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Abstract

Let J(C) be the Jacobian of a Picard curve C defined over a

number field K containing Q(ζ3). We consider the family (ρ̃l)l of l-

adic representations defined by the natural action of the Galois group

Gal(K/K) on the l-power torsion of J(C).

We show that for a Picard curve C with endomorphism ring Z[ζ3]

the images of these representations are full for all but finitely many

primes l. We consider the reduction modulo l of the image of ρ̃l, that

is, the action of Gal(K/K) on the l-torsion of the Jacobian. This gives

a representation ρl into either GL3(Fl) or into a unitary group over

1With thanks to my advisor, Don Blasius, for suggesting this line of research and for
many fruitful discussions.
I would also like to thank the anonymous reviewer for his/her useful suggestions
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Fl2 , depending on the splitting behavior of l in Q(ζ3). It is sufficient

to show that the image of ρl is full in order to show that the image of

ρ̃l is full.

1 Introduction

Let A be an abelian variety defined over a number field K. The action of

the absolute Galois group Gal(K/K) on the l-power torsion of A gives an

l-adic Galois representation ρA,l for each prime l. A classic result of Serre

([17]) states that the Galois representations attached to an elliptic curve E

without complex multiplication are surjective for almost all l.

Let K be a number field containing Q(ζ3), where ζ3 is a primitive cube

root of unity. Picard curves are smooth projective curves of genus three

which are isomorphic to a curve whose affine equation is

Y 3 = X4 +G2X
2 +G3X +G4,

where the polynomial X4 + G2X
2 + G3X + G4 has no repeated roots. The

map Y 7→ ζ3Y is an automorphism of any Picard curve whose field of def-

inition contains ζ3. Let C be a Picard curve such that End(J(C)) = Z[ζ3]

where J(C) is the Jacobian of C. This paper considers the family of Galois

representations attached to J(C).

Picard curves were introduced by Emile Picard in 1883 ([13]). Like elliptic

curves, they can be used in discrete log based cryptography. Bauer, Teske
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and Weng ([1]) give an algorithm for counting the points on certain Picard

curves over a finite field in the context of cryptography. Koike and Weng

([10]) state that the highest genus of curves suitable for discrete log based

cryptography appears to be 3.

The main result in this paper is that, for a fixed Picard curve C, the image

of the representation ρJ(C),l can be identified with GL3(Zl) for almost all

primes l ≡ 1 (mod 3) or with the group GU3(OL) of unitary similitudes over

OL, where OL is the ring of integers of the quadratic extension L = Q(ζ3)⊗Ql

of Ql, for almost all primes l ≡ 2 (mod 3).

We show that the reduction modulo l of ρJ(C),l is, for all but finitely

many primes l, onto GL3(Fl) or GU3(Fl2), where Fq is the finite field with q

elements. Applying Mitchell’s classification ([12]) of the subgroups of PSL3

and PSU3 over a finite field, we find that the list of possible images of the

reduction of ρJ(C),l is finite. We then apply a theorem of Serre to one member

of this list (the completely reducible subgroups). The other subgroups are

considered using different methods.

Serre ([15]) investigated the case of curves C over a number field with

genus g(C) odd or equal to 2 or 6 and where End(C) = Z. He showed

that the image of ρl in that case is Sp2g(Zl) for almost all l. In the case

studied in this paper, there is additional structure provided by the larger

endomorphism ring. As one result of this, the splitting behavior of l in Q(ζ3)

becomes important.

We begin in section 1.1 with some background on l-adic representations.
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In section 1.2, we introduce certain characters and a theorem of Serre which

will be used in the main body of the proof.

In section 1.3 we continue with a discussion of the groups PSL3(Fl) and

PSU3(Fl2). Section 1.4 is a discussion of the justification for reducing ρl

modulo l.

In section 2 we introduce the Picard curves.

In section 3 we begin the body of the proof of the main result of this

paper with a discussion of the action of the inertia subgroup of Gal(K/K).

Section 4 continues this discussion by considering the possible images for the

representations.

The main result is formally stated in Section 5.

In the final section, we give several explicit examples of Picard curves and

specific primes l for which the representation ρJ(C),l is onto.

1.1 Background on l-adic representations

1.1.1 Definitions

Let l be a rational prime and F a number field. An l-adic Galois represen-

tation ρ is a continuous homomorphism ρ : Gal(F/F )→ GL(V ) ∼= GLn(El)

where El is a finite extension of Ql and V is an n-dimensional vector space

over E. The group Gal(F/F ) has the Krull (profinite) topology. The fields

F and E need not be related.

Let k be the residue field of F at the place v of F . Recall that the inertia
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subgroup Iv of Gal(F/F ) is the kernel of the map Gal(F/F ) → Gal(k/k).

We write Frv for the Frobenius element at a place v of F .

Suppose that ρl and τl are two semi-simple l-adic Galois representations

over a number field F which are ramified at only finitely many places of F .

Then if the characteristic polynomials of ρl(Frv) and τl(Frv) are equal at all

of the unramified places v of F , it follows that ρl = τl. This is a consequence

of the Cebotarev density theorem([16]). While in theory this allows the com-

plete determination of the image of any semi-simple Galois representation,

in practice an explicit determination of the image of a representation ρl is

non-trivial.

Definition 1. For each prime l, let ρl : Gal(F/F ) → GLn(E) be an l-adic

representation. The system (ρl)l is said to be a strictly compatible system of

representations in the sense of Serre([16]) if there is a finite set of places S

of F such that:

1. For any l, ρl is unramified outside S and the primes v of F over l. That

is, ρl(Iv) is trivial for each place v 6∈ S not over l.

2. The characteristic polynomials of ρl(Frp) have rational coefficients for

all places p of F such that p 6∈ S and p is not over l.

3. For any l and l′ and for p 6∈ S and not over l or l′, the characteristic

polynomials of ρl(Frp) and ρl′(Frp) agree.
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1.1.2 Representations from geometry

Let F be an algebraic closure of a number field F . For X any variety defined

over F , let H i
et(X,Zl) = lim←−H

i
et(X,Z/lnZ) be the l-adic etale cohomology of

X = X×FF . Let H i
et(X,Ql) = H i

et(X,Zl)⊗Ql. If F ⊆ C, then H i
et(X,Ql) ∼=

H i
B(X ×F C,Ql), the usual Betti cohomology. This is sometimes known as

Artin’s comparison theorem. The Galois group Gal(F/F ) acts on the points

of X through its action on the field F . It therefore also acts on H i
et(X,Ql).

This natural action of the Galois group defines a strictly compatible system

of l-adic Galois representations in the sense of Serre.

For an abelian variety A defined over an algebraically closed field F , let

A[n] be the kernel of multiplication by n ∈ N. The Tate module is defined

as Tl(A) = lim←−A[ln]. If A is a curve, then H1
et(A,Ql) is the dual of Tl(J),

where J is the Jacobian of A. The l-adic Galois representations are given in

this case by the action of Gal(F/F ) on Tl(J). This case was first studied by

Taniyama ([19]).

We write Pv(T ) for the characteristic polynomial of ρJ(A),l(Frv), v is a

place of F not over l. As the representations ρJ(A),l form a strictly compatible

system, Pv(T ) is independent of l and has rational coefficients for almost all

places v. Recall that for a curve C the zeta function Zv(C, T ) is Pv(T )
(1−T )(1−qT )

where the residue field at v is Fq.

The algebraic envelopes of the images of each ρJ(A),l, i.e. the smallest

algebraic Lie algebra containing this image, were shown by Bogomolov ([2])

to contain the homotheties. The Mumford-Tate conjecture states that the
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image of such a representation ρJ(A),l is equal to hl = Ql ⊗ hQ where hQ is

the Hodge group ([18]). This conjecture has been shown to be true in many

cases (see for example [3, 18]). The image of ρJ(A),l is known to be open in

some algebraic subgroup of GL2g(Ql)([2]).

In the case of a curve C, it follows from theorems of Faltings ([7]), that the

commutator of the image of ρJ(C),l in EndQl(Tl(J(C))) is the endomorphism

ring of J(C) tensored with Ql.

1.2 Characters of Sm

We now review Serre’s construction of certain spaces and maps ([16, 17]).

Let F be a number field. Let S be a finite set of finite places of F . Then

m = (mv)v∈S with the mv strictly positive integers is called a modulus of

support for S and S is called the support of m.

For any place v of F , let Uv be the group of units of the ring of integers of

Fv, the completion of F at v. For v an infinite place, let Uv,m be the connected

component of F ∗v containing the identity. For finite v, let Uv,m = Uv if v 6∈ S

and {x ∈ Uv|v(1−x) ≥ mv} if v ∈ S, where we also write v for the valuation

at the place v. Let Um = ΠvUv,m where the product is taken over all places

v of F .

Let T be the torus of the multiplicative group of F (so T (Q) = F ∗).

Denote the group of units of F by E. We embed E in the adeles over F

diagonally and define Em = E ∩ Um. Let Em be the Zariski closure of Em.

