ALGEBRAIC RELATIONS AMONG PERIODS AND LOGARITHMS OF
RANK 2 DRINFELD MODULES

CHIEH-YU CHANG AND MATTHEW A. PAPANIKOLAS

ABSTRACT. For any rank 2 Drinfeld module p defined over an algebraic function field, we
consider its period matrix P,, which is analogous to the period matrix of an elliptic curve
defined over a number field. Suppose that the characteristic of the finite field F, is odd
and that p does not have complex multiplication. We show that the transcendence degree
of the field generated by the entries of P, over Fy(f) is 4. As a consequence, we show also
the algebraic independence of Drinfeld logarithms of algebraic functions which are linearly
independent over F,(9).

1. INTRODUCTION

This paper focuses on the algebraic independence of periods, quasi-periods, and logarithms
of Drinfeld modules of rank 2, without complex multiplication, that are defined over the
algebraic closure of F, (). By the main theorem of [12], which itself builds on results in [2], the
proofs break into two parts. The first is to relate the quantities in question to special values
of solutions of certain Frobenius difference equations. For periods and quasi-periods these
problems are solved using Anderson generating functions together with methods inspired
by [13]. For logarithms we solve difference equations related to extensions of the trivial
t-motive by the t-motive associated to the Drinfeld module. The second part is to show that
the Galois group of the system of difference equations has maximal dimension. The difficulty
here is that these quantities can have many linear relations, and characterizing these linear
relations in terms of the dimension of the Galois group is quite complicated.

Yu [19, 20] proved that all linear relations among periods and logarithms of Drinfeld
modules of arbitrary rank are the ones that are expected, ultimately relying on the Sub-
t-module Theorem of [20]. Using Yu’s methods, Brownawell [4] extended these results to
values of quasi-periodic functions. Later David and Denis [7] used Yu’s theorem to show
there are no quadratic relations among periods of rank 2 Drinfeld modules without complex
multiplication.

1.1. Periods and Quasi-periods of Drinfeld modules. Let F, be the finite field of ¢
elements, where ¢ is a power of a prime p. Let k := F () be the rational function field in a
variable § over IF,. Let Co be the completion of an algebraic closure of Fy((3)) with respect
to the non-archimedean absolute value of k for which |0],, = ¢. Let Coo[7] be the twisted
polynomial ring in 7 over C,, subject to the relation 7¢ = c?1 for ¢ € C,.

Now let ¢ be an independent variable from . A Drinfeld F,[t]-module p (with generic
characteristic) is an F -algebra homomorphism p : F,[t] — C[7] such that for all a € F,[t],
the constant term of p,, as a polynomial in 7, is a(f). We require further that the image of
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p is not contained in C,,. Given a subfield L of C,, containing k, we say that p is defined
over L if all the coefficients of p; fall in L. The degree of p; in 7 is called the rank of p.

The period lattice of a rank r Drinfeld F,,[t]-module p is defined as follows. The exponential
function of p is the function exp,(z) = z + 7| ;2% with o; € C, such that exp,(0z) =
pi(exp,(z)). It can be shown that exp, is entire, Fy-linear, and surjective, and it is unique.
Let A, be the kernel of exp,. One finds that A, is a discrete, free Fy[f]-module of rank r
inside C. We call A, the period lattice of p, and any element of A, is called a period of p.
In 1986, Yu [18] established a fundamental theorem which asserts that any non-zero period
of p is transcendental over k if p is defined over .

In analogy with de Rham cohomology for elliptic curves, in the late 1980’s Anderson,
Deligne, Gekeler, and Yu developed a de Rham cohomology theory for Drinfeld modules (for
more details, see [5, 9, 15, 19]). Fix a rank r Drinfeld F,[t]-module p. An F -linear map
§ : Fy[t] — C|r]7 is called a biderivation if d,, = a(0)d, + dupp for any a,b € F,[t]. A
biderivation ¢ is uniquely determined by ¢;, and hence the set of all biderivations, denoted
by D(p), is a Cu-vector space. Moreover, for m € Cy[7] the map 6™ : a +— a(8)m —mp, is
also a biderivation. The biderivation 8™ is called an inner biderivation, and we denote by
D;(p) the set of all inner biderivations. In the case that m € Cy[r]T, 6™ is called strictly
inner, and the set of all strictly inner biderivations is denoted by Dg;(p). The de Rham
cohomology of p is defined to be the Cy-vector space Hpgr(p) := D(p)/Dsi(p).

Given 6 € D(p), there is a unique entire function Fs of the form Fs(z) = Y57, ¢;2?
satisfying the functional equation

(1) Fs(a(0)z) — a(0) F5(2) = da(exp,(2)),
for every a € F,[t]. We call Fj the quasi-periodic function of p associated to 6. It is [F-linear,
and furthermore Fj|y, : A, — C is F4[f]-linear.

For the inner biderivation 6 : a — a(f) — p,, one has Fyu) = z — exp,(z) and hence
Fsa)(\) = A for A € A,. We think of scalar multiples of §(!) as differentials of the first kind.

If 6 ¢ D;(p), the values F5()\) for A € A, are called quasi-periods of p. For any § € Dy;(p)
one has F5(A\) =0 for A € A,. Thus there is a well-defined map of C..-vector spaces,

Hpr(p) — Homp, g (Ap, Ceo),
0 — (A= Fs()\)),

which is an isomorphism by Gekeler [9] (and Anderson, in unpublished work, using different
techniques). In particular, dimc_ Hpgr(p) = 7.

In 1990, Yu [19] established a fundamental theorem concerning the transcendence of quasi-
periods. The theorem asserts that if p is defined over k, then for any § € D(p)\ Dy;(p) defined
over k and for 0 # A\ € A,, F5()) is transcendental over k. When we think of § € D(p)\ D;(p)
as a differential of the second kind, Yu’s theorem parallels the classical work of Schneider on
elliptic integrals of the second kind.

The set End(p) := {z € C : zA, C A,} is the endomorphism ring of p, which is a finite
[F,[0]-algebra of rank at most r over F,[0]. If [End(p) : F,[0]] = r, then p is said to have
complex multiplication. We let K, denote the fraction field of End(p).

We now fix a rank 2 Drinfeld F,[t]-module p defined over k by p; = 6 + k7 + A72, and
we fix a basis {wy,ws} of A, over F,[f]. We denote by F, the quasi-periodic function of p
associated to the biderivation given by ¢ — 7. The matrix

i noe i 2R
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is called the period matrix of p. Asin [5, 15, 19], it is possible to identify the columns of Pptr
as generators of the period lattice of the 2-dimensional t-module that is the extension of p
by the additive group G, and which is associated to the biderivation t — 7. However, we do
not pursue this further in this paper. Anderson proved an analogue of Legendre’s relation
for periods and quasi-periods of elliptic curves over C, namely

wlFT(WQ) WQFr(wl) AN
for some (¢ — 1)-st root of —A (cf. [15, Thm. 6.4.6]). Here 7 is a generator of the period
lattice of the Carlitz [Fy[t]-module C' given by C; = 6 + 7.

Now let k(P,) be the field generated by the entries of P,. Thiery [16] has shown that
tr. degz E(Pp) = 2 if p has complex multiplication. When p does not have complex multipli-
cation Brownawell [4] used Yu’s Sub-t-module theorem [20] to prove an analogue of Masser’s
work on linear independence of periods and quasi-periods for elliptic curves without complex

multiplication: i.e., the 6 quantities
]-7 7,\1:) W1, w2, FT(W1>’ FT(MQ)

are linearly independent over k. The first main result of the present paper is as follows (later
stated as Theorem 3.4.1).

Theorem 1.1.1. Suppose that p is odd. Let p be a rank 2 Drinfeld F,[t]-module defined
over k without complex multiplication. Then the 4 quantities

w1, wWa, FT(wl)a FT(WQ)
are algebraically independent over k.

The omitted case of p = 2 imposes some added difficulties, which require further investi-
gation (see Remark 3.3.3).

1.2. Algebraic independence of Drinfeld logarithms. In [20], Yu proved the full ana-
logue of the qualitative form of Baker’s theorem on logarithms of algebraic numbers for
Drinfeld modules. Using Yu’s Sub-t-module Theorem, Brownawell [4] proved linear indepen-
dence of quasi-periods as well.

Theorem 1.2.1 (Brownawell [4, Prop. 2]; Yu [20, Thm. 4.3]). Let p be a Drinfeld F,[t]-
module defined over k. Suppose Fj,, ..., Fs. are quasi-periodic functions for biderivations
81,...,05 in D(p) that are defined over k and Cy-linearly independent modulo D;(p).

