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Abstract

Let J(C) be the Jacobian of a Picard curve C defined over a
number field K containing Q({3). We consider the family (p;); of I-
adic representations defined by the natural action of the Galois group
Gal(K /K) on the l-power torsion of J(C).

We show that for a Picard curve C' with endomorphism ring Z[(3]
the images of these representations are full for all but finitely many
primes [. We consider the reduction modulo [ of the image of g;, that
is, the action of Gal(K/K) on the [-torsion of the Jacobian. This gives

a representation p; into either GL3(IF;) or into a unitary group over
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F;2, depending on the splitting behavior of I in Q((3). It is sufficient
to show that the image of p; is full in order to show that the image of

fy is full.

1 Introduction

Let A be an abelian variety defined over a number field K. The action of
the absolute Galois group Gal(K/K) on the I-power torsion of A gives an
l-adic Galois representation p4,; for each prime [. A classic result of Serre
([17]) states that the Galois representations attached to an elliptic curve E
without complex multiplication are surjective for almost all .

Let K be a number field containing Q((3), where (3 is a primitive cube
root of unity. Picard curves are smooth projective curves of genus three

which are isomorphic to a curve whose affine equation is

Y3 = X4+ GoX?+ G3X + Gy,

where the polynomial X* 4+ G52X? + G3X + G4 has no repeated roots. The
map Y — (3Y is an automorphism of any Picard curve whose field of def-
inition contains (3. Let C' be a Picard curve such that End(J(C)) = Z[(3]
where J(C') is the Jacobian of C'. This paper considers the family of Galois
representations attached to J(C').

Picard curves were introduced by Emile Picard in 1883 ([13]). Like elliptic

curves, they can be used in discrete log based cryptography. Bauer, Teske



and Weng ([1]) give an algorithm for counting the points on certain Picard
curves over a finite field in the context of cryptography. Koike and Weng
([10]) state that the highest genus of curves suitable for discrete log based
cryptography appears to be 3.

The main result in this paper is that, for a fixed Picard curve C', the image
of the representation pjcy; can be identified with GLs3(Z;) for almost all
primes [ = 1 (mod 3) or with the group GU3(Oy) of unitary similitudes over
Oy, where Oy is the ring of integers of the quadratic extension L = Q((3)®Q,
of Q, for almost all primes [ = 2 (mod 3).

We show that the reduction modulo [ of pjy, is, for all but finitely
many primes [, onto GL3(F;) or GU3(F;2), where F, is the finite field with ¢
elements. Applying Mitchell’s classification ([12]) of the subgroups of PSLg
and PSUj over a finite field, we find that the list of possible images of the
reduction of p ), is finite. We then apply a theorem of Serre to one member
of this list (the completely reducible subgroups). The other subgroups are
considered using different methods.

Serre ([15]) investigated the case of curves C' over a number field with
genus ¢g(C') odd or equal to 2 or 6 and where End(C') = Z. He showed
that the image of p; in that case is Spy,(Z;) for almost all /. In the case
studied in this paper, there is additional structure provided by the larger
endomorphism ring. As one result of this, the splitting behavior of [ in Q((3)
becomes important.

We begin in section 1.1 with some background on [-adic representations.



In section 1.2, we introduce certain characters and a theorem of Serre which
will be used in the main body of the proof.

In section 1.3 we continue with a discussion of the groups PSL3(FF;) and
PSU;(F;2). Section 1.4 is a discussion of the justification for reducing p,
modulo /.

In section 2 we introduce the Picard curves.

In section 3 we begin the body of the proof of the main result of this
paper with a discussion of the action of the inertia subgroup of Gal(K/K).
Section 4 continues this discussion by considering the possible images for the
representations.

The main result is formally stated in Section 5.

In the final section, we give several explicit examples of Picard curves and

specific primes [ for which the representation p (), is onto.

1.1 Background on [-adic representations
1.1.1 Definitions

Let [ be a rational prime and F' a number field. An [-adic Galois represen-
tation p is a continuous homomorphism p : Gal(F/F) — GL(V) = GL,(E;)
where Fj is a finite extension of Q; and V is an n-dimensional vector space
over E. The group Gal(F/F) has the Krull (profinite) topology. The fields
F and F need not be related.

Let k£ be the residue field of F' at the place v of F. Recall that the inertia



subgroup I, of Gal(F/F) is the kernel of the map Gal(F/F) — Gal(k/k).
We write Fr, for the Frobenius element at a place v of F.

Suppose that p; and 7; are two semi-simple [-adic Galois representations
over a number field F' which are ramified at only finitely many places of F'.
Then if the characteristic polynomials of p;(Fr,) and 7;(Fr,) are equal at all
of the unramified places v of F', it follows that p; = 7;. This is a consequence
of the Cebotarev density theorem([16]). While in theory this allows the com-
plete determination of the image of any semi-simple Galois representation,
in practice an explicit determination of the image of a representation p; is

non-trivial.

Definition 1. For each prime [, let p; : Gal(F/F) — GL,(E) be an l-adic
representation. The system (p;); is said to be a strictly compatible system of

representations in the sense of Serre([16]) if there is a finite set of places S

of F' such that:

1. For any [, p; is unramified outside .S and the primes v of F' over [. That

is, pi(I,) is trivial for each place v ¢ S not over [.

2. The characteristic polynomials of p;(Fr,) have rational coefficients for

all places p of F' such that p ¢ S and p is not over .

3. For any [ and I’ and for p ¢ S and not over [ or I', the characteristic

polynomials of p;(Fr,) and py(Fr,) agree.



1.1.2 Representations from geometry

Let F be an algebraic closure of a number field F. For X any variety defined
over I, let H! (X,7;) = lim H!,(X,7/I"7) be the l-adic etale cohomology of
X = XxpF. Let H,(X,Q) = H,(X,7;)®Q,. If F C C, then H! (X, Q) =
HL(X xp C,Q), the usual Betti cohomology. This is sometimes known as
Artin’s comparison theorem. The Galois group Gal(F/F) acts on the points
of X through its action on the field F'. It therefore also acts on H!,(X, Q).
This natural action of the Galois group defines a strictly compatible system
of l-adic Galois representations in the sense of Serre.

For an abelian variety A defined over an algebraically closed field F, let
A[n] be the kernel of multiplication by n € N. The Tate module is defined
as Ti(A) = lim A[I"]. If Ais a curve, then HL(A, Q) is the dual of T;(J),
where J is the Jacobian of A. The l-adic Galois representations are given in
this case by the action of Gal(F'/F) on Ty(J). This case was first studied by
Taniyama ([19]).

We write P,(T) for the characteristic polynomial of pja);(Fry), v is a
place of I not over [. As the representations p(4); form a strictly compatible

system, P,(T) is independent of [ and has rational coefficients for almost all

P, (T)

places v. Recall that for a curve C' the zeta function Z,(C,T) is T

where the residue field at v is F,.
The algebraic envelopes of the images of each pja),;, i.e. the smallest
algebraic Lie algebra containing this image, were shown by Bogomolov ([2])

to contain the homotheties. The Mumford-Tate conjecture states that the

6



image of such a representation pj4); is equal to b; = Q; ® hg where hg is
the Hodge group ([18]). This conjecture has been shown to be true in many
cases (see for example [3, 18]). The image of pj(a); is known to be open in
some algebraic subgroup of GLag(Q;)([2]).

In the case of a curve C it follows from theorems of Faltings ([7]), that the
commutator of the image of p(c); in Endg, (7;(J(C))) is the endomorphism
ring of J(C') tensored with Q.

1.2 Characters of S,

We now review Serre’s construction of certain spaces and maps ([16, 17]).

Let F' be a number field. Let S be a finite set of finite places of F'. Then
m = (my)yes with the m, strictly positive integers is called a modulus of
support for S and S is called the support of m.

For any place v of F', let U, be the group of units of the ring of integers of
F,, the completion of F" at v. For v an infinite place, let U,  be the connected
component of F containing the identity. For finite v, let U, w = U, if v ¢ S
and {x € U,|v(1—2) > m,} if v € S, where we also write v for the valuation
at the place v. Let Uy, = II,U, , where the product is taken over all places
v of F.