Regarding Em as a subgroup of E and hence of F ∗, we define Tm = T/Em.
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We then have a natural map ε : F ∗/Em → Tm by identifying F ∗ with T (Q).

Let Γ be the set of embeddings of F into Q, the algebraic closure of Q.

Then σ ∈ Γ can be extended by linearity to

σl :
∏
v|l

Fv = F ⊗Ql → Ql

where σl is trivial on all but one Fv.

A character [σ] of T can be defined for any σ ∈ Γ by defining [σ](x) for

all x ∈ T (Q) by [σ](x) = σ(x). These form a basis of the characters of T .

Let φ be a character of T . It can then be written φ = Π[σ]n(σ) and the

characters of Tm are those φ where φ(x) = 1 for all x ∈ Em.

Let Cm be the quotient of the idele class group C by the image of Um in

C. Let I be the idele group and Im be the quotient of I by Um.

There is an exact sequence

1→ F ∗/Em → Im → Cm → 1.

We extend Cm by Tm to get Sm. That is, Sm is constructed so that the

diagram
F ∗/Em

ε−−−→ Tm(F )y y
Im −−−→ Sm(F )

(1)

commutes and so that Sm is “universal” with respect to this diagram. Sup-

pose we have a group B and maps Tm → B and Im → B such that the
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diagram
F ∗/Em

ε−−−→ Tm(F )y y
Im −−−→ B

commutes. By “universal” we mean that the only such groups and maps are

those where the maps Tm → B and Im → B are defined from the diagram in

equation (1) by composition with a morphism Sm → B.

Such a group Sm is constructed by defining a group law on the disjoint

union ∪Ay, where Ay is a copy of Tm and y runs over Cm. Let y be a

representative of y in Im. We defines a map c : Cm × Cm → F ∗/Em by

for y and y′ in Cm, y + y′ = y + y′ + c(y, y′). We compose with ε to get

ε ◦ c : Cm × Cm → Tm. We define the group law on Sm = ∪Ay by sending

(a, a′) ∈ Ay × Ay′ to a+ a′ + ε(c(y, y′)) ∈ Ay+y′ ⊆ Sm.

The characters of Sm are given by pairs ψ = (φ, f) where φ is a character

of T and f ∈ Hom(I,Q∗) such that f(x) = 1 for x ∈ Um and f(x) = φ(x) for

x ∈ F ∗.

The characters φ and ψ extend to φl : Tm → Ql and ψl : Sm → Q∗l

through the extension of σ ∈ Γ to T discussed earlier in this section. Define

ψl : I → Q∗l by ψl(a) = f(a)φl(a
−1
l ) for a in I.

The map ψl is trivial on F ∗ and thus defines a map on the idele class

group C. By class field theory, we have a map

φl : Gal(F ab/F )→ Q∗l
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where F ab is the maximal abelian extension of F .

Let αl be the map I → T (Ql)→ Sm(Ql) defined by projecting I → T (Ql)

and then applying the map from equation (1). We define εl(a) = ε(a)αl(a
−1).

Then φl is the composition of φ : Sm → Ql
∗

with εl([16]).

The following theorem is due to Serre.

Theorem 1 (Serre [17]). Let (τl) be a system of strictly compatible semi-

simple l-adic representations in the sense of Serre of Gal(F/F ).

Let kl be the residue field of F at l. Suppose that there is an integer N

and an infinite subset L of the set P of primes such that the reduction of

τl mod l is abelian for all l ∈ L, that is, τl mod l is diagonal and so given

by three characters θ
(i)
l : I → k∗l . Suppose further that there exist integers

n(σ, l, i)σ∈Γ, with absolute value bounded by N , such that

θ
(i)
l (al) =

∏
σ∈Γ

σl(a
−1
l )n(σ,l,i) mod pl (2)

for al ∈ I.

Then τl is isomorphic to the system φl associated to some Sm.

In particular, for all l ∈ P , τl is abelian.

1.3 Subgroups of PSL3(Fl) and PSU3(Fl2)

Let l be a rational prime. Let Fq be the finite field with q = lk elements,

k ≥ 1. We define PSL3(Fq) to be the quotient of SL3(Fq) by its center. In

the case that l ≡ 2 (mod 3), this center is trivial. When l ≡ 1 (mod 3), this
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center is the subgroup of cube roots of unity realized as diagonal matrices.

The subgroups of PSL3(Fq) were classified by Mitchell ([12]). We only

need the case q = l.

Lemma 1 (Mitchell [12]). Let H be a subgroup of PSL3(Fl), l ≥ 7. Then H

is one of

1. PSL3(Fl).

2. A subgroup of a proper parabolic subgroup. A parabolic group is a group

which fixes a proper subspace of F3
l .

3. A subgroup of the normalizer of a split Cartan subgroup. A split Car-

tan subgroup is a group conjugate over Fl to a group generated by the

diagonal elements. Its normalizer additionally contains the symmetric

group on three elements. These groups have order prime to l.

4. A subgroup of the normalizer of a non-split Cartan subgroup. A non-

split Cartan subgroup is conjugate to a group generated by diagonal

elements but this conjugacy is over an extension of the field Fl and not

over Fl itself. These groups have order prime to l.

5. A group isomorphic to A6 (the alternating group on 6 letters which is

of order 360), PSL2(F7) (with order 168) or the Hessian group or its

subgroups of order 36 or 72. (Note that not all of these are possible for

a given l.) The Hessian group is a classical group of order 216.
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6. A non-degenerate orthogonal group, a group which fixes a non-degenerate

cone. That is, a group of elements of PSL3(Fl) whose action is invari-

ant on a quadratic form
∑3

i,j=1 aijxixj, with aij ∈ Fq and det(aij) 6= 0

([21]) where (aij) is the matrix of the aij.

Mitchell also classified the subgroups of the group PSU3(Fl2k). We only

need the case k = 1, where the result is as follows.

Lemma 2 (Mitchell [12]). Let H be a subgroup of PSU3(Fl2), l ≥ 7. Then

H is one of

1. PSU3(Fl2).

2. A subgroup of a proper parabolic subgroup.

3. A subgroup of the normalizer of a split or non-split Cartan subgroup.

These groups have order prime to l.

4. A group isomorphic to A6, PSL2(F7) or the Hessian group of order 216.

5. A non-degenerate orthogonal group.

1.4 Lifting

Let

rm : Zl → Z/lmZ

be reduction modulo lm for an integer m ≥ 1. This map extends to any ring

over Zl. We may also extend rm to GLn(Zl) and to any of its subgroups.
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Definition 2. For a ring R and any Hermitian form h on Rn, the special

unitary group SUn(R, h) consists of those elements of SLn(R) which leave

h invariant. The unitary group Un(R, h) is defined similarly as the group

of those elements of GLn(R) which leave h invariant. The general unitary

group or group of unitary similitudes, GUn(R, h), is the subgroup of GLn(R)

which leaves h invariant up to multiplication by a constant.

We say that h represents 0 if there is a nonzero element v ∈ Rn such that

h(v, v) = 0.

In the case of a finite field, we may neglect the form h as all Hermitian

forms are equivalent over a finite field and hence define identical groups ([4]).

It is sometimes standard to write SUn(Fl) for the group which we denote as

SUn(Fl2).

The goal of this section is to establish the following proposition.

Proposition 1. Let l ≥ 5 be a rational prime which does not divide n.

• Suppose that H is a subgroup of GLn(Zl). If r1(H) ∩ SLn(Fl) projects

onto PSLn(Fl), then H contains the group SLn(Zl).

• Let L be a quadratic extension of Ql with ring of integers OL and let

h be a Hermitian form on On
L which represents 0. Suppose H is a

subgroup of GUn(OL, h). If r1(H) ∩ SUn(Fl2) projects onto PSU3(Fl2)

then H contains the group SU3(OL, h).

We adapt Serre’s argument for GL2(Zl)([17]).
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It is well known that PSLn(Fq) is simple for n > 2 or q ≥ 4 and that

PSUn(Fl2) is simple except when n = 2 and l = 2 or 3 or n = 3 and

l = 2([8, 11]).

Lemma 3. Let l be a prime not dividing n. Suppose that H is a subgroup of

SLn(Fl) such that H maps surjectively to PSLn(Fl). Then H = SLn(Fl).

Proof. Let Z be the center of SLn(Fl)

Let d be the greatest common divisor of n and l − 1. Then Z is the

subgroup of d-th roots of unity ζ ∈ Fl realized as diagonal matrices. If d = 1,

then SLn(Fl) = PSLn(Fl) and the result is trivial.

Otherwise, we decompose SLn(Fl) = ZH as the hypothesis of the lemma

state that H/Z = PSLn(Fl).

Recall that the elementary matrices are matrices of the form I+E where

I is the identity matrix and E is a matrix whose only nonzero entry is its

ijth entry with i 6= j. The elementary matrices are of order l and generate

SLn(Fl) ([11]).