Let Ay, ..., A be elements of Co such that exp,(\i) € kfori=1,...,m. If\,..., \m are
linearly independent over K, then the 1+m(s+1) quantities 1, A1, ..., A, U5 {F5, (A1), .- -,
Fs,(Am)}, are linearly independent over k.

In analogy with a classical conjecture concerning the algebraic independence of logarithms
of algebraic numbers, among the Drinfeld logarithms of algebraic functions one expects
conjecturally that linear relations over the multiplication ring of the Drinfeld module in
question are the only algebraic relations.

Conjecture 1.2.2 (Brownawell-Yu; see [3, p. 323]). Under the hypotheses of Theorem 1.2.1,
the m(s +1) quantities Ay, ..., A, Ui_ {F5;(M1), ..., Fs;(Am)} are algebraically independent
over k.

The second author has shown that the conjecture holds for the Carlitz module (since

D(C)/D;(C) = 0).
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Theorem 1.2.3 (Papanikolas [12, Thm. 1.2.6]). Let C' be the Carlitz F,[t]-module defined
by Cp := 0+ 7. Let \y,..., A\ be elements of Coy s0 that exps(N;) € k fori=1,... ,m. If
Ay .oy A are linearly independent over k, then they are algebraically independent over k.

In the case of odd characteristic, using Theorem 1.1.1 we prove the above conjecture for
logarithms of certain rank 2 Drinfeld modules (later stated as Theorem 4.3.3).

Theorem 1.2.4. Suppose that p is odd. Let p be a rank 2 Drinfeld F,[t]-module defined over k

without complex multiplication. Let Ay, ..., Ay be elements of Coy such that exp,(A;) € k for
i1=1,....m. If \,..., A\, are linearly independent over k, then the 2m quantities,

)\17 o )\mv FT<)\1)7 R FT()\m)a
are algebraically independent over k.

It should be noted that Denis [8, Thm. 2] has shown that at least 2 of the 2m quantities
in the theorem are algebraically independent over k.

1.3. Periods of elliptic curves and elliptic logarithms. One can compare these results
to classical conjectures about elliptic curves. Specifically, let E be an elliptic curve over Q.
Let A := Zw; + Zws be a period lattice in C for a given Weierstrass model of E, and let @
be the Weierstrass p-function associated to A. One has the Weierstrass (-function satisfying
('(z) = —p(2). Then each n; := 2((3w;), for i = 1, 2, is called a quasi-period of E. The

matrix
W1
Pr =
: L}a ?72}

is called the period matrix of £ and the Legendre relation says that det Pr = +2my/—1.
Conjecturally, one expects

L ~J4 ifEnd(E) =Z,

This conjecture is known, by work of Chudnovsky, if £ has complex multiplication, but in
the non-CM case, one only knows, by work of Masser, that the periods and quasi-periods
are linearly independent over Q.

Furthermore, one can conjecture results on elliptic logarithms. That is, suppose A1, ..., A\, €
C satisfy p(\;) € Q. If A\y,..., A, are linearly independent over the multiplication ring of
E then one expects that the 2m quantities,

Ay Ay C(A)s - C( ),

are algebraically independent over Q. However, the best known results involve only linear
independence over Q, due to Masser (elliptic logarithms in the CM case), Bertrand-Masser
(elliptic logarithms in the non-CM case), and Wiistholz (elliptic integrals of both the first
and second kind). See [17, §4] for more details.

1.4. Outline of the paper. Our main tool for proving algebraic independence is rooted in
a linear independence criterion of Anderson, Brownawell, and the second author [2]. This
criterion is key for proving an algebraic independence theorem of the second author [12],
which relates Galois groups of difference equations with algebraic relations among their
specializations at t = 6. The basic structure in this theory is the notion of a t-motive
introduced by Anderson [1]. We emphasize that we have aimed to make all results as explicit
as possible.
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We review the related background in §2. We use Anderson generating functions to give
explicit solutions of the difference equations associated to a given Drinfeld module, following
a method of Pellarin [13]. By unpublished work of Anderson, such solutions are necessarily
connected to the period matrix of the Drinfeld module, and we observe this relationship and
provide full details in this situation. Hence by the main theorem of [12], Theorem 1.1.1 is
reduced to calculating the dimension of the Galois group in question.

The proof of Theorem 1.1.1 is in §3. First we consider the ¢-motive of any rank 2 Drinfeld
module, and then assuming the characteristic is odd, we establish that the tautological rep-
resentation of its Galois group is semisimple. We also establish a t-motivic version of Tate’s
conjecture. With these properties in hand, we are able to show that if the given Drinfeld
module is without complex multiplication, then its tautological Galois representation is ab-
solutely irreducible. It follows that the motivic Galois group in question can be calculated
to be GLs, and hence Theorem 1.1.1 is proved.

Finally, the proof of Theorem 1.2.4 occupies §4. We construct a suitable t-motive such that
its period matrix is related to the logarithms of the algebraic functions in question. Using
the results for Theorem 1.1.1, we show that the Galois group in the case of logarithms is an
extension of GLy by a vector group. By calculating its dimension, we prove Theorem 1.2.4.

Acknowledgements. We thank G. Anderson, D. Thakur, and J. Yu for many helpful
discussions during the preparation of this manuscript. We particularly thank G. Anderson
for sharing his unpublished notes with us. We further thank W.-T. Kuo for his technical
advice. The first author thanks NSC, National Tsing-Hua University, and NCT'S for financial
support, and he thanks Texas A&M University for its hospitality. Finally, we thank the
referee for many helpful suggestions.

2. PERIODS AND ¢{-MOTIVES

2.1. Notation and Preliminaries.

F, = the finite field of ¢ elements, where ¢ is a power of a prime number p.
k = F,(#) = the rational function field in a variable 6 over F,,.

oo = F,((3)), the completion of & with respect to the place at infinity.

koo = a fixed algebraic closure of k.

the algebraic closure of k in ku.

= the completion of k., with respect to the canonical extension of the
place at infinity.

|l = a fixed absolute value for the completed field Co, with 0| = q.

a =
8
|

| .

T = {f € Co[[t]] : f converges on ||, < 1} (the Tate algebra of C).
L = the fraction field of T.

GL,/r = for a field F’, the F-group scheme of invertible r x r matrices.
G, = GL; = the multiplicative group.

For n € Z, given a Laurent series f = Y. a;t" € Cy((t)) we define the n-fold twist of
f by the rule f =", agnti. For each n, the twisting operation is an automorphism of
the Laurent series field Co,((t)) stabilizing several subrings, e.g., k[[t]], k[t] and T. More
generally, for any matrix B with entries in Co,((t)) we define B(™ by the rule B™;; := BZ-(?).
A power series f = > a;t" € C[[t]] that satisfies

lim v/|ai]eo =0 and  [koo(ao, a1, ag,...) : ks] < 00
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is called an entire power series. As a function of ¢, such a power series f converges on all
of C and, when restricted to k., f takes values in k. The ring of entire power series is
denoted by E.

2.2. Tannakian category of t-motives. In this section we follow [12] for background and
terminology of t-motives. Let k(t)[c, 07| be the noncommutative ring of Laurent polyno-
mials in ¢ with coefficients in k(t), subject to the relation

of = f Vo, Vfek().

Let k[t, o] be the noncommutative subring of k(t)[o, 0] generated by ¢ and ¢ over k. An
Anderson {-motive is a left_k[t, o]-module M which is free and finitely generated both as a
left k[t]-module and a left k[o]-module and which satisfies, for integers N sufficiently large,

(3) (t—0)"M C oM.

Given an Anderson t-motive M, let m € Mat, (M) be a k[t]-basis. Then multiplication

by o on M is represented by om = ®m for some matrix ® € Mat,(k[t]). Note that (3)
implies that det ® = ¢(t — 0)* for some ¢ € k, s > 0, and hence ® € GL,(k(t)). We say
that M is rigid analytically trivial if there exists ¥ € GL,(T) so that ¥~ = ®¥. We note
that U is in fact in Mat,.(E) by [2, Prop. 3.1.3].

We say that a left k(t)[o,0~']-module is a pre-t-motive if it is finite dimensional over
k(t). Let P be the category of pre-t-motives. Morphisms in P are left k(t)[o, 0~']-module
homomorphisms, and thus P forms an abelian category. Given a pre-t-motive P of dimension
r over k(t), let p € Mat,»1(P) be a k(t)-basis of P. Multiplication by ¢ on P is given by
op = ®p for some matrix ® € GL,(k(t)). We say that P is rigid analytically trivial if there
exists ¥ € GL,(LL) so that (-1 = ®W. The matrix V is called a rigid analytic trivialization
for ®. It is unique up to right multiplication by a matrix in GL,(F,(t)) [12, §4.1.6].

