There exists a field of definition, denoted K, which is contained in every field of definition
for p ([14], Theorem 13.5.9). The common field of definition of the rank one Drinfeld

A-modules is precisely H ([10], §15). In fact, we can say more.

Theorem IL.5 (Takahashi, [10], Theorem 15.8). Every Drinfeld A-module p is isomorphic

to a Drinfeld A-module p’ which is defined over B.

The A-module M C K is a fractional ideal of A if there exists a nonzero element a € A
such that aM C A. Let F(A) be the group of fractional ideals of A and let JB(A) be the

subgroup of principal fractional ideals of A. The class group of A is

Cl(A) :==3(A)/B(A).

Explicitly, two nonzero fractional ideals M, M’ are equivalent if there exists nonzero o,
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B € A such that aM = BM’. We denote the equivalence of M and M’ in CI(A) by M ~ M.
The relation defined by ~ is an equivalence relation and 3(A) consists of the fractional

ideals of A equivalent to the ideal (1) = A. The class number of A is defined by
hp :=#CI(A).

We have that iy = [H: K] ([10], Theorem 15.6).

We have a map

§(A) x Dring (Co) — Dring (Co)

(I,p) — Ixp.

This gives an action of §(A) on Dring (Cw). If I is a principal ideal, then I * p is isomorphic
to p ([13], Proposition 13.14), so the above action descends to an action of C/(A) on the set
of Drinfeld-Hayes A-modules. Furthermore, this action is one-to-one and transitive ([14],
Theorem 13.5.18). We will return to this later.

If 6 € Aut(C./K) and [ is an ideal of A, then
Ixop=0o(I+p)

where op is the map defined by a — p, followed by the action of p([14], §13.7). If pis a
Drinfeld-Hayes A-module, then so is 6p. In particular, we have that Gal(H /K) acts on the
set of Drinfeld-Hayes A-modules.

Let L be a finite, Galois extension of K whose constant field is £ and set G :=

Gal(L/K). Let P be a point on X and let 3 be a prime ideal of L lying above P. Let
Ep:=O0gp/%B, Fp:=0p(X)/Mp(X).

These (finite) fields are the residue class fields of 13 and P, respectively. It is well known
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that Gal(Eq/Fp) is cyclic and generated by the Frobenius automorphism ¢p, which is de-

fined by ¢p(x) = X for all x € Eq. Consider the following subgroup of G:

Z(P/P):={ccG|oP="P}.

This is the decomposition group of B over P. If 3 is unramified, then Z (3 /P) = Gal(Eqy / Fp)
([13], Corollary to Theorem 9.6). Denote by (*¥,L/K) € Z(*}/P) the element which cor-
responds to ¢p under this isomorphism. The element (3,L/K) is called the Frobenius

automorphism of B for L/ K. Explicitly, the Frobenius automorphism satisfies
(B,L/K)o= 0" (modP)
for all ® € Og. Furthermore, we have

(oB,L/K) = o(B,L/K)o™!

for all o € G ([13], Proposition 9.10). Thus, as 3 varies over the prime ideals lying above
P, the associated Frobenius automorphisms fill out a conjugacy class in G which we call
the Artin conjugacy class of P and denote by (P,L/K).

Let L and G be as above but also assume that L is an abelian extension of K. Let 3,
and ‘B3, be two unramified prime ideals of L lying above P. The Frobenius automorphisms
(B1,L/K) and (PB,,L/K) are thus conjugate in G, and since G is abelian, these automor-
phisms are equal. The Artin conjugacy class (P,L/K) hence contains only one element of
G. This element, which we also denote by (P,L/K), is the Artin automorphism associated
to P.

We extend this definition multiplicatively to all ideals of K which are not divisible by
a ramified prime. Namely, let

[:plel...P;g
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be an ideal of A where Py,..., P, are all unramified primes in L. Then the Artin automor-

phism associated to [ is
(I,L/K):= (P1,L/K)“"---(Py,L/K)*.

If P is ramified in L, then set (P,L/K) := idGaz/k)- Thus, we may consider the Artin
automorphism associated to an arbitrary ideal of K.
Thus, Gal(H/K) and CI(A) act on the set of Drinfeld-Hayes A-modules and the equa-

tion I x6p = (I *p) shows that these actions commute with one another. Define a map

k: Gal(H/K) — Cl(A)

dega )
as follows. Let (I,H/K) be the Artin automorphism associated to I. Write p, = Z Pa,iT

i=0
where p,; € H for all i. Define (I,H/K)p by

dega )
(LH/K)p)a:= Y, plH
i=0

for all @ € A. Then

x((1,H/K)) = [Ip]
where I, satisfies (I,H/K)p = I, xp. The map K is an isomorphism ([14], Proposition
13.5.22).

Consider

PT(A) = {xA | x € K,sgn(x) =1}

and define Pic™(A) := §(A) /BT (A). Fix a Drinfeld-Hayes A-module p. Let H" be the
field generated over K by the coefficients of p, for some nonconstant y € A. This field H™

is independent of the choice of p ([10], §14). The field H™ is an extension of H of degree
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(g% —1)/(g—1) ([10], Theorems 14.7 and 15.6). The relation

(LHT/K)p=1Ixp

d

holds and thus, Gal(H" /K) = Pic*(A) and [H": K] = qqm__llhA ([14], Theorem 13.5.30).

Note that H™ is an extension of H which is nontrivial precisely when do, > 1.
Fix a prime ideal m of A and let §,(A) be the subgroup of §(A) consisting of fractional

ideals that are prime to m. Let
Ph(A):={xA | x€ K" sgn(x)=1,x=1 (modm)}
and define
Picy, (A) := Fm(A) /P (A)-
Let p be a Drinfeld-Hayes A-module and let p[m] denote the set of all m-torsion points

of p. The cyclic A-module p[m] is isomorphic to A/m ([10], §16). Let A € p[m] and let

Ku := H" (p[m]). If I is an ideal of A prime to m, then
(1, K/ K)A = pr()

for (I,Kn/K) € Gal(Ky/K) ([14], Theorem 13.5.43). This also gives an action of Pic,(A)
on Ky,. Furthermore, we have that Pic;;(A) = Gal(Ky, /K) ([10], §16). We also have that

(A/m)* = Gal(Ky/H™") via the map a — ((a),Kn/H™") ([10], §16).
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G. Character Groups and the Goss L-function
Consider the following groups

G := Gal(Kn/K),
G :=Gal(H" /K) 2 Pic" (A),

G":=Gal(Ky/H") = (A/m)*.
Thus, since G/G" = Pic™ (A), the following sequence is exact
0-+G"—-G—G —0.

Define G := Hom(G,C) and similarly define G’ and G”. From these character groups, we
get another exact sequence
056G —-G6G—G" —0.
Let ¢ be a Dirichlet character on A, i.e. )(: A — C. is a homomorphism. Assume the
kernel of y is m and that the order of  is relatively prime to p. Then ¥ € G". The map

G — G" defined by y — |, is surjective. Fix € G such that |4 = . Thus, y is defined

on G = Pic, (A). So we have extended the character
x:A— Co
to the multiplicative character

y: Fm(A) = Cw.

Let  be a fractional ideal which is not prime to m. By setting y(/) = 0, we now have a
multiplicative character defined on F(A).

Fix a sign function sgn and let T € K., be a monic uniformizer at . Every x € K., may
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be written uniquely as

x = sgn (x) =) (x).

The element (x) is the 1-unit part of x. Recall that U (1) denotes the group of 1-units in

K... Let U1 be the group of 1-units in C... Consider the map P+ (4) — UD), (o) > (a).

Because B (A) has finite index in F(A), and because U(!) is uniquely divisible, this map

—

uniquely extends to a map F(A) — U(D) (which we also denote by (-)) ([7], Corollary 8.2.4).

Let 7w, € C. be a fixed d--th root of 7. Let I be a fractional ideal of A. For j € Z, set
V= (m;7)deel (1)),

Now suppose ® € K. is another monic uniformizer at oo. Let (I)i be the 1-unit part
of I defined with respect to @. Let @, € C. be a fixed de.-th root of @. And let Ig} be
the exponentiation of / defined with respect to @. Using ([7], Proposition 8.2.15) and the

definitions, one can show that there exists a d.-th root of unity { such that
Ul = gideet 1};}.
We now list some additional properties of this ideal exponentiation:
1. If I = (i), where i is monic, then 1l =i (71, Proposition 8.1.4).
2. If I = (i), where i = sgn(i)m®%=() (3, then IV} = (m; /)de¢i(j)J_([7], Proposition 8.2.6)

3. Let e be the order of I in F(A)/PBT(A). If I = (L) for some monic A € K, then
U = (m7ydeeI (\Nile ([7], §8.2).

Let x be a Dirichlet character on A whose kernel is m and whose order is relatively

prime to p. As before, we extend % : A — C. to the multiplicative character

y: Fm(A) = Cw.
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For all fractional ideals / which are not prime to m, we set y(7) = 0 and so the multiplicative
character  is now defined on F(A). Note that y € G and y|4 = x. The Goss L-function

for v is defined to be
L(j,y) = Zw—
1

JU]
where the sum ranges over all integral ideals 7 of A which are relatively prime to m.
We claim that L(j,y) converges in C., for integers j > 0. Write
Liw=Y Y % =) ag.
d>0degl=d d>0
The coefficients a; are well-defined since there are only finitely many ideals of a given
degree. Since C.. is a complete nonarchimedean field, it is enough to show that |ay| — 0
as d — . Now either y(/) = 0 or |y(I)| = 1 since y(I) is in a finite extension of F.
To compute |/ L1 |, we use the expression for / ] as given in (3) above. First, note that any
1-unit has degree 0. This follows since if (i) denotes a 1-unit, then (i) = 1-n°- (i) and this
expression is unique. Hence, ord..((i)) = 0, which implies that the degree is 0. Second, the
degree of mis —1. Again, this follows from the uniqueness of expansion of elements in K.

d.

Since ™ = m, it follows that T, has degree —1/d. and so |T,| = q_l/ des

. Therefore,

(V]| = |;, |~/ deed |(\) |/ = glideeD)/dw

and so

1
= ¥ Y

degl=d

< max y(7) _ i)
degl=d [J]

This proves the claim.



25

CHAPTER III

RESULTS OF ANDERSON

In this chapter, we will review the techniques and results from [2].

A. Characteristic Zero and Log-algebraicity

We first recall some results from characteristic 0. Let e(z) := exp(2miz). Fix an odd prime
p and consider the ring of integers Z[e(1/p)] of Q(e(1/p)).
Let C be the subgroup of Z[e(1/p)]* generated by

1—e(a/p)
1—e(1/p)
fora=1,...,p— 1. The elements of C are called circular units.

Theorem IIL.1 ([12], §19.1). (1) The group C of circular units is of rank (p —3)/2. (2)

Moreover, C is of finite index in Zle(1/p)]*.

Let y: (Z/nZ)* — C* be a Dirichlet character. Choose d > 0 such that d|n. Then d

is called an induced modulus for 7 if
x(a) =1 whenever (a,n) =1anda=1 (modd).

The smallest induced modulus for Y is called the conductor of x which we denote by f.

The L-series attached to  is

L(s,x) = Z
for Re(s) > 1. If % is not the trivial character and if x(—1) = 1, then

LR

L(l,x) = F

a)log|1 —e(a/f)| (3.1)
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where
f

() = Z] x(a)e(a/f)
a=
is a Gauss sum ([20], Theorem 4.9).

In [2], a formula analogous to (3.1) is proven which relates the value of the Goss L-
function at 1 to logarithms of so called special points of the Carlitz module. Also, a result
analogous to Theorem III.1(1) is proven in which the special points of the Carlitz module
play the role of the circular units.

Anderson says that (3.1) is proved by analyzing the formal power series identity

o _n
exp (— Z Z—) =1-z (3.2)
n=1 "
over C. Hence, one of the goals of [2] is to prove a function field analogue of (3.2). In [2], a
function is said to be log-algebraic if it is formally the logarithm of a power series algebraic
o n

over the field of rational functions in z. For example, the series Z — 1is log-algebraic.
n

n=1
B. Special Polynomials
We return now to the case of function fields. Recall that H is the Hilbert class field of A
and B is the integral closure of A in H. Fix a Drinfeld-Hayes A-module p relative to a fixed

sign function sgn. Recall that expp(z), for z € C.., is the exponential belonging to p. Since

expp (z) is [F-linear and has leading term z, it has a power series expansion of the form

for e;(p) € Cw. Set eg(p) =1 and ¢;(p) = 0 for i < 0.

Let / be an integral ideal of A and let b € H[t] where ¢ is a variable. Set

Ixb:= Zbgl’H/K) pr(t)



27

(ILH/K)

(I,H/K) acting on b;. Note that the map H|[t]| — H|[t] defined by b+ I x b is an A-algebra

where b = Y, b;t!, (I,H/K) is the Artin automorphism of I and we write b to denote

endomorphism that stabilizes Blt].

For b € H[t], define

Ixb deg 1
Zq

U(biz): =) € H{r][[z]]

Ji D(pl)

where the sum is over all nonzero integral ideals I of A and D(py) is the constant term of
p7. Anderson calls this function a twisted A-harmonic series and views it as the analogue

of the harmonic series

o

Now expand /(b;z) as a power series:

0 .
i

l(b;z) = Zﬂi(b)zq :
i=0
Note that the coefficients ¢;(b) € H[t] for i > 0. Set £;(b) = 0 for i < 0. For all integers i,

define
&ww:;ﬁmmijeHw

The sum defining Z;(b) is actually finite and clearly Z;(b) = 0 for i < 0. Define the formal

power series

(o]

Z(biz) =Y. Zi(b)e" € H[A[[]).

i=0

As formal power series, we have
Z(b;z) = expy L(b;2).

The following fundamental result is proven in [2].

Theorem II1.2. ([2], Theorem 3) For all b € B[t], the power series exp,, £(b;z) is in fact a

polynomial in Blt,z].
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Theorem II1.2 is viewed by Anderson as the analogue of

ooZn
exp| =), = |=1-z
nzln

since it implies that the power series Z(b;z) is in BJt,z]. Hence, the twisted A-harmonic

series ¢(b;z) is log-algebraic. The polynomials
{Z(b;z) = exp, £(b;z) | b € Bt]}

are called special polynomials.

Anderson’s strategy for proving Theorem III.2 is as follows:
1. Equip H|[t] with a norm || - || for which B[t] is discrete.
2. Prove that the coefficients Z;(b) belong to B[t] if b € Blt].
3. Prove that || Z;(b)|| — 0 as i — eo.

From this, Anderson concludes that Z;(b) vanishes for i > 0 if b € Bt]. In fact,
Anderson proves that if i is beyond a certain explicit index, then the coefficients Z;(b) are
identically zero. We will be concerned with computing this index in a later chapter.

Let 7 be a fixed monic uniformizer at co. The imaginary axis is defined to be the one-
dimensional K..-subspace of K.. spanned by the (g — 1)st roots of —t~!. We denote this
subspace by K., - ‘v - 1.

For b = Y;b;jt' € H[t] and for an integral ideal I of A, consider

(1+b)(expp(x ZbIH/K (expp (x x))’,

where x is in the imaginary axis. Recall that |- | denotes the normalized absolute value

associated to oo. Let

Bll7:= sup|(Z+b)(expy (x))|



29

where x ranges over the imaginary axis.

The following result shows that this supremum is always finite.

Lemma II1.3 ([2], Lemma 1). For all b and I, the supremum ||b||; is finite and depends

only on the Artin automorphism (I,H /K) via the formula

LH/K) (

117 = sup | Y b (expy.p ()] (3.3)

Now set

1B]] == sup |||z 3.4)
1

where I ranges over all integral ideals of A. By the previous Lemma, ||b|| is finite for all b.
The function || - || is an ultrametric norm for H|¢]. The properties of this norm are spelled

out in the next result.

Proposition I11.4 ([2], Proposition 2). (1) There exists a positive integer n such that for all
b € B[t] such that ||b|| < 1 one has b? = b (and hence b is constant).

(2) If b € Blt] satisfies ||b|| < 1, then b = 0.

(3) The ring Blt] is discretely embedded in H t] with respect to the topology defined by

the norm || - ||.

