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Summary

We'll look atvariousgeometricabndanalyticalconnotation®of
derivative andintegral. Thesetwo conceptareseminalin the
studyof calculus.Indeedwe will spendanentiresemester
developingthem! Our limited purposén this summaryis twofold:

e to provide abroadoverview of theseessentiatoncepts;

¢ to give you mechanistiavaysto computederivativesand
integrals(by handandwith MATLAB).

Onceyou have assimilatedhis material,you will putit to
immediate usein your Physicsclass.

Derivative

Herearefive connotation®f derivative from thetextbook
Differential Equations by Polking,BoggessandArnold.

1. Rate of change (modeling definition) Themanneiin whicha
dependenéntity x(t) changesith respecto anothett is its rate
of changeor derivative. For example,velocity is therateof
changeof positionx(t) with respecto timet. We write

dx

Or again,therateof changeof populationP with respecto timet
is thederivative dP/dt. Thederivative haswide applicability.

2. Slope of the tangent line (geometricdefinition) Theslopeof
the tangentline to thegraphof afunctiony = f(x) atapoint
(X0, Yo) is its derivative.

derivative: slopem = f’(xo) of tangent line
e
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3. Best linear approximation (algebraic definition) The
equationof thetangentine mentionedaboreis givenby

L) = f(xo)+ f'(x0)(x—xo)
L) = ' (xo)x+ (f (x0) — f' (x0)X0)
L(x) = mx+b

Thusthetangentine givesthe beststraight-lineapproximation
(linear;first powerin x) to the nonlinearcurvey = f(x).
Thederivative f/ (xg) is perhapghe mostimportantpieceof
informationin theequationfor L(x).

4. Limit of difference quotients (limit quotient definition)
During thefirst monthof Math 151 calculusclasswe’ll seethat
thederivative f’ (xg) mentionecabose maybe computecby
takingthelimiting valueof slopesof secantinesthrough

P (X0, Yo); i.e., slopesof linesthroughP andanearbypoint Q(x,y)
asQ approache® alongthecurvey = f(x).

Slope of secant line approaches sIoBe of tangent line.
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5. Table of formulas (formulaic definition) Of coursethe
derivative or slopeof thetangentine atanotherpoint, say(x1,y1),
is aseparateomputationIndeed this collectionof slopesof
tangentinesmayberegardedasa functionin itself, the
derivative function. Now computingderviatvesvia thelimit
definitionis almostasmuchfun aspulling your teethout with a
pair of pliers! Fortunately rulesfor generaklasse®f functions
may be establishedtabulated,andmemorized.This makeshand
computatiorof derivativesmechanisticHerewith a shorttableof
function-dervative pairs(ay, c: constantsn: positive integer).

[Rule| f(x) | f/(x) |
1 c 0
2 X 1
3 X" nx"—1
4 sinx COSX
5 COSX —sinx
6 el el
7 Inx 1/x
8 cf(x) cf’(x)
9 F+9() [ ' +d (X
n n
10 z X« kayx< 1
k=0 k=0




Integral

Herearethreeconnotation®f integral from the textbook
Differential Equations by Polking,BoggessandArnold.

1. The areaunder the graph (definite integral) For apositive
function f (x) thatis continuougunbrolen)on theinterval

b
a < x < b, thedefinite integral f (x) dx representthearea
betweerthecurvey = f(x) andthe x-axisbetweenverticallines
x=aandx=h.

y
y=f(x)

Integral is area under
graph of y = f(x).

2. The antiderivative (indefinite integral) ThefunctionF (x) is
anantiderivative (or indefinite integral) of the continuous
function f (x) providedthat(C: constant)

F'(x)= f(x) if andonly f / f(x)dx = F () + C.

Whereasf is obtainedirom F via differentiationF is obtained
from f via theinverseoperation:antidifferentiationor indefinite
integration.In the Fundamental Theorem of Calculus, onesees
the connectiorbetweerthe definiteandindefiniteintegrals.

/bf(x)dx:F(b)—F(a)

3. Table of formulas (formulaic definition) Towardthe endof
Math 151,we’ll seethatthe definiteintegralis definedvia yet
anothedimiting operation.

/bf(x)dx: lim % F(x) D%

[IP|—01=y

Again, computinga definiteintegral in this mannetis a world of
hurt! Accordingly, we'll resortto finding anantidervative F (x) of
f(x), thenapplyingthe Fundamentalheoremof Calculus.
Towardthis end,hereis a shorttableof function-antidenative
pairs(ax: constantsn: positive integer).

