Picards Method- Project

1 Derivation of the Method

If we startwith thegeneralfirst ordernonlinear ordinarydifferentialequation

d
D=ty Y0 =Yo

we canintegrateboth sidesof the equationfor xg < x < X1 to get
X1 X1
V) —ylxo) = [ dy= [ Fixy(9)dx
X0 X0

Usingt asthe variablefor integration,insteadof x, andsettingx = x; to be the
arbitraryfinal point

Y(X) = y(x0) + /XO (L, y(t))ct 1)

Althoughacorrectrepresentatioof thesolution,thisis notcompletelysatisatory.
We proceedo try to solve this by iteration. Substitutinganinitial guess of y(x) =
@o(X) into theright handsideof (1), we get

(%) = y(xo) + /XO f(t, qo(t))dt @)

In theunlikely eventthat; (X) = @o(X), we arefinished,we have foundasolution.
Otherwisewe keepon iterating:

ra(X) = y(x0) + /XO F(t. gn(t))dt

If nofurtherinformationon thesolutionis available,we normallychoosep(x) =
Yo-



1.1 Linear Example

To startoff with asimpleexamplelet f(x,y) =y, andy(0) = 1 sowe aretrying to
solve:

In this casewe actuallyknow the solution:
y(x) =€

Now let's seewhatPicards methodis doing, giventheinitial guessp(x) = 1.
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Thesearepreciselythefirst four termsin the Maclaurin(Taylor) seriesexpansion
for & aboutx = 0.



1.2 Non linear Example with Unique Solution

For thenext caseconsider

dy
X x—y*(x),  y(0)=0

Althoughthis canbe solved(seeattachedVapleworksheet)it is in termsof very
complicatedfunctions! A simplermethodfor gettingan approximatesolutionis
Picards method.With @(x) =0

(pl(x):/ox(t—(p%(t))dt:/OXtdt:%xz
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Theiterationsrapidly corverge,asseenbelow:
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1.3 Non linear Example with Non Unique Solution
Y _ayoP2  y2)=0
dx ’

If we startwith @y(X) = O thentheiterationssatisfy

X) = /2X3[<p0(t)]3/2dt _ /szdt —0

and

X) = /2X3[(p1(t)]2/3dt — /ZXOdt —0

Eachiterateis identically 0. This meansthaty(x) = 0 is a solutionof the initial
valueproblem.Is it theonly one,however?

If we startwith analternatveinitial guessgp(X) = x— 2, thenwe have

X
:/3[%( )1%3dt = /3 21?3t — 2[x—2]5/3
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Althoughthis lookscomplicatedandit is!) we cangainsomeinsightby setting

(n(X) = Ca[x— 2"

which meanghat

Pr1(X / 3[calt — 2%/ 3dt
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If rn — r exists,thenr mustsatisfyr = 1+ 2r /3, whichimpliesr = 3. If thelimit
of ¢y, exists, thenc mustsatisfyc = ¢%3, whichmeanghatc = 0, 1

¢ = 0 givesthe trivial solution,sowe take c = 1. Thelimit of the iterationsis
therefore(x — 2)3.