Next Anderson shows that the coefficients Z;(b), which a priori are in H[t], lie in B[t].
Let b =Y,b;t' € H[t]. Let I be an integral ideal of A and let v be a finite valuation on H.
Set

v(b) := minv(b;).

1

Proposition IIL.5 ([2], Proposition 6). For all b € H|t] such that v(b) > 0, and for all

integers i, we have v(Z;(b)) > 0.

The third part of Anderson’s strategy for proving his Theorem III.2 is to give upper

bounds on the coefficients e;(p) and ¢;(b) in terms of the norm || - ||. First, the upper bound
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for e;(p).

Proposition I11.6. (/2], Proposition 4) There exists a real number ig > 0 such that

for all integers i.
And now the upper bound for ¢;(b).

Proposition IIL.7. (2], Proposition 7) For all b € H|t], there exists a real number jo(b) >
0, such that

1£:(B)]| < ¢"~

for all integers i.

The number jo(b) can be explicitly computed as follows. Set

1
D(pr)

where I ranges over all integral ideals of A. Note that the maximum exists because if I ~ J
1 1

in CI(A), then
D(pr) D(ps) ‘

Thus, the maximum depends only on the ideal class of I. Then jo(b) is defined by

Y= max qiee!

deg/
q g

‘ — degJ

g = max(1,y |b]).

The proof of Theorem III.2 can now be completed as follows. From the definition of
Z;(b) and by Propositions II1.6 and III.7, we conclude
1Z:(b)| < Supq(ioJrjo(b)—i)qj' (3.5)
j=0

Proposition IIL.5 implies that Z;(b) € B[t] for all b € B[t]. Thus, by Proposition II1.4, we
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have that if i > ip + jo(b) then Z;(b) = 0. This completes the proof. The numbers iy and
Jo(b) will be computed explicitly, first in the case of the Carlitz module, and later for a

more general function field.

C. Special Polynomials for the Carlitz Module

For the rest of this chapter (and for the rest of Anderson’s paper), the Drinfeld-Hayes A-
module in question is the Carlitz module C. Recall that the curve X = P! (F,) and that the
distinguished point o is the unique point at infinity on X. The degree of o, denoted d.., is
1. The function field K = IF,(T') and the functions regular away from oo are A =, [T]. The

completion of K at oo is Koo = F,((1/7)). Elements of K., are of the form

Ea(r)

for some m € Z, a; € F, for all i, and a,, # 0. The field C. is the completion of K.
with respect to | -|. Fix a sign function sgn such that sgn(7) = 1. The Carlitz module

C: A — Cu(1) is determined by
C(T) :=Cr: =T 47,

where 7 is the g-th power Frobenius map, and is extended to all of A by the “twisted” mul-
tiplication rule. It is easy to see (using the “twisted” multiplication rule and the definition
of Cr) that the image of A under the Carlitz module actually lies in A(t).
Let exp.(z) be the exponential belonging to C. We also refer to this function as the
Carlitz exponential. It is known ([14], §13.4) that
g

expe(z) =) &

i=0
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where Do =1 and, fori > 1,

-1 .
D; = H(qu _ Tq./)‘
j=0

In terms of our previous notation, ¢;(C) = 1/D;. The Carlitz exponential satisfies the fol-

lowing functional equation
expc(az) = Calexpc(z))

forall a € A and for all 7 € C...

The lattice associated to C is of the form - A where
- Ta T

o T4 —T
fic= VT T[] (1 —>
i=0

The element 7t is called the Carlitz period.
Let log-(z) be the logarithm belonging to C. This function, which by definition is the
formal power series inverse of exp, is also called the Carlitz logarithm. It is known ([14],

§13.4) that

where Lo = 1 and, for k > 1,

Define a function e: K., — K.. by
e(x) := expc(Tex).

For each nonnegative integer m, define the function /,,: K.. — K., by

e(ax)"
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where A, denotes the set of monic elements of A. Define ly: K. — Ko by

a€A+
The following is an explicit version of Theorem II1.2 in the case of the Carlitz module.

We will be concerned with proving a generalization of this result in a later chapter.
Proposition II1.8 ([2], Proposition 8). Let m be a nonnegative integer.

(1) The power series

> MmN\ e
Sm(t,2) :=expcl(t™z2) =), ), L <M> 2"

i=0acA, D;

lies in Alt, z).
(2) If m < g, then Sy(t,z) =1"z.
(3) One has exp¢ly(x) = Sy(e(x), 1) for all x € K.

(4) For all © € F one has S;,(6t,2) = 0"S,,(t,2), and moreover Sy(t,z) is divisible by

",
(5) One has
Sm(t,Z) _ Z am_l qdega
lm t=0 a€A+
form > 0.

(6) The degree of Sy (t,z) in z (respectively t and T ) does not exceed glm=D/@=D] (regp.
mq\_(m_l)/(q_l)J and (m/q)q\_(m_l)/(q_l”)

(7) The specialization S,,(t,1) € At] vanishes identically ifm > 1 and m =1 mod g — 1.
We conclude our discussion of this Proposition with some remarks.

Remark IIL.9. The polynomial S,,(z,z) is called the m-th special polynomial for the Carlitz

module.
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Remark III.10. The choice of b € B[t] in this case is b = 1. Note that since gy = 1, we

have that A = B.

Remark III.11. Recall that we have Z(t";z) = exp-¢(t";z) and that Z(¢";z) may be ex-

panded as a power series:
Z(™z) =) Zi(’™)Z.

Proposition II1.8(1) implies that
1 Calt))™ ¢ e
Z(") =5 X (—( o) ) A
Dl a€A+ a
From the remarks following Proposition II.7, we have that if i > iy + jo ("), then Z;(¢#"™) =
0. Hence, glot/o(™)] is an upper bound for the degree of S,(,z) in z. Thus, to prove

Proposition IT1.8(6), it is necessary to compute the numbers iy and jo(¢"). These numbers

are:
(1) ip=0;

@) jolt") = .

Also, to compute jo(¢"), it is necessary to compute the value ||#"||. In [2], it is shown

that

17| = sup {|expc(fcx)[™}-

x€Ko

Since

Jexp(fcn)] < max(Jei(C) e,

it is necessary to compute |ftc|. This value is |¢| = ¢?/(4~1). We will return to these types

of calculations during the proof of our analogue of Proposition III.8.
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D. Special Points for the Carlitz Module
Fix a positive integer d. Let
M:={mecZ|1<m<q’—1,m#%1 modq—1}.

Fix an irreducible p € A, of degree d and let (p) denote the ideal generated by p in A.

Consider the (p)-torsion of C:

C[(p)] = Clp] = {expc(fict) | 1 € (p)'A}
= {expc(fica/p) |a € A}

= {e(a/p) [acA}.

Suppose a = a’ mod p. Then a = a’ + pa” for some a” € A. Therefore,

e(a/p) =e(d'/p) +e(d") =e(d /p)

since the [F,-linear function e(x) vanishes when x € A. So the function e(x/p) for x € A
depends only the residue of x mod p. Let F, := A/p. For y € Fp, choose y' € A such that
y =y mod p. Set

e(y/p) :=e(y'/p). (3.6)

This definition is independent of the choice of y' as we have previously shown. Thus, we
consider e(x/p) as a function on Fp.

It is known that C[p] = F,, as A-modules ([13], Proposition 12.4). Let A := e(1/p) be
a generator of this module. Since d.. = 1, we have that H* = H. Since hy = 1, we have

H =K. Set
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The fraction field of R is K(A) and, moreover, the integral closure of A in K}, is R ([13],

Proposition 12.9).
Let G := Gal(Kp/K). Let

ar—>ca:Flf—>G

be the unique isomorphism such that

c.(e(b/p)) = e(ab/p)

for all a,b € Fp. Note that by the functional equation for the Carlitz module, it follows that

e(ab/p) = C,(e(b/p)).

For any A-algebra R, let R be a copy of R equipped with the A-module structure
(a,r) > axr:=Cy(r): AXR—R

The Carlitz exponential exp.(z) becomes A-linear if viewed as a map K., — KRS IfreR
is viewed as an element of RC, i.e. via (1,7) — C;(r) = r, then r is the coordinate of an
R-valued point of the Carlitz module.

Let m be a nonnegative integer. For each b € Fy;, let s,,(b) be the R-valued point of

the Carlitz module with coordinate
sm(b) = expclm(x) = Sm(e(x),1),

where x=h/pand b=b (modp).
We claim that this definition does not depend upon the choice of b. Suppose b’ € F;
such that ¥’ =b (mod p). Setx’ =5 /p. Now ' =b (mod p), so we may write b’ = b+ pa

for some a € A. Then

e(<') = e(t/ /p) = e(b/p+a) = e(b/p) = e(x)
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since the F-linear function e(x) = exp,(ftcx) vanishes if x € A. This proves the claim.

Let § be the A-submodule of RC generated by the points of the form s,,(b). Since
GuSm(b) = sm(ab)

for all a,b € F;, the A-module § is G-stable. The elements of & are special points of the
Carlitz module. A special point is considered by Anderson to be the analogue of a circular
unit.

Since Sy(t,z) = z by Proposition II1.8(2), it follows that 1 € A is the coordinate of the
special point so(1). Note that A € R is the coordinate of the special point s;(1). To see
this, the coordinate of s (1) is S;(e(1/p)) = e(1/p) by Proposition II1.8(2). Also, s;(1) is
annihilated by p. In this case, observe that p*s;(1) = Cp(e(1/p)) =e(p-1/p) =0.

Since the module of special points is viewed as the analogue of the circular units,
Anderson proved a result analogous to Theorem III.1(1). First, Anderson showed that the

R-valued points of the Carlitz module of the form
{sm(1) |0<m<q?—1}

generate S ([2], Proposition 9). Therefore, § is a finitely generated A-module. Then the

following result was proved.

Theorem II1.12 ([2], Theorem 4). The A-rank of S is
(¢*—1)((g—2)/(g—1)).
Remark II1.13. We will refer to this result as Anderson’s A-rank theorem.

The rest of this chapter will be concerned with Anderson’s analogue of (3.1). Con-
sider ®: A — CZ where ®(a) = a mod p for all a € A relatively prime to p. This is the Te-

ichumiiller character on A. Notice that if @’ = a” mod p, then ®(a’) = ®(a”) mod p. Thus,



38

for all a € A relatively prime to p, ®(a) depends upon the residue of @ mod p. Hence, we

consider o as a character on F;.
Proposition 111.14 ([2], Proposition 10). Let m be an integer such that 1 <m < qd —1.

(1) For every m and for every a € ¥, there exists a unique element e;,(a) € Ky such that

q’—1

). e(b/p)" e (a) =P8y

m=1
forall b e F;. Here,
1 ifb=a;
5ba -

0 ifb#a.

(2) Forall c € F; and for all a € F}, we have

e, (ca) =c e, (a).

(3) Forall a,b € ¥, we have
cqe,(b) =e, (ab).
(4) Forall a e F; and for every m, we have
¢;,(a) —e(a/p)” " ep R
The numbers e, (a) are called dual coefficients.

Now let us recall our construction of the Goss L-function from the previous chapter.
Fix an integer 1 <i < g% — 1. We have that G = Gal(Kp/K) = F;. The character ®' € G

and note that the kernel of ' is p. The Goss L-function associated to @' is

L(j,O)i) — Z “)i(l)‘
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Since h4 = 1, the ideals of A are in bijection with A,.. So, setting j = 1, we have

: '((a)) o'(a)
L(] ,(’)l> - = .
(JGZA+ (a)[l} aEZA+ a
(ap)=1 (a,p)=1

Anderson then proved

g1 1 , .
=Y (= )Y o(a)e(a) Y o '(b)la(b/p) |- (3.7)
m=1 \ P acFy beFy
We briefly explain the proof of this result. First, using Proposition III.14(1) and the

definition of the function /,,(x), one shows

Teanom=- ¥ !

(n,p)=1
bn=a mod p

1
p

for all a,b € Fy;. Now multiply both sides of the preceding equation by o'(a)o~ ! (b) and
sum over a and b. And (3.7) follows.

By Proposition II1.8(3) it follows that L(1,®') is an algebraic linear combination of
logarithms of special points. According to Anderson, this formula is the main reason for

viewing special points as analogues of circular units.
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CHAPTER IV

EXTENSIONS OF SPECIAL POINTS AND SPECIAL POLYNOMIALS WHEN /4 =1
AND d.. =1

A. Function Fields with iy = 1 and d.. = 1

Our goals in this chapter are to prove an analogue of Proposition II1.8 in the case of function
fields (other than [F, (7)) satisfying 74 = 1 and d.. = 1 and to define the module of special
points for such function fields. To do this, we will use the fact that there are only four
such function fields ([11], Theorem 2). The curves associated to these function fields are

as follows (cf., [18], Examples A-D):

X1:y2:t3—t—lover]F3;

X7 y2+y:t3+ocoverIF4 where o € Fy satisfies a2 +o+1 =0;

X3: y2+y:t3+t+1 over [Fp;

X4y +y=1+13+1 over F».

Note that we are writing these curves in the affine coordinates (z,y), but we also view
X1, Xo, and X3 as projective plane curves as follows. Introduce a third variable z and
write coordinates in P? as [t,y,z]. The equation defining each curve in P? is given by
homogenizing the corresponding affine equation.

Consider X;. Itis easy to check that the corresponding affine equation has no solutions
over [F3. So the only possible points on this curve over [F3 are at infinity. Homogenizing
the affine equation, we get

= —2i—2,

Setting z = 0, we conclude t = 0. Thus y # 0 (since at least on projective coordinate must

be nonzero), and since we are dealing with homogeneous coordinates, we conclude that
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the only point on X over F3 is [0,1,0]. A similar analysis shows that the only point on
all four curves (over F3, Fy4, Iy, and F, respectively) is the point [0, 1,0]. Therefore, for
i=1,...,4,set
o0; 1= o0 := [0, 1,0].
We do not view Xy as a plane curve. It is easy to see that X4 is not smooth at co4. But
there exists a smooth projective curve X; and a birational morphism ¢ from X onto X4. The
curve XZ; is called the nonsingular model of X4. And the function field of Xi is identified,

using the map ¢, with the function field of Xy ([3], §7.5).

Set
o Ap:=TF3[t,y]/(* =7 +1+1);

o Ay = F4[t,y]/(y2—y—13 —OC);

Az =Folt,y]/(P —y—1>—1—1);

Ay=Tlty]/ (P —y—1 = = 1),

We have that A;, A> and Az are Dedekind domains since X, X, and X3 are smooth curves.
Since A4 consists of those rational functions which are regular away from oo4, and ooy is the
only singular point on X4, we have that A4 is also a Dedekind domain. Fori =1,...,4, the
function field K; is defined to be the quotient field of A;. For each K;, we have hy, = 1 and
deo =1 ([18], §2).

For each curve, we claim that degr = 2. We will prove this for X;. The proof for the

remaining curves is similar. By definition, the number deg? satisfies

38t — #(A/(1).
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Every element of A may be written as

Si(t) +yfa(t)
for f1(t), f2(t) € F3[t]. Thus,
A/(t) = {c+dy|c,dcFs},

and this proves that degr = 2.

For Xi, X», and X3, we claim that degy = 3. Again, we will prove this for X since
the proof for the remaining curves is similar. Observe that > =y?> +¢+1= (14 1) mod y
and an easy induction argument shows that if j > 3, then #/ mod y is a polynomial in ¢ of

degree < 2. Hence,
A/(y) = {Fi(t) | Fi(t) € Fat],degF; <2},

and so #(A/(y)) = 27. Therefore, degy = 3. A similar analysis shows that degy = 5 in the

case of Xj.

