
Picard’sMethod- Project

1 Derivation of the Method

If westartwith thegeneral,first ordernonlinear ordinarydifferentialequation

dy
dx

� f
�
x � y ��� y

�
x0 � � y0

wecanintegratebothsidesof theequationfor x0 � x � x1 to get

y
�
x1 ��� y

�
x0� �	� x1

x0

dy �
� x1

x0

f
�
x � y � x ��� dx

Using t asthe variablefor integration,insteadof x, andsettingx � x1 to be the
arbitraryfinal point

y
�
x � � y

�
x0 �
� � x

x0

f
�
t � y � t ��� dt (1)

Althoughacorrectrepresentationof thesolution,thisis notcompletelysatisfatory.
Weproceedto try to solvethisby iteration.Substitutinganinitial guess of y

�
x � �

φ0
�
x � into theright handsideof (1), we get

φ1
�
x � � y

�
x0 �
� � x

x0

f
�
t � φ0

�
t ��� dt (2)

In theunlikelyeventthatφ1
�
x � � φ0

�
x � , wearefinished,wehavefoundasolution.

Otherwise,wekeepon iterating:

φn � 1
�
x � � y

�
x0 ��� � x

x0

f
�
t � φn

�
t ��� dt

If no furtherinformationonthesolutionis available,wenormallychooseφ0
�
x � �

y0.
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1.1 Linear Example

To startoff with asimpleexamplelet f
�
x � y � � y, andy

�
0� � 1 sowearetrying to

solve:

dy
dx

� y
�
x ��� y

�
0� � 1

In this case,weactuallyknow thesolution:

y
�
x � � ex

Now let’sseewhatPicard’smethodis doing,giventheinitial guessφ0
�
x � � 1.

φ1
�
x � � 1 � � x

0
φ0
�
t � dt � 1 � � x

0
1dt � 1 � x

φ2
�
x � � 1 � � x

0
φ1
�
t � dt � 1 � � x

0
1 � tdt � 1 � x � 1

2
x2

φ3
�
x � � 1 � � x

0
φ2
�
t � dt � 1 � � x

0
1 � t � 1

2
t2dt � 1 � x � 1

2
x2 � 1

6
x3

φ4
�
x � � 1 � � x

0
φ3
�
t � dt � 1 � � x

0
1 � t � 1

2
t2 � 1

6
t3dt � 1 � x � 1

2
x2 � 1

6
x3 � 1

24
x4

Thesearepreciselythefirst four termsin theMaclaurin(Taylor)seriesexpansion
for ex aboutx � 0.
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1.2 Non linear Example with Unique Solution

For thenext case,consider

dy
dx

� x � y2 � x ��� y
�
0� � 0

Althoughthiscanbesolved(seeattachedMapleworksheet),it is in termsof very
complicatedfunctions! A simplermethodfor gettinganapproximatesolutionis
Picard’s method.With φ0

�
x � � 0

φ1
�
x � ��� x

0

�
t � φ2

0
�
t ��� dt ��� x

0
tdt � 1

2
x2

φ2
�
x � � � x

0

�
t � φ2

1
�
t ��� dt � � x

0

�
t � � 1

2
t2� 2 � dt � 1

2
x2 � 1

2
x5

φ3
�
x � � � x

0

�
t � φ2

2
�
t ��� dt � � x

0

�
t � � 1

2
t2 � 1

20
t5 � 2 � dt � 1

2
x2 � 1

20
x5 � 1

160
x8 � 1

4400
x11

Theiterationsrapidlyconverge,asseenbelow:
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1.3 Non linear Example with Non Unique Solution

dy
dx

� 3 � y � x ��� 3� 2 � y
�
2� � 0

If westartwith φ0
�
x � � 0 thentheiterationssatisfy

φ1
�
x � ��� x

2
3 � φ0

�
t ��� 3� 2dt ��� x

2
0dt � 0

and

φ2
�
x � � � x

2
3 � φ1

�
t ��� 2� 3dt � � x

2
0dt � 0

Eachiterateis identically0. This meansthaty
�
x � � 0 is a solutionof the initial

valueproblem.Is it theonly one,however?

If westartwith analternative initial guess,φ0
�
x � � x � 2, thenwehave

φ1
�
x � � � x

2
3 � φ0

�
t ��� 2� 3dt � � x

2
3 � t � 2� 2� 3dt � 9

5
� x � 2� 5� 3

φ2
�
x � �	� x

2
3 � φ1

�
t ��� 2� 3dt �	� x

2
3 � 9

5

�
t � 2� 5� 3 � 2� 3dt �
� x

2
3 � 9

5
� 2� 3 � � t � 2� 10� 9 � dt

Althoughthis lookscomplicated(andit is!) wecangainsomeinsightby setting

φn
�
x � � cn � x � 2� rn

whichmeansthat

φn � 1
�
x � �
� x

2
3 � cn � t � 2� rn � 2� 3dt
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� 3c2� 3
n

� x

2
� t � 2� 2rn � 3dt

� 3
c2� 3

n

2rn � 3 � 1
� x � 2� 2rn � 3� 1

� cn � 1 � x � 2� rn� 1

if rn � 1
� 1 � 2rn � 3 andcn � 1

� 3 c2� 3
n

2rn � 3� 1

If rn � r exists,thenr mustsatisfyr � 1 � 2r � 3, which impliesr � 3. If thelimit
of cn exists,thenc mustsatisfyc � c2� 3, whichmeansthatc � 0� 1
c � 0 givesthe trivial solution,so we take c � 1. The limit of the iterationsis
therefore

�
x � 2� 3.
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