Let T be the torus of the multiplicative group of F' (so T(Q) = F*).
Denote the group of units of F' by E. We embed E in the adeles over F'
diagonally and define Ey, = E N Uy. Let By be the Zariski closure of Ey,.

Regarding Ey, as a subgroup of E and hence of F**, we define Ty, = T/FEy,.



We then have a natural map € : F*/E, — T, by identifying F* with T'(Q).
Let T be the set of embeddings of F into Q, the algebraic closure of Q.

Then o € T' can be extended by linearity to

o:[[Fo=FeoQ—-Q

vl

where ¢, is trivial on all but one F,.

A character o] of T' can be defined for any o € ' by defining [o](z) for
all z € T(Q) by [o](z) = o(z). These form a basis of the characters of T'.

Let ¢ be a character of 7. It can then be written ¢ = II[o]*®) and the
characters of Ty, are those ¢ where ¢(x) =1 for all x € E,.

Let C, be the quotient of the idele class group C by the image of Uy, in
C. Let I be the idele group and I, be the quotient of I by U,.

There is an exact sequence
1= F'/Ey— Iy — Cy— 1.

We extend Cy, by Ty, to get Si,. That is, Sy, is constructed so that the

diagram
F*|Eq —— Tn(F)

L <1>

I, —— Sa(F)
commutes and so that Sy, is “universal” with respect to this diagram. Sup-

pose we have a group B and maps T, — B and I, — B such that the



diagram
F*/Ey —— Tu(F)

| |

l, —— B
commutes. By “universal” we mean that the only such groups and maps are
those where the maps Ty, — B and I, — B are defined from the diagram in
equation (1) by composition with a morphism S,, — B.

Such a group S, is constructed by defining a group law on the disjoint
union UA,, where A, is a copy of Ty, and y runs over Cy. Let 7 be a
representative of y in I,. We defines a map ¢ : Cyy X Cyy, — F*/Ey, by
for y and v/ in Cn, ¥+ y = y+y + c(y,y). We compose with € to get
coc: Cyx Cy — Ty We define the group law on Sy, = UA, by sending
(a,a') € Ay x Ay to a+ad +e(c(y,y)) € Ayry € S

The characters of Sy, are given by pairs 1) = (¢, f) where ¢ is a character
of T and f € Hom(I,Q") such that f(z) =1 for z € Uy and f(z) = ¢(z) for
x e F.

The characters ¢ and 9 extend to ¢; : Ty, — @ and ¥ : Sy — Q;
through the extension of o € I" to T' discussed earlier in this section. Define
Yo I — Qf by ¥y(a) = fla)gi(a; ") for ain I.

The map ; is trivial on F* and thus defines a map on the idele class

group C. By class field theory, we have a map

¢ Gal(F*/F) — Q,



where F'% is the maximal abelian extension of F.

Let a; be the map I — T'(Q;) — Sw(Q;) defined by projecting I — T'(Q)
and then applying the map from equation (1). We define ¢,(a) = e(a)a;(a™?).
Then ¢, is the composition of ¢ : Sy, — Q@ with ¢/([16]).

The following theorem is due to Serre.

Theorem 1 (Serre [17]). Let (7;) be a system of strictly compatible semi-
simple l-adic representations in the sense of Serre of Gal(F/F).

Let k; be the residue field of F' at l. Suppose that there is an integer N
and an infinite subset L of the set P of primes such that the reduction of
71 mod 1 is abelian for all | € L, that is, 7, mod | is diagonal and so given
by three characters Hl(i) o I — k. Suppose further that there exist integers

n(o,1,1)ser, with absolute value bounded by N, such that
6" (@) = [ oule )" mod py (2)
oel

fora; € 1.
Then 1; is isomorphic to the system ¢; associated to some Sy,.

In particular, for alll € P, 7, is abelian.

1.3 Subgroups of PSL;(FF;) and PSU;(F2)

Let [ be a rational prime. Let F, be the finite field with ¢ = I* elements,
k > 1. We define PSL3(F,) to be the quotient of SL3(IF,) by its center. In

the case that [ = 2 (mod 3), this center is trivial. When [ =1 (mod 3), this
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center is the subgroup of cube roots of unity realized as diagonal matrices.
The subgroups of PSL3(F,) were classified by Mitchell ([12]). We only

need the case ¢ = [.

Lemma 1 (Mitchell [12]). Let H be a subgroup of PSL3(F;), 1 > 7. Then H

s one of
1. PSL3(IFy).

2. A subgroup of a proper parabolic subgroup. A parabolic group is a group

which fizes a proper subspace of F?.

3. A subgroup of the normalizer of a split Cartan subgroup. A split Car-
tan subgroup is a group conjugate over F; to a group generated by the
diagonal elements. Its normalizer additionally contains the symmetric

group on three elements. These groups have order prime to [.

4. A subgroup of the normalizer of a non-split Cartan subgroup. A non-
split Cartan subgroup is conjugate to a group generated by diagonal
elements but this conjugacy is over an extension of the field F; and not

over T atself. These groups have order prime to [.

5. A group isomorphic to Ag (the alternating group on 6 letters which is
of order 360), PSLy(F;) (with order 168) or the Hessian group or its
subgroups of order 36 or 72. (Note that not all of these are possible for

a given l.) The Hessian group is a classical group of order 216.

11



6. A non-degenerate orthogonal group, a group which fizes a non-degenerate

cone. That is, a group of elements of PSLs3(F;) whose action is invari-

3

ant on a quadratic form Zi,j:l a;jx;x;, with a;; € F, and det(a;;) # 0

([21]) where (a;;) is the matriz of the a;;.

Mitchell also classified the subgroups of the group PSU3(F;2x). We only

need the case k = 1, where the result is as follows.

Lemma 2 (Mitchell [12]). Let H be a subgroup of PSUs(Fy2), | > 7. Then

H is one of
1. PSU3(Fp).
2. A subgroup of a proper parabolic subgroup.

3. A subgroup of the normalizer of a split or non-split Cartan subgroup.

These groups have order prime to [.
4. A group isomorphic to Ag, PSLy(F7) or the Hessian group of order 216.

5. A non-degenerate orthogonal group.

1.4 Lifting
Let

Tm: Ly — ZJI"™Z

be reduction modulo {"™ for an integer m > 1. This map extends to any ring

over Z;. We may also extend 7, to GL,(Z;) and to any of its subgroups.
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Definition 2. For a ring R and any Hermitian form h on R", the special
unitary group SU,(R,h) consists of those elements of SL,,(R) which leave
h invariant. The unitary group U, (R, h) is defined similarly as the group
of those elements of GL,(R) which leave h invariant. The general unitary
group or group of unitary similitudes, GU, (R, h), is the subgroup of GL,,(R)
which leaves h invariant up to multiplication by a constant.

We say that h represents 0 if there is a nonzero element v € R™ such that

h(v,v) = 0.

In the case of a finite field, we may neglect the form h as all Hermitian
forms are equivalent over a finite field and hence define identical groups ([4]).
It is sometimes standard to write SU,,(IF;) for the group which we denote as
SU,, (Fp2).

The goal of this section is to establish the following proposition.

Proposition 1. Let [ > 5 be a rational prime which does not divide n.

e Suppose that H is a subgroup of GL,(Z;). If ri(H) N SL,(F,) projects
onto PSL,(FF;), then H contains the group SLy,(Z;).

o Let L be a quadratic extension of Q; with ring of integers O and let

h be a Hermitian form on O} which represents 0. Suppose H 1is a
subgroup of GU,(Op,h). If ri(H) N SU,(F;2) projects onto PSU3(F2)

then H contains the group SUs(Or, h).

We adapt Serre’s argument for GLy(7Z;)([17]).
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It is well known that PSL, (F,) is simple for n > 2 or ¢ > 4 and that
PSU,, (F;2) is simple except when n = 2 and [ = 2 or 3 or n = 3 and
I =2([8, 11]).

Lemma 3. Let [ be a prime not dividing n. Suppose that H is a subgroup of
SL, () such that H maps surjectively to PSL,(F;). Then H = SL,(IF,).

Proof. Let Z be the center of SL,, (F;)

Let d be the greatest common divisor of n and [ — 1. Then Z is the
subgroup of d-th roots of unity ( € [, realized as diagonal matrices. If d = 1,
then SL, (F;) = PSL,(F;) and the result is trivial.