B. Shtuka Functions

Let X be a smooth, irreducible projective curve defined over I, and let K be its associated
function field. The divisor group of X, denoted Div(X), is the free abelian group generated
by the points of X. So a divisor D is a formal sum
D= np(P)
Pex
where np € Z and np = 0 for all but finitely many P € X. The group Gal(FF,/F,) acts on
Div(X):
D°:=Y np(P°)

peX
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for o € Gal(FF,/F,). Here P° is the point obtained by applying & to the coordinates of P.
The divisor D is defined over K if D° = D for all 6 € Gal(F,/F,). We denote the group of
divisors defined over K by Divg (X).
Let k € K*. We associate to k a divisor by
div(k) := ) ordp(k)(P).
Pex

(For a proof that div(k) is actually a divisor, see [13], Proposition 5.1.) Since
div(k®) = div(k)°

for all 6 € Gal(IF,/F,), we conclude that div(k) € Divg(X).
Let p be a Drinfeld-Hayes A-module with respect to a fixed sign function sgn. For
i >0, let ': Coo — C. be the ¢'-th power Frobenius, i.e. T(z) = 2 for all z € Co.. If
P € X, then set PY) to be the point obtained by raising the coordinates of P to the g'-th
power. If D =Y pcynp(P) is a divisor, set
DY =Y np(P?).
Pex
If f is a function on X, set f () to be the function obtained by applying 7' to the coefficients
of f. Note that
div (1) = (div(f))"
for all i > 0.
Let E:=(0,m). We view 0 € C,, as a constant which is a copy of the variable # and
1N € C. as a constant which is a copy of the variable y. In other words, if (¢,y) is a point on
X(F,), then we think of (8,m) as a point on X (C.).

Let € K., be a monic uniformizer at c. Consider X := C., ®F, X. Let F be a function
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on X. Then F can be written

i ajnj,

j=—m
witha; € Co and a_,, # 0. We set sgn F = a_,.
Proposition IV.1 ([7], §7.11). Let X := C., ®@r, X. There exists a divisor V € Divc,, (X)
and a function f on X such that

VI V4 (B) — (oM)) = div(f) 4.1

holds in Dive (X). If f is normalized so that sgn f = 1, then f is unique.
Definition IV.2. The function f is the shtuka function associated to p.

Remark IV.3. Suppose the curve X is defined by the vanishing of a polynomial g(z,y) €
F,[t,y]. Then A =T,[t,y]/(g). Define

A :=Cwn®r,A=Cax[t,y]/(g)-

The function field of X is the fraction field of A. Therefore, the shtuka function fis an
element of the fraction field of A such that (4.1) holds. And if we assume that sgn f = 1,

then f is unique.

Now let us return to the case of our four curves. Let 1 <i <4. Since hy, = 1 and
d. =1, it follows that for each K;, there is only one corresponding Drinfeld A;-module,
and furthermore, it is a Drinfeld-Hayes A;-module. Let p’ denote this Drinfeld-Hayes A;-

module. We list them now (cf., [18] §2 and [7] §7.11).
o pl =0+M(0°-0)T+1%,
py =n-+nm’ =)+’ +1’ +1)7° +7;

e p? =0+ (0%+06%)1+12
p; =+ (0" +0)t+ (672 +6°+6%)1> + 7;
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o p; =0+ (0°+0)T+77%
Py =N+ (°+n)T+0(n° + )T +;

o p} =0+ (02+0)21+12,
P;‘ =N+ b1T+br7? + b3t + byt +7°, where
b1 = (M%+n)(6%+0)
by =67(0+1)(n*+n)(6° +M)(8° +n+1)
b3 =m(M+1)(6°+6°+62+0+1)((1+6°+6°)M+6>+6%+67)
x((14+62+03n+1+6°+6%467)
by = (6(M>+1M)(6° +6>+1)(6+n)(0+1+m))>.

Let fi(t,y),...,f4(t,y) denote the shtuka function associated to p!,...,p*, respec-

tively. These functions are given by

-N(—96)+y—
o filt,y)= ﬂ(t_e)_ly n,
0%(t+6)+y+
o foley) = SUEDEIEN,
0(t+0)+y+n
o« ity = AENEN,
. filty) = (041)(8"+6°+(1+1)0%) +y+1
Y =T ey (10 + 2+

(cf., [7], §7.11).
Given the shtuka function f;(z,y), one can recover the Drinfeld-Hayes A;-module p'.

But first we need some definitions.

Definition IV.4. Let D =} p.x np(P) be a divisor of X;. The degree of D is defined as
degD := Z npdegP.
PeX;
Definition IV.5. Let D = Y p.x np(P) be a divisor of X;. We say that D is an effective

divisor if np > 0 for all P. We denote this by D > 0.
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Definition IV.6. Let D be a divisor of X;. Define
L(D) := {k € K} | div(k) +D > 0} U{0}.
The space L(D) is a finite dimensional I -vector space ([13], Chapter 5). We define
(D) := dimg, L(D).

Equivalently,
q'®) =#L(D).

Definition IV.7. The genus of K, denoted g, is defined to be the genus of Xj;.

The following is a corollary of the Riemann-Roch Theorem. It will be sufficient for

our applications.

Theorem IV.8 ([13], Corollary 4 to Theorem 5.4). Let D be a divisor of X;. If degD >

2gk; —2, then I(D) = degD — gk, + 1.

We are now ready to explain how to use the shtuka function f;(z,y) to recover the
Drinfeld-Hayes A;-module p’. We give the details only for i = 1 as the remaining cases are

similar. Let £ := {J,,;>0L(V 4 meo). We claim that

LA ArY are®

is a basis for £. First since oo = [0, 1,0] for Ay, it follows that oo(l) = oo for all i > (0. Second,

the observation that
div(f{") = (div(f))"

foralli > 0 and (4.1) imply

div(f{") =V v 1 (20) — ()
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for all i > 0. Hence,
div(fif 0y = div(s) +div(r) + -+ div(FD)
v _y 42420 4 4 B0 (14 1)e0

for all i > 0. It follows that flfl(l) x -fl(i) € L(V + (i+ 1)e0) since V is an effective divisor
(§7.11, [7]). And 1 € £ since div(1) = 0. Now degV = gk, (§7.11, [7]) and so deg(V +

meo) = gk, +m = 1+ m. Theorem IV.8 implies that
(V4+meo)=14+m—1+1=m+1.

We have
L(V 4+ meo) CL(V 4 (m+1)eo)
since flfl(l) x -fl(m) € L(V + (m+ 1)) and flfl(l) . -fl(m) ¢ L(V + meo). It follows that £

is infinite-dimensional and this concludes the proof of the claim since

(LA af ) a2y

is clearly a linearly independent subset of £ over C..
Now ¢ € £ since div(z) =2(0) —2(e0). Write
1 1 n—1
t=ao+aifity) +afity)- K+ L aie ) en) ) @2)
n>3
for some constants ag,ay, . ... From (4.1), we conclude that f(8,m) = 0 which implies that

ap = 0. Also, (4.1) implies
div(fM =v® vy 1 50 (02

so that fl(l)(t,y) vanishes at Z(1) = (83, 1?) and does not vanish at 22 = (8°,1°). There-
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fore,
t—9 3
a) = =n(6" -9
! fl (tvy) (t,y)=(6>13) ( )
and
az:l—e—al({;l(tyy) -1
fl (tay)fl <t7y) (t,y)=(6°1°)

after some algebra because fl(z) (t,y) vanishes at Z(2),

We now claim that a,, = 0 for n > 3. We have

deg(fif" - fD) = —ordu(fifV - V) = 0

for all n > 1. Taking the degree of both sides of (4.2) and using the fact that degr = 2, we
see that a,, = 0 for n > 3. Hence, we have recovered p;. Since p' is uniquely determined
by p), we have thus recovered p' from the shtuka function fi(z,y).

The following result is the main reason why we consider the shtuka function.

Theorem IV.9 ([7], Proposition 7.11.4). Let 1 <i < 4. Let K; be as above. Let f(t,y) be

the shtuka function associated to the Drinfeld-Hayes A;-module p'. Then

Z‘I
expyi(z) =z+ Z (n—1)
n>1 ( o f; ) ‘(t,y):(e‘f’,nq")

where (£ ... (") |(t,y):<eqn,nqn):f,~<°><eq",nq">---Jz("‘l)(eq",nq”).

To see why this is true, consider the case i = 1 (and we will stop writing the index 1 for
the moment) and let E(z) be the function on the right hand side of the previous displayed

equation. We now explain how to use (4.2) to verify that E(z) satisfies

exp, (82) = p:(E(2))- (4.3)

First,

e3nz3l’l

exp,(0z) =0z+ ) —————.
P ng’lf“'f(” Dlzm
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We compute

pr(expy(2)) = Bexp, (z) +ai (expp(z))3 + (expp(z))9 (a1 =M(8° —0) as before)

3m+1 3n+2
zeexpp(z)+a1<z3+z[f T ]>+z +Z 5

il ~Dlgm]

m>1
3l Z3m+1
=6z+ ta |2+
;f fl 1) | " < mzlf(l)"‘f(m)’E(m“)
+20+ sz
n>1 f f n+1)| = (n+2)
31 3m+lf|
l;f fl 1| 1) < m>1f f | (m+1)
n+2
+Z9+ 3 ff | n+2)

n>1f fn+1 | (n+2)

The coefficient of z in p;(expy(z)) is 6. The coefficient of Zin pr(expy(2)) is

0 a 0 N 0°—0 o’
i = —
flzo flzoy — flzoy — flz)
as expected. The coefficient of z° in pr(expy(z)) is
0 69 . (1) _ 9
Cllf| +1 — +|1(2) + 1= (?—)
W ze ff )|z ffWlze FfWze

where the first equality follows from

0° —0—aiflzo = ffV)

=(2)

=

which is how the coefficient a, was defined. Finally, if N > 3, the coefficient of z3N in

pr(expy(2) is

3N

0 + arflzo + ffWm 6

foofODigw  fe lel fe lele‘f~ﬂMﬂbm
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N)

which follows by evaluating both sides of Equation (4.2) at =) This concludes the proof

of (4.3).

C. Computation of ip(p)

Let 1 < j < 4. We set ip(p/) to be the real number (from Proposition I11.6) satisfying
lei(p)I| < g~

where eg(p/) = 1 and the coefficients e;(p/) for i > 1 are determined by

exppi(2) = 2+ Y ei(p/)2”.
i>1

Theorem IV.9 implies that

! (4.4)

ei(p’) =
(0) (i-1) o
f] .. f] |(t7y):(9ql 7nql)

for i > 1. Our explicit formulas for the shtuka functions imply that ¢;(p/) € K| for all i > 0.

Hence,
le: () = lei(p)].
Let D,-(pj ) denote the denominator of the right hand side of (4.4). It follows that
dege;(p/) = —degD;(p’) and so

lei(p?)| = g~ deePi(P”) (4.5)

for i > 1. We will also use the observation that for i > [,

l

f}l)(eqi,nq[) _ fj(eqiil,ﬂqii )qz' (4.6)

Set

o 4 :=TF0,M]/(M>—0>+0+1);
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o A :=TF40,n]/(M*—M—6°—o);
o 43:=F[0,Nn/M>—n-6'-06-1);
o A :=TF0,m/(M*—M—6"—6—1).

Note that each 4; is just A; where we have replaced ¢ with 0 and y with 1. We may define
the degree of an element in 4;, which we also denote by deg, exactly as we have done with
A;. With this in mind, we have that degt = deg0 and degy = degm where the first deg is
the degree in A; and the second deg is the degree in 4;.

First, consider K. We have

) —n(6* —8)+n¥ —n

0¥.n¥) = .
fi(87m o o1

Note that degn® = 3-3 > deg(n-6') = 3+ 23 with equality if i = 1. Since

e -0)+n’-n_nm*+H+n’-n 1

[0 %) = :
1( ) 03 —06—1 n? |

we conclude that deg fi 93, 3) = —3. Fori > 2, we have
g n

deg £1(6% M%) =3-3' — deg®”
=3.31-2.3!
=3,
If follows that
1 i—1 i i i i i—1 i—1 i—1
deg fif(" - V0% ) = deg £i(6¥ M)A (0% 0P )P f1(87 1)
=31 43.37 14 ...3772.32 L 3 3)

= (i—2)3

for i > 1 and so |e;(p!)| = 3203 for i > 1. Since leo(p!)| =1 < 32-03° we may take



io(pl) =2.

For K;, we have

e 02(0Y 4+0)+n* 1
64, 4 — : 7
A(67.7) 04+ 6

and degn® = 3-4' > deg(6? 6%) = 4+ 24! with equality if i = 1. Since

0%(0*+0)+n*+n 0046+ (8°+a+1?) +1
6*+6 - 8*+6
P +o’+ 0 +a
B 0*+6
1
LK

f2(e47n4) =

we have that deg f>(8* m*) = —8.If i > 2, then

deg (6% m*) =3 -4/ — deg®”
=3.4-2.4

=4

It follows that

i—1

deg fo iV A7V(0% ) = deg (6% m*) (6 A (8% ¥
:4i+4_4i—1 +"'4i_2‘42+4i_1(—8)

= (i—3)4

fori > 1 and so |e;(p?)| = 4B3-D4 for i > 1. Hence, we may take io(p?) = 3.

For K3, we have A .
0(6% +0)+n% +n
02 +0+1 '

Note that degn® = 3-2¢ > deg(6 6%) = 2+2-2/ with equality if i = 1. Since

/3 (ezian?) =

0(0°+6)+n’+n_6°+02+0°+0+1

0% n?) = =
ACEUY 02+0+1 02+0+1 ’

52
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we conclude that degf3(62,n2) = 0. For i > 2, we have

deg f3(6% %) =32/ — deg6”
=3.20-2.2

=2

It follows that

i

deg fs V- f7D(07 m?) = deg £3(6% 2 ) 367 )2 f3(02, )
:21'_'_2'21'71_’_“'21'72.22_'_0

= (i—1)2'

fori > 1 and so |e;(p?)| = 2(1=02" for > 1. Hence, we may take io(p?) = 1.

The analysis for Ky is similar but more involved. Recall that for this curve, degn = 5.

We first begin by simplifying the shtuka function:

(0+1)(0*+03+ (1+1)0%) +y+n
falt,y) = 03 +102+ (141)0+12+1

00+ 07 +y+0°+0+ 07+
B 2+ (02+06+1)r+6°+6

Then ‘ ‘ , .
@ 1) = 0% 2402+ 40212 4?1 07+ 6%+ 0%+
f4 M - 62i+l+92i+2+92i+1+92i+e3+e )

First,

F(@) = 0°+0°+6'+6°+6'+60°+1?+n
0*+6*+063+62+63+06
610 +0°+0°+1
B 62+6

1
9240’
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and so deg f4(0?,1?) = —4. Next,

T T g 66 1 651 6%+ 691 0

Since n* = 0'04-0° + 63 + 0 41, it follows that the term of highest degree in both the nu-
merator and denominator is 88. Therefore, deg f4(94, T]4) = 0. For i > 3, the term of highest
degree in the numerator and denominator of f4(92i , nzi) is nzi and 92i+1, respectively. Thus,
deg £4(6%' M%) =5-21 — 2.2+ =i for j > 3.

We have that |e;(p*)| = 2*. Since

deg fu £\ (0% M%) = deg f4(6% %) + deg £4(62,1%)>

= -8,
we conclude that \ez(p4)] =28 Fori > 3, we have

deg fufy" -+ £V (0% ) = deg fa(0F ?) fa(67 2 )2 fa(0% M) fa(62,mD)
— 2i+2_2i—1 ++82l—3+0+(_4>2l—1

= (i—4)2,

and so |e;(p*)| = 24=02" It follows that we can take io(p*) = 4.

We record our results for future reference.

Proposition IV.10. Let 1 < j < 4. Let K; and io(p’) be as above. Then

(1) io(p") =2.
(2) io(p?) =3.
(3) io(p?) =1.

(4) io(p*) = 4.
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D. Computation of jo(#";p/)

We continue with the notation of the previous sections.
Let 7t; be a fixed monic uniformizer at oo;. Recall that the imaginary axis is the one-

dimensional (K;).-subspace of (K;)_, spanned by the (g — 1)st roots of —n;l. We denote

this subspace by (Kj)e - 9} —n;l.

For each K, we set b = ™. In this section we will compute Jo(®™; pj ) which is deter-

mined by
qjo(t’”;pj) = max(1,y;[|t"]])
where
1
o degl
Y; = maxgq NN
I D(py)

The maximum is taken over all integral ideals I of A;. We first compute 7y; since it will be
the same for each of our four function fields.

