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Abstract

The Bethe-Sommerfeld conjecture states that the spectitime stationary Schrodinger oper-
ator with a periodic potential in dimensions higher thamas only finitely many gaps. After work
done by many authors, it has been proven by now in full geitgr&inother case of a significant
interest, due to its importance for the photonic crystabtiieis of a periodic Maxwell operator,
where apparently no results of such kind are known. We dshabkre that in the case of2d
photonic crystal, i.e. of the medium periodic in two vargghnd homogeneous in the third one,
if the dielectric function is separable, the number of spdgaps of the corresponding Maxwell
operator is indeed finite. It is also shown that, as one woxietet, when the medium is near to
being homogeneous, there are no spectral gaps at all.

1 Introduction

The Bethe-Sommerfeld conjecture [1] states that the sp@adf the stationary Schrodinger operator
~A+V(x) 1)

with a periodic potential’(z) in R", whenn > 2, has only finitely many gaps. Starting with [16, 2]
and up to [13], after work done by many authors, it has beewgordoy now in full generality (see
[17, 13]) for the history and detailed references). In pneseof a periodic magnetic potential, the
situation becomes much more complex. The correspondimndf keas proven ik D case in [11] and
[8]. The proofs in the latter papers are very technical. Irtipalar, [11] used microlocal analysis
tools of [6]. Very recently L. Parnovski and A. Sobolev [14e settled a much more general case,
which allows in particular inclusion of magnetic terms. Almer case of a significant interest is of the
Maxwell operator in a periodic medium, where apparently egults of such kind are known. The
importance of this problem stems from the photonic crysbty (e.g., [7, 4, 5, 10]), where existence
of spectral gaps is a major issue. We establish here thaeinabke of 2D photonic crystal, i.e. of
the medium periodic in two variables and homogeneous inttine obne, if the dielectric function is
separable, the number of spectral gaps of the correspoitgvell operator is indeed finite. It is
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also shown that, as one would expect, when the medium is adming homogeneous, there are no
spectral gaps at all.
Let us start with describing the relevant mathematical rhotlee standard form of the material

Maxwell equations is

V-D = 4mp,

_ 10B
VXE=-2%, @)
V-B=0,

_ Ar 1 0D

Here E and H are electric and magnetic fieldB) is the electric displacemenB - the magnetic
induction, p - the charge density, - the speed of light, and - the free current density. The fields
E,H, B, D, andJ are vector-valued functions frofR® (or a subset oR?) into R3. We will assume
absence of free charges and currents, thatis0 andJ = 0.

We are interested in the EM wave propagation in an isotrojglectric photonic crystal. In this
case, the Maxwell equations should be supplemented by tretittdive (or material) equations

D =¢E, B = ;H. (3)

Herec andyu are scalar time-independent functions called electriofigvity and magnetic perme-
ability, correspondingly. In most photonic crystals calesations it is assumed that the material is
nonmagnetic, that is = 1. We will also assume that the medium is periodic, that end ;. are
periodic with respect to a latticé in R3. In what follows, we will assumé& to coincide with the
integer latticeZ?.

Under the above assumptions, the Maxwell system reducés tfotm

— _1oH H =
VXE_lcat’aE V-H=0, @)
VxH= e(x)%5, V-ecE=0.

For mono-chromatic waves of frequeneye R, one hasi(z,t) = ¢“'E(z), H(z,t) = ¢“'H(x),
and thus one arrives to the spectral problem

E

5 ) ©)

(oo 0 )(n) =5

on the subspac8 of smooth vector fieId:{ EI ) satisfying

V-eE=0, V-uH=0. (6)

0 —ivx
v ) g

is called the Maxwell operator. We consider as the operator on the subspate
We can extend the operatdf to a self-adjoint operator acting on a Hilbert sp&teThe Hilbert
spaceH is a closed subspace &f, = L,(R? C? cdz) @ Lo(R3, C3, udx). Namely, H consists

The operator
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of those vector field$E, H) € H, for whichV - ¢E = 0, V - yH = 0, where the divergence is
understood in the distributional sense. Note tHat the closure o N H, in the Hilbert spacé+,.
The operatotV/ is naturally extended to act on the set

D={(E,H)€H|VxE € Ly(R* C* udz), Vx H € Ly(R* C? edr)}.