Otherwise, we decompose SL,,(F;) = ZH as the hypothesis of the lemma
state that H/Z = PSL,(F)).

Recall that the elementary matrices are matrices of the form I 4+ E where
I is the identity matrix and E' is a matrix whose only nonzero entry is its
i entry with i # j. The elementary matrices are of order [ and generate
SL,(F1) ([11]).

Fix a d"" root of unity ¢ which generates Z. We write I + E as (*h where
h € H and a is some integer. Let b be such that db = 1 (mod [). Consider
h® € H. Then h®® = (¢7*(I + E))® = ¢~**(] + E)® = [ + E and hence
I+ FE € H. We conclude that H contains the elementary matrices and hence

that H = SL,(F)). 0

Lemma 4. Let | be an odd prime which does not divide n. Suppose that H
is a subgroup of SU,(Fj2) such that H projects onto all of PSU,(F2). Then
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H = SU,(Fp).

Proof. 1f [—1 is relatively prime to n, there is nothing to show as PSU,,(IF;2) =
SU,(F;2). So we assume that [ — 1 and n are not relatively prime. Let d be
the greatest common divisor of [ — 1 and n.

Again, note that it is possible to write SU,, (F;2) = ZH where Z = {( €
Fiz : (¢ = 1} is the center of SU,(F;z). The ¢ are realized as diagonal
matrices.

Recall that a transvection on a space V' is a map 7 which fixes a subspace
W C V of codimension 1 and satisfies 7o —v € W for all vectors v € V ([8]).
Transvections have [ power order ([8]).

Let 7 € SU,(F;2) be a transvection with order 1*. As H/Z = SU,(Fp),
there is some n-th root of unity ¢ such that (7 € H. As in the previous
lemma, we take b such that nb =1 (mod [%). Therefore 7 = ((7)"* € H.

The group SU,,(FF;2) is generated by its transvections([8]). Hence H =
SU,(Fp2).

[

Serre states the following lemma in [17], with a proof for the case n = 2.

The general proof below is very similar.

Lemma 5. Let [ > 5 be prime. If H C SL,(Z,;) is a topologically closed

subgroup and ri(H) = SL,(F;) then H = SL,(Z;).

Proof. Consider the group r,,,(H) C SL, (Z/I"™Z). To show that H = SL,, (%),

it suffices to show r,,(H) = SL,(Z/I"™Z) for all positive integers m.
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We induct on m and show that, for m > 1, if r,,,_;(H) = SL,(Z/I"™'Z)
then r,,(H) = SL,(Z/I"Z).

Let s € SL,(Z;). We wish to show that there is an s; € H such that
s1 = s (mod [™). By the induction hypothesis, there is an z € H such that
r = s7! (mod I™™'). Hence it is enough to show the existence of such an
element s; for s =1 (mod [™™1).

Write s = 1 + ™ tu. The determinant of s is 1, so u has trace zero
modulo /. Any such matrix uw can be written as u = ) u; where u]2 =0
(mod !) and Tru; =0 (mod ). We write

k
s = H(I + 1" ;) (mod I™)
j=1
as m > 2. It is enough to show that there are h; € H such that r,, (I +
™ ;) = rp(hj) for each j, as then the product of such h; is trivially an
element of H.

We now assume therefore that s = 1+ 1™ 'u for some matrix u with zero
trace and u* = 0.

Recall that the reduction of H mod ™! is all of SL,(Z/I™ 'Z) by the
induction hypothesis. Therefore there is an element y € H with y = 14+1™ 24

(mod [™1).
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Consider y' € H. We have

@(lmﬁuﬁ +o (M2 = T+ (mod I™).
(3)

When m > 3, this congruence follows from (I™~2)* =0 (mod I™) for k > 3

Yl =T+ ) +

and @(Zmdf =0 (mod [™). When m = 2, the requirement that u? = 0
is necessary.

Hence, y' = s (mod I™) and r,,,(H) = SL,(Z/I™Z).

A similar lemma applies to the special unitary group.

Lemma 6. Letl > 5 be a prime which does not divide n. Let L be a quadratic
extension of Q; in which | is inert. Let Oy, be the ring of integers of L. Let h
be a Hermitian form which represents 0. If H C SU,(Op, h) is topologically
closed and ri(H) = SU,(Fp2) then H = SU,(Op, h).

Proof. Again, the proof is by induction. We show that if
T’m_l(H> = SUn(OL/lmilOL, h)

then r,,(H) = SU,(OL/I™Og, h).

We again assume that s = 1 (mod [™Op). We then find an element
x € H such that r,(z) = r,(s).

For m > 3, we write s = I 4 1™ !u. Then there is an element y € H such

that y = I + 1™ 2u (mod I™10;). We take y' = (I + 1" 2u) = I+ 1™ tu
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(mod {™Oyp) as in equation (3) in the proof of Lemma 5. Thus the difficult
step is when m = 2, that is, the first step of the induction.

We first consider the case that n = 2. Recall that the groups PSU,,(F2, h)
are isomorphic for all Hermitian forms h so that we may consider a single
realization of this group.

To see that u can be written as the sum of matrices u; with uf = 0
(mod 1Oy), consider the case L = Q[i] with 2 = —1 and h = 2,25 — Z120. We

then take u of the form (% g) The space of such matrices with trace zero is

spanned by ( % %), (1 1) and (7° 1), all of which have square zero. We write
s=TI(I +luj) =1 +1> u; (mod [*0p) where the u; have square zero. It
suffices to show that for each term in this product there is an ; € H such that
ra(z;) = r2(14u;). Hence, we assume that s = 1+{u where u? = 0. We take
y € H such that y = 14+ u (mod [Or). Such a y exists as r1(H) = SU,,(F}2)
by the induction hypothesis. We see that y' = I +lu+ (J)u?+...ul = 1 +1u
(mod 20y) as u? divides all other terms.

In the case that n > 3, consider the space of u such that 1+ [u is unitary
with determinant 1. This has dimension n? — 1 over Q. Choose an isotropic
basis {v;} for O}, that is, a basis such that h represents 0 on the space
spanned by any two elements v; and vy, of the basis.

For a pair (v;,v;) in this basis, the space of s € SU,(Op,h) such that
s is trivial outside of the hyperplane spanned by v; and v, is isomorphic

to SUs(Oy, hy), where hg, the restriction of h to this space, is a Hermitian

form that represents 0. Restricting to s = 1 (mod [Op), we write each
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of these s as 1 4+ lu. This defines a three dimensional vector space of the
elements u. This space is spanned by three elements u; such that u? = 0 as
{u : 1+ lu € SU(Op, hy)} has such a basis. The set of the u; as {v;, v}
run over all pairs in the basis span the space {1 + lu € SU,(Op,h)}. Hence
s may be written as s = [](1 + lu;) (mod I°01) where each uf = 0. We
therefore assume that s = 1 + lu where u*> =0 (mod [Oy).

As ri(H) = SU,(Fp), there is an € H such that ri(z) = ri(1 + u).
Then 75((1 + u)!) = ro(1 + lu) as in the previous lemma. We have produced
y = 2! € H such that ry(y) = ro(s) as desired.

[

Definition 3. Let G be a profinite group with the Krull topology. Then a
finite simple group S is said to occur in G if there are closed subgroups G
and G9 of G with G5 normal in GG such that S = G/Gy. We write Oce(G)
for the set of S which occur in G([16]).

If H is normal in G, then Occ(G) = Occe(G/H) U Occ(H) ([16]).
If G = liina G, for some family G, and G surjects onto each G,, then

Oce(G) = U,0ce(G,)([16]).

Lemma 7. Let | be a prime not dividing n. If n = 2 we further require that

1+ 2,3.

o Let G be open in GL,(Z;), Suppose that SL,(F;) C ri(G). Then G
contains SLy(Z;).
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o Let h be a Hermitian form on Zj which represents 0. Let G be open
in GU,(Op,h). Suppose that SU,(Fpz) C ri(G). Then G contains
SU,(Op).

Proof. We need the condition that [ # 2,3 if n = 2 as we use the simplicity
of PSL,(F;) and PSU,,(FF}2).