Since hy; = 1, it follows that A is a principal ideal domain. Furthermore, the generator
of every ideal may be chosen to be a monic element of A;. Hence, there is a bijection

between (A )+ and the integral ideals of A ;. This implies that

= max ¢ 1.
ac(Aj)+ D(p{a))

Since a € (A;) 1, we have p{a) = pi ([13], Proposition 13.14) and since p/ is a Drinfeld-

. By

; 1
Hayes A j-module, it follows that D(p}) = a. Thus we are reduced to computing H -
a

Lemma III.3 and (3.4), it follows that

1

a

1

a

—dega
=q

and soy; = 1 forall 1 < j < 4. The computation of jjo(#";p/) is thus reduced to computing

][
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Again by Lemma I1I.3 and (3.4), and since /4, = 1, we have

[£7]] = sup  sup |(exp(y).pi (x))"|
ac(Aj)+ X

"
)

= sup |(exppi (X))

where the second supremum is taken over all x in the imaginary axis. The second equality
holds since (a) * p/ = p/.

Suppose that the period lattice of p/ equals T, A. We claim that

(Kj)eo Ty = (Kj)eo- “1/ 70, 4.7)

where (K)o - ft,; denotes the (K;)w-subspace of K;_, spanned by f,;. Since the period
lattice is contained in the imaginary axis ([2], §2.6), this proves C. As for the other in-

clusion, since 97/ —n;l =m;3/—n;? and n; € (K}), it is enough to show that (K;). -

-/ —n;q C (Kj)eo - Ttyj. Thus, we need only show that

V-1 7€ (Kj)w- T (4.8)

J p/

We know that ftg;l € (Kj)« ([7], Theorem 7.10.10), so ﬁg;l may be expressed in terms of

T; as
ﬁg;1 _ cnil—q) deg(ﬁpj)u’
where ¢ 1= sgn(ﬁgj_l). Thus
= c,lu,ln—qﬂq—l)deg(ﬁpj) 501

J J pJ

which, upon taking (g — 1)st roots, proves (4.8) and thus (4.7).
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Consider K. Set m; = t/y. Consider the following inclusions:

Ar=F3lty] © Ki=Fs(ty) C (Ki)o=F3((}))

F3t] c IF3(z) - F3((1)).
We have that [K) : F3(¢)] = 2 and we claim that
[(K1)e: F3((1/2))] = 2. 4.9)

We will use the following two results.

Theorem IV.11 ([14], Theorem 5.4.8). Let K be a function field and let X be the associated
curve. Let L/K be a finite extension of function fields. Let P € X and let B3; be an ideal of L
lying above P. Denote by Kp (respectively Ly,) the completion of K (resp. L) with respect

to P (resp. B3;). Then
(Lo, : Kp| = e(Bi/P) f(Bi/P).

Theorem IV.12 ([13], Proposition 9.3). Let K, P and L be as before but assume now that

L/K is a Galois extension. Let {‘]31,...,‘,]3g(P)} be the prime ideals of L lying above P.

Then f(Bi/P) = f(B;/P) and e(*B;/P) = e(*B;/P) for all 1 < i, j < g(P). If we denote by

f(P) the common relative degree and by e(P) the common ramification index, then

e(P)f(P)g(P)=[L: K].

Since K /F3(z) is Galois of degree 2, it follows that [(Kj)«: F3((1/t))] is either 1 or
2. If itis 1, then (Kj)w = F3((1/t)). Therefore, y € F3((1/t)) and so
l i
=L ()
i>m

for some m € Z,0; € F3 and o, # 0. Taking degrees we conclude that 3 = —2m, which is
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a contradiction. This proves (4.9). We conclude that

(K1)eo =F3((1/2))(v)-

Now if y € (K] )w, then y = o+ By for some o, € F3((1/7)). We have that y =
o+ By € Ay if and only if a, B € F3]¢]. Putting everything together, we conclude that if x is

in the imaginary axis, then

x=yfty forsomey € (Ki)w

= (a+2)Ty

for some a € A and for
1 1
e Bs[[1/1]+ - F3[[1/1].

Since exp,1 (x) = expp1 (@ +2)%y1) = expp1 (2R,1), we conclude that

- 1 1
1 = sup { expp (B 1" 2 € 1l + a1 .
Exactly as above, we may determine ||#”|| for the cases of K, and K3. For K, we have
m - um 1 1
7] = sup | [exppa(eftpe) "+ 2 € “Fa[[1/e]] + —Fa[[L/1]ly o .
For K3, we have
m - um 1 1
£7]] = sup | [expps (eftps) "+ 2 € ~TFo[[1/e]] + —Ta[[1/e]ly o -
For Ky, set T4 = t*/y. Again, using the same argument as above, we get

(K4)w =Fa((* /) = F2((1/1)) ()

and so

1 = sup { lexppsBp)": 2 € Ll + ol
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Now, for 1 < j <4,

Y ei(p?) (et )

i=0

| expp (2tp))| =

< rlr_1>aox(]e,~(pf)| ‘Zﬁpj’q )
with equality hOldll’lg if the values
{lei(p))]| - |27 j\ql :i>0}
p

are distinct. Since we have already computed the values |e;(p/)|, our computation of |||

will be concluded upon computing |7, .

E. Computing the Absolute Value of the Period

We again continue with the notations of the previous sections. Let 1 < j <4.

Definition IV.13. Let /; C A; be an ideal and a € A;. Set

Zog(u):= Y udeeb,
bEAj
b=a mod I;

The absolute value of the period fcp.,- and the function Z,, I; (u) are related to one another

via the following result.

7z, (1)

Proposition IV.14 (7], Corollary 7.10.11). Let Z, ; (u) = 4 701,(1). Then |Rpil =g "

So we need to compute
ZoﬁAj(u) = Z ydeeb — Z#(Aj)iui
beA; i>0
where (A;); denotes the set of elements of A; of degree i. To compute #(A;);, we will
appeal to Theorem IV.8 from Section B.
We first consider Kj, K>, and K3 together since they each have genus 1. In what

follows, 1 < j < 3.



Clearly, #(Aj)o = #IE‘qu =g;— 1 and, for i > 1, we have

#(Aj),‘ = #{b € Ajl Ol‘dooj(b) = —i}

=#bcAj: orde(b) > —i} —#{b € Aj: orde,(b) > —i+ 1}

= #L(io0j) —#L((i — 1)o0;)

[ (oo [((i—=1)0;
_ ) _ gm0,
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Now # (Aj)1 = ql.(wj) — ql.(o) = ¢/=i) — g since [(0) = 1. By Theorem IV.8, since deo; = 1,

J J

we have [(ieo;) =i for i > 1. Hence,

gj—1  ifi=0;

#(Aj)i=10 ifi=1;

¢i—qi" itiz2.

Hence,

and so

(4.10)

(4.11)

For K4, gk, = 2, and so our computation will be similar. As opposed to our previ-

ous analysis, we will use the fact that we know A4 explicitly. Recall that for K4, Ay =

Fat,y]/(y* —y—1> — 1> — 1) with degt = 2, degy = 5 and dw, = 1.

Note that

(Ag)o =TF5;
(A4)1 = ;
(Ag) ={t+a|acTF,};

(A4)3 = @;
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(A)s ={*+at+b|a,beF,};

(Ag)s = {y+at2+bt+c | a,b,c € Fp}.
Theorem IV.8 implies ¢(joos) = j— 1 for j > 5. Thus, for i > 6,

#(Aq); = 2 l(iwog) _ l((i—1)oos)
— gi=1 _5i=2

— 2i—2
exactly as above. We conclude that

Z(),A4 (I/t) =1+ 2I/t2 —+ 41/[4 + SMS + Z 2i—2ui

i>6
16u°
=1+42u” +4u* +8u° + ! ,
1—2u
and so
!/
Zya,(1) = —4. (4.12)
F. Computing |||
For K, we have that \ftpl | = 373/2 by (4.11) and
1 ifi=0

lei(p!)| = 4
3023 gfi>1

from Section C. Thus, for

2 € {Ral[L/A]) + Fall1
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we have

(

(3degz3—3/2)m ifi=0

(3-(-2)3'33 degz3(=3/2)3ym £ i > |
\
y

3m(degz—3/2) ifi=0

3m3'(1/2+degz—i)  jf ;> 1,
\

Let Fy (i) := 3/(1/2+degz—i). Then Fj is maximized when i = degz+1/2—1/log3.
Since i must be an integer, we conclude that Fj is maximized at either i = degz or at

i =degz— 1. Since degz < 1, the maximum value of Fj on [1,00) NZ is

1
Fi(degz) = ~39%¢€7,

2
So
|exppi (2t )|™ = max(3m(degz—3/2) 7 3m3i(1/2+degz—i))
i>1
= max(3m(deg1*3/2),3m(1/2)degZ)
_ 3(m/2)3%%
Therefore

[|#" || = sup {3(m/2)3degz: Z€ %I&[[l/r]} + ;]F}[[l/t]]y}

_ 33(m/2)

since the supremum is attained for z = y/f which is of degree 1. From the expression

300" — max(1, ")),



we conclude that

m 3
Jo(t QPI) = Em
For K, we have %] = 4-8/3 by (4.11) and
1 ifi=0
lei(p?)] = 4 48 ifiz1

from Section C. Thus, for

we have

4034 >0

ze Ral[1/1] +Fall1 /1],

p

(4degz478/3)m ifi=0
(4844degz4—32/3)m ifi=1

(47(i73)4i44idegz4(78/3)4i)m ifi>?2
\
)

4m(deng8/3) ifi=0

4m(degz—8/3) ifi=1

4ma(1/3+degz—i)  jf ;>
\
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(4.13)

Let F>(i) :=4'(1/3+degz—1i). Then F, is maximized when i = degz+1/3—1/log4.

Using the same argument as for K, we conclude that the maximum value of F; on [1,00)NZ

1S

1
F>(degz) = §4degz.
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So
‘ eprz (Z’f[pz) |m — m>a2X(4m(dengS/3),4m(4degZ78/3) : 4m4i(1/3+dengi))
2=
= maX(4m(deg278/3),4m(4deg2*8/3) , 4m(1/3)deg2)
_ ylmajatess
Therefore

7| = sup {4“"/”4"*1: A §F4u1/rny}

— 44(m/3)
since the supremum is attained for z = y/t which is of degree 1. From the expression
400700 = max(1, [,

we conclude that
4

Jo(t™;p?) = - (4.14)
For K3, we have |ﬁp3| = 1by (4.11) and
| ifi=0,1

lei(p?)| = ,
=12 ifi>2

from Section C. Thus, for

2€ {Eal[L ]+ Fall1 ],
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we have
(
(2degz)ym ifi=0
N m_

lei(p*) (2lts)* ™ = { (22dezzym ifi=1

(2—(i—1)2i22idegz>m ifi>2
\
(

pmdegz ifi=0
= | 2%mdees ifi=1

2m2i(1+degz—i) ifi>?2

\
Let F3(i) := 2/(1 +degz —i). Then F3 is maximized when i = degz+ 1 — 1/log2.

Using the same argument as for K; and K3, we conclude that the maximum value of F3 on

[13 oo) NZ 1is
F3(degz) = 2487,
So
|expys (27t )|™ = max (2mdees, p2mdegz pm2(I+degz=))
i>2

= maX(zmdegz 22mdegz 2m2degz>
— 2m2degz

Therefore

Il =sup {27 2 R+ a1l

— 22m

since the supremum is attained for z = y/t which is of degree 1. From the expression

2jo(t’”;P3) — max(l, Hl‘mH);
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we conclude that

jo(™;p) = 2m. (4.15)

The analysis for K4 is almost the same as our previous cases. The main difference is

that now degm = 5. We have |ﬁp4| =2"%by (4.12) and

(

1 ifi=0

24 ifi=1
lei(p*)| =

28 ifi=2

(=92 ifi>3

from Section C. Thus, for

z & 1Ea(l1/)+ T Fal[1 /el

we have
(
(2degzp—4ym ifi=0
. (2422degzp—8)m ifi=1
lei(p*) (ztye)* | =
(2824deg12716)m ifi=2

(2—(i—4)2i22idegZ22i(—4))m ifi >3
\
r

omldegz—4)  fj—(
2m(2degz—4) ifi=1

2m(4deg278) ifi=2

2m25(degz—i) ifi>3

\
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4
pm(degz—4)  jfi— ()

= 2m(2degz—4) ifi=1

2m2i(dengi) ifi>2.

\

Note that now degz < 3.
Let Fy(i) := 2/(degz —i). Then Fj is maximized when i = degz — 1/log2. Since i

must be an integer, F4 is maximized at either i = degz — 1 or at i = degz — 2. Note that in

this case,
F4(degZ — 1) = F4(degz — 2) — 2deg271.
So
|eXPp4 (Zﬁp4)‘m — f{l>a2)((2m(deng4),Zm(ZdegZ*“)’ZMZ"(dengi))
= maX<2m(deng4) om(2degz—4) 2m2degz—1)
— 2m2deg171
Therefore

degz—1 1 1
1" = sup{2m2 ¥ ze ;Fz[[l/t]] + ;Fz[[l/t]]y}
— 24m
since the supremum is attained for z = y/¢ which is of degree 3. From the expression
2000 = max(1, ")

we conclude that

Jo(t™;p*) = 4m. (4.16)

Let us recap our results.
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Proposition IV.15. For 1 < j <4, let K be the function field associated to the curve X;
and let p/ be the unique Drinfeld-Hayes A j-module associated to K;. Let jo(t™;p) be as

in Proposition I11.7. Then

(1) jo(t™;p") = (3/2)m.
(2) jo(t";p*) = (4/3)m.
(3) jo(™;p?) =2m.
(4) jo(t™;p*) = 4m.

Remark IV.16. We note the following pattern evident in our previous result. For all 1 <

Jj <4,
q;
gj—1

Jo(t™;p7) = gk, m.

G. Special Polynomials

We still continue with the notations of the previous sections. Let 1 < j < 4.

Consider the function €;: (Kj)e — (K|)e defined by

e(x) 1= expy ()

and, for each nonnegative integer m, the function /,,: (Kj)e — (K;)e defined by

acdyy ¢
Define lp: (Kj)oo — (K)o by
1
l()(X) = Z ;
ac(Aj)+

Proposition IV.17. For 1 < j <4, let K; be the function field associated to the curve X;

and let p’ be the unique Drinfeld-Hayes A j-module associated to K.
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(1) The power series

"y ) ()" \ " e
S(t™;z) == expy; £(1";2) Zel p’) Z 7

liesin Ajlt,z].
(2) One has expy;lm(x) = S("™;1)] 1=, (x)-

(3) Forall c € F}, one has S(t";2)|1=ct = "'S(t"™;z), and moreover S(t";z) is divisible

by t".
(4) One has
S(tm;Z) m—1_gdega
tm Z a g
1=0 ac(Aj)+
form > 0.

(5) Letio(p’) and jo(t™;p’) be as in Propositions IV.10 and IV.15. The degree of S(t"™;7)

in 7 (respectively t) does not exceed glio®P)+io(":p))] (resp mglio(P))+io(t":p)] )

(6) The specialization S(t"™; 1) € A|[t] vanishes identically ifm > 1 andm=1 mod ¢ — 1.

Proof. (1): Since hs; = 1, we have that K} is its own Hilbert class field. Hence, exp,,; ¢ (";z) €
Ajlt,z] by Theorem III.2.

(2): For all x € (K)o, we have

pé(‘ej(x)) = pé(exppj (ﬁpfx)) = €XPpi (aﬁpfx) = e(ax).

Hence,

SE™ 1) i—e;) = Y ei(p’) Y, (ej(ax)m)qizexppjlm(x).

>0 acAp)s N ¢
(3): This follows from (p{;(ct))m = (cpé(t))m and that (c’")‘li =c" forall c € Fy.