Here, as before, the differentiations are understood idigtabutional sense. Now/ is a self-adjoint
operator or{ (see [5] for more details). In what follows, we only need t@knthatw/c € R is in
the spectrum of the Maxwell operator if the system (5) hasream bounded solutiof, H) € S.

One of the field¥ or H could be eliminated and the problem can be re-written in $eshanother.
For instance, one can re-write (5), (6) as the following selcarder spectral problem:

{V X VxE=X\(z)E

8
V.-eE =0, ®)

where the spectral parametgiis equal to(ﬂ)2 Note that where and . are real-valued functions

the spectrum of the Maxwell operator is symmetric with respe the origin. Therefore = (ﬂ) is
in the spectrum of the generalized spectral problem (8)df @mly if bothw/c and—w/c are in the
spectrum of)/ (see [5] for the analogous conclusion).

Our principal task is to show that under appropriate coadgion the periodic dielectric function,
the spectrum of the problem (8), and hence the spectrum ajgbeator)/, has only finitely many
gaps. While we expect this statement to hold in general téixisis devoted to proving it in a special
case when

6(1’1,1’2,1’3) :El($1)+62(l’2). (9)
We will show that the number of spectral gaps is finite, evemdfrestrict our consideration to the
invariant subspace of the electric fielllsthat are normal to the plane;, z,) of periodicity and
depend on{zy, z2) only.

One should notice that, in spite of many similarities, thare some important differences be-
tween the spectral problems for Schrodinger and Maxwedtators. This difference arises due to the
multiplicative rather that additive appearance of the spéparameter. This, in particular, applies to
existence and location of gaps (see, e.g., [10]). It is easydate gaps at the bottom of the spectrum
of a periodic Schrodinger operator (for instance, crepérperiodic array of well separated poten-
tial wells, see [10]). On the other hand, the spectrum of tieblem (8) always starts at zero, thus
preventing a similar gap opening approach.

The paper is structured as follows: the main results (Thesr2.1, 2.3, and 2.4) are stated in
Section 2. It is also noticed there that Theorems 2.3 andri@pllyiTheorem 2.1. In Section 3, the
proof of Theorem 2.3 is reduced to an auxiliary Propositich 3'his Proposition, as well as other
auxiliary statements, are proven in Sections 4 and 5. Seéticontains the proof of Theorem 2.4.
The final Section 7 is devoted to final remarks and acknowleaigs

2 Statement of theresults

Under the imposed assumption (9), the Maxwell operator {Mits an invariant subspace C
S of fields (E,H) = (FEi, Ey, E5, Hy, Hy, H3) that do not depend oms. Furthermore, the space
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Sp iIs decomposed into the direct sum of two subspdates S,, whereS; consists of the fields
(E1, E5,0,0,0, H) and S, consists of the field§0, 0, F, Hy, H,,0). In physical termsS; consists
of the transverse electric (TE) polarized fields, whileconsists of the transverse magnetic (TM)
polarized fields. It is easy to observe that bStrand.S, are invariant under the operatdf. To show
that the Maxwell operator has finitely many gaps or no gapd,at s enough to consider only TM
polarized fields. In terms of the spectral problem (8), weiassthatl = (0,0, E(x1, z3)). Then the
problem (8) reduces to the 2D scalar spectral problem

—AE = \e(z)E. (10)

. 1 .
Thus the spectrum of problem (8) contains the spectrum obmaeator—gA considered as a self-

adjoint operator on the Hilbert spaég(R?, ¢ (z1, 12) dz1 dws).
Our main result is:

Theorem 2.1. Let e(zy, 9, 3) = e1(x1) + e2(x2), Wheree; and e, are C2-smooth, positive]-
periodic functions ofR. Then,

1. The spectrum of the problem (10), and hence of the Maxwelabor M/, contains a ray and
thus has only finitely many gaps.