We give the proof for G C GL,(%Z;). The proof for G C GU,(Og,h) is
identical.

As (@) contains SL,(IF;), it is clear that PSL,(F;) occurs in G. Let
H = GNSL,(Z;). Then PSL,(F;) does not occur in G/H.

Let H = r1(H) C SL,(F;). The kernel of this reduction is a pro-I group.
Thus Occ(H) is equal to Occ(ﬁ ) as pro-l groups are solvable.

Since PSL,(F;) € Occ(G) = Oce(G/H) U Occ(H) but PSL,(F,) does
not occur in G/H, we have PSL, (F;) € Occ(H) = Occ(H). Thus H maps
onto PSL,,(F;) and hence onto SL,(F;) by Lemma 3. This implies that H =
SL,,(Z;) by Lemma 5 as required.

[

We have shown that it suffices to show that ri(G N SL,(Z;)) has image
PSL,(F;) in order to demonstrate that SL,(Z;) € G. Similarly, when h
is a Hermitian form that represents 0 (for example, any Hermitian form
if n is odd) and G C GU,(Or) = GU,(Oy, h), it is sufficient to show that
r1(GNSU,(Oyr)) reduces to PSU,,(Fp2) in order to deduce that SU,(OL) C G.

This is exactly what was needed for Proposition 1.
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2 Picard curves

2.1 Definitions and preliminaries

A Picard curve over a field F' is a nonsingular algebraic curve C' which is

isomorphic to a plane projective curve given by

WY3 = G0X4 + G1WX3 + G2W2X2 + G3W3X + G4W4

with Gy # 0 and G € F for j =0,1,2,3,4.

In affine coordinates x = X/W and y = Y/W, this equation is

y3 = Gort + G123 4+ Goz? + Gz + Gy

which reduces to the normal form

Y =1+ g1 + g3z + g4 (4)

(with g; € F for j = 2,3,4) if the characteristic of F is not 3.

This curve has good reduction at primes not dividing its discriminant
A = 169594 — 1289397 — 49593 + 144929394 — 2793 + 25647 ([9]).

This is a homogeneous polynomial of degree 4, so by means of the genus

formula for nonsingular curves, we have that the genus of a Picard curve is

3.
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2.2 Jacobian

Recall that K is a number field containing Q((3). Let C be a Picard curve
over K. Then the map (x,y) — (z, (3y), where (3 is a primitive cube root of
unity, is in Aut(C'). Note that Q; ® Q((3) is either a quadratic extension of
Qy, or, if I splits in Q((3), isomorphic to Q; & Q;.

Let K be an algebraic closure of K. Write G = Gal(K /K). For each I,
let

pre s G — Aut(J[I®]) = GLg(Z) (5)

be the [-adic Galois representation given by the action of the Galois group
on the [-primary torsion J[I*°] of the Jacobian J of C.

There is a nondegenerate symplectic pairing, the Weil pairing, on the Ja-
cobian of C'. This implies that in general p; (Gk) is conjugate to a subgroup
of GSp(6,7Z;).

Let [ > 5 be a rational prime, [ = 1 (mod 3), [ JA. Then [ splits in
Q(¢3) so that Q; ® Q(¢3) = Q; @ Q. We fix a prime A of Q((3) above I.
The space J[[*] splits into two spaces, each of dimension three as End(J)
contains Z[(3]. We write J[I*]; for the space associated to the prime A and
J[1*°]. for the space associated to the conjugate of A.

The representation p;¢ has image in a subgroup of GLg(Q;) isomorphic

to GL3(Q;) x GL3(Q;) and therefore

ﬁl,ﬁ . GK — Aut?(g][loo]]) X Allt?(J[loo]c) = GL3<ZZ) X GLg(Zl>
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When [ is split and J[I*°] = J[I*°]; x J[I*°]., the Weil pairing pairs J[I*°];
with J[I*].. Hence, the images of p; ¢ in the two copies of GL3(Q;) are dual,
up to a twist by a cyclotomic character. This splitting is canonical as the
full ring of integers Z[(3] of Q({3) acts on J[I*°]. When [ splits in Q((3), we
consider the map

ﬁl . GK — GLg(ZZ)

given by the action of Gx on J[[*°];. Similarly, let ;. be given by the action
of Gk on J[I*|..

Recall that the Weil pairing is symplectic and thus, when [ does not split
in Q(¢3), we may consider the Weil pairing as a Hermitian form over F.
The image of p;¢ can be viewed as a subgroup of the group GU;3(Op) of
unitary similitudes over the group of integers Oy, of the quadratic extension

L=Q(¢)®Q of Q. In this case, let

,51 : GK — GUg(OL)

3 Determination of the image of p;

Henceforth we make the key assumption that C' is a Picard curve with
End(J) = Z[(3).

Let p; be the reduction mod [ of the representation p; defined above and,
forl =1 (mod 3), let p; . be the reduction of p; .. Let p; be the corresponding
map with image in PSL3(F;) or PSU3(IF}2).
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We wish to show that p; = GL3(Z,;) for almost all [ = 1 (mod 3) and
pr = GU3(Op) for almost all [ =2 (mod 3).

By Proposition 1 from section 1.4, we may reduce this question to one on
p(Gk) and det op; (G ), the image of p; composed with the determinant map.
That is, we need to show that p;(Gx) N SL3(F;) projects onto PSL;3(F;) for
almost all l =1 (mod 3) and that p;(G ) NSUs(IF;2) projects onto PSU5(IF;2)

for almost all [ =2 (mod 3). We also need that det op(Gk) = Z;.

3.1 Inertia and fundamental characters

Let F' be a number field. Fix a rational prime [ and a prime A of I’ above
I. Let I, be the inertia subgroup of G = Gal(F/F) at A and let I,, be the
l[-power subgroup, that is, the subgroup of wild inertia. Then I, = I;/1I,, is
the subgroup of tame inertia.

Let F,,, be the maximal unramified extension of F'. Let m be a uniformizer

of F), the completion of F' at A\. One then defines characters

Og: 1 — g = Gal(Fm(Wl/d)/Fw)

by setting s(7/4) = 4(s)7'/ for s € Gal(F),.(7'/%)/F,,). The fundamental

characters of level n are the characters

‘gl”—l . It — Fln
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composed with an embedding of F;» into its separable closure([17]). If ¢ is one
fundamental character of level n, then the other fundamental characters of
level n are given by ¢ph with 1 < h < n. The norm of a fundamental character
of level n is the fundamental character of level 1 ([14]). Any character I; —
[F;n is uniquely given by ¢7'¢3*---¢%" where the ¢; are the fundamental
characters of level n and 0 < a; < [([14]).

For an unramified [, the fundamental character ¢ : I; — F; = Aut(u;) of
level 1 is equal to yx;, the [-th cyclotomic character.

If A is an abelian variety over the number field F and A, is the reduction
of A at ), then A,[l] is the direct sum of Jordan-Hélder factors. That is,
A,[l] = ®V; where V; are F; vector spaces which are irreducible under the
Galois action.

The theorem below was proven by Raynaud in a much more general form.

Theorem 2 (Raynaud [14]). Let A be an abelian variety of dimension d over
a local field F with good reduction at l. Let V be a Jordan-Holder quotient
of AllJ(F) of dimension n where 1 < n < d. Then the wild inertia I, acts
trivially on V.. We may give V' a one dimensional Fin vector space structure

such that the action of I, is given by a single character ¢ = ¢7* --- ¢%». The

exponents a; = 0 or 1 and the ¢; are the fundamental characters of level n.
We also recall the following well known result ([14]).

Lemma 8. The determinant of the action of the Galois group on A[l] is

given by x&, where x; is the cyclotomic character.
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3.2 Action on the Picard curve

Recall that C' is a Picard curve with End(J(C)) = Z[(3]. Let [ > 5 be a
rational prime at which C' has good reduction. Fix a prime A of K above [.
As the Jacobian J = J(C') has a canonical integral structure, we may take
the reduction of J modulo .

There is an exact sequence on the [ torsion of J

0 — J[I° — J[I] — J[* = (J/F)[I] — 0

where (J/F;)[l] is the [-torsion of the reduction modulo A of J viewed as a
Galois module with respect to Gx. The inertia group acts trivially on J[I]¢.
Taking the inverse limit of similar sequences on the [" (h > 1) torsion, there

is another exact sequence (]20])

0 — J[I°°]° — J[I°°] — J[I°]* — 0.