Fix a dth root of unity ζ which generates Z. We write I+E as ζah where

h ∈ H and a is some integer. Let b be such that db ≡ 1 (mod l). Consider

hdb ∈ H. Then hdb = (ζ−a(I + E))db = ζ−adb(I + E)db = I + E and hence

I+E ∈ H. We conclude that H contains the elementary matrices and hence

that H = SLn(Fl).

Lemma 4. Let l be an odd prime which does not divide n. Suppose that H

is a subgroup of SUn(Fl2) such that H projects onto all of PSUn(Fl2). Then
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H = SUn(Fl2).

Proof. If l−1 is relatively prime to n, there is nothing to show as PSUn(Fl2) =

SUn(Fl2). So we assume that l − 1 and n are not relatively prime. Let d be

the greatest common divisor of l − 1 and n.

Again, note that it is possible to write SUn(Fl2) = ZH where Z = {ζ ∈

Fl2 : ζd = 1} is the center of SUn(Fl2). The ζ are realized as diagonal

matrices.

Recall that a transvection on a space V is a map τ which fixes a subspace

W ⊆ V of codimension 1 and satisfies τv− v ∈ W for all vectors v ∈ V ([8]).

Transvections have l power order ([8]).

Let τ ∈ SUn(Fl2) be a transvection with order la. As H/Z = SUn(Fl2),

there is some n-th root of unity ζ such that ζτ ∈ H. As in the previous

lemma, we take b such that nb ≡ 1 (mod la). Therefore τ = (ζτ)nb ∈ H.

The group SUn(Fl2) is generated by its transvections([8]). Hence H =

SUn(Fl2).

Serre states the following lemma in [17], with a proof for the case n = 2.

The general proof below is very similar.

Lemma 5. Let l ≥ 5 be prime. If H ⊆ SLn(Zl) is a topologically closed

subgroup and r1(H) = SLn(Fl) then H = SLn(Zl).

Proof. Consider the group rm(H) ⊆ SLn(Z/lmZ). To show thatH = SLn(Zl),

it suffices to show rm(H) = SLn(Z/lmZ) for all positive integers m.
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We induct on m and show that, for m > 1, if rm−1(H) = SLn(Z/lm−1Z)

then rm(H) = SLn(Z/lmZ).

Let s ∈ SLn(Zl). We wish to show that there is an s1 ∈ H such that

s1 ≡ s (mod lm). By the induction hypothesis, there is an x ∈ H such that

x ≡ s−1 (mod lm−1). Hence it is enough to show the existence of such an

element s1 for s ≡ 1 (mod lm−1).

Write s = 1 + lm−1u. The determinant of s is 1, so u has trace zero

modulo l. Any such matrix u can be written as u =
∑
uj where u2

j ≡ 0

(mod l) and Truj ≡ 0 (mod l). We write

s ≡
k∏
j=1

(I + lm−1uj) (mod lm)

as m ≥ 2. It is enough to show that there are hj ∈ H such that rm(I +

lm−1uj) = rm(hj) for each j, as then the product of such hj is trivially an

element of H.

We now assume therefore that s = 1 + lm−1u for some matrix u with zero

trace and u2 = 0.

Recall that the reduction of H mod lm−1 is all of SLn(Z/lm−1Z) by the

induction hypothesis. Therefore there is an element y ∈ H with y ≡ 1+lm−2u

(mod lm−1).
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Consider yl ∈ H. We have

yl = I + l(lm−2u) +
l(l − 1)

2
(lm−2u)2 + · · ·+ (lm−2u)l ≡ I + lm−1u (mod lm).

(3)

When m ≥ 3, this congruence follows from (lm−2)k ≡ 0 (mod lm) for k ≥ 3

and l(l−1)
2

(lm−2)2 ≡ 0 (mod lm). When m = 2, the requirement that u2 = 0

is necessary.

Hence, yl ≡ s (mod lm) and rm(H) = SLn(Z/lmZ).

A similar lemma applies to the special unitary group.

Lemma 6. Let l ≥ 5 be a prime which does not divide n. Let L be a quadratic

extension of Ql in which l is inert. Let OL be the ring of integers of L. Let h

be a Hermitian form which represents 0. If H ⊆ SUn(OL, h) is topologically

closed and r1(H) = SUn(Fl2) then H = SUn(OL, h).

Proof. Again, the proof is by induction. We show that if

rm−1(H) = SUn(OL/l
m−1OL, h)

then rm(H) = SUn(OL/l
mOL, h).

We again assume that s ≡ 1 (mod lmOL). We then find an element

x ∈ H such that rm(x) = rm(s).

For m ≥ 3, we write s = I + lm−1u. Then there is an element y ∈ H such

that y ≡ I + lm−2u (mod lm−1OL). We take yl ≡ (I + lm−2u)l ≡ I + lm−1u
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(mod lmOL) as in equation (3) in the proof of Lemma 5. Thus the difficult

step is when m = 2, that is, the first step of the induction.

We first consider the case that n = 2. Recall that the groups PSUn(Fl2 , h)

are isomorphic for all Hermitian forms h so that we may consider a single

realization of this group.

To see that u can be written as the sum of matrices uj with u2
j ≡ 0

(mod lOL), consider the case L = Q[i] with i2 = −1 and h = z1z2−z1z2. We

then take u of the form
(
α β

β α

)
. The space of such matrices with trace zero is

spanned by ( i i
−i −i ), ( i 1

1 −i ) and ( −i 1
1 i ), all of which have square zero. We write

s ≡
∏

(I + luj) ≡ I + l
∑
uj (mod l2OL) where the uj have square zero. It

suffices to show that for each term in this product there is an xj ∈ H such that

r2(xj) = r2(1+uj). Hence, we assume that s = 1+ lu where u2 = 0. We take

y ∈ H such that y ≡ 1 + u (mod lOL). Such a y exists as r1(H) = SUn(Fl2)

by the induction hypothesis. We see that yl ≡ I+ lu+
(
l
2

)
u2 + . . . ul ≡ 1 + lu

(mod l2OL) as u2 divides all other terms.

In the case that n ≥ 3, consider the space of u such that 1 + lu is unitary

with determinant 1. This has dimension n2−1 over OL. Choose an isotropic

basis {vj} for On
L, that is, a basis such that h represents 0 on the space

spanned by any two elements vj and vk of the basis.

For a pair (vj, vk) in this basis, the space of s ∈ SUn(OL, h) such that

s is trivial outside of the hyperplane spanned by vj and vk is isomorphic

to SU2(OL, h2), where h2, the restriction of h to this space, is a Hermitian

form that represents 0. Restricting to s ≡ 1 (mod lOL), we write each
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of these s as 1 + lu. This defines a three dimensional vector space of the

elements u. This space is spanned by three elements ui such that u2
i = 0 as

{u : 1 + lu ∈ SU2(OL, h2)} has such a basis. The set of the ui as {vj, vk}

run over all pairs in the basis span the space {1 + lu ∈ SUn(OL, h)}. Hence

s may be written as s ≡
∏

(1 + luj) (mod l2OL) where each u2
j = 0. We

therefore assume that s = 1 + lu where u2 ≡ 0 (mod lOL).

As r1(H) = SUn(Fl2), there is an x ∈ H such that r1(x) = r1(1 + u).

Then r2((1 + u)l) = r2(1 + lu) as in the previous lemma. We have produced

y = xl ∈ H such that r2(y) = r2(s) as desired.

Definition 3. Let G be a profinite group with the Krull topology. Then a

finite simple group S is said to occur in G if there are closed subgroups G1

and G2 of G with G2 normal in G1 such that S ∼= G1/G2. We write Occ(G)

for the set of S which occur in G([16]).

If H is normal in G, then Occ(G) = Occ(G/H) ∪Occ(H) ([16]).

If G = lim←−aGa for some family Ga and G surjects onto each Ga, then

Occ(G) = ∪aOcc(Ga)([16]).

Lemma 7. Let l be a prime not dividing n. If n = 2 we further require that

l 6= 2, 3.

• Let G be open in GLn(Zl), Suppose that SLn(Fl) ⊆ r1(G). Then G

contains SLn(Zl).
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• Let h be a Hermitian form on Zn
l which represents 0. Let G be open

in GUn(OL, h). Suppose that SUn(Fl2) ⊆ r1(G). Then G contains

SUn(OL).

Proof. We need the condition that l 6= 2, 3 if n = 2 as we use the simplicity

of PSLn(Fl) and PSUn(Fl2).

We give the proof for G ⊆ GLn(Zl). The proof for G ⊆ GUn(OL, h) is

identical.

As r1(G) contains SLn(Fl), it is clear that PSLn(Fl) occurs in G. Let

H = G ∩ SLn(Zl). Then PSLn(Fl) does not occur in G/H.

Let H̃ = r1(H) ⊆ SLn(Fl). The kernel of this reduction is a pro-l group.

Thus Occ(H) is equal to Occ(H̃) as pro-l groups are solvable.

Since PSLn(Fl) ∈ Occ(G) = Occ(G/H) ∪ Occ(H) but PSLn(Fl) does

not occur in G/H, we have PSLn(Fl) ∈ Occ(H) = Occ(H̃). Thus H̃ maps

onto PSLn(Fl) and hence onto SLn(Fl) by Lemma 3. This implies that H =

SLn(Zl) by Lemma 5 as required.