(4): Since p}, = a+ (higher order terms in 1), it follows that

p/(t) = at + (higher order terms in r).
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Therefore, if i > 1, then

J m\ ¢
<<pa<r>>> o
tm
t=0
and .
J m
((paa))) o
tm
t=0
Hence, _
S|y 1(<pé<r>>m> ke
o ac(dj); o =0

which gives the desired result. (Recall that eg(p/) = 1.)
(5): The bound in the degree in z follows exactly as in Remark III.11. As for the other

bound, the general term in the sum defining S(t";z) is

i

a

It satisfies

(degree in t) < m- (degree in z)

since the degree in 7 is ¢%°8%mg’ and the degree in z is ¢'T9°8%. Since all terms of degree in z
exceeding glo(P)+70("P)] may be ignored in computing S(¢™;z), the bound for the degree
in ¢ follows.

(6): We will stop writing the index j for this part of the proof. Let p € A, be ir-
reducible of degree d and fix m > 1 such that m = 1 mod g —1. It is enough to show
that S(t";1)|,—e(1/p) = O since there are infinitely many p to choose from. By (2), this is

equivalent to showing that exp,, /,,(1/p) = 0 which is equivalent to showing that

M cA “4.17)
Tp
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since exp, vanishes on TpA. Recall that exp, may be written as an infinite product:

for all z € C... Taking the logarithmic derivative with respect to z of the preceding expres-

sion, and using the fact that exp, has derivative 1, we get

1 1 —1/(aty) 1
exp,(z) :E+Z 1 —z/(aRyp) :E—’_ZZ af, Zz—an
Y acA p acA P acA Y
a#0 a#0

Choose ag € A such that ag # 0 mod p and set z = aoR, /p in the previous expression. We

conclude
e(ap/p) " =p
/ 6;4 TCp aop — pa)
1
=p) ————— whereb=—a
b§4 T (ao + pb)
1
=p — . (4.18)
L ia
a=ap mod p
Also note
Ln(1 " "
U/p) _ y ela/p) g ela/p)” (4.19)
Tp acA, 4T acA, 9T
(a,p)=1

Since dw = 1, sgn(a) € F;. Consider the equation

Y, Y —e(a/}))mz Y —e(a{ " (4.20)

< acA anp aca  9Tp
9F =t (@p)=1
sgn(a)=d
If sgn(a) =d € F;, then
m d / m
e(a/~p) = e al/~p) for some @’ € A,
Clnp da np
d"e(d /p)"

I~
da np



_ de(d'/p)"
da'Ttp
_e(d/p)”

==L
a'fty

sincem=1modqg—1andd € F;

Hence, (4.20) becomes

a€A amp acA anp
(a.p)=1 (a,p)=1
oy el
acAy anp
(a,p):l
Therefore (4.19) becomes
W(1/p) _ « ela/p)”
o aeh, amnp
(a,p):l
e(a/p)”
—— Y SUP by 4.22))
acA amp
(a,p):l
-- ¥ e(a/p) ((a,p) = 1 < a %0 mod p)
acA amp
a0 mod p

-~ Y Y e(a/p)"”
be(a/p) aEbarené)d p “

(@0 mod p < a=bmod p for some b € (A/p)”™)
1

== ) e@®/" ) —

be(a/p)” azl??né)d p aﬁp
1
= - e(b/p)" (by (4.18))
b O e
__ ¥ e(b/p)""!
be(afp)< P
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(4.21)

(4.22)

(Refer to §III.D and (3.6) for how we view e(x/p) as a function on A/p.) We claim that

this last element belongs to A. To do this, we will use the Newton formulas.
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Lemma IV.18 ([12], pp. 26-27). (a) Let Y1, Y, ..., Y, be indeterminates and consider the

symmetric polynomials

S1 Z:S1(Y1,Y2,...,Yn) = Y1—|—Y2—|—---—|—Yn,

s2:=5001, ... 1) =h+ V4 Y34 Y1 Y

sk i=sc(Y1,Y2, . V)= Y, Yy, Yy,  (where k <n),
1 <ip<-<ig

Sp = Sn(Yl,Yz,...,Yn) = Y]Yz---Yn.

If Z is any indeterminate, then

n
7" 172" 452" (D2 (1) s, = T2 - 10).
k=1
(b) Let po = n and py := pr(Y1,Y2,...,Y,) = Ylk-l-sz—l-----I—Y,iC where k > 1. The

Newton formulas are as follows.

(i) If k <n, then

Pk — Pk—151 + pr—2s2 — -+ (= 1)* T prsi_y + (= 1)Fksp = 0.

(ii) If k > n, then
Pk— Pk—151+ -+ (—=1)"Pk—pnsn, = 0.

Recall that the p-torsion points of p are, by definition, the roots of the polynomial

Pp(z). Explicitly, we have

plp] = p[pA] = {e(x/p) | x € A/pA}.



74

Therefore,

[T —e(x/p))
X€A/pA

d
= YV (= 1)/t
1

Pp(2)

J

by Lemma IV.18(a) with {Y1,..., Y4} := {e(x/p) [ x € A/pA}, §j—1 == 5;-1(V1,...,¥a)
and §p := 1.
Since hy = 1 and since, for each of our function fields, there is only one Drinfeld

A-module, we have that py(z) € Alz] by Theorem IL5. This implies that §; € A for all

0<j<g?—1. Also, Pp(z) is Eisenstein at p ([10], Proposition 11.4). This means that

p 1 o, %eAforlgqud—l, P>t 81, 4.23)
Set py := pk(Yl,...,qu). Using part (i) of (b), it follows that p; € A. A straightforward
induction argument then implies that p; € A for all k. Now using either (i) or (ii) of part (b)
(depending on whether m — 1 < ¢% or m — 1 > ¢%) and (4.23), we conclude p,,_1/p € A.

Therefore,

Am— elb m—1
oty /)

cA.

This completes the proof.

H. The Module of Special Points

Our setup of the module of special points will be similar to the case of the Carlitz module.

Let d be a positive integer. Let

M:={mecZ|1<m<q’'—1,m#1 (modqg—1)}.
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Fix a sign function sgn and let p € (A;) be irreducible of degree d;. As in the case of the

Carlitz module, the p-torsion of pj 18

p/[p] = {exp,;(%yia/p) | a € Aj}.

As before, p/[p] 2 A;/p as Aj-modules, so let A; := expy;(%,i/p) be a generator. Since
de; = 1 and hy; = 1, we have that Hj = K; where H; is the Hilbert class field of ;.

Set

(Kj)p :=K;(p’[p]) = K;(A));

Rj=AjAj]-

The fraction field of R is K;(A ;) and, moreover, the integral closure of A; in (K;)p is R;.

Let G; := Gal((K})p,/K;)- Let
a—6g4: (Aj/p)* — Gj
be the unique isomorphism such that
ca(ej(b/p)) = ej(ab/p)
forall a,b € (Aj/p)*. By the functional equation (2.1), we have
ej(ab/p) = pl(e;(b/p)).

Exactly as in the case of the Carlitz module, for any A j-algebra R, we let R” bea copy

of R equipped with the A j-module structure
(a,r) > axr:=pi(r): Aj xR —R.

The exponential function expy; is A j-linear if viewed as a map (K;)w — (K ])goj IfreRis
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viewed as an element of R?’ via (1,r)— p{ (r) = r, then r is the coordinate of an R-valued
point of p-.
Let m be a nonnegative integer. For each b € (4;/p)*, let s,]ﬁ(b) be the R;-valued

point of p/ with coordinate

si(b) = exPpj lm(x) = S 1) |1=e; (v)

where x = b/p and b = b (mod p). This definition does not depend upon the choice of b;

the proof is exactly the same as in the case of the Carlitz module.

Definition IV.19. Let 8/ denote the A j-submodule of RP’ generated by points of the form

s%(b). The elements of 8/ are called special points of p/.

For the rest of this chapter, we will forgo writing the letter j since our results hold for
all 1 < j < 4. We begin our analysis of 8 by first examining dependence relations among
the functions

{im(x) | m = 0}.

Lemma IV.20. Let A be one of Ay, ...,Aq. Leta € A, a # 0, x € Kw, and m be a nonnegative
integer. Define aj € A for j=m,... ,quega by
quega

Pa(t)™ = Z ajt!.
Jj=m

Then

quega
Im(ax) = Z ajli(x).
Jj=m
Proof. First note that since 24 = 1, we have p,(t) € Aft]. So the coefficients a; do lie in A.

We have

quegu '
2. aje(x)’ =pa(e(x))" = pa(expy (Tpx))™ = expy (aftpx)™ = e(ax)™,
j=m
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where the penultimate equality follows from the functional equation (2.1).

Therefore,
dega quega . dega
e(ax)’
Za] ZW(Z a > Z <Zajeax>
j=m acA4 aEA+
1
= Z —e(azx)m
aEA+a
= Ijy(ax)

]

Before we state our next lemma, we need to make a definition. Let A be one of
Ay,...,A4. Fora € A, define p,; €A fori=0,...,dega by
dega

Zpazt

Note that since p is a Drinfeld-Hayes A-module, we have p, o = a and p, dega = sgn(a).

Lemma IV.21. Let A be one of Ay, ...,A4. Let m be a nonnegative integer. Then
d—1
m+q (l/p pr, *m+q' (l/p)
Proof. We calculate

d—1

;) pp>ilm+qi(1/p) m+q 1/p Z pp7 'm+q' (1/p>

e(a/p)™*
:an Z /P) ¢

acA; a

d .
= Z ée(a/P)mZPp,i epr(afcp/p)q’.

a€A+ i=0



The inner sum is

Pp(exp, (afty/p)) = exp,(afty) by the functional equation (2.1)

=0 since exp, vanishes on AT,.

This completes the proof.

Lemma IV.22. Let A be one of Ay, ...,Aq. We have

d
; vailq’?I(l/p) = (1-p)l(1/p).

Proof. Let

d )
o) =P —p 4§ ppt .

i=1

Then
plo(1/p) +prl i_1(1/p) = prl i_1(1/p)

D

(IEA+

¥ 1Y ppreta/p)

acA; 7 i=0
=§MﬁM)

since ppo = p.

If p | a, then a/p € A, and so e(a/p) = 0. Therefore,

o(e(a/p)) p+pr, (a/p))" ' =p.

i=1



79

If p{a, then e(a/p) # 0 and pp(e(a/p)) = 0 exactly as in the previous lemma. Therefore,

p ifpla
d(e(a/p)) =
0 ifpta

Continuing, we have

Z ¢(e(a/p)) _ Z P_ Z L/ by setting a = pd’
acA a acA a dea, P4
+ + +
a=0 (mod p)

=l(1/p).

This completes the proof. O]

I. The Finite Generation of 8

In this section, A is one of Ay,...,A4. Let S be a subset of an A-module M. We write (S)4

to denote the A-submodule of M generated by the elements of S. We recall that
M:={meZ|1<m<qg'—1,m#1 (modqg—1)}.

Proposition IV.23. The quotient of 8 by (sm(1) | m € M U{1})4 is generated, as an A-

module, by so(1) and is annihilated by p — 1.

Proof. Set

L:={lu(a/p) |m>0,a€A)y.

We claim

L={(ln(1/p) |0<m < g’ —1)a. (4.24)

Since every element of the form ,,(1/p) for 0 < m < g? — 1 is clearly in £, this proves
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D. As for the other inclusion, Lemma V.20 implies

m qdeg a

ln(a/p) = Z ajli(1/p) € (L;(1/p) | m < r <mg™e®),.
Suppose r € {m,...,mq%“} such that r > g. Then r = ¢ + n for some n > 0. Therefore,

(l/p)_ldJrn(l/p pr, i‘ntq (1/p)

by Lemma IV.21. If n4¢' < ¢? for all 0 < i < d — 1, then this proves C. Otherwise, there

exists an index j such that n+4 ¢/ > ¢?, and so n+ ¢/ = ¢ + k for some k > 0. Thus,

ln+qj(1/p) = lk+qd(1/p)7

and we may repeat the above argument using Lemma IV.21. This proves (4.24).
Given the original definition of L, note that exponentiating the elements of L gives

the coordinates of the special points of p. Therefore, by (4.24), we conclude
S=(sm(1)|0<m<g?—1)4. (4.25)

By Proposition II1.8(6), the special point s,,(1) vanishes for all m > 1 such that m = 1

(mod ¢ — 1). Hence,
8= (sm(l) |me MU{0,1})a.

This proves the first assertion of the Proposition.

As for the second assertion, it is enough to show

(p—1)*s0(1) € (su(1) | meE MU{1})4.

Note that the coordinate of the special point so(1) is exp, lo(1/p). We calculate

(p—1)*s0(1) = pp-1(s0(1))
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= Pp-1(expy lo(1/p))

— expy((p— Dio(1/p))

B ES

i=1
where the last two equalities follow from the functional equation (2.1) and Lemma V.22,
respectively. We view the sum inside the parentheses as an element of K®. Since Ppi €A
for all i and since expp 1s A-linear on KB,, we conclude
d
(p—1)*s0(1) lzlppl*expp( i—1(1/p)) Z,sz*st 1

This last expression clearly belongs to (s, (1) | m € M U{1})4. This concludes the proof.

[]

Remark IV.24. We record here the content of (4.25): The module of special points § is

finitely generated as an A-module by the special points of the form

{sm(1)|0<m<qg?—1}.
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CHAPTER V

EXPRESSING SPECIAL VALUES AS LINEAR COMBINATIONS OF LOGARITHMS
Recall that in the case of the Carlitz module, if m: F; — CX 1is the Teichmiiller character

and e}, (a) are the dual coefficients of Proposition III.14, then we have

41
Lo =Y (LY o@en@] | ¥ o @b/
m=1 paGFf; bGFE

Our goal in this chapter is to prove an analogue of this formula for an arbitrary function

field.

A. Preliminary Functions—Part 1

Let K be an arbitrary function field over the finite field F,. We assume that d.. = 1. Let
m be a prime ideal of A C K and set d := degm. Recall from §ILF that H is the Hilbert
class field of K and B be the integral closure of A in H. Fix a sign function sgn and
let p be a Drinfeld-Hayes A-module with respect to sgn (cf., §ILB). Set Ky, := H(p[m]),
G := Gal(Ky/K) (§ILF, I1.G) and let C be the integral closure of B in Ky,.

Let x be a Dirichlet character on A whose kernel is m. Since m is a prime ideal, A/m
is a field with #(A/m)* = ¢%€™ — 1. Thus y has order relatively prime to p. Fix y € G

such that y|4 = as in §IL.G. Recall from §II.G that the Goss L-function for y is

1
L(s,y) = ; \lﬁs])

where the sum ranges over all integral ideals / of A which are relatively prime to m. Here s
1s a positive integer.
Recall that two nonzero fractional ideals M and M’ are equivalent in CI(A), and we

write M ~ M’, if there exist nonzero o, € A such that oM = BM’. Write h = hy and let
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{ai,...,a;} be aset of representatives of the equivalence classes of Cl(A) that are relatively

prime to m. Then

\l!
ZZ s
i=11~aq;

Let

Am :={x €K | ordn(x) > 0}.

We extend ) : A — C. to a map (which we also call y) defined on Ay, as follows:

YX: Am — Coo
a_, xa)
b x(b)

for b ¢ m. Since b ¢ m, it follows that ¥ (b) # 0 and so the above map is well-defined.

Let I ~ a;. Pick B, € A such that B/ = aia;. Then
ordp (BI) = ordm (0t;)

which implies

ordp (B) + ordy () = ordy () 4 ordm (a;).
We have that ordy, (1) > 0. Since a; and m are relatively prime, ordy, (a;) = 0. We conclude
ordy(o/B) >0
i.e. a/P € Ap. Therefore,
(1) =wy(o/B)y(a;)
with y(a/B) = 0 if o/B is not a unit in Ay,. Thus,

w=y ¥ Y

=lye(a; )4




_ i (o) y v ()
S e, T
where if Y= ot/B € A, then y(y) = y(a)/y(B).
Definition V.1. Let / be an integral ideal of A. Define
v(I) v(w)
Lisy) = Y0y W),
I el @
1 1
Cre(s) == Il Y p
ne(l™")+

n=c (mod I 'm)

force I /I"'m.

Remark V.2. These two functions are related to each other via
Li(s,w)=w() Y w(c)lre(s).
cel~1/I"1m

Lemma V.3. Suppose I ~J in CI(A). Then Li(s,y) = L;(s, V).