The Laurent series field Co,((t)) carries the natural structure of a left k(¢)[o, 0~']-module
by setting o(f) = fY. As such, the subfields L and k(t) are k(t)[o, c~']-submodules.
Similarly Co.[[t]] 2 T 2 k[t] have natural left k[t, o]-module structures. For any o-invariant
subring F' of C((t)), we denote by F? the subring of elements in F' fixed by o. Then we
have

T = k[t]” = F,[t], L7 =k(t) =F,(1).

See [12, Lem. 3.3.2] for more details. B
Now consider PT := L Q) P, where we give PT a left k(t)[o, o~ ]-module structure by
letting o act diagonally:

o(feom):=fVeom, Vfeck(),meP.
Let
PB .= (P :={pne€ P :op=p}

Then PP is a vector space over F(t). The natural map L ®g, ) P? — P! is an isomorphism
if and only if P is rigid analytically trivial [12, §3.3]. In this situation, ¥"'p is a canonical
IF,(t)-basis of PB, where W is a rigid analytic trivialization for ®.

Given an Anderson t-motive M, we obtain a pre-t-motive M by setting
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and extending the action of ¢ in the natural way. Thus, M — M is a functor from the
category of Anderson t-motives to the category of pre-t-motives P. Moreover, one has that
the natural map

(4) Homgy, 1 (M, N) @r, 1) Fy(t) — Homp, (M, N)

o,071]

is an isomorphism of F(t)-vector spaces for any Anderson t-motives M and N.

We define the category A! of Anderson t-motives up to isogeny to be the category whose
objects are Anderson t-motives and whose morphisms, for Anderson ¢-motives M and N,
are Hom 41 (M, N) := Homgy, 1(M, N) ®@g,[5 Fy(t). We define the full subcategory AR' of
rigid analytically trivial Anderson ¢t-motives up to isogeny by restriction. Letting R be the
category of rigid analytically trivial pre-t-motives, R forms a neutral Tannakian category
over F(t) with the fiber functor P+ PZ. The functor M +— M : AR" — R is fully faithful.

We define the category 7 of t-motives to be the strictly full Tannakian subcategory of R
generated by the essential image of the functor M — M : AR" — R. For any t-motive M,
let 75, be the strictly full Tannakian subcategory of 7 generated by M. As 7, is a neutral
Tannakian category over F,(t), there is an affine algebraic group scheme I'y; over F,(¢) so
that 7 is equivalent to the category of finite dimensional representations of I'y; over F,(t).
We call I'y; the Galois group of M. The main theorem of [12] can be stated as follows.

Theorem 2.2.1 (Papanikolas [12, Thm. 1.1.7]). Let M be a t-motive and let Iy be its

Galois group. Suppose that ® € GL,.(k(t)) N Mat,(k[t]) represents multiplication by o on

M and that det ® = c(t — 0)®, ¢ € k. Let U be a rigid analytic trivialization of ® in
GL,(T) N Mat,(E). Finally, let L be the subfield of ks generated by all the entries of W(0)
over k. Then

dimI'y; = tr.degz L.

2.3. Difference Galois groups. Let M be a t-motive. Let ® € GL,(k(t)) represent mul-
tiplication by ¢ on M and let ¥ € GL,(IL) be a rigid analytic trivialization for ®. One can
develop a Galois theory for such systems of difference equations, (-1 = ¥, and in turn
relate its difference Galois group to I'y; (see [12, §4]). We describe this construction below.

We define a k(t)-algebra homomorphism vy : k(t)[X, 1/ det X] — L by setting vy (X;;) =
U,;, where X = (Xj;) is an X r matrix of independent variables. We let

py = Kervy, Yy :=Imvrg CL, Ay := fraction field of ¥y in L.

We set Zy := Spec Xy. In this way, Zy is the smallest closed subscheme of GL, Jk(t) SO that
U e Zy(L).
Now set ¥y, U, € GLT(L®M)L) to be the matrices such that (¥;);; = ¥;;®1 and (Vs),; =

1® Uy, and let ¥ := U1, € GL,(LL @5 L). We define an F,(t)-algebra homomorphism
pw : Fo(t)[X, 1/ det X] — L ®g, L by setting u(X;;) = T;;. We let Ay := Tm py and set
(5) 'y := Spec Ay.

Thus I'y is the smallest closed subscheme of GL, /p, ;) such that T e Iy (L Rry L)-

Theorem 2.3.1 (Papanikolas [12, §4]). Let M be a t-motive. Let ® € GL,.(k(t)) represent
multiplication by o on M and let ¥ € GL,(IL) satisfy ¥~1) = oW,

(a) T'y is a closed Fy(t)-subgroup scheme of GLy /g, t)-

(b) I'y is absolutely irreducible and smooth over F,(t).
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(c) Zy z's_stable under right-multiplication by I'y xFq(t)E(t) and is a torsor for 'y X]Fq(t)E(t)
over k(t).
(d) dimI'y = tr. degg Aw.

(e) I'y is isomorphic to Ly over Fy(t).

Remark 2.3.2. Theorem 2.3.1 implies that I'y can be regarded as a linear algebraic group
over Fy(t).

2.4. Rank 2 Drinfeld modules and ¢-motives. Let p be a rank 2 Drinfeld F,[¢|-module
defined over k given by p, = 0 + k7 + ur?, k, u € k. Put

o € Mat (%[£).

B 0 1
p (t — 6)/u(_2) _K(_l)/u(_2)
Let M, be a left k[t]-module which is free of rank 2 over k[t] with a basis m = [my, my]* €
Matoy1(M,). We give M, the structure of a left k[t, o]-module by defining om = ®,m.

Lemma 2.4.1. The left k[t, 0]-module M, is an Anderson t-motive.

Proof. We claim that M, = k[o|m;, whence M, is free over k[o] since o : M, — M,
is injective. Note that since my = om;, we have my € k[ojm;. Thus, tm; € klo]m
also. Using that otm; = tom; € k[oJmi, we have that tmy lies in k[o]m;. Similarly,
otmy = tomy € klojm, shows that t>m; € k[o]m,. Continuing this argument we see that

t"my, t"my € klo)my for all n > 0. This proves our claim. On the other hand, we find easily
that (¢t — )M, C o M,, and hence M, is an Anderson t-motive. O

Following unpublished work of Anderson, we will show that the assignment p — M, is a
covariant functor from the category of Drinfeld modules of rank 2 over k to the category of
Anderson t-motives. First we recall Ore’s 7-adjoint operation [10, §1.7],

[ [ k] = ko],

= Z a(-_i)ai.

One has that (fg)* = ¢*f* for all f, g € k[r], and moreover f +— f* defines an anti-
isomorphism of rings k[r] — k[o].

Suppose p, p' : F,[t] — k[t] are Drinfeld modules of rank 2 over k, and assign #, v/,
{m,mb}, ®, and M, as in the beginning of the section. Now e € k[7] defines a morphism
e:p—pif

where if f = a;7", then

epa = pue, YV a € F[t].
As we observed in the proof of Lemma 2.4.1, M, = k[o|m; and M, = k[o|m}. Define a
k[o]-linear function
g . Mp — Mp/

such that e(m;) = e*m].
Lemma 2.4.2. The map € : M, — M, is a morphism of Anderson t-motives.

Proof. By definition ¢ is k[o]-linear, so it suffices to show that it commutes with ¢. We check
easily that

(6) tmy = (pr)"ma,  tmy = (p)"m
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Therefore,
e(tma) = (p)"e(ma) = (pi)"e"my = €*(p)"m) = €’tmy = te"m) = te(m),
and so ¢ is k[t]-linear. O

It is simple to check that the construction of ¢ behaves well under composition of mor-
phisms, and thus we have defined a functor p — M, as desired.

Proposition 2.4.3. The functor p — M, from rank 2 Drinfeld modules over k to the
category of Anderson t-motives is fully faithful.

Proof. We continue with the notation as above for two rank 2 Drinfeld modules p, p'.
Certainly ¢ = 0 if and only if e = 0, and so faithfulness is immediate. Now suppose
h: M, — M, is a morphism. Then for some e € k[r], h(m;) = e*m}. Immediately from
(6) we see that

(pr)"€"miy = h((pr)"ma) = h(tma) = th(ma) = te"m} = e (p)"my.