We have shown that it suffices to show that r1(G ∩ SLn(Zl)) has image

PSLn(Fl) in order to demonstrate that SLn(Zl) ⊆ G. Similarly, when h

is a Hermitian form that represents 0 (for example, any Hermitian form

if n is odd) and G ⊆ GUn(OL) = GUn(OL, h), it is sufficient to show that

r1(G∩SUn(OL)) reduces to PSUn(Fl2) in order to deduce that SUn(OL) ⊆ G.

This is exactly what was needed for Proposition 1.

20



2 Picard curves

2.1 Definitions and preliminaries

A Picard curve over a field F is a nonsingular algebraic curve C which is

isomorphic to a plane projective curve given by

WY 3 = G0X
4 +G1WX3 +G2W

2X2 +G3W
3X +G4W

4

with G0 6= 0 and Gj ∈ F for j = 0, 1, 2, 3, 4.

In affine coordinates x = X/W and y = Y/W , this equation is

y3 = G0x
4 +G1x

3 +G2x
2 +G3x+G4

which reduces to the normal form

y3 = x4 + g2x
2 + g3x+ g4 (4)

(with gj ∈ F for j = 2, 3, 4) if the characteristic of F is not 3.

This curve has good reduction at primes not dividing its discriminant

∆ = 16g4
2g4 − 128g2

2g
2
4 − 4g3

2g
2
3 + 144g2g

2
3g4 − 27g4

3 + 256g3
4 ([9]).

This is a homogeneous polynomial of degree 4, so by means of the genus

formula for nonsingular curves, we have that the genus of a Picard curve is

3.
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2.2 Jacobian

Recall that K is a number field containing Q(ζ3). Let C be a Picard curve

over K. Then the map (x, y) 7→ (x, ζ3y), where ζ3 is a primitive cube root of

unity, is in Aut(C). Note that Ql ⊗Q(ζ3) is either a quadratic extension of

Ql, or, if l splits in Q(ζ3), isomorphic to Ql ⊕Ql.

Let K be an algebraic closure of K. Write GK = Gal(K/K). For each l,

let

ρ̃l,6 : GK → Aut(J [l∞]) ∼= GL6(Zl) (5)

be the l-adic Galois representation given by the action of the Galois group

on the l-primary torsion J [l∞] of the Jacobian J of C.

There is a nondegenerate symplectic pairing, the Weil pairing, on the Ja-

cobian of C. This implies that in general ρ̃l,6(GK) is conjugate to a subgroup

of GSp(6,Zl).

Let l ≥ 5 be a rational prime, l ≡ 1 (mod 3), l 6 |∆. Then l splits in

Q(ζ3) so that Ql ⊗ Q(ζ3) ∼= Ql ⊕ Ql. We fix a prime λ of Q(ζ3) above l.

The space J [l∞] splits into two spaces, each of dimension three as End(J)

contains Z[ζ3]. We write J [l∞]I for the space associated to the prime λ and

J [l∞]c for the space associated to the conjugate of λ.

The representation ρ̃l,6 has image in a subgroup of GL6(Ql) isomorphic

to GL3(Ql)×GL3(Ql) and therefore

ρ̃l,6 : GK → AutK(J [l∞]I)× AutK(J [l∞]c) ∼= GL3(Zl)×GL3(Zl).

22



When l is split and J [l∞] ∼= J [l∞]I ×J [l∞]c, the Weil pairing pairs J [l∞]I

with J [l∞]c. Hence, the images of ρ̃l,6 in the two copies of GL3(Ql) are dual,

up to a twist by a cyclotomic character. This splitting is canonical as the

full ring of integers Z[ζ3] of Q(ζ3) acts on J [l∞]. When l splits in Q(ζ3), we

consider the map

ρ̃l : GK → GL3(Zl)

given by the action of GK on J [l∞]I . Similarly, let ρ̃l,c be given by the action

of GK on J [l∞]c.

Recall that the Weil pairing is symplectic and thus, when l does not split

in Q(ζ3), we may consider the Weil pairing as a Hermitian form over Fl2 .

The image of ρ̃l,6 can be viewed as a subgroup of the group GU3(OL) of

unitary similitudes over the group of integers OL of the quadratic extension

L = Q(ζ3)⊗Ql of Ql. In this case, let

ρ̃l : GK → GU3(OL).

3 Determination of the image of ρ̃l

Henceforth we make the key assumption that C is a Picard curve with

End(J) ∼= Z[ζ3].

Let ρl be the reduction mod l of the representation ρ̃l defined above and,

for l ≡ 1 (mod 3), let ρl,c be the reduction of ρ̃l,c. Let ρl be the corresponding

map with image in PSL3(Fl) or PSU3(Fl2).
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We wish to show that ρ̃l = GL3(Zl) for almost all l ≡ 1 (mod 3) and

ρ̃l = GU3(OL) for almost all l ≡ 2 (mod 3).

By Proposition 1 from section 1.4, we may reduce this question to one on

ρl(GK) and det ◦ρ̃l(GK), the image of ρ̃l composed with the determinant map.

That is, we need to show that ρl(GK) ∩ SL3(Fl) projects onto PSL3(Fl) for

almost all l ≡ 1 (mod 3) and that ρl(GK)∩SU3(Fl2) projects onto PSU3(Fl2)

for almost all l ≡ 2 (mod 3). We also need that det ◦ρ̃l(GK) = Z∗l .

3.1 Inertia and fundamental characters

Let F be a number field. Fix a rational prime l and a prime λ of F above

l. Let Il be the inertia subgroup of GF = Gal(F/F ) at λ and let Iw be the

l-power subgroup, that is, the subgroup of wild inertia. Then It = Il/Iw is

the subgroup of tame inertia.

Let Fnr be the maximal unramified extension of F . Let π be a uniformizer

of Fλ, the completion of F at λ. One then defines characters

θd : It → µd ∼= Gal(Fnr(π
1/d)/Fnr)

by setting s(π1/d) = θd(s)π
1/d for s ∈ Gal(Fnr(π

1/d)/Fnr). The fundamental

characters of level n are the characters

θln−1 : It → Fln
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composed with an embedding of Fln into its separable closure([17]). If φ is one

fundamental character of level n, then the other fundamental characters of

level n are given by φp
h

with 1 ≤ h < n. The norm of a fundamental character

of level n is the fundamental character of level 1 ([14]). Any character It →

Fln is uniquely given by φa1
1 φ

a2
2 · · ·φann where the φj are the fundamental

characters of level n and 0 ≤ aj < l([14]).

For an unramified l, the fundamental character φ : It → F∗l ∼= Aut(µl) of

level 1 is equal to χl, the l-th cyclotomic character.

If A is an abelian variety over the number field F and Āλ is the reduction

of A at λ, then Āλ[l] is the direct sum of Jordan-Hölder factors. That is,

Āλ[l] = ⊕Vj where Vj are Fl vector spaces which are irreducible under the

Galois action.

The theorem below was proven by Raynaud in a much more general form.

Theorem 2 (Raynaud [14]). Let A be an abelian variety of dimension d over

a local field F with good reduction at l. Let V be a Jordan-Hölder quotient

of A[l](F ) of dimension n where 1 ≤ n ≤ d. Then the wild inertia Iw acts

trivially on V . We may give V a one dimensional Fln vector space structure

such that the action of It is given by a single character φ = φa1
1 · · ·φann . The

exponents aj = 0 or 1 and the φj are the fundamental characters of level n.

We also recall the following well known result ([14]).

Lemma 8. The determinant of the action of the Galois group on A[l] is

given by χdl , where χl is the cyclotomic character.
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3.2 Action on the Picard curve

Recall that C is a Picard curve with End(J(C)) = Z[ζ3]. Let l ≥ 5 be a

rational prime at which C has good reduction. Fix a prime λ of K above l.

As the Jacobian J = J(C) has a canonical integral structure, we may take

the reduction of J modulo λ.

There is an exact sequence on the l torsion of J

0→ J [l]0 → J [l]→ J [l]et ∼= (J/Fl)[l]→ 0

where (J/Fl)[l] is the l-torsion of the reduction modulo λ of J viewed as a

Galois module with respect to GK . The inertia group acts trivially on J [l]et.

Taking the inverse limit of similar sequences on the lh (h ≥ 1) torsion, there

is another exact sequence ([20])

0→ J [l∞]0 → J [l∞]→ J [l∞]et → 0.

If l ≡ 1 (mod 3) (so that l splits in K), J [l] = J [l]I ⊕ J [l]c where each

component has dimension 3. Thus J [l]et can be written as J [l]I
et ⊕ J [l]c

et.

The sequences

0→ J [l∞]0I → J [l∞]I → J [l∞]etI → 0

and

0→ J [l]0I → J [l]I → J [l]etI → 0
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remain exact as do the corresponding sequences for J [l]c and J [l∞]c.