Proof. If I ~ J, then ol = BJ for some a, 3 € A relatively prime to m. The maps

o
'ty yg and J ' =TI 1eel

B

give a one-to-one correspondence between /' and J~!. Hence,

O
we(l71);
By o)
y(o) <BF{>M ey, @

() MONCOVERY

b we(;m y(a) <_>

_ ) y y(o')
=1

@y

where @' := 0f /o

84
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= LJ(S,\|I).

O

This Lemma implies that the function L;(s,y) depends only on the ideal class of 7 in

CI(A). Therefore,
h
V) =) La(s,¥), (5.1)
i=1

and so the study of L(s,y) reduces to the study of the functions L, (s,y) for 1 <i<h.

B. Preliminary Functions—Part 2

We want to do a similar analysis in this section on the function ¢(b;z) which was originally
defined in Chapter III. We begin by recalling the definition of this function.

Let I be an integral ideal of A and let b(t) = ¥;b;t' € B]t] where ¢ is a variable. Set

I+b(t ZbIH/K 1)

where (I,H/K) is the Artin automorphism of 7 and we write bgl’H/ k) to denote (I,H/K)
acting on b;. The map

Hlt| > H[t]: b—1xb (5.2)

is an A-algebra endomorphism that stabilizes Blt].

Define
VE: b(t) quegl
D(pp)

where the sum is over all integral ideals of A and D(py) is the constant term of p;. Note

(b(t);z) == ZI:

that

||
Ip-

Z deg 1
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We now consider a general term in the second sum. If I ~ a;, then there exist B;,y; €A+
such that B,/ = y;a;. This implies that I = (y;/B;)a; and so 7;/B; € (a;1)+. Also, note that
(I,H/K) = ((vi/Bi)ai,H/K). We would like to determine the relationship between D(py)

and D(pg,). To do this, we will need the following result.
Lemma V.4 ([13], Propositions 13.14 and 13.15). Let p be a Drinfeld A-module over C...

1. Let 1,J be nonzero ideals of A. Then

prr = (J*p)ips

where J x p is the Drinfeld A-module satisfying

PIPa = (J* p)apJ

foralla € A.

2. If 0 # b € A, then write (D) for the ideal of A generated by b. Then p ;) = cpyp,
where c is the leading coefficient of pp. Moreover, c[(b) *p|, = pac forall a € A; i.e.,

(b) x p is isomorphic to p over Ce.
Continuing, we have
P = Prp) = ((Bi) *P)1Ppy)-
Since 3; € A and since p is a Drinfeld-Hayes A-module, we conclude that
D(p(,)) = D(pp;) = Bi-

Since ((B;) * p) is isomorphic to p over C.., it follows that

D(((B:) *p)1) = D(p1),
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and we get that
D(pp,;1) = BiD(p1)- (5.3)

Therefore,

D(p1) = LD(py,). (5.4)

i

Putting all of this together, we may write

Ixb(t)

qdeg 1

((Dai) * b(t) 2
oD(pq,) ,

dega;+deg®

and this motivates our next definition.

Definition V.5. Let / be an integral ideal of A and let b(r) € B[t]. Define

U (b():2) ;:D(lpl) (,Zl) &mb@

qdeg I+degm
Z .

Lemma V.6. Suppose I ~J in Cl(A). Then {;(b(t);z) = £;(b(t);z).

Proof. If I ~ J in CI(A), then al = BJ for some o, € A;. Since the * map from (5.2) is

an A-algebra endomorphism, we get

() xb(r) (Bo-anxb@) (Po-pnsbr)  (Bo-1)«b()

) Bo N Bw N o
Now proceed as in the proof of Lemma V.3. ]

The function ¢;(b(¢);z) therefore only depends on the class of I in CI(A). Exactly as

in the case of L(s,y), we have

h
U(b(1);2) = Y Lo, (b(1):2), (5.5)

i=1

and so the study of ¢(b(t);z) reduces to studying the functions ¢4, (b(t);z) for 1 <i < h.
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C. Preliminary Functions—Part 3

Let p be a Drinfeld-Hayes A-module with respect to a fixed sign function sgn. Since p is a
Drinfeld A-module of rank one, then the period lattice of p has the form 7t,J where J is an
integral ideal of A and 7, € C... Recall that y is our Dirichlet character on A with kernel m.

The map

A/m—m~17/] (5.6)

a— au
for u € m~1J\ J is an isomorphism. We fix a choice of u.
Definition V.7. Let I be an integral ideal of A. We define the function ¢;: K., — K. by
e/(x) := expy,p (D(P1)Tpx).
Remark V.8. If I = A = (1), then
e/(x) = exp(1),p (D(P(1))Tpx) = exp,, (Tpx) = e(x).

Let us investigate how the function e; depends on the ideal 1. If I ~ J in CI(A), then

ol = BJ for some o, € A relatively prime to m. Set y:= /o € (J~1),. Then

er(x) = ey(x) = eXp’yj*p(D(pW)ﬁpx>

Recall that CI(A) acts on Dring (C..) via the * operation. Therefore, since YJ ~ J in CI(A),
it follows that ¥/ * p and J + p are isomorphic over Ce.. Hence, expy;,,(z) = exp,,,(z) for

all z € C... We have already seen that D(py;) = yD(p,). We conclude that

e1(x) = EJ(’YX).



Recall that we have a function /,,: K.. — K. defined by

e(ax)™
In(x) = Z P
a€A+
if m > 0 and
1

If we set7 =e(x) and z = 1, we get

g(tm;zﬂt:e(x),z:l =

a€A+ a
B Z e(ax)™
(JGA+ a

= Ipp(x).

We want to investigate the value of

¢ (tm; Z) |t:eA (au),z=1

for a € A and u as in (5.6).

Lemma V.9 ([7], pp. 68-69). If1 is an integral ideal of A, then

p1(expy(z)) = expr., (D(p1)2)
for all 7 € C.

In order to compute

l (tm; Z) |t:eA(a/J).,z:1 )

89

5.7

(5.8)
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we need to compute (07 *™);—e, (4,) for ® € (1 ~1),. We calculate

(OF 5 1")|i ey (a) = Poor (€a(ap))”

= eXPgy+p (D(Por)Kpau)™ by Lemma V.9.
We have already seen that D(per) = @D(py) and expgy.,(2) = expy.,(2). Hence,

(OF ™) ey ) = XPrp(D(P1)OFpap)" = es(waps)"™,

and so

Loy elow)? (ap)” (5.9)

E](l‘ ;Z)|z:eA(a,u)7Z:1 - D(PI) oc(I-1), ®

The similarities between the preceding expression and the analogous relation (5.7) in the

case of & = 1 inspire our next definition.

Definition V.10. For m > 0, we set

for x € K...

We note that L, 4 (x) = Ly(x) since D(pa) = 1, A~ = A, and e4 (x) = e(x).

D. Generalized Dual Coefficients

In this section, we will prove the following generalization of Proposition III.14. We first
review the concept of m-torsion with respect to some of our preliminary functions. Let p

be a Drinfeld-Hayes A-module with respect to a fixed sign function sgn. Recall that the
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period lattice of p is %pJ. The m-torsion points of p are (cf., [19], §2.4)

plm] = {exp, (fpr) | r € m™'9/7} = {expy(Fpau) | a € A/m}

= {ea(ap) [a € A/m}.

Recall from §III.D and (3.6) how we considered the function e(x/p) as a function on
A/p. Similarly, we now consider e, (xu) for x € A. We claim that we may view e4 (xu) as a

function on A/m. Let a € A and suppose a = @’ mod m. Then a = ¢’ + ma” and so

ea(au) = exp, (fpua + Rpumad") = exp, (pua’) + expp (ftpuma’)
— expy Tyt

= es(d'u)

since yma” € J and exp,, vanishes on ®,J. For y € A/m, choose y' € A such that y =
y' mod m. Set
ea(u) == ea(y'n). (5.10)
This definition is independent of the choice of y' as we have previously shown. Thus, we
consider e4 (yu) as a function on A /m.
Now given an integral ideal I, we may consider the Drinfeld-Hayes A-module 7 * p
and consider its m-torsion. The period lattice of I« p is D(py)I *17~th ([13], Chapter 13).
We will compute the m-torsion points of I * p, denoted I * p[m], by mimicking the above

computation. We have

Ixp[m] = {exp, (D(p1)Ttpr) | r € m~ 19/ 19}
= {exp (oD (pr)ow) [@ € 17! /17 m}

= {e;(ou) |0 eI /I m}.

As above, we consider e;(xu) as a function on 7~! /I~ !m.
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Recall that Ky, := H(p[m]). It is known that K, is independent of the choice of
Drinfeld-Hayes A-module ([10], §16). Since I *p is also a Drinfeld-Hayes A-module, it
follows that I x p[m] C Kj,. We are now ready to state our generalization of Proposition

III.14. Set d := degm.

Proposition V.11. Let m be an integer such that 1 < m < g% — 1. Then for every m and for

every nonzero o € I~ /I~ 'm, there exists a unique element e (o) € Ky, such that

d_1
Y er(Bu)"esy s (0) = D(pr) -3y

m=1

for all nonzero B € I"' /I"'m.

Proof. The idea of the proof is to apply Lagrange interpolation to I~! /I~ 'm. For nonzero
y€ I~ /I"'m, consider the Lagrange basis polynomial
x—ef(Ay)

O;ékel_l/l_lm e[<'Y,U) - el(}\’lu) .
AAY

Py(x) :=

By the previous discussion, ?y(x) is a well-defined polynomial in Ki[x]. The degree of

P,(x) is ¢* — 1 since I 1 /I"'m 2 A /m. Also,
Py(er(op) = dy
for all @ € I~! /I~ "m by construction. For nonzero B € I~ /I~ !m, set
Fy(x) := D(pr) B ().

Then

Fg(er(ou)) = D(pr)dye
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foralloe I-!/I7'm. Let

D= ]  (er(y) —er(hu)).
04 el /I m
Ay

Dy . .
Fg(x) = DgP3(x) is a monic

Then D; ! is the leading coefficient of 2,(x). Now
0% g 'Y( ) D(pl)

polynomial of degree ¢? — 1 satisfying
(i) it vanishes on Zg := {e;(ow) [0 £ o€ 17! /I 'm0 £ B}
(i) it equals Dg when x = e;(Bu).

Suppose Gg(x) is another monic polynomial of degree g% — 1 satisfying (i) and (ii).
Then DgPs(x) — Gg(x) vanishes on Zg U {e;(Bu)} and has degree < g¢ — 1. Since #(Zg U
{e;(Bu)}) = ¢ — 1, it follows that DBy (x) — Gp(x) is identically zero. Hence, D P3(x) is
the unique monic polynomial of degree ¢? — 1 in Ky, [x] satisfying (i) and (ii). Equivalently,
Fp(x) is the unique polynomial of degree g¢ — 1 in Ky[x] that vanishes on Zg and equals

D(p;r) when x = e;(Bu).

Write
q’-1
Fo) =5 Y. €5 (B
m=1
Then
0 if o # B,
F(er(ow)) =
D(p) ifa=p.
This completes the proof. []

Corollary V.12. Let m be an integer such that 1 <m < q% — 1 and let 0 # o, € I™' /T 'm.

Suppose that J is an integral ideal of A such that I ~ J in CI(A). Then

*

€,(0) = Yﬁlefn,J(OﬂYfl)



where Y € K. is such that I =y~ 1J.
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Proof. First note that 0 # oty ! € J~! /J~!m and so the expression €. ;(oy 1) makes sense.

Since I~! =J~!, .= yo for some ® € J~!. By the Proposition, we have

HM|
%
E
3

where the last equality follows from Remark V.8.

Applying the Proposition to 0 # @ € J~! /J~!m, we get

41
Y es(an)els s (©) = D(ps) = 1D(p0).
m=1

Therefore,
Y es(op)” Z es(ou)™e, ;(Yo).
By the uniqueness of the dual coefficients, we conclude

1 * *
?em,.l(o‘)) = emJ('Yw)

which is equivalent to

1, _
?em,.l(ow ) em I(a)

(5.11)
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E. Main Result

We are now ready to compute our analogue of (3.7). Let 0 #a € I~!/I"'m and b €

(A/m)*. We calculate

1 e(wbu)"
e m b em - -7
Z mI I ;u Z [ (p1) (Z)+ o
|6
= — Z e1 (Db,u)
we(rluD ) =
1 1
= —D(p1)da, by Proposition V.11
oe(I )y Dipr) o (Pr)uor
o¢l 'm
y L
os(i”). ®
o¢l'm
a=wb (mod I 'm)
=11g; g1 (1), (5.12)
and so
e
7 Z i1 (bt) = G g1 (1). (5.13)
The map
rim—A/m (5.14)
o — oV

for v € I'\ Im is an isomorphism. We fix a choice of v with the added condition that
y(v) =1
We multiply both sides of (5.13) by y(awv)y(b)~! to get

d_q
W W)Y (0l () = W@ W) Gy (1) 519
m=1
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Set a := awv and notice that a € (A/m)*. We have

g’ —1

Vi) X wlaw®) i L (@i te)

a,be(A/m)*

=y(l) Y w@wd) (1) (5.16)

a,be(A/m)*
The righthand side of (5.16), after some rearranging and appealing to the definition of

g, is

LG R y vl (5.17)
be(A]m)* ac(A/m)* ey, "
o=bn mod I 'm

Now o = bn mod I~ 'm implies a = bnv mod I~'m. These congruences are equivalent
provided v ¢ I~ 'm, which follows from the fact that v € I'\ Im. And the congruence a =
bnv mod I~'m is equivalent to a = bnv mod m since nv € A. Therefore, (5.17) becomes
y({) - y(a)
Y v Y )

1[1] €(A/m)* ac(A/m)< ne(rV),
a=bnv mod m

~ Lot Py v
v

\_/

€(A/m)x
_—vy(W) (
il "’(V)HEUZ_I) "
:_LI(LW)

where we used the facts that (i) the kernel of y is m, (ii) #(A/m)* = ¢¢ —1 = —1 mod p,

and (iii) y(v) = 1 respectively. Plugging this back into (5.16) and rearranging the left hand
side yields
qd—l 1
Li(Ly) =—vy() )}, (n_u ) w(a)%(a)) ( ) w(b>‘llm,z(bu)> :
m=1 ac(A/m)> be(A/m)>

We immediately deduce our desired analogue of Anderson’s Equation (3.7).
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Proposition V.13. Let y be a Dirichlet character on A with kernel m. Let Y §(A) = Co
be the character (as in §11.G) such that W|p = . Let {ay,...,a,} be a set of representatives
of the equivalence classes of CI(A) that are relatively prime to m where h = #CI(A). Let u

be as in (5.6) and let d = degm. Then

h
L(1,y) =Y Lq,(1,y)
j=1

h d_1

a;" ac(A/m)” be(A/m)*

where V; € a; \ a;m are chosen as in (5.14).

F. The Log-algebraicity of L(1, V)

We continue with the notations of the previous sections. By Theorem II1.2, we have that

expp 0(b(t);z) = exp, <

h h
_leaj(b(t);z)> = ;eXPpﬁa,-(b(f);Z)

is a polynomial in B¢, z] for all b(¢) € B[t]. But this does not imply that exp,, £q;(b(t);z) is a
polynomial in Bz, z] for any j. As in the class number one case, to study the log-algebraicity
of L(1, ), we must look at [, q;(x) because of Proposition V.13.

Let S(#",z) := exp, £(¢";z) which is a polynomial in Blt,z] by Theorem II.2. For
a €A, we get

j=1

h
Jj=

h
S(tmaz)|t:eA(a,u),z:1 = €XPp (Z gaj (tm;z)‘t—eA(ay),z—1> = €XPp ( lm7aj (a;u))

1

so that

h
Z lm,uj (ay) = lng (S(tm7z>’t:e,4(ay),z=1) . (5.18)
=1

We would like to determine whether each Iy q,(au) can be expressed in a way similar to

(5.18).