If I =1 (mod 3) (so that [ splits in K), J[I] = J[l]; ® J[l]. where each
et

component has dimension 3. Thus J[I]* can be written as J[I];* @ J[I]

The sequences

0 — J[I®)9 — J[I*°]; — J[I=]% — 0

and

0 — J[I]7 — Jll]; — J[I" — 0
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remain exact as do the corresponding sequences for J[l]. and J[I*]..

Since dimg, J[I°°]; = 3, it is clear that 0 < dimg, J[I*°]§" < 3. We consider
J[I®] = HL(J,Z)) = HL(J,Z;), where Hs(J,Z;) is the familiar Betti coho-
mology and HY,(J,Z,;) is the l-adic cohomology from section 1.1.2. Suppose
dimg, J[I*°]§* = 3. Then, as (3 acts as the identity on J[[*°];, we would have
that (3 acts as the identity on Hy(J,Z;). However a basis of these differ-
entials is given by {dg‘”, 2—‘5, % ([9]) and (3 acting as (x,y) — (x,(3y) on
C thus acts via the identity map on Hy(J,Z;) with multiplicity 2. Hence,
dimg, J[I*°]9 = 2 and dimg, J[I*]? = 1.

When [ = 2 (mod 3), the action of inertia can be considered as Fp linear.

We note that dimg,, J[I]° # 2 so that dimg, J[I]° = 4 or 6.

We therefore have:

Lemma 9. Ifl = 1 (mod 3), then dimg, J[I]9 = 2 and dimg, J[I]2 = 1. If
I =2 (mod 3), then dimg, J[I]° =2 or 3.

3.3 A brief comment on the methods of the following

sections

The method of the following sections is to consider the possible Jordan-Holder
decompositions of J[I]'. The action of I; on each of these quotients is given
by a character ¢ as described in Theorem 2. As the determinant of p; ¢ on I,
is X3, there must be three fundamental characters involved in the action of

I on J[I]°.
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These conditions enable us to list a finite number of possible forms for
the image of I;. We then remark on the order of a cyclic subgroup of p;(I;).
As the homotheties are in p;(Gg), we use the results to discuss p;(Gk) in

later sections.

3.4 Supersingular reduction

We say that the reduction of J at [ is supersingular when J[I]° = J[I]. While
“supersingular” is sometimes used to refer only to a variety which is a product
of supersingular elliptic curves, the more general sense of a variety where
J[1]° = J[I] is also used. This case only occurs for us when [ =2 (mod 3).
In the supersingular case, the dimension of J[I|® over F; is 6. We consider
J[1]° as an Fj2 vector space of dimension 3. The Jordan-Holder decomposition
of J[I]° may contain quotients of dimension 1, 2 or 3 over Fj2. We discuss

these separately.

3.4.1 Jordan-Holder quotient of dimension 3

Suppose that J[I]° has only a single Jordan-Holder quotient of dimension 3
over Fjz . By theorem 2, I; acts on J[I]° as a character ¢ which is a non-
trivial product of fundamental characters of level 6 and I, acts trivially. The
determinant of the action of I; is x} and hence we see that ¢ is the product of
3 fundamental characters of level 6 (since each character has norm ;). Thus
¢ = b2 for 1 < hy < hy < 6 and for ¢ some fundamental character

of level 6.
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h h
M We may assume

The image of I; under p; is isomorphic to (F};)
that 1+1™ + 1" isone of 1+1+ 12, 1+1+3, 1+1+1*or 1+124+1% (Ifit is
not, we may change which of the fundamental characters of level 6 we name

¢6. The case 1+ [ + [, where ¢(13+12+l4 is a fundamental character of level

2, will be discussed in section 3.4.3.) The group ¢g(I;) = (F) " " is a

51
ged(16—1,1+1"1 4-172)

cyclic group of order , which is at least [> — 1. By extending
our field to s, we may diagonalize this action. These diagonal matrices are
given by ¢Lt" " and its conjugates ¢ Tt and ok T2 Thug

the action of I; is conjugate, after our extension to Fjs, to a group of the form

h1+2, jho+2
pg T (9 0 0
2, h1+2 ho+2 .
0 L ) 0 rg €l
4, h1+4 , ;ho+4
0 0 gl T gy

This group is cyclic of order at least {? — 1.

The corresponding subgroup in SU3(F;2) is given by

hi+2 ho+2
Logt T (g)

xi(9)~ 0 0
2 ,h1+2 ho+2 .
0 Xi(g) el HTIHETE ) 0 19 €1
. 4 h+4 hot4
0 0 xi(g) ok THTT TR (g)

which is obtained by multiplying by a homothety. This group projects to a

subgroup of the same size in PSU3(IF;2).

3.4.2 Jordan-Holder quotient of dimension 2

If J[I]° has a Jordan-Hélder quotient of dimension 2 over Fpz, I; acts on this

quotient as the product of fundamental characters of level 4. Recall that the
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determinant of the action of the inertia group is given by x7, the cube of
the fundamental character of level 1. The determinant of the action on a
Jordan-Holder quotient of dimension 1 over Fp2 can be at most x7, therefore
the inertia group does not act trivially on a quotient of dimension 2 over
Fo. Hence, I, acts either as ¢y, oLt @1t where ¢, is some fundamental
character of level 4. The image of p; in this quotient is isomorphic to IF};,
(F5)™ or (F%)++ . We note that these groups are non-central and cyclic

of order at least [ — 1 so that p;(Gx) will contain an element of order at least

[—1.

3.4.3 Jordan-Holder quotients of dimension 1

On a Jordan-Holder quotient of dimension 1 over ;2 , the action of I; is
given by the product of zero, one or two of the two fundamental characters
of level 2. Hence, I; acts either as 1, ¢y or ¢§+l where ¢5 is a fundamental
character of level 2.

Suppose that the action of I; is given by three fundamental characters
of level 2. Each fundamental character of level 2 is the action of I, on a
supersingular elliptic curve. Therefore, write J[I] = J[I]' = E, © Ey @ Es
where the £ are supersingular elliptic curves over IF;. The action of (3 €
End(J) gives an action on Homg, (J[l], J[I]) = Homyg, (£, © B © E3, E1 &
E> ® E3). Recall from section 3.2 that the action of (3 on J[I*°] is given by

(1,1,¢), where ¢ is complex conjugation. Hence, (3 does not act identically

on on Fq, E5 and E5 and the three characters of level 2 are not all identical.
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There are only two fundamental characters of level 2 so two of the three
characters must be identical. Write the three characters as ¢s, ¢ and ¢
where ¢, is the repeated fundamental character of level 2.

If [J]° has three quotients of dimension 1 over Fjz and I; acts trivially
on one quotient, then one of the characters must be the product of the two
fundamental characters of level 2 as the determinant of the action is x7. In
this case, I, acts as the characters ¢, ¢ and 1 where ¢ is one of the
fundamental characters of level 2.

Note that ¢, is onto F}, and Py is onto F;. Thus each situation consid-

ered above gives rise to a non-central element of order [ — 1.

3.4.4 Summary of the supersingular case

In summary, the action of I; in the case that J is supersingular at [ is con-

jugate over [Fis to one of the following groups.

h14+2 , jho+2
AR ) 0 0
2, h1+2 ho+2 .
EHTTEHTE T () 0 cgely

° 0 &
4, hy+4, ho+4
0 0 g T (g)

da(g)tH! 0 *
0 du(e) "t « ) 9C It}
0 0 ¢2(g)

¢a(g) O *
0 du(g)’  x ) ig € [t}
0 0 ¢a(g)tt
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b2(9) * *
o{( 0 ¢2(9) = >:g€[t}
0 0 ¢2(9)

Two of these groups are also possible in the case of mixed reduction.

In each case above p,(Gf) has an element of order at least | — 1.

3.5 Ordinary and mixed reduction

We now consider the cases where dimy, J[I]° < 6.

3.5.1 The case [ =1 (mod 3)

Suppose that [ = 1 (mod 3). Recall that I,, acts trivially on each Jordan-
Holder quotient of J[I]°.