[Rule| f(x) | Jf(x)dx |

1 0 0

2 1 X

3 X1 =Xl

4 COSX sinx

5 sinx — COSX

6 el el

7 1/x Inx

8 cf(x) cf f(x)dx

9| f(X)+9(x) | [f(x)dx+ Jg(x)dx
n n 1

10 Xk - Xk+l
k;oak kZO k1™

Notethatthis moreor lessamountgo readingthe earliertable
from right-to-leftinsteadof left-to-right. OBSER/ATION: For a
givenrow themostgeneralntidervativeis obtainedby addinga
constantof integration C; e.g., [ cosxdx = sinx+C.

Hand Examples

Thetwo tablesintroducedprovide you with a mechanistiavay of

computingderviatvesandintegralsby hand.Thiswill helpyou
earlyonin your Physicsclass.Referbackto thetablesif needed.

DERIVATIVE EXAMPLES
Example A

Thederivative of f(x) = 47is f/(x) = O [derivativerule 1].

Example B

Thederivative of w(t) = t3is w/(t) = 3t? [derivativerule 3].

Example C

Thederivative of f(x) = 4sinx+ 7e*is f/(x) = 4cosx+ 7€
[derivativerules9, 8, 4, and6], asfollows.

f'(x) = (4sinx+ 7€)
= (4sinx)' + (7€)’
= 4(sinx) +7(e")

4cosx+ 7€*

Example D

If x(t) = 3t*—3t2+ 17t — 9, thenv(t) = X' (t) = t3 — 6t + 17
[derivativerule 10].



Example E
“The derivative of thevectoris thevectorof derivatives” Obsene:

[2t%4cost - 8}/ - {(2@)' (4cost — 8)’} — [4t, —4sint].

INTEGRAL EXAMPLES

Example F

An indefiniteintegral (or anantidervative) of f(x) = 22is

J T(x)dx = 22x. Themostgeneral antiderivative of f(x) in this

instancds [ f(x)dx = 22x+ C, whereC is anarbitraryconstant
of integration.[Herewe employedintegral rules8 and2.]

Example G
If f(x) = 18cosx+ 10x%, thenthe mostgenerakntideriative of
f(x)is [ f(x)dx = 18sinx+ %x4+C, asfollows [integrationrules
9,8,4,and3].
/ f(x)dx = /18cosx—|— 103 dx
= /18c09(dx+/10x3dx
= 18/cosxdx+ 1O/x3dx
—  (18sinx+Cy)+ (10- %x4+C2)
= 18sinx+3x*+C  (whereC =C; +Cy)

Example H

Theareaunderthecurve f (t) = t2+ 4t + 6 betweert = 0 and
t = 3is 45asfollows. First,anantiderivative of f(t) is

F(t)= /t2 + 4t + 6dt =3t3+ 2t2 + 6t [integrationrule 10].
Thenapplythe Fundamentalrheoremof Calculus.

[)Sf(t)dt — F(3)-F(0)
— (9+18+18)— (0+0+0)
— 45

Example |

“The integral of thevectoris thevectorof integrals” Obsene:

/[3t,8+5et} dt = V&dt,/8+5etdt}

= {%t2+K1,8t+5et+K2]

- {%tZ,BHSet}JrK, K =[Ky, K]

Example J

Theprecedingalsoholdsfor definiteintegrals. Verify the
following by applyingthe Fundamentalheoremof Calculusto
eachelementof the middlevectorexpression.

Lleelo ([ 2] 3]

MATLAB Examples

To computederivatives,usediff . To computeintegrals,useint.
Symbolicvariablesaredeclaredwith syms We revisit ourten
handexamplesHereis atranscript.

%
delete  s00d.txt; diary  s00d.txt
clear; clc; close all; echo on

0,
()

% Percent sign begins a comment.

% Semicolon  suppresses  output.

% Default name of answer: ans.

% pretty: makes symbolic output easier to read.
%

% DERIVATIVE EXAMPLES

syms t X
% A
diff(47, X)
ans =
0
% B
diff(t"3, t);  pretty(ans)
2
3t
% C
diff(4*sin(x) + 7*exp(x), X); pretty(ans)
4 cos(x) + 7 exp(x)
% D
diff(t"4/4 - 32+ 17 - 9, t); pretty(ans)
3
t -6t + 17
%E
diff([2*t"2, 4*cos(t)-8], t);  pretty(ans)
[4 t -4 sin(t)]

%

% INTEGRAL EXAMPLES

% (NOTE: MATLABdoesnt add a constant of integration
% to an antiderivative. YOU need to remember it your-
self!)

% F

int(22, X);  pretty(ans)

22 X
% G
int(18*cos(x) + 10*x"3, x); pretty(ans)

4
18 sin(x) + 5/2 x

% H

int(t"2 + 4t +6, t 0 3)

ans =

45



% |
int([3*t, 8+5%exp(t)], t);  pretty(ans)

[ 2

[312 t 8t + 5 exp(t)]
% J
syms z
int([z2°2, z°3], z, 0, 1)

ans =

[ 13, 1/4]

%
echo off; diary  off