98

For every B € B and for every integral ideal I of A, we have

1 B(mI’H/K)eI((Da/J)m
D(pl) we(I-) Y

+

gl(Btm;Z)’tzeA(a,u),z:l =

since (of x Br™) = B@LH/K)p i (1)™. Now ol ~ I in CI(A). Since CI(A) = Gal(H /K), it

follows that (w/,H/K) = (I,H/K). Therefore,

EI(BI ’Z)|t ealap),z=1 — B(I H/K)lm,l(a‘u)'

Hence,

=

Z ples-H/K)p lin.a;(apt) = log, (Polynomiall,—e, (qu) -=1)- (5.19)

So we now investlgate sums which look like the lefthand side of the preceding expression.

For 3 € B, set
h
Z a, HIK) e
where x is a variable. Let {B1,...,B,} be a subset of B which is linearly independent over
A. Consider the system
H/K H/K H/K
Lo(rox)\ (RS gyt N 0 ()
By | | B gy ()
H/K H/K H/K
Lu(Bix))  \BRE g ) g, ()

Denote by D the & by h matrix on the right. Since {Bi,...,B,} are linearly independent
over A, the determinant of D is nonzero. By Cramer’s Rule, we conclude
h

Ina;(x) = (det D)"Y (= 1)L, (Bi,x) det Dy
i=1
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for all 1 < j < h where D;; denotes the ij-minor of 2. Hence,
h . .
Ima;(apt) = (det D)"Y (=1)*/L,,(Bi, ap) det ;. (5.20)
i=1

This, coupled with (5.19), implies the desired log-algebraic expression for I, q,(au). We

record our result in the form of the following Theorem.

Theorem V.14. Let y be as in Proposition V.13. Then there exist uy,...,u; € Co with

exp, (u;) € K and oy, ..., 0 € K such that

1 \lf) = iOﬁiul’.
i=1

In determining the log-algebraicity of L(1, V), we used the expression given in Propo-
sition V.13 as a starting point. We now briefly describe another way to prove Theorem V.14
by determining a simpler expression for L(1, V).

Recall (5.13):
] Z emI ml b,u) Ql,ocb—l(l)

where 0 Zo € I~' /I"'m and b € (A/m)*. We compute

]:1

=Y w(a;) Y w(e)Ca(1) (by Remark V.2)
J=1 O#cea;! /a;'m

= ZW(C‘]) Z [1 Z ema] ma] (1)
j=1 Oyécea]fl/uj_ m aj; m=l1

((5.13) with/ =a;and b= 1)

41

h wla
_ ; Z«W(mj) Y (e (©) | ;).

1 a- —1/.—1
j  0#c€a; /a;'m

ES

This expression and (5.20) immediately imply Theorem V.14.
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CHAPTER VI

THE A-RANK THEOREM WHEN /4 =1 AND d.. = 1

In this chapter, we will prove our analogue of the A-rank Theorem in the case of a function
field satisfying h4 = 1 and d.. = 1. Recall from §IV.A that there are only four such function
fields which we called K7, ...,K4. We refer the reader to §IV.A for the remaining notation.
The reader should assume that all objects A, p, etc., written without the index j, correspond
to one of A, p/, etc. for 1 < j < 4. We follow the argument of §4.7 and §4.8 in [2].

Let m be an ideal of A. Since hy = 1 and doo = 1, we have H" = H = K. Let
p be a Drinfeld-Hayes A-module with respect to a fixed sign function sgn. Set Ky, :=
K(p[m]),G := Gal(Ky/K), and G := Gal(Ky/K). Then G = G" = (A/m)* and so G =
G". Since A is a principal ideal domain, there exists an irreducible p € A such that
m = (p). ThenA/m =A/p =: Fy is a field. Set d := degp.

Recall from (5.6) that the element u € (p)~' \ A is chosen such that

A/(p)— (p)~'/A

a— au

is an isomorphism. We choose u = 1/p.

Letac (p)~!/A, b€ F, and consider Equation (5.12) with = (p) :

193!

b Y e ) (@) () (B/P) = i) a1 (1) (6.1)
m=1

Since (p) = pA, Corollary V.12 implies

*

€,, p)(0) = Ppe,, 4 (ap).



Remark V.8 implies that

and so

= Z ———— change variables ® — (1/p)n

= lm7A(b/p).

We also have

1
Z — by definition of {
n

ne(p);!
n=0ob~! mod A

1
Crpyant (1) = P

1 1
p C€A+ BC
(c,p)=1
bc=0p mod p

First note that the congruence

1
ne = EC =oab ' mod A

is equivalent to

bc = ap mod p.

101
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The constraint (¢,p) = 1 arises since op mod p # 0. Therefore,

1
C(p),ocb" (1) = Z - = CA,ocpb—l (D).
C€A+ ¢
(c;p)=1
bc=op mod p
Putting everything together, (6.1) becomes
¢’=1
2 €nal0p)lna(b/p) = s app1 (1)- (6.2)
m=1

Seta:=ap € Fy. The group G = Fy is cyclic implies that G is cyclic. Let ¢ be a generator

of G. Choose 1 < i, j < g% — 1. Multiply both sides of (6.2) by ¢/(a)d~/(b) and sum over a

and b. We get
), ¢'(a Z epa(@lnald/p) =Y ¢(a)0/(b)Cs 1 (1). (6.3)
a,beFy a,beFy

The left hand side of (6.3) becomes

d_1

qZ Y d@esa@ | | Y 07 (B)malb/p) |- (6.4)

m=1 "\ a€Fy beFy
The right hand side of (6.3) is

Y 0@ 0 ()= L d@oit) ¥ o

a,beFy a,beFy neAL
bn=a mod p

= Z o/ (b) Z M

a,beFy neAL "
bn=a mod p
= Z o/ (b) Z ¢'(bn)
a,beFy neAy n

(the value of ¢(a) is determined by a mod p)

—( L 1) X owee) ¥

acFy | beFy neAL
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==Y 07/ ()o'(b) Y @ (since # Fy = g7 — 1)

beFy neAy

= —La(1,0") Y 07/

beFy
= —La(1,0')(¢" = 1)§;;

(by the orthogonality relations, [13], Proposition 4.2)

= La(1.0)3;.

Again, §;; =0if i # jand 1 if i = j. Hence, we have

. q=1 .
La(1,0")8;; = Zl Y, o'(a)e, 4(a) Y 07/ (b)lma(b/p) (6.5)
m=1 "\ qeFy beFy

forall 1 <i,j<g%—1.

Lemma VL1. Let ® be any generator of F. Let Y be the (¢ — 1) by (¢* — 1) matrix

whose i, j entry is [; A(®/ /p). Then detY # 0.

Proof. Let R be the (¢? — 1) by (g% — 1) matrix whose i, j entry is the right hand side of

(6.5). Let R; be the (¢? — 1) by (¢? — 1) matrix whose r,s entry is

Z q)r(a)es A (a)
acFy
and let R; be the (¢¢ — 1) by (¢ — 1) matrix whose 7, u entry is
2: O“(b)la(b/p).
beFy
Notice that R = R{R». If we write

Y 07“(b)la(b/p) = Z 00l a(0"/p),

beFy
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then

Ry =Y

If detY = 0, then

O:detR:qH Ls(1,0").

i=1

But L (1,4¢’) does not vanish for all 1 <i < g% — 1. This contradiction completes the proof.

]

Let 7t be a fixed monic uniformizer at oo.

Lemma VL.2. Let m be a nonnegative integer such that m 1 mod g — 1 and let x € K.

Let Tr denote the trace from Ko+ “V/ =11 10 Keo. Then Tr(Ly a(x) /%) = 0.

Remark VI.3. If g = 2, then no value of m satisfies the hypothesis of the Lemma. Also, if

g =2, then K..- “v/—n— 1 =K., since np ' ¢ K., for all q.

Proof. We claim that if n is a nonnegative integer such that n 0 mod g — 1, then Tr(fcg "=

0. Write n = ny +r(g— 1) where 0 < n; < g— 1. Since fcg_l € K., we have
Tr(Ry") = Tr(fy &, ) = &, V(™).

Recall from (4.7) that

SoRy, =k /—n—1 for some k € K... We have
Tr(R,™) =k TV 1)) =k Yo (Va1 )
o

where the sum ranges over all 6 € Gal(K..- ‘v -1~ 1/K..).

An element of Gal(K..- “v/—n1/K..) permutes the roots of the equation z4~!' +
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7~ = 0. And the roots of this equation are

{c"V/-nl|ceF) }.

Thus,
Te(R,™) =k ™ Y (c'V-n )y =g Y e
celFy celFy

Note that inversion is an automorphism of F;' and that F; is a cyclic group. Let g # 1

be a generator. Then

qil . gqnl _gnl
—n n \Nn
ZC = ch:Z(g)lz g —1
ceFy celFy i=1
g (gla=m — gm)
gn—1

_gM(eM—g")
=

=0.

This proves the claim.

We may now finish the proof. Since /,, 4(x)/%p € K, we conclude

Tr (lmfxn(lx)) — Tr lm,f (x) ~ml_1 _ lm,f (X) Tr ~ml_1 —0
T T T T s

if m— 1% 0 mod ¢ — 1 by our earlier claim. This concludes the proof. U

Recall from §IV.H the set
M={meZ|1<m<qg’—1,m#%1modq—1}.
We compute #M . Note that

M =g —1-#{1<m<qg’—1|m=1modqg—1}.
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If1<m<g?—landm=1modqg—1,thenm=1+k(g—1)with0<k<(¢?—2)/(g—1).

Therefore,
g -1
#M:qd—l—q J+1>:qd—2—{
q—1
Since
¢ =2 ¢'—1 1
g—1 q—1 q—1
we have
Vd_lJ 242 ifg=2
_1 -
1 C 1 ifg>2.
Therefore,
0 ifg=2

#M =

(¢! —1)1=2 ifg>2.

q—

We are now ready to state our analogue of the A-rank theorem.

g —1
g—1]"

Theorem VI.4. Let K be a function field over I, (other than the rational function field)

satisfying hy = 1 and d. = 1. Let p be the unique Drinfeld-Hayes A-module with respect to

a fixed sign function sgn. Let 8 be the A-module of special points of p as defined in §1V.H.

Then the A-rank of 8 equals (¢ —1)(q—2)/(qg—1).

Proof. We begin by showing that the special point

s1(1) :=expp lma(1/p)

is annihilated by p. That is, we must show

p*s1(1) = pp(s1(1)) = 0.

From the proof of Proposition II1.8(6), we have

ha(l/p) _ y L sap)

Tp

T =

be(A/p)*

=—(¢’-1)

1

=]
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Then
s1(1) = expy(Tp/p) = €(1/p)
and so

Pp(s1(1)) = pp(e(1/p) =e(1) = 0.

Thus, 51 (1) is annihilated by p. Therefore, to prove the theorem, by Proposition IV.23, it is
enough to show that the set of special points {s,,(1) | m € M} is linearly independent over
A.

Let {a,, | m € M} C A be such that

Y amxsm(1)=0. (6.6)
meM

Recall that

a 6,4: Fy — Gal(Kp/K)
is the unique isomorphism such that
ca(e(b/p)) = e(ab/p)
foralla, b € F;. Also, we have that
Gu(sm(b)) = sm(ab).
For any b € F, apply o, to both sides of (6.6):
Z am* sm(b) = 0.

By the definition of s,,(b) (cf., SIV.H), we have

Y amexpy(lna(b/p)) =0
meMm



which implies

Y. Pa,(expy(lna(b/p))) =0.

memM
Therefore,
0= Z expp am mA(b/p) = €XPp ( Z amlm A b/p)) .
meM memM
Hence,
Y. amlna(b/p) € TpA
memM

so that

Y anlna(b/p)/Tp=d.

meM

for some a’ € A.

Let Tr denote the trace as in Lemma VI.2. Then

d=Tid)=Y anTr (M) =0

meM T

by Lemma VI.2. Therefore,

Z amlm,A(b/p)/ﬁP =0

meM
which implies
Y. amlna(b/p) =0.
meM

Define a column vector [0,y a1 by

a, ifneM

0 ifng M.
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Let Y be the matrix from Lemma VI.1. Then
ha(o/p) - lya—1 A(®/p)
Y7o, = : [ot].
d_ d_
ha(@~'/p) - Lya_y 4(0 '/p)

For 1 < k < g% — 1, the k-th row of YT [a,] is

ol a(@/p) +0ba(e/p)+-- + aqd—llqd—l,A((’)k/p>

=) Onlm.a (0F/p) =0
memM

by (6.7). Therefore, [01,] € ker(YT) = {0} by Lemma VI.1. Hence, the coefficients {a,, | m €

M} are all zero. This completes the proof of the theorem. O
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CHAPTER VII

EXAMPLES OF SPECIAL POLYNOMIALS
The following special polynomials were computed using Maple 12.

For Kj, we have:
o S(t%z) =z4+mP+2°
o S(t:iz) =1z+MP2 + (-2 (N —19)) 27 — 1727

o S(t%;z) =rz+M%2 4+ [-0(0+1)(0—1)(0° —0— )0 +mr!2+118] 22+
[_n(eu_910_99_66+64_93_9+1>t18 +l36} Z27 +l54Z81

For K;, we have:
o S(1%z2) =24 (64 +0)z* + (6% +67)z!0 + %

o S(t;2) =1z+ (0% +0)r* 2 + [(6* +0)1* + (85 +62)r 1] 104 [(8° + 02)110 4 104] 24+

164,256
For S(t;z), this is assuming that Zs(¢) = 0 (cf., §IIL.B). For K3, we have:
o S(t%2)=z+7°
o S(t;2) =tz +122 +122*
o S(1%2) =22+ 142 + [P+ 0(0+ 1)t 2+ [(02 + 0+ 1)r* +15] 8 418210

We note that each of the above special polynomials S(¢°;z) appears in §5.2 of [1] as well.
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CHAPTER VIII

EXAMPLES OF SPECIAL VALUES OF GOSS L-FUNCTIONS AND GOSS ZETA
FUNCTIONS
Definition VIIL.1. Let K be the function field of an irreducible, smooth projective curve X
defined over IF;. Let oo be a fixed point on X and let A be the Dedekind domain of functions
which are regular away from oo. Fix a sign function sgn. For a nonnegative integer n, the

Goss zeta function for K is

Ck(n) ;:ZL

- 1]
where the sum is over all ideals / of A.

Note that if d.. = 1 and hy = 1, then

k=Y —.

a€A+

Example VIIL.2 ([18], Equation (31)). Consider K;. Let p1 denote the unique Drinfeld-

Hayes Aj-module as defined in §IV.B. By Proposition III.8, we have

S(to;z) = expp! E(to;z)

I sdega
= eprl < Z ng,d e )
ac a

(A4
< 1 3degu>
= expp1 Z —Z .
ac(A)+ ¢
Therefore,
S(1%1) = expyi (La, (1))
and so

Ck, (1) =1logyi (S(t%; 1)) =logyi (n —1).

Example VIIL3 ([18], Theorems VIII and X). Let j = 2,3 and consider K. Exactly as in
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the previous example, we have
Ly (1) =logy: (1+ (6% +6) + (6% +6%) + 1) = log,2(6% + 6%+ 6% +6)
and
Gk, (1) = logp3(0).
Example VIIL.4. Consider the curve X;. In this example, we will stop writing the index 1.
Consider the Dirichlet character
xX:A— I_Fg
a=a(t,y)—a(0,v/—1).
Recall that
A={F(t)+yG(t) | F(1),G(t) € F3[r]}.

Then kery, = (¢). We know
A/(1) = plr].

Let & be a generator of pf]. Consider a = F(t) +yG(t) € A. Since F(t) — F(0) € (t), we

conclude

Since G(r) — G(0) € (t), we conclude

PyG(1) (&) = Py:(0)(8) + Pyc(1)—yG(0) (§) = Py(0)(§)
= G(0)py(§)
— G(0)E.
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Note that &' € plz] since

Pt(&l) = Pz(py(é)) = Pty(&) =0.
Therefore,
Pa(§) = F(0)E+G(0)E'

foralla = F(t)+yG(r) € A.