Since dimZl J [l∞]I = 3, it is clear that 0 ≤ dimZl J [l∞]etI ≤ 3. We consider

J [l∞] ∼= H1
et(J,Zl) ∼= H1

B(J,Zl), where H1
B(J,Zl) is the familiar Betti coho-

mology and H1
et(J,Zl) is the l-adic cohomology from section 1.1.2. Suppose

dimFl J [l∞]etI = 3. Then, as ζ3 acts as the identity on J [l∞]I , we would have

that ζ3 acts as the identity on H1
B(J,Zl). However a basis of these differ-

entials is given by {dx
y
, dx
y2
, xdx
y2
} ([9]) and ζ3 acting as (x, y) 7→ (x, ζ3y) on

C thus acts via the identity map on H1
B(J,Zl) with multiplicity 2. Hence,

dimZl J [l∞]0I = 2 and dimZl J [l∞]0c = 1.

When l ≡ 2 (mod 3), the action of inertia can be considered as Fl2 linear.

We note that dimFl2 J [l]0 6= 2 so that dimFl J [l]0 = 4 or 6.

We therefore have:

Lemma 9. If l ≡ 1 (mod 3), then dimFl J [l]0I = 2 and dimFl J [l]0c = 1. If

l ≡ 2 (mod 3), then dimFl2 J [l]0 = 2 or 3.

3.3 A brief comment on the methods of the following

sections

The method of the following sections is to consider the possible Jordan-Hölder

decompositions of J [l]0. The action of It on each of these quotients is given

by a character φ as described in Theorem 2. As the determinant of ρ̃l,6 on It

is χ3
l , there must be three fundamental characters involved in the action of

It on J [l]0.
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These conditions enable us to list a finite number of possible forms for

the image of It. We then remark on the order of a cyclic subgroup of ρl(It).

As the homotheties are in ρl(GK), we use the results to discuss ρl(GK) in

later sections.

3.4 Supersingular reduction

We say that the reduction of J at l is supersingular when J [l]0 = J [l]. While

“supersingular” is sometimes used to refer only to a variety which is a product

of supersingular elliptic curves, the more general sense of a variety where

J [l]0 = J [l] is also used. This case only occurs for us when l ≡ 2 (mod 3).

In the supersingular case, the dimension of J [l]0 over Fl is 6. We consider

J [l]0 as an Fl2 vector space of dimension 3. The Jordan-Hölder decomposition

of J [l]o may contain quotients of dimension 1, 2 or 3 over Fl2 . We discuss

these separately.

3.4.1 Jordan-Hölder quotient of dimension 3

Suppose that J [l]0 has only a single Jordan-Hölder quotient of dimension 3

over Fl2 . By theorem 2, It acts on J [l]0 as a character φ which is a non-

trivial product of fundamental characters of level 6 and Iw acts trivially. The

determinant of the action of It is χ3
l and hence we see that φ is the product of

3 fundamental characters of level 6 (since each character has norm χl). Thus

φ = φ1+lh1+lh2

6 for 1 < h1 < h2 < 6 and for φ6 some fundamental character

of level 6.
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The image of It under ρl is isomorphic to (F∗l6)
1+lh1+lh2 . We may assume

that 1 + lh1 + lh2 is one of 1 + l+ l2, 1 + l+ l3, 1 + l+ l4 or 1 + l2 + l4. (If it is

not, we may change which of the fundamental characters of level 6 we name

φ6. The case 1 + l2 + l4, where φ1+l2+l4

6 is a fundamental character of level

2, will be discussed in section 3.4.3.) The group φ6(It) = (F∗l6)
1+lh1+lh2 is a

cyclic group of order l6−1
gcd(l6−1,1+lh1+lh2 )

, which is at least l2− 1. By extending

our field to Fl6 , we may diagonalize this action. These diagonal matrices are

given by φ1+lh1+lh2

6 and its conjugates φl
2+lh1+2+lh2+2

6 and φl
4+lh1+4+lh2+4

6 . Thus

the action of Il is conjugate, after our extension to Fl6 , to a group of the form


 φ1+lh1+2+lh2+2

6 (g) 0 0

0 φl
2+lh1+2+lh2+2

6 (g) 0

0 0 φl
4+lh1+4+lh2+4

6 (g)

 : g ∈ It

 .

This group is cyclic of order at least l2 − 1.

The corresponding subgroup in SU3(Fl2) is given by


 χl(g)

−1φ1+lh1+2+lh2+2

6 (g) 0 0

0 χl(g)
−1φl

2+lh1+2+lh2+2

6 (g) 0

0 0 χl(g)
−1φl

4+lh1+4+lh2+4

6 (g)

 : g ∈ It

 .

which is obtained by multiplying by a homothety. This group projects to a

subgroup of the same size in PSU3(Fl2).

3.4.2 Jordan-Hölder quotient of dimension 2

If J [l]0 has a Jordan-Hölder quotient of dimension 2 over Fl2 , It acts on this

quotient as the product of fundamental characters of level 4. Recall that the
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determinant of the action of the inertia group is given by χ3
l , the cube of

the fundamental character of level 1. The determinant of the action on a

Jordan-Hölder quotient of dimension 1 over Fl2 can be at most χ2
l , therefore

the inertia group does not act trivially on a quotient of dimension 2 over

Fl2 . Hence, It acts either as φ4, φ1+l
4 , φ1+l+l2

4 where φ4 is some fundamental

character of level 4. The image of ρl in this quotient is isomorphic to F∗l4 ,

(F∗l4)
1+l or (F∗l4)

1+l+l2 . We note that these groups are non-central and cyclic

of order at least l−1 so that ρl(GK) will contain an element of order at least

l − 1.

3.4.3 Jordan-Hölder quotients of dimension 1

On a Jordan-Holder quotient of dimension 1 over Fl2 , the action of It is

given by the product of zero, one or two of the two fundamental characters

of level 2. Hence, It acts either as 1, φ2 or φ1+l
2 where φ2 is a fundamental

character of level 2.

Suppose that the action of It is given by three fundamental characters

of level 2. Each fundamental character of level 2 is the action of It on a

supersingular elliptic curve. Therefore, write J [l] = J [l]0 = E1 ⊕ E2 ⊕ E3

where the Ej are supersingular elliptic curves over Fl. The action of ζ3 ∈

End(J) gives an action on HomFl2 (J [l], J [l]) ∼= HomFl(E1 ⊕ E2 ⊕ E3, E1 ⊕

E2 ⊕ E3). Recall from section 3.2 that the action of ζ3 on J [l∞] is given by

(1, 1, c), where c is complex conjugation. Hence, ζ3 does not act identically

on on E1, E2 and E3 and the three characters of level 2 are not all identical.
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There are only two fundamental characters of level 2 so two of the three

characters must be identical. Write the three characters as φ2, φ2 and φl2

where φ2 is the repeated fundamental character of level 2.

If [J ]0 has three quotients of dimension 1 over Fl2 and It acts trivially

on one quotient, then one of the characters must be the product of the two

fundamental characters of level 2 as the determinant of the action is χ3
l . In

this case, It acts as the characters φ1+l
2 , φ2 and 1 where φ2 is one of the

fundamental characters of level 2.

Note that φ2 is onto F∗l2 and φ1+l
2 is onto F∗l . Thus each situation consid-

ered above gives rise to a non-central element of order l − 1.

3.4.4 Summary of the supersingular case

In summary, the action of It in the case that J is supersingular at l is con-

jugate over Fl6 to one of the following groups.

•


 φ1+lh1+2+lh2+2

6 (g) 0 0

0 φl
2+lh1+2+lh2+2

6 (g) 0

0 0 φl
4+lh1+4+lh2+4

6 (g)

 : g ∈ It


•
{(

φ4(g)1+l 0 ∗
0 φ4(g)l

2+l3 ∗
0 0 φ2(g)

)
: g ∈ It

}

•
{(

φ4(g) 0 ∗
0 φ4(g)l

2 ∗
0 0 φ2(g)1+l

)
: g ∈ It

}

•

{(
φ1+l+l2

4 (g) 0 ∗

0 φ1+l2+l3

4 (g) ∗
0 0 1

)
: g ∈ It

}

•
{(

φ1+l
2 (g) ∗ ∗

0 φ2(g) ∗
0 0 1

)
: g ∈ It

}
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•
{(

φ2(g) ∗ ∗
0 φ2(g) ∗
0 0 φ2(g)l

)
: g ∈ It

}
Two of these groups are also possible in the case of mixed reduction.

In each case above ρl(GK) has an element of order at least l − 1.

3.5 Ordinary and mixed reduction

We now consider the cases where dimFl J [l]0 < 6.

3.5.1 The case l ≡ 1 (mod 3)

Suppose that l ≡ 1 (mod 3). Recall that Iw acts trivially on each Jordan-

Hölder quotient of J [l]0.

Recall that J [l]0c has dimension 1 over Fl. From Theorem 2, we conclude

that It acts as 1 or as χl. However, the action of It on J [l]0I has determinant

at most χ2
l so that the action of It on J [l]0c has determinant χl. Therefore,

this action is given by χl. The image of this character is all of F∗l . Thus It

acts on J [l]0c by a a cyclic group of order l − 1.