Thus ep; = ple, and e : p — p' is a morphism of Drinfeld modules. Moreover, h is the
morphism M, — M, associated to e. d

Remark 2.4.4. By Proposition 2.4.3, we see for a rank 2 Drinfeld module p that the ring
End(p) is isomorphic to Endg ,;(M,). In particular, when p does not have complex multi-

plication, by (4) we have Endg(, ,-11(M)) = Fy(t), where M, := k(t) Rz M-

2.5. Rigid analytic trivializations of rank 2 Drinfeld modules. We now review how
to create a rigid analytic trivialization ¥, € GL,(T) N Maty(E) for &, and connect it with
the period matrix of p (for more details, see [13, §4.2]). For simplicity we assume that
p: F,[t] — k[7] satisfies

pr=0+kKkT+7% KEE

For applications we do not lose any generality (see Remark 3.4.2).
Let exp,(z) := 2+ Y7, ;27 be the exponential function of p. Given u € Cy, we consider
the Anderson generating function

00 U i 00 oziuqi
(7) fult) == Zoexpp<6i+1)t = 3 pr— eT
and note that f,(¢) is a meromorphic function on C.,. It has simple poles at 0, 07, ... with
residues —u, —ayuf, ... respectively. Using that py(exp,(u/0")) = exp,(u/6’), we have
(8) RISV () + D = (t = 0) fu(t) + exp,(u).

Since f{™(t) converges away from {67, 67"

,...} and Res;—p fu(t) = —u, we have
(9) K (0) + F2(0) = —u+ exp,(u)

by specializing (8) at t = 6.
Fixing an [F,[0]-basis {w;,ws} of A, := Kerexp,, we set f; := f,,(t) for i = 1, 2. Recall
the analogue of the Legendre relation proved by Anderson,

(10) w1 Fr (wa) — wa Fr(wr) = 7/,



10 CHIEH-YU CHANG AND MATTHEW A. PAPANIKOLAS

where £ € EX satisfies £(-1) = —¢ and 7 is a generator of the period lattice of the Carlitz
module C. We pick a suitable (¢ — 1)-st root of —6 so that Q(f) = —1/7, where

o0

Q) == (-0 [ (1 _ eiq) cE,

i=1
(see [2, Cor. 5.1.4]). Now put

1 1
h 1t

U = £0) =
pi=¢ p 2(1)+f2(2) —Hfl(l) B 1(2)

By (8) we have \Ifffl) = ®,V,, and thus det(¥,) is an F,(¢)*-multiple of ££2. By specializing
at t = 0 and using the Legendre relation, we see that det(¥,) = {Q. Therefore, ¥, € GL(T),
and M, is rigid analytically trivial. Hence M, := k(t) gah M, is a t-motive. Since

[e’¢] ) q A
Fr (w;) =Zexpp(%) 0, =12,

=0
(cf. [15, §6.4]), by evaluating ¥, at ¢t = § we obtain

(11) U,0) =2 {Ff(%) —Fr(wl)] ‘

o)) —W1
Hence W 1(0) = P, (see (2)) and k(Y ,(0)) = k(wy,ws, Fr(w), Fr(wa)). Therefore by Theo-
rem 2.2.1 we have proved the following equivalence.

Proposition 2.5.1. Let p be a rank 2 Drinfeld module defined by py = 0 + kT + 72 with
k € k. Let wy, wo generate the period lattice of p. Then

Ly, = GLy & tr. degg k(wi, w, Fr(wi), Fr(ws)) = 4.

3. ALGEBRAIC INDEPENDENCE OF PERIODS AND QUASI-PERIODS

3.1. The structure of the motivic Galois group I'y;. From now on, we fix a rank 2
Drinfeld F,[¢]-module p over k, given by p; := 0 + k7 + 7%, k € k. As in §2.4, we put

0 1
@ = cbp — |:(t . 0) —K;(_l):| 5

and let M := M, be its associated t-motive, with k(t)-basis m := [my, my]* € Matgy(M).

Lemma 3.1.1. Let p and (M, m,®) be defined as above. Then M is simple as a left
k(t)[o, o~ ]-module.

Proof. Let N be a non-zero proper left k(t)[o, 0~ ']-submodule of M. Since N is invariant
under the o-action, it is spanned over k(t) by fm; + my for some f € k(t)*. Because

a(fm1 + mg) = ﬁ(fml + mg)
for some 3 € k(t)*, we have the equalities in k(t),
fo =k =8, (t-0) =5,

If deg,(f) > 0, the first equality implies that deg, f = deg, 3, and therefore by the second
equality we have 1 = 2 - deg, f, which is a contradiction. If deg,(f) < 0, then deg,(5) < 0,
which also contradicts the second equality. 0
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We now describe the tautological representation of the Galois group I'y,. Since 7j; is a
neutral Tannakian category over F (t), we have a canonically defined faithful representation

¢ : [y — GL(MP).

Throughout this paper, we always identify I'y with 'y, (cf. Theorem 2.3.1). The entries
of ¥='m form a canonical F,(t)-basis of M? (see [12, Prop. 3.3.8(b)]), and so by [12,
Thm. 4.5.3], the representation ¢ can be described as follows: for any F,(¢)-algebra R,

¢ : I'y(R) — GL(R ®p, ) M?P)

(12) vy (1@ ¥ 'm) — (v e 1)(1® ¥ 'm)),

The representation ¢ is called the tautological representation of I'y;.

Proposition 3.1.2. Let p and (M, m, ®) be defined as above. Then the determinant map
det : I'yy — G, is surjective.

Proof. We consider the tensor product of M®? := M ®g) M, on which o acts diagonally.
Note that m ® m defines a canonical k(t)-basis of M®? and that the Kronecker product
matrix ® ® ® represents multiplication by o on M®? with respect to m ® m. Furthermore,
U ® U provides a rigid analytic trivialization of ® @ ®.

Let N := /\2 M be the space k(t)-n, where n := m;®@my—my®m;. By direct computation,
on = det ® - n. Hence N is a sub-t-motive of M®2, since

(det )Y = (det ®)(det T).

One checks that dz#ﬂq’ is fixed by o, and hence dth‘I’ € F,(¢t)*. Since 2 has infinitely many

zeros, det U is transcendental over k(t). Thus, by Theorem 2.3.1 we see that the algebraic
group ['y is isomorphic to G,,. Since N is a sub-t-motive of M®? we have a surjection
Fyez = I'y =2 G,,. As M®? is an object in the Tannakian category 7y, we also have a
surjective map 'y, — I'jye2. Composing these two surjective maps, we have a surjection

Let Tye2 and Ty be the Tannakian subcategories of 7y, generated by M®% and N respec-
tively. Note that the fiber functor of 7jse2 is the restriction of the fiber functor of 7, to
Tye2, and the fiber functor of 7y is the restriction of the fiber functor of 7y;e2 to 7. Using
this property and (12), we see that, for any F,(¢)-algebra R, the restriction of the action of
any v € T'p(R) to the R-basis 1 @ (det U)'n of R ®p, ) N? is equal to the action of det~.
Hence, the composition map I'y; — G, is equal to the determinant map. 0

Corollary 3.1.3. Let p and (M, m, ®) be as above. If dimT"y; < 3, then ['y; is solvable.

Proof. By Proposition 3.1.2, we consider the following short exact sequence of linear algebraic
groups
de
1—>K—>1—‘M—>§Gm—>1.

Let K° be the identity component of K. Since K is normal in T'y;, for any g € I'y; we have
g 'Kg = K and hence g7 K% = K°. We note that K is solvable since dim K° < 2 (see
[11, p. 137]), and T'j; /K" is abelian since it is a one-dimensional connected algebraic group
(see [11, p. 126]). It follows that I"y; is solvable. O
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3.2. An analogue of the motivic version of Tate’s conjecture. We let End(M) denote
the endomorphisms of M as a left k(t)[o, c~!]-module. Given f € End(M), we have f(m) =

Fm for some F' € Maty(k(t)). Since fo = of, we have
oF = V.

From this equation we see that the matrix W~'FW¥ € Maty(LL) is fixed by o, and hence
U~ FU € Maty(F,(t)). Thus, we have the following injective map:

End(M) — End(M?) = Maty(F,()),
f= P =0"F0.

Since the representation ¢ : 'y — GL(M?) is functorial in M (cf. [12, Thm. 4.5.3]), it
follows that for any v € I'y(FF,(¢)) we have the commutative diagram

o) ——
Fy(t) ®@r ) MP —>Fy(t) @p, ) M”

ll@fB lle

= e() ——

Fy(t) @,y MP —>TFy(t) Q) MP.