Recall that J[I]2 has dimension 1 over F;. From Theorem 2, we conclude
that I; acts as 1 or as ;. However, the action of I, on J[/]9 has determinant
at most X7 so that the action of I; on J[I]¥ has determinant x;. Therefore,
this action is given by x;. The image of this character is all of ;. Thus I,
acts on J[I]° by a a cyclic group of order [ — 1.

Recall that the dimension of J[I| over F; is 2.

Suppose that J[I]% has a single Jordan-Hélder quotient of dimension 2 over
[F;. Then I; acts on J[I|? as a non-trivial product of fundamental characters
of level 2. Since the determinant of the action is x} and the action on J[I]° is
given by the single fundamental character of level 1, the action is the product
of the two fundamental characters of level 2. Thus the action on J[I]} is by

L where ¢ and ¢ are the two fundamental characters of level 2. However,
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5™ = x;. The image of I, is conjugate to a group of the form

d2(9)=x:(9) 0 *
0 $a(g)H=xi(g) « | 19 € Lt o
0 0 1

Thus the image of G contains a subgroup which is cyclic of order [ — 1.

If J[I]Y has two Jordan-Holder quotients of dimension 1, then I; acts on
each as the unique fundamental character of level 1. As the determinant of
the action of I; on J[I]° is x} and the determinant of the action on J[I]° is
at most x;, the action of I; must be nontrivial on both quotients. The image

xilg)  * x

of I; is conjugate to a group of the form {( 0 xilg) *> 1g € It}. Thus the
0 0 1

image of I; is a non-central cyclic subgroup of order [ — 1.

3.5.2 Mixed reduction at a prime [ =2 (mod 3)

We return to the case that [ =2 (mod 3) and consider the case where J[I]°
has dimension 2 over F;z and thus dimension 4 over [;.
If J[I]° has a single Jordan-Holder quotient of dimension 2 over Fjz, I; acts
as a non-trivial product of three fundamental characters of level 4. Hence,
141412

it acts as ¢, where ¢4 is a fundamental character of level 4. Thus the

action of I; is cyclic of order Fo1 ) which is at least [ — 1.

If J[I]° has two Jordan-Holder quotients of dimension 1 over Fyz, I; acts
on each quotient as a product of fundamental characters of level 2. This is
similar to the situation discussed in the previous section. We conclude that

I; acts as the characters qﬁ%“ and ¢9, where ¢, is a fundamental character of
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level 2. Hence the image of I; is conjugate to a group of the form

d2(9) H=xi(9) * *
0 ORI AR RS
0 0 1

For example this occurs in the case that J(C) = E,; X E,2 X Ess where E,
and E, 5 are ordinary elliptic curves and Ej; is a supersingular elliptic curve.
Thus p(Gk) and p;.(Gk) always contain an element of order at least

{ — 1 which is not central.

3.6 Determinant

Recall from Lemma 8 that the map det op ¢ is equal to x}, where x; is the
fundamental character of level 1, that is, the cyclotomic character. In the
case that [ =2 (mod 3), this implies that det op; ¢ is surjective.

When [ = 1 (mod 3), fi6 is given by the direct sum of p; and a twist
of p; by x;. The determinant of p; cannot be directly determined from this

relation. However, the action of I, on J[I]9 and J[I]? results in det op; .(I;) =

X(]t) =F}.

4 Possibilities for the image

Recall that p; is the projection of p;(Gx) to PSLs(F,;) for I =1 (mod 3) and
to PSU3(Fj2) for [ =2 (mod 3).

Suppose that for an infinite number of primes [, the map p; is not surjec-
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tive. That is, suppose that for an infinite number of primes [ = 1 (mod 3) we
have 7,(Gk) # PSL3(F;) or for an infinite number of primes [ = 2 (mod 3)
we have p;(G) # PSU;(F;2). As the curve C has good reduction at all but
finitely many places of K, this holds if and only if it holds for infinitely many
primes [ where C' has good reduction.

At a place [ > 360 where C' has good reduction, the existence of an
element of p;(G ) of order at least [ — 1 shows that 7,(G k) cannot be one of
the subgroups enumerated as item 5 in Lemma 1 or item 4 in Lemma 2. This
is a simple consideration of the size of the listed groups. We can improve
the bound [ > 360 by considering the maximal order of the elements of Ag,
PSLy(F;) and the Hessian group.

Hence p,(Gk) and p; .(Gg) must be one of the following types of sub-

groups for infinitely many primes.
1. A non-degenerate orthogonal group.
2. A subgroup of a Borel or Cartan subgroup.
3. A subgroup of the normalizer of a Cartan subgroup.
4. A subgroup of a proper parabolic group.

Since this list is finite, one item on the list must occur infinitely often if
7,(Gk) is not full almost everywhere.

We now show
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Theorem 3. The image of G under p; is never contained in an orthogonal
group. Furthermore, it is contained in a Borel or Cartan subgroup, in a
normalizer of a Cartan subgroup or in a non-Borel proper parabolic subgroup
for only finitely many l. Hence, p,(Gr) = PSL3(F,) for all but finitely many
[ =1 (mod 3) and p,(Gk) = PSU(F:2) for for all but finitely many | = 2
(mod 3).

4.1 The orthogonal group

Here we show that p,(Gf) is never contained in an orthogonal group. We
do this by showing that p;(Gk) and p;.(Gk) are not contained in a group
of orthogonal similitudes. That is, by showing that they do not preserve a
quadratic form up to a character.
Suppose that a conjugate of 7(Gx) C GO3(F,) contains matrices of the
form {(wlg(g) ¢22g) wi( )> tg € GK} where 11, 15 and 13 are characters of
39

Gi. Each of these is matrices is independently diagonalizable so we consider

YPi(g) O 0
the matrices ( 0 2(9) O ) These each preserve some quadratic form
0 0 ¥s(9)

Zij:l a;;jx;x; with a;; € F; and det(a;;) # 0 up to a character o of Gk.
Then ¢;(9)v;(9)ai;xix; = o(g)a;;xix;. Hence, if a;; # 0, ¥:(9)¢;(g) = o(g).
If this quadratic form is non-degenerate so that det(a;;) # 0, there are, for
each g, three distinct pairs (4, j) where a;; # 0, in which each of 1,2 and 3
appear at least once but none of 1,2 and 3 appear in every pair. Therefore

the products ;(g)1;(g) agree on these pairs.

We now show why this is not the case for any subgroup enumerated in
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sections 3.4 and 3.5. We do this by considering the characters corresponding
to the 11, 15 and 13 above and their pairwise products.
We first consider the case I =1 (mod 3).

Consider J[I]? which is of dimension 1 over F;. We know that I; acts

as a subgroup which is given by {(x;ég) g EE) 1g € It} where y; is the fun-

damental character of level 1. The possible products v;(g)v;(g) are x7(g)
for (1,7) = (1,1), xi(g) for (i,5) = (1,2),(1,3),(2,1) and (3,1) and 1 for
(1,7) = (2,3),(3,2),(2,2) and (3, 3). Since x; is onto F; there are g such that
xi(g) # 1. Hence no set of three pairs (7, j) exists as required and p;.(I;) is
not contained in the general orthogonal group.

The space J[I]9 has dimension 2 over F;. Recall that I; acts as { (még) Xl:(;g) .
where y; is the fundamental character of level 1 on J[I]9. The pairwise prod-
ucts of characters here are x;(g)* for (i,7) = (1,2),(2,1),(1,1) and (2,2),
xi(g) for (i,7) = (1,3),(3,1),(2,3) and (3,2) and 1 for (i,7) = (3,3). As
is the cyclotomic character, it is clear that there are g such that all of x;(g)?,
x:(g) and 1 are distinct. This shows that p;(Gg) € GO3(F;)

In the case where [ =2 (mod 3), there are more possibilities.

