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Summary

We’ll look atvariousgeometricalandanalyticalconnotationsof
derivativeandintegral. Thesetwo conceptsareseminalin the
studyof calculus.Indeed,wewill spendanentiresemester
developingthem! Our limited purposein thissummaryis twofold:

� to provideabroadoverview of theseessentialconcepts;

� to giveyoumechanisticwaysto computederivativesand
integrals(by handandwith MATLAB).

Onceyouhaveassimilatedthis material,you will put it to
immediate usein yourPhysicsclass.

Derivative

Herearefiveconnotationsof derivativefrom thetextbook
Differential Equations by Polking,Boggess,andArnold.

1. Rate of change (modelingdefinition) Themannerin whicha
dependententity x

�
t � changeswith respectto anothert is its rate

of changeor derivative. For example,velocity is therateof
changeof positionx

�
t � with respectto time t. We write

v
�
t ��� x� � t � or v

�
t ��� dx

dt �
Or again,therateof changeof populationP with respectto time t
is thederivativedP � dt. Thederivativehaswideapplicability.

2. Slope of the tangent line (geometricdefinition) Theslopeof
the tangent line to thegraphof a functiony � f

�
x � at apoint�

x0 � y0 � is its derivative.

y = f(x)
tangent line
to curve at
(x

0
 , y

0
 )

(x
0
 , y

0
 )

derivative: slope m = f’(x
0
) of tangent line

3. Best linear approximation (algebraicdefinition) The
equationof thetangentline mentionedabove is givenby

L
�
x �	� f

�
x0 ��
 f � � x0 � � x � x0 �

L
�
x �	� f � � x0 � x 
 f

�
x0 �
� f � � x0 � x0

L
�
x �	� mx 
 b

Thusthetangentline givesthebeststraight-lineapproximation
(linear;first power in x) to thenonlinearcurvey � f

�
x � .

Thederivative f � � x0 � is perhapsthemostimportantpieceof
informationin theequationfor L

�
x � .

4. Limit of difference quotients (limit quotient definition)
During thefirst monthof Math151calculusclass,we’ll seethat
thederivative f � � x0 � mentionedabovemaybecomputedby
takingthelimiting valueof slopesof secantlinesthrough
P
�
x0 � y0 � ; i.e.,slopesof linesthroughP andanearbypoint Q

�
x � y �

asQ approachesP alongthecurvey � f
�
x � .

y = f(x)

tangent line

P(x
0
 , y

0
 )

Slope of secant line approaches slope of tangent line.

Q(x, y)

secant line

f � � x0 ��� mtan � lim
Q � P

msec � lim
x � x0

y � y0

x � x0
� lim

x � x0

f
�
x �
� f

�
x0 �

x � x0

5. Table of formulas (formulaic definition) Of course,the
derivativeor slopeof thetangentline atanotherpoint,say

�
x1 � y1 � ,

is aseparatecomputation.Indeed,this collectionof slopesof
tangentlinesmayberegardedasa functionin itself, the
derivative function. Now computingderviativesvia thelimit
definitionis almostasmuchfun aspulling your teethout with a
pairof pliers! Fortunately, rulesfor generalclassesof functions
maybeestablished,tabulated,andmemorized.Thismakeshand
computationof derivativesmechanistic.Herewith ashorttableof
function-derivativepairs(ak � c: constants;n: positive integer).

Rule f
�
x � f � � x �

1 c 0
2 x 1
3 xn nxn � 1

4 sinx cosx
5 cosx � sinx
6 ex ex

7 lnx 1� x
8 c f

�
x � c f � � x �

9 f
�
x ��
 g

�
x � f � � x ��
 g� � x �

10
n

∑
k � 0

akxk
n

∑
k � 0

kakxk � 1
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Integral

Herearethreeconnotationsof integral from thetextbook
Differential Equations by Polking,Boggess,andArnold.

1. The areaunder the graph (definite integral) For a positive
function f

�
x � thatis continuous(unbroken)on theinterval

a � x � b, thedefinite integral � b

a
f
�
x � dx representsthearea

betweenthecurvey � f
�
x � andthex-axisbetweenverticallines

x � a andx � b.

y = f(x)

x

y

a bO

Integral is area under
graph of y = f(x).

2. The antiderivative(indefinite integral) ThefunctionF
�
x � is

anantiderivative (or indefinite integral) of thecontinuous
function f

�
x � providedthat(C: constant)

F � � x ��� f
�
x � if andonly if � f

�
x � dx � F

�
x ��
 C �

Whereasf is obtainedfrom F via differentiation,F is obtained
from f via theinverseoperation:antidifferentiationor indefinite
integration.In theFundamentalTheoremof Calculus, onesees
theconnectionbetweenthedefiniteandindefiniteintegrals.

� b

a
f
�
x � dx � F

�
b �
� F

�
a �

3. Table of formulas (formulaic definition) Towardtheendof
Math151,we’ll seethatthedefiniteintegral is definedvia yet
anotherlimiting operation.

� b

a
f
�
x � dx � lim�

P
� � 0

n

∑
k � 1

f x �k ∆xk

Again,computinga definiteintegral in this manneris a world of
hurt! Accordingly, we’ll resortto findinganantiderivativeF

�
x � of

f
�
x � , thenapplyingtheFundamentalTheoremof Calculus.

Towardthis end,hereis a shorttableof function-antiderivative
pairs(ak: constants;n: positive integer).