2. If the functiong; ande, are sufficiently close to constants uniformly on the whote &is,
then the spectrum of (10) coincides wjithoo) and has no gaps at all (in this case, the spectrum
of M coincides with the whole real axis).

The well known Bloch theorem (see, e.g., its most generahfibaition in [9, Theorem 4.3.1])
provides a nice description of the spectrum of ellipticetiéntial operators with periodic coefficients.
In our case this theorem can be formulated as follows.

Proposition 2.2. (e.g., [9, Theorem 4.3.1])
Lete € C?(IR?) be a positive function periodic with respect to a latticg @ 1,Z, i.e.,

e(x1 + ling, 2 + long) = e(xq, 22)
forall z1, 25 € R andn, ny € Z. Then the following statements are equivalent:

1. Anumber\ > 0 is in the spectrum of the problem (10) (in other, words, inishe spectrum of
the operator—éA).
2. The differential equation
—AFE = X\eE (11)
has a bounded nonzero solutiéh

3. The equation (11) has a nonzero Floquet-Bloch solufibthat satisfies a cyclic (Floquet)
condition |

forsomen, 5 € Rand allxy, 25 € R, ny,ny € N.
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The last of the three statements above is the most convdorems. We thus prove the following
statement, which, according to Proposition 2.2, impliesfitst statement of Theorem 2.1.

Theorem 2.3. Lete(zy,10) = e1(x1) + e2(x2), Whereey, e, are C?-smooth, strictly positive]-
periodic functions oR. Then there exists, > 0 such that for any\ > )\, the partial differential
equation

—AFE =Xl

has a bounded nonzero Floquet-Bloch solution
E($1,$2) = El(xl)E2(x2)>
whereFE,, E5 are such that
Ey(zy+1) = By (21), By(xy + 1) = P Ey(x5), (12)

with o, G € R.
Furthermore,\q, depends only on the number

Ci= max {[ei(2)]. ei(@)], =] (@)1, |(ei(@) [}

i=1,2
The second statement of Theorem 2.1 follows if we estaldistidllowing result:

Theorem 2.4. Lete € C(R?) be a positiveZ?-periodic function. Then, for any > 0, there exists
9 > 0 such thatifle(x) — 1| < d, then for any0 < A\ < A, the partial differential equation

—AFE = )XeF
has a bounded nonzero solutionis.

The particular choice of the period (and thus lattieis not important for the proofs and can
be made arbitrary by rescaling. For simplicity we will asgyras we have already agreed before,
thatl" = Z2, and in particular “periodicity” of a function of one variah unless specified otherwise,
always meanslI-periodicity.”

3 Proof of Theorem 2.3

We start with the standard separation of the variables amslréduction to a one-dimensional prob-
lem:

Lemma 3.1. Leteq, e5 be continuous functions dR and A\, ¢ € R. Suppose thak is a solution to
the differential equation
E{(z) + Mei(z) + ¢)Ey(x) =0
and E; is a solution to the differential equation
Ey(z) + Mez(z) — ¢)Eqy(x) = 0.
Then, the functiod’ (x4, z5) = E;(z)Es(z) is a solution to the partial differential equation
—AFE = XeE,

WhereE(IL'l, IL’Q) = 61(1'1) + 62(1'2).



The proof is straightforward.
The proof of Theorem 2.3 will be extracted from the followigxiliary result:

Proposition 3.2. Lete € C?%(R) be a positivel-periodic function orR. Letd, > 0 be a constant
such that

max{|e(x)], |(e(2)) 7, [¢'(2)], [€"(@)[} < do.

Then there exist positive constants d;, d, that depend only on,, such that the following property
holds:
If for some\ > )\, the equation
E"+XeE =0

does not have any bounded nonzero solutions, then the equati
E'"+Xe+c¢)E=0

has such a solution for any constansatisfying

d1<H<d2
- c —.
AT ~ V)

The proof of Proposition 3.2 will be provided in Section 5. iNwve are going to show how
Theorem 2.3 can be derived from this proposition.