Thus, we have defined an injective map

End(M) — CentMa,tg(]Fq(t))(F\Il (Fq(1))),
fefP=uFu.

Theorem 3.2.1. The natural map
fr= f7  End(M) — Centutar, (v, (1)) (T (Fy (1)),
as defined above, is an isomorphism.

Proof. Given D € Centaag, r, 1)) (D'w (Fq(1))), we set F' := DU~ € Maty(Ay). We claim
that F' is in fact in Maty(k(t)). By [12, Thm. 4.4.6(b)], we need only show that the entries
of F are fixed by the action of every v € I'y(F,(1)).

For any v € T'y(F,(t)), the action of v on h(¥), h € k(t)[X, 1/ det X], is given by

y 5 h(W) = h(W9)
(cf. [12, §4.4.3, §4.4.4]). Thus the action of  on entries of F' is given as follows:
v ox Fij = ((\PV)D(\PV)_I)Z] - (\IJD\II_I)ij = -Fij>

since by definition D commutes with 7. Thus F € Maty(k(t)), and therefore F' induces a

k(t)-linear map on M.
To show that F' € End(M), it is equivalent to show that F(=V)® = & F. The calculation,

FEV® = oUDU 197 1d = OF,

then completes the proof. 0
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3.3. Motivic Galois representations. In odd characteristic we see in the following theo-
rem that the tautological representation ¢ is semisimple.

Theorem 3.3.1. Suppose that p is odd. Let p be a rank 2 Drinfeld F,[t]-module over k with
pri=0+kKkT+7%, KCEk
Let M be the t-motive associated to p (as in §3.1). Then the faithful representation
¢ : Ty — GL(MP)
s semisimple.
To prove Theorem 3.3.1, we need the following reduction Lemma.

Lemma 3.3.2. Let F be the separable closure of Fy(t) inFy(t). Then the group representation
or : Ty (F) — GL(F ®p, ;) MP) is semisimple.

Proof. Let (m, ®, V) be defined as in §3.1. Suppose that there exists a one-dimensional F-
vector space V C F ®@p, () M P, which is invariant under I'y(F). Let [u,v]¥~'m, for u, v € F,
be an F-basis of V.

Step 1: We claim that v # 0 and v # 0. On the contrary, suppose that v = 0 or v = 0.
Without loss of generality, we may assume that v = 1, v = 0. Let B be the Borel group
consisting of all lower triangular matrices in GLy. Since V' is invariant under I'y (IF), we see
that I'y(F) C B(F). Moreover, since B is a closed subgroup of GLy and I'y(F) is dense in
[y (see [14, Lem. 11.2.5]), we see that

I'y CB.
Thus [1,0]%~'m € M?P generates a sub-representation of ¢. This sub-representation cor-
responds to a nontrivial proper sub-t-motive of M by [12, Prop. 4.5.8], which contradicts
Lemma 3.1.1. Thus we may assume that V' is spanned by
[e, 1] 'm, ecF*.
Step 2: We claim that e € F* \ F,(t)*. If e € F,(¢)*, then having [e, 1]¥'m € MP
implies that there is a conjugation embedding over F,(t),

Taking the Zariski closure of I'y (F) inside GL,, we see that I'y is embedded via conjugation
into B over F,(¢). This provides a sub-representation of ¢. Using the argument in Step 1,
we obtain a contradiction. Thus e € F* \ IF,(¢)*.

Now since e € F* \ F,(¢)*, we can choose an automorphism 7 of the field F over F,(t) so

that
n(e) # e.
Step 3: We claim that [n(e), 1]¥ 'm spans an F-invariant subspace of I'y(F). Since

e, 1]U~'m spans an invariant subspace of I'y(IF), for any v € I'y(F) we have
1wt i i b f Ly (F), f Iy (F h
(0)le, 0 m = [e, 1)y 10 m = e, 19,
for some 3, € F*. Thus we have
[e, 1]y =B, [e, 1], for all v € ['y(F).

Since I'y is defined over F,(t), the action of 7 on both sides of the above equation implies

that [n(e), 1]¥'m is a common eigenvector for all v € T'y(FF), which proves the claim.
Since n(e) # e, [e,1]¥'m and [n(e), 1]¥ 'm are linearly independent over F, and hence

the group representation ¢r is semisimple. [l
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Proof of Theorem 3.3.1. Suppose there exist u, v € F,(t) so that [u,v]¥ 'm spans a one-

dimensional F,(t)-vector space V' that is invariant under I'y (F,(¢)). Using the argument in
Step 1 of the proof of the lemma, we see that uv # 0 and hence V' is spanned by [e, 1]¥ " m,
e := u/v. Using the argument in Step 2 of the lemma, we see that

e €F, (1) \Fy(t)".

We claim that the separable degree of e over IF,(¢) is strictly larger than 1. Then the proof
of Theorem 3.3.1 will be completed by using the argument in Step 3 of the lemma.
Since [e, 1]¥~'m is a common eigenvector for I'y(F,(t)), we find in particular that for any

[0 4] e

we have [e, 1]y "0~ m = 3,[e, 1]¥'m, for some 3, € Fq(t)x. Thus, we have the equality

eal|? U] = afe

Z w
which induces the quadratic relation
ye’ + (w —z)e — 2 = 0.

If there exists some 7 = [% 3{]}_1 € I'y(F) with y # 0, then e must be separable over F,(t)
since the characteristic p is odd and x, y, 2z, w € F. Hence in that case the claim above is
proved. Thus we need only consider the other case that I'y(F) C B. But in this case, the
argument of Step 1 above gives a contradiction, and hence the proof is completed. O

Remark 3.3.3. We briefly discuss what happens when p = 2. Let ¢ = 2° for some ¢ > 1.
First, let p be a rank 2 Drinfeld F,[t]-module defined over k with complex multiplication, and
let K = End(M,). In general, one finds directly that Iy, is isomorphic to the restriction of
scalars of G,, from K to F,(t), and so its tautological representation is semisimple as long
as K/F,(t) is separable (see [6, Prop. 3.3.1] for a similar calculation). However, consider the
Drinfeld module p defined by p, = 6 + (V0 + V7)1 + 72. In this case End(M,) is F,(v/1),

which is inseparable over F,(¢). In particular, one finds

Iy (F,(0) = {[fb Z} ’a,bem,a2+tbz#0},

and so the tautological representation of FMp' is not semisimple, whence the conclusion
of Theorem 3.3.1 is false for p’. Now every rank 2 Drinfeld F,[t]-module with complex
multiplication whose endomorphism algebra is inseparable over F () is isomorphic to p’, so
it is essentially the only counterexample when there are extra endomorphisms.

However, for a rank 2 Drinfeld F,[t]-module without complex multiplication, it is not clear
to the authors if the proof of Theorem 3.3.1 provides enough information to decide whether
the tautological representation of the Galois group is semisimple. We expect nevertheless in
this case that the Galois group is GLg/r,(1)-

3.4. Algebraic independence of periods and quasi-periods. We continue with the
notation of the previous sections, but from now on we assume that p does not have complex
multiplication. That is, we assume End(M) = F,(¢) (cf. Remark 2.4.4). Our main goal of
this section is to prove the following theorem.
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Theorem 3.4.1. Suppose that p is odd. Let p be a rank 2 Drinfeld F,[t]-module over k with
pri=0+kKkT+7°, KEE,
without complex multiplication. Let M be the t-motive associated to p, as in §3.1. Then
Iy =GLy.
In particular, the 4 quantities,
wy,we, Fr(wy), Fr(ws),
are algebraically independent over k.

Remark 3.4.2. The above theorem still holds for an arbitrary rank 2 Drinfeld module p over
k without complex multiplication, still under the assumption p # 2. This can be explained
as follows. Let u € k~ be the coefficient of 72 in p;. We pick z € k so that 247! = 1/u,
and by a simple change of variables we define v to be the Drinfeld F,[t]-module over k given

by v; := o~ p;x, which is isomorphic to p over k (see [10, 15]). Note that the coefficient of
2

72 in vy is 1. We let F, be the quasi-periodic function of v associated to the biderivation
defined by t +— 7. One checks that
F.(2) = 2F,(z7'2).
More generally, given Ay, ..., Ay, € Cu such that exp,();) € kfori=1,...,m, we note that
we have exp, (v7')\;) € k for each i. Moreover, we see that
k(U I Fr(A)Y) = k(U2 {7, Fr(am' ).
This property will be used in the proof of the main theorem of the last section.