Recall that the dimension of J [l]0I over Fl is 2.

Suppose that J [l]0I has a single Jordan-Hölder quotient of dimension 2 over

Fl. Then It acts on J [l]0I as a non-trivial product of fundamental characters

of level 2. Since the determinant of the action is χ3
l and the action on J [l]0c is

given by the single fundamental character of level 1, the action is the product

of the two fundamental characters of level 2. Thus the action on J [l]0I is by

φl+1
2 where φ2 and φl2 are the two fundamental characters of level 2. However,
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φl+1
2 = χl. The image of It is conjugate to a group of the form

{(
φ2(g)l+1=χl(g) 0 ∗

0 φ2(g)l+1=χl(g) ∗
0 0 1

)
: g ∈ It

}
.

Thus the image of GK contains a subgroup which is cyclic of order l − 1.

If J [l]0I has two Jordan-Hölder quotients of dimension 1, then It acts on

each as the unique fundamental character of level 1. As the determinant of

the action of It on J [l]0 is χ3
l and the determinant of the action on J [l]0c is

at most χl, the action of It must be nontrivial on both quotients. The image

of It is conjugate to a group of the form

{(
χl(g) ∗ ∗

0 χl(g) ∗
0 0 1

)
: g ∈ It

}
. Thus the

image of It is a non-central cyclic subgroup of order l − 1.

3.5.2 Mixed reduction at a prime l ≡ 2 (mod 3)

We return to the case that l ≡ 2 (mod 3) and consider the case where J [l]0

has dimension 2 over Fl2 and thus dimension 4 over Fl.

If J [l]0 has a single Jordan-Hölder quotient of dimension 2 over Fl2 , It acts

as a non-trivial product of three fundamental characters of level 4. Hence,

it acts as φ1+l+l2

4 where φ4 is a fundamental character of level 4. Thus the

action of It is cyclic of order l4−1
gcd(l4−1,1+l+l2)

which is at least l − 1.

If J [l]0 has two Jordan-Hölder quotients of dimension 1 over Fl2 , It acts

on each quotient as a product of fundamental characters of level 2. This is

similar to the situation discussed in the previous section. We conclude that

It acts as the characters φ1+l
2 and φ2, where φ2 is a fundamental character of
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level 2. Hence the image of It is conjugate to a group of the form

{(
φ2(g)1+l=χl(g) ∗ ∗

0 φ2(g) ∗
0 0 1

)
: g ∈ It

}
.

For example this occurs in the case that J(C) ∼= Eo,1×Eo,2×Ess where Eo,1

and Eo,2 are ordinary elliptic curves and Ess is a supersingular elliptic curve.

Thus ρl(GK) and ρl,c(GK) always contain an element of order at least

l − 1 which is not central.

3.6 Determinant

Recall from Lemma 8 that the map det ◦ρ̃l,6 is equal to χ3
l , where χl is the

fundamental character of level 1, that is, the cyclotomic character. In the

case that l ≡ 2 (mod 3), this implies that det ◦ρ̃l,6 is surjective.

When l ≡ 1 (mod 3), ρ̃l,6 is given by the direct sum of ρ̃l and a twist

of ρ̃l by χl. The determinant of ρ̃l cannot be directly determined from this

relation. However, the action of It on J [l]0I and J [l]0c results in det ◦ρl,c(It) =

χ(It) = F∗l .

4 Possibilities for the image

Recall that ρl is the projection of ρl(GK) to PSL3(Fl) for l ≡ 1 (mod 3) and

to PSU3(Fl2) for l ≡ 2 (mod 3).

Suppose that for an infinite number of primes l, the map ρl is not surjec-
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tive. That is, suppose that for an infinite number of primes l ≡ 1 (mod 3) we

have ρl(GK) 6= PSL3(Fl) or for an infinite number of primes l ≡ 2 (mod 3)

we have ρl(GK) 6= PSU3(Fl2). As the curve C has good reduction at all but

finitely many places of K, this holds if and only if it holds for infinitely many

primes l where C has good reduction.

At a place l > 360 where C has good reduction, the existence of an

element of ρl(GK) of order at least l− 1 shows that ρl(GK) cannot be one of

the subgroups enumerated as item 5 in Lemma 1 or item 4 in Lemma 2. This

is a simple consideration of the size of the listed groups. We can improve

the bound l > 360 by considering the maximal order of the elements of A6,

PSL2(F7) and the Hessian group.

Hence ρl(GK) and ρl,c(GK) must be one of the following types of sub-

groups for infinitely many primes.

1. A non-degenerate orthogonal group.

2. A subgroup of a Borel or Cartan subgroup.

3. A subgroup of the normalizer of a Cartan subgroup.

4. A subgroup of a proper parabolic group.

Since this list is finite, one item on the list must occur infinitely often if

ρl(GK) is not full almost everywhere.

We now show
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Theorem 3. The image of GK under ρl is never contained in an orthogonal

group. Furthermore, it is contained in a Borel or Cartan subgroup, in a

normalizer of a Cartan subgroup or in a non-Borel proper parabolic subgroup

for only finitely many l. Hence, ρl(GK) = PSL3(Fl) for all but finitely many

l ≡ 1 (mod 3) and ρl(GK) = PSU(Fl2) for for all but finitely many l ≡ 2

(mod 3).

4.1 The orthogonal group

Here we show that ρl(GK) is never contained in an orthogonal group. We

do this by showing that ρl(GK) and ρl,c(GK) are not contained in a group

of orthogonal similitudes. That is, by showing that they do not preserve a

quadratic form up to a character.

Suppose that a conjugate of τ(GK) ⊆ GO3(Fq) contains matrices of the

form

{(
ψ1(g) ∗ ∗

0 ψ2(g) ∗
0 0 ψ3(g)

)
: g ∈ GK

}
where ψ1, ψ2 and ψ3 are characters of

GK . Each of these is matrices is independently diagonalizable so we consider

the matrices

(
ψ1(g) 0 0

0 ψ2(g) 0
0 0 ψ3(g)

)
. These each preserve some quadratic form∑3

i,j=1 aijxixj with aij ∈ Fl and det(aij) 6= 0 up to a character σ of GK .

Then ψi(g)ψj(g)aijxixj = σ(g)aijxixj. Hence, if aij 6= 0, ψi(g)ψj(g) = σ(g).

If this quadratic form is non-degenerate so that det(aij) 6= 0, there are, for

each g, three distinct pairs (i, j) where aij 6= 0, in which each of 1, 2 and 3

appear at least once but none of 1, 2 and 3 appear in every pair. Therefore

the products ψi(g)ψj(g) agree on these pairs.

We now show why this is not the case for any subgroup enumerated in
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sections 3.4 and 3.5. We do this by considering the characters corresponding

to the ψ1, ψ2 and ψ3 above and their pairwise products.

We first consider the case l ≡ 1 (mod 3).

Consider J [l]0c which is of dimension 1 over Fl. We know that Il acts

as a subgroup which is given by
{(

χl(g) ∗ ∗
0 1 0
0 0 1

)
: g ∈ It

}
where χl is the fun-

damental character of level 1. The possible products ψi(g)ψj(g) are χ2
l (g)

for (i, j) = (1, 1), χl(g) for (i, j) = (1, 2), (1, 3), (2, 1) and (3, 1) and 1 for

(i, j) = (2, 3), (3, 2), (2, 2) and (3, 3). Since χl is onto F∗l there are g such that

χl(g) 6= 1. Hence no set of three pairs (i, j) exists as required and ρl,c(It) is

not contained in the general orthogonal group.

The space J [l]0I has dimension 2 over Fl. Recall that It acts as

{(
χl(g) ∗ ∗

0 χl(g) ∗
0 0 1

)
: g ∈ It

}
where χl is the fundamental character of level 1 on J [l]0I . The pairwise prod-

ucts of characters here are χl(g)2 for (i, j) = (1, 2), (2, 1), (1, 1) and (2, 2),

χl(g) for (i, j) = (1, 3), (3, 1), (2, 3) and (3, 2) and 1 for (i, j) = (3, 3). As χl

is the cyclotomic character, it is clear that there are g such that all of χl(g)2,

χl(g) and 1 are distinct. This shows that ρl(GK) 6⊆ GO3(Fl)

In the case where l ≡ 2 (mod 3), there are more possibilities.

We first consider the case of one Jordan-Hölder quotient of dimension

3 over Fl2 . Here It acts as φ1+lh1+lh2

6 , where φ6 is a fundamental character

of level 6. The tame inertia It acts as a group which is conjugate over Fl6

to a diagonal group described by characters φ1+lh1+lh2

6 , φl
2+lh1+2+lh2+2

6 and

φl
4+lh1+4+lh2+4

6 . These characters are distinct since, as discussed in section

3.4, the action of It is not given by three identical fundamental characters of
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level 2. An examination of the possibilities for h1, h2 and (i, j) shows that

the pairwise products of these characters are distinct powers of φ6 for l ≥ 3

(except that ψiψj = ψjψi) and hence are distinct characters. Thus no set of

pairs (i, j) exists as required.