3.1 Proof of Theorem 2.3

Let us choose a constadit > 0 such that

2 d
— < < |ell < do,|ef| < dyfori=1,2.
do 2

Let also), d1, d; be constants provided by Proposition 3.2 for this particddaWe introduce a new

constant )
2dy (2d
AozmaX{)\(],dodl,d—Ol, <d—21> }

We will show now that any greater than\, is in the spectrum of (10), which will prove Theorem
2.3.
d d
Letc; =0, ¢ :dyl, and03 = —Xl.
A_l for j = 1,2,3. SinceAy > dod; andAy >
0

1
also|c;| < T It follows that
0

2,

We havelc;| <
do

. d
, we obtain thafc;| < 50 and

1
—SEZ'—FCJ'SCZO
0



fori=1,2andj = 1,2, 3. Besides, we clearly have

(&5 + ¢;)| = lef] < do
and

|(ei +¢;)"| = [€]] < do.

Hence the conclusion of Proposition 3.2 holds for eitheheffunctions:; + ;.
Letj, k € {1,2,3},j # k. Then

2
Since) > Ay > <2d—dl) , we obtain that
2

2dy _ 2y _ dy

A TVAWE T VY

Now Proposition 3.2 implies that the equation

lcj — el <

Ei’(l’) + )\(El(l') + Cj)El({L') =0 (13)

does not admit a bounded nonzero solution for at most onewlji= 1, 2, 3.
Similarly, the equation
Ej(x) + Mea(z) — ¢j) Ex(x) =0 (14)

does not admit a bounded nonzero solution for at most onewlu= 1, 2, 3. Thus, for at least one
j = 1,2, 3 both equations (13) and (14) admit bounded nonzero sokitipandE,. Then, according
to Lemma 3.1F(xy1, z5) = E1(x1)Es(x9) is a solution of the partial differential equation

—AE([L’l, IL’Q) = )\(61(1’1) + 62(1’2))E({L’1,{L’2).

SincelL is clearly bounded and nonzero, Theorem 2.2 impliesXhsitn the spectrum of the operator
A. This proves Theorem 2.3. O

€1+ &9

4 On the spectra of one-dimensional problems

In order to prove Proposition 3.2, we need to conduct an mmnyistudy of the spectrum of the one-
dimensional differential operator
1 [/ d?
— | = - 15
: ( < ) | (15)

whereu andp arel-periodic functions and > 0. First of all, the Bloch theorem in one-dimensional
case implies the following result:



Theorem 4.1. (e.g., [9, Theorem 4.3.1]) Let € C*(R) be a positive-periodic function ang be
piecewise continuousperiodic function. Then the following are equivalent:

. 1/ d?
1. Misinthe spectrum of the operater— | — — p |.
u \ da?

2. The differential equation
E"(z) + Mu(x)E(x) + p(x)E(x) =0
has a bounded nonzero solutiéh
3. For somex € R, the cyclic (Floguet) boundary value problem

E'(z) + Au(z)E(x) + p(z)E(x) = 0,

E(l) = E(0)e™, E'(I) = E'(0)e™ (16)

has a nonzero solution.

Since the problem is now formulated on a finite interval, §hecsrum of (16) is no longer contin-
uous. The following lemma is standard:

Lemma4.2. 1. The spectrum of problem (16) is discrete and consists dfralecreasing se-
quence
A< <A<

such that\,, — oc.
2. The eigenvalues satisfy the variational principle
et s DD

VcH, fey  WwhH-fo
dimV =n f#0

where f; - f, = fol fi1(z) f2(z) dx is the L2-scalar product,/f} is a space of functiong <
H'0,1] such thatf () = ¢ f(0), andV is a vector subspace @f..

3. Each eigenvalug,, depends continuously on the parameter R,n =1,2,....

Indeed, due to ellipticity and compactness of the intertrad, analytic Fredholm theorem (e.g.,
[9, Theorem 1.6.16]) implies that the spectrum either ddie with the whole complex plane, or is
discrete. Since obviously large negative valuea afe not in the spectrum, the first statement of the
lemma follows. The second and third statements are alsglsti@arward.

In view of Lemma 4.2, the range of, as a function oty is a closed interval,,, called thenth
band of the spectrunpand the entire spectrum of the operator (15)(R) is the union of these bands
forn =1,2,.... The neighboring bands are either adjacent, or else thesepiagated by gap.