Rule f
�
x � � f

�
x � dx

1 0 0
2 1 x
3 xn 1

n � 1 xn � 1

4 cosx sinx
5 sinx � cosx
6 ex ex

7 1� x lnx
8 c f

�
x � c � f

�
x � dx

9 f
�
x ��
 g

�
x � � f

�
x � dx 
�� g

�
x � dx

10
n

∑
k � 0

akxk
n

∑
k � 0

1
k 
 1

akxk � 1

Notethatthis moreor lessamountsto readingtheearliertable
from right-to-left insteadof left-to-right. OBSERVATION: For a
givenrow themostgeneralantiderivative is obtainedby addinga
constantof integration C; e.g., � cosxdx � sinx 
 C.

Hand Examples

Thetwo tablesintroducedprovideyou with a mechanisticwayof
computingderviativesandintegralsby hand.Thiswill helpyou
earlyon in yourPhysicsclass.Referbackto thetablesif needed.

DERIVATIVE EXAMPLES

Example A

Thederivativeof f
�
x ��� 47 is f � � x ��� 0 [derivativerule 1].

Example B

Thederivativeof w
�
t ��� t3 is w� � t ��� 3t2 [derivativerule 3].

Example C

Thederivativeof f
�
x ��� 4sinx 
 7ex is f � � x ��� 4cosx 
 7ex

[derivativerules9, 8, 4, and6], asfollows.

f � � x ��� �
4sinx 
 7ex � �� �
4sinx � � 
 � 7ex � �� 4
�
sinx � � 
 7

�
ex � �� 4cosx 
 7ex

Example D

If x
�
t ��� 1

4t4 � 3t2 
 17t � 9, thenv
�
t ��� x� � t ��� t3 � 6t 
 17

[derivativerule 10].
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Example E

“The derivativeof thevectoris thevectorof derivatives.” Observe:

2t2 � 4cost � 8 � � 2t2 � � � 4cost � 8 � � ��� 4t � � 4sint � �
INTEGRAL EXAMPLES

Example F

An indefiniteintegral (or anantiderivative)of f
�
x ��� 22 is� f

�
x � dx � 22x. Themostgeneral antiderivativeof f

�
x � in this

instanceis � f
�
x � dx � 22x 
 C, whereC is anarbitraryconstant

of integration.[Hereweemployedintegral rules8 and2.]

Example G

If f
�
x ��� 18cosx 
 10x3, thenthemostgeneralantiderivativeof

f
�
x � is � f

�
x � dx � 18sinx 
 5

2x4 
 C, asfollows [integrationrules
9, 8, 4, and3].

� f
�
x � dx � � 18cosx 
 10x3dx

� � 18cosxdx 
 � 10x3dx

� 18 � cosxdx 
 10 � x3 dx

� �
18sinx 
 C1 ��
 10 ! 14x4 
 C2

� 18sinx 
 5
2x4 
 C (whereC � C1 
 C2)

Example H

Theareaunderthecurve f
�
t ��� t2 
 4t 
 6 betweent � 0 and

t � 3 is 45 asfollows. First,anantiderivativeof f
�
t � is

F
�
t ���"� t2 
 4t 
 6dt � 1

3t3 
 2t2 
 6t [integrationrule 10].

ThenapplytheFundamentalTheoremof Calculus.

� 3

0
f
�
t � dt � F

�
3 �
� F

�
0 �

� �
9 
 18 
 18�#� � 0 
 0 
 0 �� 45

Example I

“The integralof thevectoris thevectorof integrals.” Observe:

� 3t � 8 
 5et dt � � 3t dt � � 8 
 5et dt

� 3
2t2 
 K1 � 8t 
 5et 
 K2

� 3
2t2 � 8t 
 5et 
 K � K ��� K1 � K2�

Example J

Theprecedingalsoholdsfor definiteintegrals.Verify the
following by applyingtheFundamentalTheoremof Calculusto
eachelementof themiddlevectorexpression.

� 1

0
z2 � z3 dz � � 1

0
z2 dz � � 1

0
z3 dz � 1

3 � 14
MATLAB Examples

To computederivatives,usediff . To computeintegrals,useint .
Symbolicvariablesaredeclaredwith syms. We revisit our ten
handexamples.Hereis a transcript.

%
delete s00d.txt; diary s00d.txt
clear; clc; close all; echo on
%---------------------------------------------- ----
% Percent sign begins a comment.
% Semicolon suppresses output.
% Default name of answer: ans.
% pretty: makes symbolic output easier to read.
%
% DERIVATIVE EXAMPLES
syms t x
% A
diff(47, x)

ans =

0

% B
diff(tˆ3, t); pretty(ans)

2
3 t

% C
diff(4*sin(x) + 7*exp(x), x); pretty(ans)

4 cos(x) + 7 exp(x)
% D
diff(tˆ4/4 - 3*tˆ2 + 17*t - 9, t); pretty(ans)

3
t - 6 t + 17

% E
diff([2*tˆ2, 4*cos(t)-8], t); pretty(ans)

[4 t -4 sin(t)]
%
% INTEGRAL EXAMPLES
% (NOTE: MATLAB doesn’t add a constant of integration
% to an antiderivative. YOU need to remember it your-
self!)
% F
int(22, x); pretty(ans)

22 x
% G
int(18*cos(x) + 10*xˆ3, x); pretty(ans)

4
18 sin(x) + 5/2 x

% H
int(tˆ2 + 4*t + 6, t, 0, 3)

ans =

45
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% I
int([3*t, 8+5*exp(t)], t); pretty(ans)

[ 2 ]
[3/2 t 8 t + 5 exp(t)]

% J
syms z
int([zˆ2, zˆ3], z, 0, 1)

ans =

[ 1/3, 1/4]

%

echo off; diary off
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