We first consider the case of one Jordan-Holder quotient of dimension
3 over Fj2. Here I, acts as qﬁéHhIHhQ, where ¢g is a fundamental character
of level 6. The tame inertia [; acts as a group which is conjugate over Fjs

1 : h14ho 2 7h1+2 4 jho+2
to a diagonal group described by characters ¢ T2, gk T and

44 ghi+4 4 jho+4 .. . . . .
qbé HTHETE  These characters are distinet since, as discussed in section

3.4, the action of I; is not given by three identical fundamental characters of
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level 2. An examination of the possibilities for hy, he and (7, j) shows that
the pairwise products of these characters are distinct powers of ¢g for [ > 3
(except that 1;1); = 1;1;) and hence are distinct characters. Thus no set of
pairs (i, j) exists as required.

For example, when 1 4 I"' 4 ["> = 1 4+ [ + [2, the pairwise products are
the 24+ 20 + 2012, 1 + 1+ 22 + B+ 14, 22 + 283 + 214, 2+ 1+ 12+ 1* + 17,
1412+ 134204 4+ 1° and 2 + 21* + 215 powers of ¢g. (Recall that ¢ = ¢ so
that these exponents are considered modulo the relation [® = 1.) Since ¢ is
onto Fjs, these characters are distinct and there are g such that all of these
pairwise products are distinct. Thus p;(1;) is not contained in the group of
orthogonal similitudes.

Similarly, in the case of Jordan-Holder quotients of dimension 2 and 1

over [F;2 the image of I; is conjugate over Fjs to one of

¢4(g)1+z+12 0 "
0 gul) . | T9EL

0 0 1

d2()t Tt o+«
0 () + | tg €L
0 0 1

« =
— "~

ot

#2(9) * *
{( 0 ¢2(9) * >:g€]t}
0 0 ¢a(g)

where ¢, is a fundamental character of level 4 and ¢, is a fundamental char-

acter of level 2. In none of these cases are there three equal pairwise products
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of the type required. For example, in case 3, the pairwise products are ¢2+%,

LHAHEHE - 2040280 gl 3+ 6, and ¢2. Note that ¢4 is a fundamental
character of level 2, that is, ¢}1+12 is either ¢ or ¢. We see that these char-
acters are distinct powers of ¢4. Hence, there are g € G where they are all
distinct.

Thus, in none of the types of good reduction can the image of p; be

contained in the general orthogonal group.

4.2 The Borel and Cartan groups

Here we show that the image of p; is contained in a Borel or Cartan subgroup

only finitely often. This directly implies that the same condition holds for

Pr-
We first remark on the case that p;(Gg) is contained in the normalizer

N; of a Cartan subgroup C; but not in the Cartan subgroup itself. Let F' be

the finite extension of K associated to the representation

Then p;(Gal(F/F)) is contained in C;. Let E be the intermediate extension
of K in F such that [F': E]|2 and [E : K]|3. The size of N;/C; is known to
be either 3 or 6, thus this extension exists.

As p; is ramified only at [ and primes of bad reduction, F/K is also

unramified outside Al. To see the the extension E/K is unramified at [, we
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consider the possible images of I;. The order of N; is prime to [; hence, the
order of p;(I;) is not divisible by I. An examination of the possible images
reveals that each possibility with order prime to [ is contained in a Cartan
group C’. That is, p;(1;) € C' for some Cartan group C’ contained in Nj.

We consider the case that F' = FE| i.e. the case that the image of ¢; in
N;/C; has order 3. Then C is of index 3 in a subgroup N’ = p;(Gal(K/K)
of N;. Each element in N’ — C} has order three. The Cartan group C’ is
generated by elements of order either [ — 1 or [? — 1 in SL3. Therefore all the
generators of C’ are contained in C; so that C’ = C). This reasoning applies
to the image of p;(Gal(E/E)) in the case that [F : E] = 2. Hence E/K is
unramified at [ in both cases.

There are only finitely many extensions of K of bounded degree which
are unramified outside A. Therefore, we may take E to be a fixed extension
independent of [.

If F = E, then p/(Gal(E/E)) is contained in a Cartan subgroup. If
[F' : E] = 2, then p(Gal(E/E)) is reducible. In the proofs below it will
be evident that the choice of local ground field does not affect the result.
Thus the case of a subgroup of the normalizer of a Cartan subgroup may be
considered as either the case of a Cartan subgroup or of a proper parabolic
subgroup over this finite extension E of K. The latter case is addressed in
section 4.3.

Let Gy = Gal(F/F) where FF = K or a finite extension of K as above.
Let ¢ =1 if I =1 (mod 3) and [? if | = 2 (mod 3). Let k; be the algebraic
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closure of IF,. Let I' be the set of embeddings of I into Q.

Suppose that there is an infinite set 3 of primes [ with p;(GF) contained
in a Borel or Cartan subgroup of GL3(F,). We may of course assume that
C has good reduction at all [ € X, since there are only finitely many places
where C' has bad reduction.

For each such [, let pi* : Gp — GL3(FF,) be the semi-simplification of p.

The representation p;° is abelian. There are characters
0" : Gal(F™/F) — k;

for « = 1,2, 3 such that pj® = 91(1) &) 91(2) &) 01(3) over some extension of F'.

Let m be a modulus of support (see section 1.2) for the set S of places
where the curve C' has bad reduction. Then p; is unramified outside S; =
S U {v|l}, where {v|l} is the set of places in F' above [. As the Gl(i) are

unramified at v € I' — S}, we can, by class field theory ([17]), write

0 (a) = 01" (1) = [[oa )" (mod 1)

cel’

as in equation (2) in section 1.2. Here the o, are the maps defined in section
1.2 for a € Uy, 7 is the Artin symbol of a and i = 1,2, 3 ([16]).

To apply Theorem 1, we must show that the absolute values of the
n(o,l,i) are bounded.

Since we know the action of the inertia group, we see that the Hl(i) re-
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stricted to I; are products of no more than 3 fundamental characters of level
no more than 6. The modular characters defined by o;(a; ') are known by
class field theory to be the fundamental characters of level [F, : @], where
F, is the completion of F' at a place v over I([17]).

For a fundamental character of level h, we consider the embeddings
71, .. 7" of F;n into k;. Then a fundamental character ¢y, of level h is given by
on = [Ler 01(a; )o@ swhere my, (0,1,47) = 1 if 0; extends 7% and 0 oth-
erwise ([17]). When the action of I; is given by the product of fundamental
characters ¢y ; of level h, n(o,l,i) is the sum of the h values mg, (0,1,7).

We therefore see that the absolute values of the n(e,[,4) are bounded.

Recall that p; is the map p; : Gx — GL3(Z;) for | = 1 (mod 3) and
pr: Gx — GU3(Op) for I =2 (mod 3).

Theorem 1, applied to the system (57°), shows that pi® is abelian at all
places. Hence p; is contained in a Borel subgroup at all places [. As End(J)
is the commutant of p;(Gk) ([7]) and the commutant of a Borel group is
larger than Z[(3], this implies that the curve has End(J) larger than Z[(3].
Thus for those curves with End(J) = Z[(3], only finitely many [ can have

(G ) contained in a Borel or Cartan subgroup.

4.3 The parabolic case

We now show that the image of p; is contained in a proper parabolic subgroup
for at most finitely many [ =1 (mod 3). Consequently, p,(Gf) is contained

in a proper parabolic subgroup of PSL;(IF;) only finitely often. We need not
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consider the case [ = 2 (mod 3) as there is no proper parabolic subgroup of
PSU;3(F;2) which is not a Borel subgroup.

This section follows the methods of Dieulefait ([5]). Of course, it may
also be regarded as an alternative proof that p;(G) is not contained in a
Borel subgroup for infinitely many [ = 1 (mod 3).

Suppose that p;(G ) is contained in a proper parabolic subgroup of GLj
for some [ = 1 (mod 3), that is, the p;(Gg) fix a two dimensional subspace
or quotient.

The semi-simplification pj* of p; is of the form

p1° = pra®
where p1 is a character and p; 2 is a two dimensional representation. Recall
that p; is a representation into GL3(IF;) so that this decomposition is defined
over ;. By our knowledge of the action of [;, we may write y; = €x}, where
1 =0 or 1 and ¢ is unramified at [.

The system (p;) is strictly compatible in the sense of Serre and so has a
conductor ¢ such that p; is trivial on the Artin symbols of U, . away from
[. The U, are defined in section 1.2. The conductor m of ¢ has support
contained in the support of ¢ and m, < ¢, for all v in the support of .