Now let us consider problem (16) for a fixed value@f The eigenvalues, )., ... (and the
corresponding eigenfunctions) can be explicitly compunettie special case whenis constant and
p = 0. To estimate)\,, in a general case, we will reduce the considerations to fasial case. The
first step here is to apply the Liouville transformation ($22]), which allows one to reduce the
problem (16) to a similar problem, but now with a constantction « and a different value of the
period/. This is done in Lemmas 4.3-4.5. The functieis altered as well, and this is why it has
been included in the problem (16) in the first place (in thdiappons we will havep = 0). Then the
influence of the functiom on the spectrum is estimated using the variational priedipée Lemma
4.4).

Letu > 0, u € C?[0,!]. Let us define a function

§(x):/oxmd7'.

Then¢ € C3[0,1] maps the intervab, [| homeomorphically onto the intervil, A], whereA = £(1).
We denote by its inverse function, which is defined ¢ A].
Let
B 5[11/]2 u//
T 16w 4u?’
The functiond is bounded and its upper bound can be easily estimated i1s tefrfanctionu.
The proof of the following lemma follows by a straightforwlazalculation.

(17)

Lemma4.3. Let £ be a function on0, /] and we introduce a new function

Then,
1. Forany\ € R, the function¥ is a solution of the differential equation
E"(z) + Mu(x)E(x) =0, x€][0,[]
if and only if the functior” is a solution to the differential equation

F'(y) + AF(y) +0(2(y))F(y) =0, yel0,A]

2. If additionallyu satisfies the periodicity conditiongl!) = «(0), «'(I) = «’(0), then the function
F satisfies the Floquet conditiod&(A) = F(0)e™, F'(A) = F'(0)e' if and only if ¥ satisfies
the similar Floquet condition& () = E(0)e', E'(l) = E'(0)e™.

Now we are going to compare the spectrum of the problem (1@hencasep = 0 with the
spectrum of an explicitly solvable problem.



Lemma4.4. Letu € C?(0,] be positive o0, /] and satisfy (with its first derivative) periodic bound-
ary conditions. Let alsa; < A\, < A3 < ... be the eigenvalues of the problem

E'(x) 4+ Mu(x)E(z) =0,

E(l) = E(0)é®, E/(1) = E'(0)e™. (18)
Further letAT < A3 < A} < ... be the eigenvalues of the problem
I —
F'(z)+ AF(z) =0, (19)

F(A) = F(0)e", F'(A) = F'(0)e'™,
where l
A :/ Vou(r) dr. (20)
0
Then|\, — 5| <sup|f]| forall n > 1, whered is defined in (17).

Proof Let, as before{(z) = [ v/u(r) dr, « € [0,1] and letz be its inverse function.
According to Lemma 4.3, a functioB is the solution to the boundary problem (18) if and only if
the functionF'(y) = /u(z(y))E(z(y)) is the solution to the boundary problem

F'(y) + AF(y) + p(y)F(y) =0,y €[0,£()], (21)
F(A) = F(0)e, F(A) = F(0)e',

wherep(y) = 0(z(y)). Hence we have a one-to-one correspondence between eigéafis of the
problems (18) and (21) which is linear and preserves eideesaTherefore, the sequence< Ay <
A3 < ...is also the spectrum of the problem (21).

By the variational principle (Lemma 4.2), we have

A — f sup f’~f'—(pf)'f’
VCH;{ fEV ff
dimV =n f+£0
A, = inf sup for

dimV =n £

wheref; - fy = fOA f1(z) f2(x) dx, H} is a space of functiong € H'[0, A] such thatf(A) = e f(0).