The proof of Theorem 3.4.1 relies on the following lemma that shows that, when p does
not have complex multiplication, the representation ¢ is absolutely irreducible.

Lemma 3.4.3. Continuing with the notation of Theorem 3.4.1, the representation o : Iy —
GL(M?P) is absolutely irreducible.

Proof. Suppose that ¢ is not absolutely irreducible. Then by Theorem 3.3.1, we have an
embedding by conjugation over F,(¢),

F\Ij<—>{|:; 2:| GGLQ},

and hence I'y is a (non-split) torus over F (¢). Since I'y is a torus over F, (), we see that

F@(Fq(t)) g C .= CentMatQ(]Fq(t)) (FQ(Fq(t)))
Suppose there exists v € I'y(F,(t)) so that 7 is not an F,(¢)*-scalar multiple of the identity
matrix Id;. Then Idy, v € C are linearly independent over F,(¢). Hence, dimg, ) C > 2,
which contradicts Theorem 3.2.1.
Thus, I'y(F,(t)) is contained in the one-dimensional torus G consisting of all a - Ids,

ac Fq(t)x. Note that, by [14, Lem. 13.2.7(ii)], I'y(F,(¢)) is dense in I'y. Taking the Zariski
closure of I'y(F,(t)) inside GLg, we see that I'y C G and hence M? splits. The splitting of
M?® implies that M is not simple by [12, Prop. 4.5.8], which contradicts Lemma 3.1.1. O

Proof of Theorem 3.4.1. Suppose ['yy € GLy. Then dim "y, < 3, since I'; is connected. By
Corollary 3.1.3, we see that 'y, is solvable, which contradicts the absolute irreducibility of the
representation ¢ from the lemma. Thus, I'y; = GLs. Moreover, the algebraic independence
of wi, wa, Fy(w1), F-(wy) over k follows from Proposition 2.5.1. O
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4. ALGEBRAIC INDEPENDENCE OF DRINFELD LOGARITHMS

4.1. Some linear algebraic groups. For each n > 0, we denote by Gy, the (4 + 2n)-
dimensional linear algebraic subgroup of GLay,, over F,(%):

* x 0 --- 0
* x 0 --- 0
G[n] = * % 1 - 0 6G’L2+n
* x 0 1
We let

X X2 0 -2 0
Xo1 Xoo O -0
X, = |Xi Yi 1 -0
X, Y, 0 --- 1

be the coordinates of G|,;. Throughout this section, we fix a positive integer m and consider
a sequence of linear algebraic groups {I'p}o<n<m over Fy(t) with the following properties:
L] F[O] = GLQ,
e for each 1 <n < m, I'y) C Gp;
e ') is absolutely irreducible;
e we have a surjective morphism 7, : I'j,) — I',—1j, which coincides with the projection
map on the upper left (n 4 1) x (n + 1) square of elements in I',).

In §4.3 we will specify the particular groups I, that we have in mind, but for now we need
only that they satisfy the above properties.

Definition. For each n > 0, '}, is said to have full dimension if dimI'y, = 4 + 2n.

Lemma 4.1.1. Suppose {I'jn)}o<n<m is defined as above. For 1 < n < m, if T'y_q) has full
dimension, then

dim Iy =dimI'p,_y or  dimI', = dim Tp,_qy + 2.
Proof. We consider the short exact sequence of linear algebraic groups
1=V =Ty 3 Ty — 1.
We note that

100 -0
010 -0

vee|o ol 0] » C GLats,
« % 0 -0 1

and hence V' has the natural structure of an additive group. Moreover, since I',_1; has full

dimension, for any a € IF‘q(t)X we can pick v € I'(Fq(t)) so that m,(y) is the block diagonal
matrix

7rn('y) = |:g 2:| @ 1d,_; € F[n,l}(Fq(t)).

Direct calculation shows that y~'vy € V(F,(t)) for v € V(F,(t)) and hence V is a vector
group.
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We need only consider the case that dim V' = 1. We claim that in that case

100 -0 100 0
010 -0 010 0

yvcl 001 0] ¥ CCGLyy, or VC |0 01 0] % C GLot.
« 00 --- 1 0 % 0 1

If the claim does not hold, then there exists v € V(F,(t)) with both the (n + 2,1) and
)

(n + 2,2) entries non-zero. Take a € Fy(t), a # 0, 1, and pick any 6 € I'j,(IF4(t)) so that
7, (9) is the block diagonal matrix

Tn(6) = lg (1)] @ Idn_y € Ty (Fy(2)).

Then we see that § 'vd and v are F,(t)-linearly independent vectors in V(F,(t)), which
contradicts dim V' = 1.
Now we pick 7 € I';(IFg(t)) so that m,(n) is the block diagonal matrix

min = |7 o] @11 € Moo D)

Then the inclusion n~ 'V (Fy(t))n C V(IF,(t)) shows that

100 --- 0 1 0 0 - 0
010 ---0 010 - 0
VSZ 001 ---0 andVSZ 0 01 0
* 0 0 - 1 0 % 0 1

Hence, the dimension of V is either 0 or 2. The proof is completed from the equality
dim F[n] = dim F[n—l] +dim V. O

Now suppose that I'j,_1; has full dimension for some 1 < n < m. We define the following
one-dimensional subgroups of I'j,_1; € GL,11:

([* 00 07) ([1 0 0 --- 0])
010 0 0 * - 0
Ty:=410 01 0%, T:=¢{ (001 - 0f%
Pl 0 S
(000 - 1]) (L0000 - 1]
([1.0 0 -~ 0]) L% 0 - 0])

* 1.0 -+ 0 010 --0
U= 001 ot g.=f001 - 0]}
Lo 0 Lo 0
(L0 00 iy (0 00 iy
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1 00 0 1 00 0
010 0 010 0
Gy = * 0 1 0 . H, = 0 % 1 0 :

A 0 : 0

0 00 1 000 1

1 0 0 - 0 1 00 0

010 0 010 0
Gp1:=4¢10 01 of% H,,:=¢001 0

R 0 Do 0

* 00 1 0 = 0 1

If n =1, we define only T;, U; for i = 1, 2, without G, Hj.

Proposition 4.1.2. Suppose {I'i}o<n<m are defined as above, and suppose that I'y,_1) has
full dimension for some 1 < n < m. If I'y, does not have full dimension, then m, induces

an isomorphism on Fy(t)-rational points m, : T (Fy(t)) = Tpey (Fy(t)).
Proof. If we show that the induced tangent map
dﬂ'n : Lie F[n} — Lie F[n—l}

is a surjective Lie algebra homomorphism, then we have that Ker 7, is defined over F,(t) (see
(14, Cor. 12.1.3]). Furthermore, by Lemma 4.1.1, Ker 7, is a zero-dimensional linear space
over Fy(t) and hence [14, Prop. 12.3.4] implies the isomorphism Iy, (IFy(t)) = T'p1)(Fe(t))
induced by .

Let T3, U;, G;, H; be defined as above for i =1, 2, 5 =1,...,n — 1, and note that the Lie
algebras of these 2n + 2 algebraic groups span Liel',_;). To show the surjection of dm,, we
need only construct one-dimensional algebraic subgroups 17, U;, G’;, H}, of I'jy) so that

! !/ ! / :
=T, U,=U, G;=G;, H;=H; viam,

fori=1,2,7=1,...,n—1. Then dm, : Liel',;; = LieI'j,_yj is surjective since Lie(-) is a
left exact functor of algebraic groups.

Since Ker, is a zero-dimensional vector group, 7, is injective on points. Using this
property, one checks directly that

e the Y,-coordinates of 7, '(Ty), =, (Uy), 7, (G1), ..., 7, "(Gn_1), are zero;
e the X ,-coordinates of m, (Ty), m, (Us), ;' (H}),...,m,  (H,_1) are zero.

To construct T7, Ty, we let a, b € ]F‘q(t)X \F,” and pick v, 7, € Ly (Fy(t)) so that

a 0 -+ 0 10 --- 0
01 --- 0 0Ob - 0
(1) = SR and m,(72) = SR
00 --- 1 00 --- 1

We let T} be the Zariski closure of the cyclic subgroup of I';,; generated by ; (inside I'y,)

for i = 1, 2. Then one checks directly that 7] is a one-dimensional torus in I'y,, and the

restriction of m, to 7} induces an isomorphism 7} = T; for i = 1,2, (cf. [12, §6.2.4]). More
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precisely, the defining equations of 77, Tj can be written as follows:

( (a— 1)Xn —C(X11 — 1) IO, X12 =0

X21:O, X22—1:O
(13) Tl/ . Xl - 07 Yl — O ,
\ Xn—l = 0, Yn - 0

(( X11—1=0, X1,=0

Xy =0, (b—1)Y, —d(Xe —1) =0
(14) 7. X1=0, Y1=0 :
\ XTL = 07 Yn—l =0

where c is the (n + 2, 1)-entry of 71 and d is the (n + 2, 2)-entry of 7,.