By Proposition II1.8(1), we have

S(t;2) = expy ( ) p“T(t)fdeg”) (8.1)
acAy
which implies
£ = S(E 1) = exp, ( y HOE+60 8) - (82)
a0 £9G(0)
Let Gal(K/F5(t)) = {id,c}. Since [K: F3(¢)] = 2, we have 6(¢) =t and 6(y) = —y.
Then
x(a) = F(0)+G(0)v—1
a—o(a) =F(t) +yG(t) = (F (1) =yG(t)) = —yG(t)
a+o(a)=—F(t).
Therefore,

F(0) = F(0,V/—1) = —a(0,+/—1) — 6(a)(0,v/—1)



114

and

Note that

1 (@) =x(F (1)’ +y°G(r)°)
= F(0)* + (—v/—=1)G(0)* sincey®> =y(r> =1 —1)
= F(0) —v/—1G(0) since F(0),G(0) € F3

= x(o(a)).

Hence,

F0)6+ GO _ F(0,V/~T)E+G(0,v/~1)g
(~a(0,v=1) ~o(a)(0,V=1)§

V=1 (a(0,v/=1) = o(a)(0,V/=1)) &
(V=18 =8 x@) , (=v=18'—E)x(0(a))
(VI -8)x@) | (~V-TE {7’ (@)

a a

+

(8.2) implies that

a 3(a
logy(8) = (V=18 &) ¥ X9 iy gy £

a€A+ a€A+

= (V=1& = &)L(1,%) + (—V—=1& =&)L(1,%’). (8.3)

Now suppose we had taken &' as our generator of p[t]. If a = F(¢) + yG(z), then as
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before, we have

pa(&) = F(0)& +G(0)p,(&)
= F(0)8' +G(0)py(py(€))
=F(0)& +G(0)p,2(§)
=F(0)& - G(0)§

since
Py2(8) =p3(8) —pi(§) —p1(E) = —p1(§) = €.
Setting t =&’ and z = 1 in (8.1) yields

F(0)E ~ G(0)%

logy(€) =} - 8.4)
acAy
a=F(t)+yG(1)
Exactly as above, we compute
F(0)§ -G(0)5 _ (—x(a)-%’(@)& v-1(x(a)—x*(a))§
_ (¥ V-1§)xa) N (=8 +vV=18) 1 (@)
Thus, (8.4) implies
log, (&) = (—&' = v=1&) L(1,0) + (=& + V=18 L(1.%). 8.5)

(8.3) and (8.5) yield the following linear system:

VEIE—E —vTE | | L) | [logy(®) |
VTG —EVTE] L) |log(®)

Let A4 denote the 2 by 2 matrix on the left hand side of the preceding expression. Since

deta =v—1((§)+&) #0,
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our system has a unique solution. We conclude

lo ! —1lo
L(1.y) = gp(ié):\/\/_:lggp(i)
L) = logp(ég),:\/\/::iéogp(i)'

Example VIIL5. Consider the elliptic curve E : y* =3 —t> — ¢t defined over F3. Note that

E(F3) ={(0,0),[0,1,0]}. Let = := [0, 1,0]. We have d.. = 1. Set
A:=T3t,y]/(* =2 +12 +1)

and let K be the fraction field of A. Here iy = 2.

Consider the Dirichlet character

x: A — IFs

a=ua(t,y) — a(0,0).

Choose a sign function sgn and fix a Drinfeld-Hayes A-module p with respect to sgn. Set
I, := (t,y). Note that I, is a nonprincipal ideal of A such that kery = .

Let & be a generator of p[h] = (A/L)*. Since G” := Gal(H(p[k])/H) = (A/L)*, it
follows that ¥ € G”. Let G := Gal(H(p[L])/K). As described in §IL.G, we let ¢ € G be
such that Y|4 =Y.

By Theorem I11.2,

exp, £(1;2) =: S(£;2)
is a polynomial in B[t,z] where B is the integral closure of A in the Hilbert class field H.
Let {A,L,} be a set of representatives of the equivalence classes of CI(A). We compute (cf.,
§V.D)

WA) xt e e W) *xt e e,
Lt;z) = Z (@14) %1 _zaeeniaegoy Z (o) %t sdesty+degor

(A1), (’)lD(pA> (.026(12_1)+ ®2D(PI2>



117

Y p“’w'—(t)fdeg“" + % Y Panty (1) 3tiieze: (8.6)
oA, Pl (Pn) oe, )y 2
where we have used that A~! = A, D(pa) = 1, degA = 0 and degl, = 1. This last fact
follows from the observations that /3 = () and degt = 2.
The maps

a
12—>12_1:a»—>6 and 12_1—>12:c02'—>0329

give a one-to-one correspondence between I, Vand b. Setting @), := 0,6 in (8.6) yields

eg . 4 eg )~
= ¥ Polmn 0 5 Poyon(®) e o
6(12

orch, o1 D(pp,) )

he(h)+

We now investigate the values p,(S) fora € A4 and p(y for ), € I,. First note
g p P(wy/0)12 p)

that if a € A, then a = F(t) +yG(t) for some F(t),G(t) € F3t]. We calculate

Pa(8) = Pr() (&) +Py6(1) (&) = Pr(1(§) since yG(t) € I
=Pr0)(&) +Pr)-r(0) (&)

= Pr(0)(§) since F(t) —F(0) € I

Now let @) € I,. Then &, = f(t) +yg(t) for some f(t),g(¢) € F3[t]. Furthermore, ®), € I

(D/
L (Fz) Ch

implies 0 | f(¢). We have

if and only if

if and only if © | ). Hence, 6 | o) implies py, q, /6)(§) = 0.



118

Now suppose 6 1 @),. Then

n;a’z :n%+ (0% —0—1)g(1).

Since I ()/6) = (), Mw}/), it follows that py, 4, /6) is the right ged of pyy, and ppgy /o,

i.e. there exists i(t) € C(t) such that

pnm’2/6 = h(T)pm’z + plz(co’z/e)-

This implies
P ()/0) (&) = Pra/6(E) = P(e2—o—1)¢(1) (S)-

Therefore, in computing py, a, /6) (€) we need only consider elements of (1) of the form
ng(t) where 6 { g(t). In other words, we are reduced to looking at py,(gn/e)(E) where
o € A such that (o, ) = 1.
Setting t =& and z = 1 in (8.7) yields
0

W EAL @1 D(p[z) acA; an
(a.h)=1

We claim that py, (i /e)(§) € p[l2]. Since I3 = (8), we have

PL (Pry(an/0)(8)) = P (an/0) () = Pan (§) =0

since an € b. Since degh = 1, py,(t) = D(py, )t +1> = t(t — &) (¢t +E&). Therefore, p[h] =

{0,+&}. Furthermore, we have that

&=%/—D(pp).

For specificity, we fix & = \/—D(py,). Now

a
p,z(an/e)(i) =0<= 15 (g) Ch < (an) C 122 = (0) <= ordj,(an) > 2.
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Since n? € I3, it follows that 2ordy, (1) > 2. And (a,,) = 1 implies ordy, (a) = 0. So
ordy, (an) = ordy, (a) +ord;, (n) > 1.

Therefore, Py, (an/6)(E) # 0.

Recall from §II.G that we have the exact sequence
0—-G"—-G—-G —0.

From §II.G, we know
G= 8’12 (A)/qglz (A)
and

G =CI(A) = F(A)/B(A).

It is easy to see that G is a cyclic group of order 4. Define

Ji=—-hL=(m0"—0-1).

|3

Consider

3n(A) . 3(A)
Pr(4)  PA)

J mod B, (A) — J mod P(A).

Since ordy, (0) = 2 and ordy, (1) = 1, it follows that ordy, (J) = 0 and so J € §1,(A). Since
§n(A) /P, (A) is cyclic of order 4, the above map is uniquely determined by J provided

that J mod 3/, (A) generates §1,(A)/Br, (A). This follows at once since
P=0*-0-1), J*=0"+6°-0"—0+1)

and

0*+0°-02—0+1=1mod b.
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(8.8) now becomes

. o p(Dl (E.») 0 pal(‘t:)
&1 _w§;4+ o Dpn) ae% an ®2
(a.h)=1

Ifa €A, and (a,l;) = 1, we have

Pas = Pia = ((@) *P)sPa = PsPa

hence
Pas(§) = pspa(E) = ps(x(a)§) = x(a)ps(E).

By the right division algorithm in Ce(T), there exists i(T) € C(T) such that

Pe2_g_1 = h(T)pn+pJ-

Therefore,
ps(8) = ps(&) +A(1)py(§) = pe2_p_1(§) = p-1(§) = —&.
Hence,

Pas(8) = —x(a)§

and so (8.9) now becomes

o 0 —x(a
(& 1) = m£+ P mfé) +5 ™ a§+ —’fl(n i3 (8.10)
(a.h)=1

Fix ¥ € G such that Y|4 = as in §IL.G. By our previous analysis, ¥ is uniquely
determined by its value at J and y(J) is a fourth root of unity. So set y(J) =+/—1. If
a € F,(A)/PB(A) then a = BJ’ for some B € Py, (A), 1 <i< 4. Since
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we conclude
v(a) =y() = (V-1)"
Now let I be an ideal of A such that I ~ I, in CI(A). By our previous work,

I=a(m/0)hL =al

for some a € A such that (a,l;) = 1. Note that

an i
M= FIZ[ !

We now compute Ig]. Let © be a monic uniformizer at o. Since d.. = 1, degl, = 1 and

I3 = (0), we conclude from §I1.G that
B =n1(e)'2.

Since 6 is monic of degree 2, we have

0=n"2(6)
which implies that
1
i =vAe.
Hence,
=N/
Also,

And we have

Pas(8) = —x(@)& = —x(a)V=11/D(pr,) = =/ D(p)W(D).
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Putting everything together, we conclude

wea, D1 D(pp,) aca, 9
(alz) 1
ACIVN
=& I
0)1§4+ pIZ INZIZ I[l

_ y((o1))
_&(w%}vA (@)l \/D(py,) Igl’z I[l

= log, S(#;1)]—¢. (8.11)
Now another application of Theorem II1.2 using v/0r instead of ¢ yields
exp, 0(V/0r;z) =: S(V/6r;z)

is a polynomial in BJt,z|. Exactly as above, one shows

(01)~A (0)1)[ } D(py,) I~D 1

= log, S(V0r:1)|,_¢. (8.12)

I

LetZ = ¥ ‘”((‘”El)]) and T, := ¥ % Then (8.11) and (8.12) yield the fol-
(oed (@1) i~ 1

lowing linear system

NG
EX — Y, =log, S(t;1)],—
Dlps) P IS
0
VOEL + %y =log, S(Vor;1)|,—
Dipr) P It

which we solve to obtain

1 1
Y = ——log S(t:1)],_¢ — ——1log S(vV0r;1)|,_
| £ 0% (t;1)];=¢ N 0g, S( MNe=¢

D(p D(p
Y, = \/%’2) logy S(t1)],—¢ — %logpS(\@; )=z
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Hence,

L(lL,y)=X1+X
— <—D(p12) — l) log, S(t;1)|,—¢ + <_ Dler) _ 1 > IngS(\/ét;l)lt:g-

ve & o &ve

Using Maple 12, we were able to compute S(¢;z):
S(t,2) =tz+ ((—n —Vo)(O— 1) +z) 2+ <t9 +(M+Ve(e— 1))t3> 2197,
But we were unable to compute S(/0¢;z).

Example VIIL.6. We continue with the previous example. Consider

1 1 1
1) = —_— = - —_.
CK( ) ; 1[1] GEZA+ a +INZIZ [[l]
Claim 1:

I~1) <= I, = (a) forsome a € A.

The implication < follows immediately since 122 = (0). As for =, if I ~ I, then al = bl,

for some a,b € A. This implies that all, = b6 which implies

bO
1L, =— €A.
a

This proves the claim.
Claim 2:
IL = (o) forsome v €A <= 0%/0 € A.

If II, = (o), then
p (00 (@),
5o (0~
which proves =. Conversely, if & € A, and &?/6 € A, then (a?) = (8)I for some ideal /.

This implies (o) = I31 and so () = LI’ for some ideal '.
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Claim 3:
{acA, |a?/0cA}=(D),.
If a2 /8 € A, then Claim 2 implies that

ordy, (o) = ordy, (IL) = ord;,(I) +1>1

which proves C. Now if B € (5) 4, then B = f(r) +yg(t) for f(r),g(¢) € F3[t] and 0 | f(¢).

It follows that © | B> which completes the proof of the claim

By Claim 1, we have

o= (o)t = Y = /g,

Hence, Claims 2 and 3 imply

We set
S0 1) = expy (175 1);
S(vVer;1) = exppé(\/éto; 1).

LetX; := Z 1ande = Z é.Then

a€A+ (XE(IZ)+

Ck(1) =21 + V60X,
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and we have the linear system

Y+ — Y, =log.S(t%:1
U Dy 2 g S
Vo, - 2 Vot
00X — —Y, = log, S(vOr’;1).
' D) 2 T ogp S(VEILD)

Solving the system we obtain
1
_ 0. 0.1y.
T = —log, S(t%1) — \/610gp5(\/§t :1);

D D
Y = ——(312) log, (1% 1) + 9(3%2) logpS(\/étO; 1).

Using Maple 12, one can compute

S(t0,2) =z— (872 —0'24+m)? +2;
S(\/éto,z) =0z - (1 —0-— a +6° +n63/2 —T]\/é) z
Ve
+ (—ne3+n62+n6—n—69/2+\/§)z9+z27.

Hence, the value {x (1) can be explicitly computed as opposed to our previous example.
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CHAPTER IX

CONCLUSIONS
We conclude with some remarks about special points and special polynomials in the case
where hy > 1.

The special polynomials {exp, £(b;z) | b € B[t]} of Theorem IIL.2 exist for any func-
tion field. The only concern we have about special polynomials for a general function field
is with respect to computation. If 74 > 1, then the special polynomials are now polynomi-
als with coefficients in B. Examples VIIL.5 and VIIL.6 suggest that since the coefficients
lie in B, this adds to the difficulty in computing special polynomials explicitly. We think
that this suspicion is well founded due to our calculations which we presented in the afore-
mentioned examples. We are unsure if our choice of computational package is to blame for
our difficulties or if the special polynomials are truly difficult to compute for higher class
numbers.

Another issue concerning computation of special polynomials, which was addressed
in [2] but was not addressed in this dissertation, is the case of recursive formulas for the
special polynomials. In the case of the Carlitz module, the special polynomials satisfy
certain recursions which can reduce the amount of computational work ([2], Equations
27 and 28). We were able to derive a formula similar to [2] Equation 27 in the case of
the function fields K1, ..., K4, but we did not see how it would help in computing special
polynomials. This is why we did not include it in this dissertation. It remains to see if there
is a more efficient way of computing special polynomials.

A third issue is that of the number of terms to expect in a general special polyno-
mial. We suspect that the degree bounds of the special polynomials as given in Proposition
II1.8(5) depend upon hy. Furthermore, we suspect that these degree bounds increase as /i

increases. The special polynomials listed in Examples VIII.5 and VIII.6 seem to support
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our claim. Concerning the function fields Ki,...,K4, we have 8k, = 1 forl1<j<3and
gk, = 2. It seems to us that special polynomials in general should depend upon the genus
of the function field. For Kj,...,Ks, we only saw this dependence in the computation of
jo(t™;p') for Proposition IV.15. We are not sure of the exact dependence between the genus
and special polynomials.

In computing special polynomials, we arrived at difficulties concerning the function
0(b;z) for b € Bt]. If hy = 2, as we have already seen, the majority of the work that goes
into manipulating ¢(b;z) is directed towards the sum over the nonprincipal ideals of A. If
hs > 1, then in order to compute ¢(b;z), one must deal with 4 — 1 such sums. And each
sum is over a class of nonprincipal ideals of A. It remains to be seen if there is a more
efficient way of explicitly dealing with these sums than the methods we employed.

As for special points when h4 > 1, we are unable to make any predictions since it
is not clear to us how to define the module of special points in this case. Recall that our

definition of a special point when h4 = 1 arises from Proposition II1.8(2):

€XPp In(x) = S(t"™; 1) ’l:e(x)'

The proof of this identity follows from the functional equation (2.1) and the fact that £(¢"; 7)
can be written as a sum over A. If iy > 1, then as we have already noted, ¢(b; z) for b € Bt]
is a sum over the ideal classes of A. It is not clear to us what the analogue of Proposition
II1.8(2) should be for a general function field. Thus, we are not sure how one should define

a special point when /4 > 1.
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