Let p be a rational prime such that p = 1 (mod ¢). Then e(Fr,) = 1.
Hence x'(Fr,) is a root of the characteristic polynomial P,(x) of the Frobenius

at p. As the roots of P,(x) are pairs with product p, we may assume that 1
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is a root of P,(x). We write

6 5 4 3 2, 2 3
P,(r) = 2° + a5,2° + a4 p0" + a3,2° + pagpx” + p as v + p°,

as it is known that P,(x) is of this form. We substitute in p(Fr,) to get

1+ (p* 4+ Dasp + (p+ 1)asy + azp +p* =0 (mod I).

The complex roots of P,(x) are known to be of size \/p which allows us to
bound as, by 6./p, asp by 15p and so forth.

For sufficiently large p, 1 + (p* + 1)as, + (p + 1)as, + az, + p* # 0 and
hence is congruent to zero for only finitely many /.

This implies that the image of pj® can be written as p; 2@ p for only finitely
many [. Thus p;(G) cannot be contained in a proper parabolic subgroup for

more than finitely many [.

5 Conclusion

For [ =1 (mod 3), we have shown that p;(Gx) has image in a proper sub-
group of PSL3(F;) only finitely often. Therefore p,(Gk) is all of PSL;(F))
for all but finitely many /. By Proposition 1 we therefore conclude that
SLs(Z;) C pi(Gk) for those | where p;(Gk) = PSL3(F;). The discussion of
the determinant in section 3.6, then implies that det op;(G ) is onto Z; for

those [.
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For [ = 2 (mod 3), we have shown that p,(Gf) has image in a proper
subgroup of PSU;(F;2) only finitely often. Proposition 1 then implies that
SU3(01) C pi(Gk) for those | where p;(G) = PSU3(F;2). From section 3.6

we recall that det op;(G ) is onto.

Theorem 4. Let C' be a Picard curve with End(J(C)) = Z[(3]. Let p; be the
representation defined by the action of the Galois group on the Jacobian of

C' as in section 2.2. Then, for almost alll =1 (mod 3),
p(Gal(K/K)) = GLy(Z)

and for almost all I =2 (mod 3),
p(Gal(K/K)) = GUs(Oy),

where Oy, is the ring of integers of the unramified quadratic extension L of

Q..

6 Examples

6.1 Examples at primes which split in K

To show that p;(Gg) = GL3(IF;) in the [ = 1 (mod 3) case, it is enough to
show that the image is irreducible and not contained in any of the subgroups

listed in Lemma 1 as item 5. The former can be done by showing that there
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are primes p;, ps and ps such that the characteristic polynomial P, (z) of
pi(Frp,) splits linearly over [F;, P,,(z) is an irreducible cubic over F; and
P,,(z) splits into an irreducible quadratic and a linear factor over IF;. To do
this, we calculate the characteristic polynomials of the images of Frobenius
elements.

For the calculations, it was necessary to calculate the number of points
on the curve above the fields of p, p? and p? elements. Letting —n;, =

#C(F ) — p* — 1, we have the L function

—3s

1 1
Py(p™®) = Ly(s) =1 —nip~* + 5(”% —ng)p~>* — —(n} — 3ngny + 2n3)p

6
p —4s —b5s —6s
+§(nf—n2)p 4 pPnyp S 4 pPp "

and the zeta function Z,(z) = ( Lp(2)

=) (1—pa) " By choosing only primes [ = 1

(mod 3) which split in K, we restrict to polynomials which factor into two
cubic polynomials of the same splitting type. As only the factoring type is
relevant, it is unnecessary to consider which terms make up p;(Fr,) and which

make up p.(Fr,).

6.1.1 A first example

Let C be the curve

P=at 4322 +20+1

over Q((3). We show that p;(Gx) = GL3(F7) and hence p7(Gk) = GL3(Z7).

Note that I3 — 1 = 342 is divisible by 19 so that there is potentially a
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Frobenius element of order divisible by 19 which cannot be contained in the
groups of order 36, 72, 168, 216 or 360 listed in Lemma 1 as item 5.

The points on this curve can be counted by computer without too much
difficulty. Maple was used to calculate the values of y* and of 24+ 322 +22+1
in several finite fields to count the number of points on this curve. There
are more efficient algorithms for this calculation such as those discussed by
Bauer, Teske and Weng ([1]), but for curves with small coefficients and at

small primes they are not necessary.

Table 1: Point counting for the curve y3 = a* + 322 4+ 2z + 1
p=13|p=19 | p=37
#C(F,) 14 31 31
#C(Fp) | 170 397 7308
#C(Fys) | 1999 6880 | 51303

For example, over 13 there are exactly 13 finite points plus the point at
infinity. Similarly, there are 132 finite points over F52. Over F;3s there are
1998 = 13% — 210. Thus, Pi3(z) = 2% + 7023 + 2197 which splits linearly in
F.

Over p = 19, Pig(x) = 2% + 1125 + 78x* + 42123 + 148222 + 3971x + 6859
factors as (2% + 32% + 6z + 2)(2® + 2 + 6x + 3) giving the irreducible cubic
component.

Note that z generates the multiplicative group of Fr[x]/(23 + 22 + 6 + 3),
and thus Fryg is of order 72 —1 = 19% 3% % 2. This eliminates the small groups
from Lemma 1 item 5.

Over p = 37, Pa;(z) = 2% — 72 — 62* 4 3732% — 22222 — 9583z + 50653 =
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(x 4+ 5)(z + 6)(x? + bz + 2)2.
Thus p; is onto GL3(F5).
6.1.2 A second example

Let C be the curve

y=a'+r+1

Il

over Q((3). Then we show that pe;(Gk) = GL3(Fg7) and hence pgr(Gr)
GL3(Zer).

Table 2: Point counting for the curve y? = o* + x4+ 1
p=13 | p=19 | p=31
#C(F,) 13 20 34
#C(F2) | 157 386 982
#C(Fs) | 2380 7196 | 30666

Over 13, the polynomial is Py3(z) = 2° — 25 — 621 + 6723 — 7822 — 169z +
2197 = (x + 47)(z + 63)(2* + 492 + 9)(2* + 41z + 56) (mod 67), giving a
Frobenius element whose characteristic polynomial is an irreducible quadratic
times a linear factor.

Over 19, we have Pyg(z) = 2°4122*+11223+ 22822+ 6859 = (2®+592% +
662 + 6) (2> + 82% + 10z + 60) (mod 67) which is the product of irreducible
cubics. The order of Fryg divides 673 —1 = 2%32%72% 11 %31 so it is necessary
to check that the order of this element does not divide 18. In fact, the order
is 42966 = 2 % 3% x 7 x 11 * 31.

Over 31, the characteristic polynomial of Frs; splits completely with
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Py (x) = 25 4 22° + 122% + 31323 + 37222 4 19227 + 29791 = (z + 21)(z +
27)(z 4+ 24)(x + 1)(z + 32)(x + 31) (mod 67).
Thus pgr is onto GL3(Fgr)

6.2 An inert prime

When | = 2 (mod 3), the characteristic polynomial of p;¢(Fr,) in GLg(Q))
remains as in the [ =1 (mod 3) case, however ny = 0 and n3 = 0 as [ is inert
in Q(¢3). We therefore consider the polynomial

1
Pp(l') = ZL'3 + 5712.%‘2 + %QTLQ(L’ + p3

where # = Normyg(,)(2) and P,(z) is the characteristic polynomial of
pi(Fr,) in GU(Oy).

As PSU;3(F2) has no proper non-Borel parabolic subgroup, it now suffices
to find primes p; and py such that P, () splits completely and P,,(z) does
not.

We now consider the curve
y3 =zt+r+1

over Q((3) and show that p5(Gx) = GU;3(Fa5) and hence p5(Gx) = GU(Oyp).
There are 134 points on the curve over Fy2 so Py (z) = 2 + 62 + 66z +

1331 = (z + 1)(z + 1)(z + 3) (mod 5).

49



We have #C(Fi72) = 368 so pl?(if) = 23 4 392 + 663z + 4913 = (2% +

2z +4)(x + 2) (mod 5).

Hence we have that ps(Gg) = GU(Oyp).

More examples may be obtained by the same method.
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