For example, when 1 + lh1 + lh2 = 1 + l + l2, the pairwise products are

the 2 + 2l + 2l2, 1 + l + 2l2 + l3 + l4, 2l2 + 2l3 + 2l4, 2 + l + l2 + l4 + l5,

1 + l2 + l3 + 2l4 + l5 and 2 + 2l4 + 2l5 powers of φ6. (Recall that φl
6

6 = φ6 so

that these exponents are considered modulo the relation l6 ≡ 1.) Since φ6 is

onto F∗l6 , these characters are distinct and there are g such that all of these

pairwise products are distinct. Thus ρl(It) is not contained in the group of

orthogonal similitudes.

Similarly, in the case of Jordan-Hölder quotients of dimension 2 and 1

over Fl2 the image of It is conjugate over Fl6 to one of

1.

{(
φ4(g)1+l+l

2
0 ∗

0 φ4(g)l
2+l3+1 ∗

0 0 1

)
: g ∈ It

}

2.

{(
φ2(g)1+l ∗ ∗

0 φ2(g) ∗
0 0 1

)
: g ∈ It

}

3.

{(
φ4(g)1+l 0 ∗

0 φ4(g)l
2+l3 ∗

0 0 φ2(g)

)
: g ∈ It

}

4.

{(
φ4(g) 0 ∗

0 φ4(g)l
2 ∗

0 0 φ2(g)1+l

)
: g ∈ It

}

5.

{(
φ2(g) ∗ ∗

0 φ2(g) ∗
0 0 φ2(g)l

)
: g ∈ It

}
where φ4 is a fundamental character of level 4 and φ2 is a fundamental char-

acter of level 2. In none of these cases are there three equal pairwise products
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of the type required. For example, in case 3, the pairwise products are φ2+2l
4 ,

φ1+l+l2+l3

4 , φ2l2+2l3

4 , φ1+l
4 φ2, φl

2+l3

4 φ2 and φ2
2. Note that φ1+l2

4 is a fundamental

character of level 2, that is, φ1+l2

4 is either φ2 or φl2. We see that these char-

acters are distinct powers of φ4. Hence, there are g ∈ GK where they are all

distinct.

Thus, in none of the types of good reduction can the image of ρl be

contained in the general orthogonal group.

4.2 The Borel and Cartan groups

Here we show that the image of ρl is contained in a Borel or Cartan subgroup

only finitely often. This directly implies that the same condition holds for

ρl.

We first remark on the case that ρl(GK) is contained in the normalizer

Nl of a Cartan subgroup Cl but not in the Cartan subgroup itself. Let F be

the finite extension of K associated to the representation

φl : Gal(K/K)→ ρl(Gal(K/K))→ Nl/Cl.

Then ρl(Gal(F/F )) is contained in Cl. Let E be the intermediate extension

of K in F such that [F : E]|2 and [E : K]|3. The size of Nl/Cl is known to

be either 3 or 6, thus this extension exists.

As ρl is ramified only at l and primes of bad reduction, F/K is also

unramified outside ∆l. To see the the extension E/K is unramified at l, we
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consider the possible images of Il. The order of Nl is prime to l; hence, the

order of ρl(Il) is not divisible by l. An examination of the possible images

reveals that each possibility with order prime to l is contained in a Cartan

group C ′. That is, ρl(Il) ⊆ C ′ for some Cartan group C ′ contained in Nl.

We consider the case that F = E, i.e. the case that the image of φl in

Nl/Cl has order 3. Then C ′ is of index 3 in a subgroup N ′ = ρl(Gal(K/K)

of Nl. Each element in N ′ − Cl has order three. The Cartan group C ′ is

generated by elements of order either l− 1 or l2− 1 in SL3. Therefore all the

generators of C ′ are contained in Cl so that C ′ = Cl. This reasoning applies

to the image of ρl(Gal(E/E)) in the case that [F : E] = 2. Hence E/K is

unramified at l in both cases.

There are only finitely many extensions of K of bounded degree which

are unramified outside ∆. Therefore, we may take E to be a fixed extension

independent of l.

If F = E, then ρl(Gal(E/E)) is contained in a Cartan subgroup. If

[F : E] = 2, then ρl(Gal(E/E)) is reducible. In the proofs below it will

be evident that the choice of local ground field does not affect the result.

Thus the case of a subgroup of the normalizer of a Cartan subgroup may be

considered as either the case of a Cartan subgroup or of a proper parabolic

subgroup over this finite extension E of K. The latter case is addressed in

section 4.3.

Let GF = Gal(F/F ) where F = K or a finite extension of K as above.

Let q = l if l ≡ 1 (mod 3) and l2 if l ≡ 2 (mod 3). Let kl be the algebraic
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closure of Fq. Let Γ be the set of embeddings of F into Q.

Suppose that there is an infinite set Σ of primes l with ρl(GF ) contained

in a Borel or Cartan subgroup of GL3(Fq). We may of course assume that

C has good reduction at all l ∈ Σ, since there are only finitely many places

where C has bad reduction.

For each such l, let ρssl : GF → GL3(Fq) be the semi-simplification of ρl.

The representation ρssl is abelian. There are characters

θ
(i)
l : Gal(F ab/F )→ k∗l

for i = 1, 2, 3 such that ρssl
∼= θ

(1)
l ⊕ θ

(2)
l ⊕ θ

(3)
l over some extension of F .

Let m be a modulus of support (see section 1.2) for the set S of places

where the curve C has bad reduction. Then ρl is unramified outside Sl =

S ∪ {v|l}, where {v|l} is the set of places in F above l. As the θ
(i)
l are

unramified at v ∈ Γ− Sl, we can, by class field theory ([17]), write

θ
(i)
l (a) = θ

(i)
l (τ) =

∏
σ∈Γ

σl(a
−1
l )n(σ,l,i) (mod l)

as in equation (2) in section 1.2. Here the σl are the maps defined in section

1.2 for a ∈ Um, τ is the Artin symbol of a and i = 1, 2, 3 ([16]).

To apply Theorem 1, we must show that the absolute values of the

n(σ, l, i) are bounded.

Since we know the action of the inertia group, we see that the θ
(i)
l re-
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stricted to It are products of no more than 3 fundamental characters of level

no more than 6. The modular characters defined by σl(a
−1
l ) are known by

class field theory to be the fundamental characters of level [Fv : Ql], where

Fv is the completion of F at a place v over l([17]).

For a fundamental character of level h, we consider the embeddings

τ 1 . . . τh of Flh into kl. Then a fundamental character φh of level h is given by

φh =
∏

σ∈Γ σl(a
−1
l )mφh (σ,l,i) where mφh(σ, l, i) = 1 if σl extends τ i and 0 oth-

erwise ([17]). When the action of It is given by the product of fundamental

characters φh,j of level h, n(σ, l, i) is the sum of the h values mφh,j(σ, l, i).

We therefore see that the absolute values of the n(σ, l, i) are bounded.

Recall that ρ̃l is the map ρ̃l : GK → GL3(Zl) for l ≡ 1 (mod 3) and

ρ̃l : GK → GU3(OL) for l ≡ 2 (mod 3).

Theorem 1, applied to the system (ρ̃ssl ), shows that ρ̃ssl is abelian at all

places. Hence ρ̃l is contained in a Borel subgroup at all places l. As End(J)

is the commutant of ρ̃l(GK) ([7]) and the commutant of a Borel group is

larger than Z[ζ3], this implies that the curve has End(J) larger than Z[ζ3].

Thus for those curves with End(J) = Z[ζ3], only finitely many l can have

ρl(GK) contained in a Borel or Cartan subgroup.

4.3 The parabolic case

We now show that the image of ρl is contained in a proper parabolic subgroup

for at most finitely many l ≡ 1 (mod 3). Consequently, ρl(GK) is contained

in a proper parabolic subgroup of PSL3(Fl) only finitely often. We need not
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consider the case l ≡ 2 (mod 3) as there is no proper parabolic subgroup of

PSU3(Fl2) which is not a Borel subgroup.

This section follows the methods of Dieulefait ([5]). Of course, it may

also be regarded as an alternative proof that ρl(GK) is not contained in a

Borel subgroup for infinitely many l ≡ 1 (mod 3).

Suppose that ρl(GK) is contained in a proper parabolic subgroup of GL3

for some l ≡ 1 (mod 3), that is, the ρl(GK) fix a two dimensional subspace

or quotient.

The semi-simplification ρssl of ρl is of the form

ρssl
∼= ρl,2 ⊕ µl

where µ is a character and ρl,2 is a two dimensional representation. Recall

that ρl is a representation into GL3(Fl) so that this decomposition is defined

over Fl. By our knowledge of the action of Il, we may write µl = εlχ
i
l, where

i = 0 or 1 and εl is unramified at l.