For the constructions of U{, U}, we let u; € U(F,(t)) be an F,(¢)-rational basis for the
one-dimensional vector group U; and pick u; € I',)(Fy(t)) so that m,(u;) = u,; for i =1, 2.
We define U; to be the one-dimensional vector group in I'j, via the conjugations

n w0y g, form € T, i =1,2.

Then we see that U/ = U; via 7, for i =1, 2.

Finally we use the method above as well as conjugations to construct the desired G;, H J/
so that G = G; and H; = Hj via m,, for j = 1,...,n — 1. The arguments are essentially
the same as the constructions of 7} and U/, and we omit the details. O

4.2. Defining equations for I'j,;. We continue with the notation of the previous section,
and we assume that I'j,_;) has full dimension for some 1 < n < m. Furthermore, we assume
that I'j,; does not have full dimension, and so by Lemma 4.1.1, dimI'j,; = dim I'y,—yj. Since
we have shown that 7, : Tpj(Fy(t)) = T (Fq(t)), for any a, b € Fy(t)* \ F) we can pick
7, Y2 € Iy (Fq(t)) so that

a 0 e O 1 O AR 0
01 .- 0Ob -0
7Tn(’Yl) =1 - . . and 7Tn(’}/2) =1 - . :
00 --- 1 00 --- 1

If we let T be the Zariski closure of the cyclic group generated by 7; (inside I'y,)), then the
defining equations of 7 are given as in (13) and (14) for i = 1, 2. We note that ¢ and d in
(13) and (14) are in F ().

Let V} be the n-dimensional vector group over Fy(t) in I',_q) spanned by Uy, G, ..., Gy
given as above. Let Uy, G',...,G) _; be the one-dimensional vector groups in I'j, given as
in the proof of Proposition 4.1.2. Let V{ be the n-dimensional vector group over F,(t) in '
spanned by Uy, G, ..., G _,.

Similar to the constructions above, we let V5 be the n-dimensional vector group over I, (¢)
in I',,_y) spanned by Us, Hy, ..., H,_;. Let U;, H, ..., H]_, be the one-dimensional vector
groups in I'f,) given as in the proof of Proposition 4.1.2. We define V; to be the n-dimensional
vector group over Fy(t) in I'y,) spanned by U;, Hi, ..., H],_, and note that V; is isomorphic
to V; via m, for i =1, 2.
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Note that the defining equations of V/, Vj are given as follows:

v Xi—1=0, rooXor +mXg + -+, X, =0
L X12:0,X22—1:0,KZO,...,YnZO ’

V/' Xn—l:(), Xglzo, X1:O,...,Xn:O
27 X2—1=0, sppXppo+ 1Y+ +5,Y,=0 [’

for some roy, r1,..., T, S12, S1,..., 5, € Fy(t). Note that, since V; is isomorphic to V; via m,
for i =1, 2, we have that r, # 0, s, # 0.
We define P/ to be the Zariski closure of the subgroup generated by 7} and V/ inside

[y for i = 1, 2. Then we see that for each i = 1, 2, P/ is the (n + 1)-dimensional affine
linear space containing 77 and V; (cf. [12, §6.2.4]), and hence their defining equations can

be described as follows:
P/ . ¢1 = (CL - 1)(T21X21 + T1X1 + e 4 T’an) — C’f‘n(Xll — 1) = 07
'] X12=0, X0o—1=0, V7=0,...,Y,=0 ’

P - X11_1:07 X21:07X1:07"'7Xn:07
2 ¢2 = (b— 1)(812X12—|—81Y71+"'+8nyn) —dSn(XQQ— ]_) =0 '

(15)

Note that dim P/ = n + 1 for i = 1, 2. Consider now the morphism defined by the product
of matrices,

Pll X PQI — F[n}.

Its image is denoted by P/ - P;. We claim that the Zariski closure P - Py of P - P, inside
F[n} is all of F[n].

To prove this claim, we define P; to be the Zariski closure of the subgroup of I'j,_y
generated by T; and V; for 7 = 1, 2. That is, since I'j;,_1) has full dimension,

* 00 0 1 x 0 0
* 1 0 0 0 = 0 0
P = * 01 0 C G[n—l]7 Py = 0 1 0 c G[n—ll‘
R 0 R 0
* 00 1 0 %= 0 1

Direct calculation shows that

G[n—l} — P1 : Pg U V(XH),

where V(X11) is the closed subvariety of G,_1) given by X33 = 0. Hence, I'y,_y) = P, - P»
since I'j,—1) € G|p—q) is assumed to be irreducible of maximal dimension.

Furthermore, since we have a surjective map P/ — P; induced by m, for i = 1, 2, the
restriction of m, to P| - Pj is dominant and hence dim P] - P > 2+2n. From the assumptions
that dim I'j,) = dim I'j,_y) = 2 + 2n and that I'f, is irreducible, we see that Py - Py = I',).

On the other hand, one can similarly show that P; - P = I'y,;. We omit the details.

Now, we claim that ¢1, ¢o, as defined in (15), give rise to defining equations for I';,. For

polynomials gi,...,0m € Fq(t)[X,], we let V(g1,...,9m) be the closed subvariety of Gi,
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given by g1 = -+ = g, = 0. Given any
;1:11000 11’120'0
T21 10 0 0 T2 0 -0
(16) pi=|7 01 - 0l cpandp,=|0 v 1 -+ 0] ¢py
oo 0 Do .0
r, 0 0 1 0 yyo O -1
from the matrix product,
z1p * 0 0
Top * 0 0
: : 0
z, * 0 1

we see that V(¢1) 2 P| - P, and hence V(¢1) 2 I';,;. A similar calculation using the matrix
product pop; € P, - P shows that V(¢s) 2 Py - P|. Furthermore, because ¢1, ¢, are degree

one polynomials, V' (¢1, ¢2) is irreducible, and therefore V (o1, ¢2) = '}, as claimed.
Let ¢1 = £11X11 + 621X21 + £1X1 + e+ ﬁan — ZH, where

b =—crn, Adn=(a—Dra,li=(a—1r;, i=1...n

Note that all coefficients of ¢, are in F,(t) and ¢,, # 0. Finally we claim that, without loss
of generality, ¢o can be written as

Py =011 X2 + 01 Xoo + 1Y) + - -+ 0,Y, — L.

To verify the claim, we note that, modulo (b — 1), without loss of generality we may write

P9 as Py = S12X12 + So0Xo0 + Z?:l $;Y; — S99, where S99 := _b‘isl". Choose an element of the
form
1 1 0 0
0 1 0 0
po=|0 0 1 O € Py(F,(1), ie., ¢ao(pa) =0.
A 0
0 vy, O 1

We choose an arbitrary p; € P[(F,(t)) as in (16), and because ¢1(p1) = 0 and p;p2 €
V(¢1, ¢2), a direct calculation shows that

n
$12T11 + S22%21 + E s;x; — s12 = 0.
i=1

Namely, P| is contained in the (n + 1)-dimensional affine linear space given by

V(812X11 + 590X01 + Z 5iX; — s12, Xi2, Xoo — 1, Y1,... 7Yn)~

i=1
Since P| is also an affine linear space of dimension n + 1, we see that the two vectors
(i1, o, €y ooy ), (S12, 822, 81,0+ 5 Sn)

are parallel, which completes the claim. We summarize the investigations of this section in
the following lemma.
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Lemma 4.2.1. Let {I'ly}o<n<m be a sequence of groups defined as in §4.1. Suppose that
['j—1) has full dimension for some 1 < n < m but that dimI'y, = dim',,_y;. Then there
exist l11,la1, 0, -+ - Ly € Fy(t) with £, # 0 so that

¢1 =L Xn HlnXoy + 06Xy + -+ 6, X, — b,
G = U1 Xio + U1 Xop + 1Y + -+ £,Y, — oy
are defining polynomials for T',).
4.3. Application to Drinfeld logarithms. We fix a rank 2 Drinfeld F[t]-module p over

k with p, == 0 + k7 + 7%, k € k, and we fix an F,[0]-basis {w;,w,} of the period lattice
A, :=Kerexp, Welet ®:=0, ¥:=V, ¢ and ) be defined as in §2.4.

Given A € C, with exp,(\) = a € k, let fy be the Anderson generating function
associated to A as in (7). We define

(1) (2)
9] _HA_fA Mat T

° [92} | [ £ ] < Matza (D)
By (8) and (9) we see that

a7) 0t =gt [0 a0 =A-a w0 = RO

Given Aj, ..., Apn € Co with exp,(Ni) = o, € kfori=1,...,m, for each 1 <n <m let

@) (@)
g, = [gnl] = K5, (1)f n and h, := [&”] .
9n2 —f>\n 0

We further define

d® 0 --- 0 vy 0 --- 0
ht 1 -+ 0 _ g 1 ... 0
. . . S Mat2+n(l€[t])7 \Ijn = . X

h* 0 --- 1 g™y 0 --- 1

@n = < GL2+n(T)

Using (17) we have Ui = $,0, and thus
(18) E(U,(0)) = k(wi,wa, A1y ..oy Ay Fr(wi), Fr(wa), Fr(A), - Fr(An)).

Proposition 4.3.1. For each 1 < n < m, let &, be defined as above. Then ®, defines a
t-motive M,,.

Proof. By Lemma 2.4.1, ® itself defines an Anderson t-motive M,. Using this the proof is
then essentially the same as the proof of [12, Prop. 6.1.3]. We omit the details. U

Suppose that p does not have complex multiplication. Let M, := M, be the t-motive
associated to p (see §2.4), and let I'yy) := I'yy = GLg be its Galois group (see Theorem
3.4.1). For each 1 < n < m, let I'y) be the Galois group of M,. By (5), we see that
'y € Gy Moreover, since M, is a sub-t-motive of M,,, we have a surjective map

Tn - F[n] - F[n—l]
(cf. proof of Proposition 3.1.2). More precisely, for any F,(t)-algebra R the restriction of
the action of any v € I'l;)(R) to R ®p, ) M, B is the same as the action of the upper left

n—1

(n+1) x (n+1) square of y. We see that the map 7, coincides with the projection map on
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the upper left (n + 1) x (n + 1) square of elements in I'y,;. Thus, the sequence {I'y; o<p<m
satisfies the defining conditions of §4.1, and the results of §4.1 and §4.2 apply.

Finally, by Theorem 2.2.1 we note that dimI'y,) = tr. degg k(V,(6)) for each 0 < n < m.
Combining Theorem 3.4.1, Lemma 4.1.1, and (18), we now prove a lemma that is the heart
of Theorem 4.3.3 which follows.

Lemma 4.3.2. Suppose that p is odd. Let p be a Drinfeld F,[t]-module without complex
multiplication with p; = 0 + kT + 7%, k € k. Let A, := F[0lw, + Fy[0lwa be the period
lattice of p. Suppose that Ay, ..., An € Co satisfy exp, (i) =1 o; € k fori=1,...,m and
that wi,we, A1, ..., Ay are linearly independent over k. Finally, let {T'y) Yo<n<m be defined as
above. If I'i,_1) has full dimension for some 1 < n < m, then so does I'y,). In particular, the
4 4+ 2m elements

w1, Wa, )\17 R )\ma F‘r(wl)a F‘r(w2>7 FT()\l)7 ) FT()\m)
are algebraically independent over k.

Proof. Since I'jg) = GLs, we see that I'j,_;) has full dimension when n = 1. Thus we assume
for arbitrary n that I'j,_y) has full dimension but that I'j,) does not. Then by Lemma 4.1.1 we
have dim I'j,) = dim I',_q. Moreover, by Lemma 4.2.1 there exist (11, lo1, l1,. .., 0, € Fy(2)
with ¢, # 0 so that

¢1 =L X+l Xoy + 06X + -+ 0, X, — b,

G =L Xig + €1 Xog + 01Y1 + -+ + £,V — Loy,
are defining polynomials for I'j,).

By Theorem 2.3.1, Zy, is a torsor for I'j, X, k() over k(t). Since ' is an affine linear

space over F,(t), Zy, is also an affine linear space over k(t). Hence Zy, (k(t)) is non-empty.

Choosing § € Zy,, (k(t)), we see that Zy, (k(t)) = d - I'y, (k(¢)), which implies that
AXi+BXo + 0 X + -+ 0, X, — b, AXipp+ BXoy +0Y1 + -+ 0,Y, — {a,
are defining polynomials for Zy, , where
[A, B, by, ..., 0] i= [l11, b1, ba,y ..., £)07 0
We claim that A, A=Y, B, BCY ¢ k(t) are regular at t = 0. Let [F},G;] := gtV for

t=1,...,n. Then by the definition of Zy, in §2.3 we have two equations
(19) AV + BV + O F 4 - -+ 0, F, — €1 = 0,
(20) AWy + BUg + 6,Gy + -+ - + £,G — €y = 0.

Using the o-action on (19) and then subtracting it from itself, we have:

<A — Bt —-0)-> ai&) U+ (B — AT 4 xCVBED)T,, = 0.

i=1
Since I'jg) = 'y = GLjy, Theorem 2.3.1 implies that the four functions {¥;; : i = 1,2, j =
1,2} are algebraically independent over k(t). Hence

(21) A=BY(t=0)=> ai; =0, B—ATY4+xVBEY =,
=1
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and thus,
B+ xUBED — (t — 9(*1))3(72) = Zagil)gi-

i=1
Note that the right hand side of this equation is regular at t = 09 for all i € Z. Indeed if B
has a pole at ¢ = 6, then either BV or B(-? has pole at ¢t = 6. That is, either B has pole
at t = 07 or B has pole at t = 07", Continuing this argument, we see that B has infinitely
many poles among {t = 09}, which contradicts that B € k(t). Using a similar argument,

we see that B(~Y is also regular at ¢t = 6. By (21), we thus see that A and A"V are regular
at t = 6 and that

(22) A9) = Z a;l;(0)

Recall that W(0) is given explicitly in (11). By specializing (19) and (20) at ¢ = 6 and
using (22), we have

(23) (Ze )gF ws) ( Ze )ng—en(eﬁ—o,
(24) (Zy )gF wr) ( Zé )gwl—gm(e)%:o.

Using the analogue of the Legendre relation (10), then (23) X w; + (24) x wy = 0 implies
El (0))\1 —+ o4 fn(Q))\n — 511(9)(4)1 — €21 (9)(4)2 = 0

Since £,,(0) # 0, we obtain a non-trivial k-linear dependence among w, wo, A1, ..., A,, which
is a contradiction. 0

Theorem 4.3.3. Suppose that p is odd. Let p be any rank 2 Drinfeld IF,[t|-module defined
over k without complex multiplication. Let A, ..., An € Co satisfy exp, (i) € k fori =
1,...,m. If \,..., A\ are linearly independent over k, then the 2m elements

Ay Ay Fr(A)s ooy Er(An)
are algebraically independent over k.

Proof. By Remark 3.4.2 we may assume without loss of generality that the coefficient of 72
in p, is 1. Let A, := F,[0]w; +F,[f|ws be the period lattice of p. Let A, be the k-vector space
spanned by w; and wo, and let {vy, v2} be any k-basis of A,. Given any 21, ..., z, € C such
that exp,(z;) € k for i = 1,...,n, we observe that

(25) k—Span{wl, Wy 21y« vy Zn} = k—Span{vl, V9, 21y« y Zn )

(26) E(U? 1 wi, Fr(wi), Zjs FT(Z])}) = E(U? 1 v, Fr(vs), Zjs FT(Z])}>

Note that (26) follows from the fact that the quasi—perlodlc function F; is F,[6]-linear on A,
and satisfies difference equations as in (1).

We define N := k-Span{w;, ws, A1, ..., Ay }. By Lemma 4.3.2; the theorem is immediately
true if dimy N = m + 2. If dimy; N = m + 1, then without loss of generality we can assume
that wy = bowy + D71, bjA;, bj € k, with by # 0. In that case, {wy, > bjA;} is a k-basis of
A, and {wy, > b\, Ao, ... Ay} is a k-basis of N. The result then follows from Lemma 4.3.2
combined with (25) and (26). If dimy N = m, then in a similar manner, we can find b;,
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€ kso that {d_;b;\;, >, ¢jA;} is a k-basis of A, and {37, 0;7;, 35 ¢jAj, Az, A} s &
basis of N. Again the result follows from Lemma 4.3.2 combined with (25) and (26). O
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