The system (ρl) is strictly compatible in the sense of Serre and so has a

conductor c such that ρl is trivial on the Artin symbols of Uv,c away from

l. The Uv,c are defined in section 1.2. The conductor m of εl has support

contained in the support of c and mv ≤ cv for all v in the support of c.

Let p be a rational prime such that p ≡ 1 (mod c). Then ε(Frp) = 1.

Hence χi(Frp) is a root of the characteristic polynomial Pp(x) of the Frobenius

at p. As the roots of Pp(x) are pairs with product p, we may assume that 1
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is a root of Pp(x). We write

Pp(x) = x6 + a5,px
5 + a4,px

4 + a3,px
3 + pa4,px

2 + p2a5,px+ p3,

as it is known that Pp(x) is of this form. We substitute in µ(Frp) to get

1 + (p2 + 1)a5,p + (p+ 1)a4,p + a3,p + p3 ≡ 0 (mod l).

The complex roots of Pp(x) are known to be of size
√
p which allows us to

bound a5,p by 6
√
p, a4,p by 15p and so forth.

For sufficiently large p, 1 + (p2 + 1)a5,p + (p + 1)a4,p + a3,p + p3 6= 0 and

hence is congruent to zero for only finitely many l.

This implies that the image of ρssl can be written as ρl,2⊕µ for only finitely

many l. Thus ρl(G) cannot be contained in a proper parabolic subgroup for

more than finitely many l.

5 Conclusion

For l ≡ 1 (mod 3), we have shown that ρl(GK) has image in a proper sub-

group of PSL3(Fl) only finitely often. Therefore ρl(GK) is all of PSL3(Fl)

for all but finitely many l. By Proposition 1 we therefore conclude that

SL3(Zl) ⊆ ρ̃l(GK) for those l where ρl(GK) = PSL3(Fl). The discussion of

the determinant in section 3.6, then implies that det ◦ρ̃l(GK) is onto Z∗l for

those l.
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For l ≡ 2 (mod 3), we have shown that ρl(GK) has image in a proper

subgroup of PSU3(Fl2) only finitely often. Proposition 1 then implies that

SU3(OL) ⊆ ρ̃l(GK) for those l where ρl(GK) = PSU3(Fl2). From section 3.6

we recall that det ◦ρ̃l(GK) is onto.

Theorem 4. Let C be a Picard curve with End(J(C)) = Z[ζ3]. Let ρ̃l be the

representation defined by the action of the Galois group on the Jacobian of

C as in section 2.2. Then, for almost all l ≡ 1 (mod 3),

ρ̃l(Gal(K/K)) ∼= GL3(Zl)

and for almost all l ≡ 2 (mod 3),

ρ̃l(Gal(K/K)) ∼= GU3(OL),

where OL is the ring of integers of the unramified quadratic extension L of

Ql.

6 Examples

6.1 Examples at primes which split in K

To show that ρl(GK) = GL3(Fl) in the l ≡ 1 (mod 3) case, it is enough to

show that the image is irreducible and not contained in any of the subgroups

listed in Lemma 1 as item 5. The former can be done by showing that there
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are primes p1, p2 and p3 such that the characteristic polynomial Pp1(x) of

ρ̃l(Frp1) splits linearly over Fl, Pp2(x) is an irreducible cubic over Fl and

Pp3(x) splits into an irreducible quadratic and a linear factor over Fl. To do

this, we calculate the characteristic polynomials of the images of Frobenius

elements.

For the calculations, it was necessary to calculate the number of points

on the curve above the fields of p, p2 and p3 elements. Letting −nk =

#C(Fpk)− pk − 1, we have the L function

Pp(p
−s) = Lp(s) =1− n1p

−s +
1

2
(n2

1 − n2)p−2s − 1

6
(n3

1 − 3n2n1 + 2n3)p−3s

+
p

2
(n2

1 − n2)p−4s − p2n1p
−5s + p3p−6s

and the zeta function Zp(x) = Lp(x)

(1−x)(1−px)
. By choosing only primes l ≡ 1

(mod 3) which split in K, we restrict to polynomials which factor into two

cubic polynomials of the same splitting type. As only the factoring type is

relevant, it is unnecessary to consider which terms make up ρl(Frp) and which

make up ρl,c(Frp).

6.1.1 A first example

Let C be the curve

y3 = x4 + 3x2 + 2x+ 1

over Q(ζ3). We show that ρ7(GK) ∼= GL3(F7) and hence ρ̃7(GK) ∼= GL3(Z7).

Note that l3 − 1 = 342 is divisible by 19 so that there is potentially a
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Frobenius element of order divisible by 19 which cannot be contained in the

groups of order 36, 72, 168, 216 or 360 listed in Lemma 1 as item 5.

The points on this curve can be counted by computer without too much

difficulty. Maple was used to calculate the values of y3 and of x4+3x2+2x+1

in several finite fields to count the number of points on this curve. There

are more efficient algorithms for this calculation such as those discussed by

Bauer, Teske and Weng ([1]), but for curves with small coefficients and at

small primes they are not necessary.

Table 1: Point counting for the curve y3 = x4 + 3x2 + 2x+ 1
p = 13 p = 19 p = 37

#C(Fp) 14 31 31
#C(Fp2) 170 397 7308
#C(Fp3) 1999 6880 51303

For example, over F13 there are exactly 13 finite points plus the point at

infinity. Similarly, there are 132 finite points over F132 . Over F133 there are

1998 = 133 − 210. Thus, P13(x) = x6 + 70x3 + 2197 which splits linearly in

F7.

Over p = 19, P19(x) = x6 + 11x5 + 78x4 + 421x3 + 1482x2 + 3971x+ 6859

factors as (x3 + 3x2 + 6x+ 2)(x3 + x2 + 6x+ 3) giving the irreducible cubic

component.

Note that x generates the multiplicative group of F7[x]/(x3 +x2 +6x+3),

and thus Fr19 is of order 73−1 = 19∗32 ∗2. This eliminates the small groups

from Lemma 1 item 5.

Over p = 37, P37(x) = x6− 7x5− 6x4 + 373x3− 222x2− 9583x+ 50653 =
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(x+ 5)(x+ 6)(x2 + 5x+ 2)2.

Thus ρ7 is onto GL3(F7).

6.1.2 A second example

Let C be the curve

y3 = x4 + x+ 1

over Q(ζ3). Then we show that ρ67(GK) ∼= GL3(F67) and hence ρ̃67(GK) ∼=

GL3(Z67).

Table 2: Point counting for the curve y3 = x4 + x+ 1
p = 13 p = 19 p = 31

#C(Fp) 13 20 34
#C(Fp2) 157 386 982
#C(Fp3) 2380 7196 30666

Over 13, the polynomial is P13(x) = x6−x5− 6x4 + 67x3− 78x2− 169x+

2197 = (x + 47)(x + 63)(x2 + 49x + 9)(x2 + 41x + 56) (mod 67), giving a

Frobenius element whose characteristic polynomial is an irreducible quadratic

times a linear factor.

Over 19, we have P19(x) = x6+12x4+112x3+228x2+6859 = (x3+59x2+

66x + 6)(x3 + 8x2 + 10x + 60) (mod 67) which is the product of irreducible

cubics. The order of Fr19 divides 673−1 = 2∗32∗72∗11∗31 so it is necessary

to check that the order of this element does not divide 18. In fact, the order

is 42966 = 2 ∗ 32 ∗ 7 ∗ 11 ∗ 31.

Over 31, the characteristic polynomial of Fr31 splits completely with
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P31(x) = x6 + 2x5 + 12x4 + 313x3 + 372x2 + 1922x + 29791 = (x + 21)(x +

27)(x+ 24)(x+ 1)(x+ 32)(x+ 31) (mod 67).

Thus ρ67 is onto GL3(F67)

6.2 An inert prime

When l ≡ 2 (mod 3), the characteristic polynomial of ρ̃l,6(Frp) in GL6(Ql)

remains as in the l ≡ 1 (mod 3) case, however n1 = 0 and n3 = 0 as l is inert

in Q(ζ3). We therefore consider the polynomial

P̃p(x) = x3 +
1

2
n2x

2 +
p

2
n2x+ p3

where x = NormL/Q(ζ3)(z) and P̃p(z) is the characteristic polynomial of

ρ̃l(Frp) in GU(OL).

As PSU3(Fl2) has no proper non-Borel parabolic subgroup, it now suffices

to find primes p1 and p2 such that P̃p1(x) splits completely and P̃p2(x) does

not.

We now consider the curve

y3 = x4 + x+ 1

over Q(ζ3) and show that ρ5(GK) = GU3(F25) and hence ρ̃5(GK) = GU(OL).

There are 134 points on the curve over F112 so P̃11(x) = x3 + 6x2 + 66x+

1331 ≡ (x+ 1)(x+ 1)(x+ 3) (mod 5).
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We have #C(F172) = 368 so P̃17(x) = x3 + 39x2 + 663x + 4913 ≡ (x2 +

2x+ 4)(x+ 2) (mod 5).

Hence we have that ρ̃5(GK) = GU(OL).

More examples may be obtained by the same method.
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