Since ('Of)}f‘ < sup |p| for any nonzero functiorf € H}, it follows that
[An = Aul < sup |p|
for all n > 1. Clearly,sup |p| = sup |#|. This proves the lemma. O

Let \; < Xy < A3 < ... be the eigenvalues of the problem (18). We recall thais actually a
continuous function of the parameter Note that the estimate o), obtained in Lemma 4.4 does not
depend onv. This allows us to estimate the entire bahg the range of the functioh,, («).
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Lemma 4.5. LetC' = sup |d|, whered is the function defined by (17), antdbe the number defined
by (20). Then, assuming that

ul U S
one has 2 n— 1)? 2
[TJFC’W_C] C J,.
Moreover, assuming that
0< 2—22 C,

one has the inclusion ,
m

|i0, F — C} C Ji
Proof Consider the eigenvalue problem

F"(y) + AF(y) =0,

F(A) = F(0)ei®, F'(A) = F'(0)¢i. (22)
Its eigenfunctions and eigenvalues are
2 .
M= () ) = e (MOEE) ke (29

Let A7, A3, ... denote the above eigenvalues arranged in ascendiag diften fore € [0, 7) we have

. aN? o, a—2r\> . o+ 2\’ . o —2mn\>
A1—<Z> ,/\2—< ~ ),...,)\%_1_<T) ,)\2n_< A )

Besides\, (27 — a) = A\, («) forall n > 1 and alla.
Let J* be the range ok} as a function ofy, i.e.

{ﬂn_ 1)2 ﬁﬂ] |

h=lTE R
In particular, we have\ (a;) = 7%(n — 1)2A72 and X () = m2n*A2fora; = 0, ay = wif nis
odd andw; = m, ap, = 0 if n is even.

By Lemma 4.4)\,(a1) — X (aq)| < C and|\,(az) — Al (ae)| < C. Thus the first statement of
the lemma follows. To prove the second statement, it remaimstice tha) always belongs to';,
since);(0) = 0. O
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5 Proof of Proposition 3.2

Before proceeding to the proof of Proposition 3.2, we neeadrtwre technical statements.

Suppose that some > 0 lies in a spectral gap of the operater,—*d?/dz?. We would like to
know whether it is possible to modify functianslightly, so that\ becomes covered by a spectral
band. Lemma 4.5 tells us thatis close to a number?n2A~2, wheren is an integer and! is defined
in (20). The next lemma explains how we need to chaAadge move all such numbers away from
The parametel in the lemma should be understoodrdsi —2.

Lemmab.1. Letby, by > 0, ¢ > 0. Suppose that
IA—bn?| <c
for somehy < b < b; and integem > 1. Then
A —bm?| > ¢
for any integerm > 1, provided that

4b,c b2
By 12V/\

and )\ > max {20, 360002190_1}.

Proof Assume thab satisfies conditions of the lemma. We show first that bn?| > .

. . . Lo 1
Indeed, since\ > 2¢, the inequality A — bn?| < cimplies thati < b—:\z? < 2. Then

N 4b 4ben?
A= bn?| > |b—bln® — [N — bn?| > 22— > 20

—c>2c—c=c.

A
Now we are going to show that— b(n + 1)> < —c and\ — b(n — 1)2 > ¢. This will complete the
proof.
We have
~ . 3/2 3/2n2
A=b(n+1)2 =X=b(n+1)2+b->b)(n+1)? < c—=b(2n+1)+ 2—<(n+1)?> < c—2bn+ - =
(n+1) (n+1)"+(b=b)(n+1) ()NX()_ Vo

1
2bnf b/ % n? / \/_boafn oA 2 [boXA 2

—c— = Db <c— ] =24 2 <

c oy 3\/__ <c 2+3 boA < ¢ 2+3 b\ <

w(ed)

By a hypothesis of the lemmgby\ > 60c, hence

—m<§—%)§0—600<§—%)<—c.
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It remains to prove tha — b(n — 1) > c. Since\ > 2c it is no loss to assume that> 2. We
have

_ B 3/2
A=bn—12=X=bn—12+b+b)(n—1)>>—c+b2n—1)— (n—1)2
2[
Sincen > 2, we have(n — 1)2 < n? and2n — 1 > n, then
b/ by VX /bobv/An?
—c+b(2n—-1)—- 2 n—12%>—c+bm——2-n?2>_—c+ — >
( ) 12\/X( ) 12v/X VA 12\
- ———\/bo)\>—c+ ———\/b0 = —c+ A(i—l)z
V2 6
1 1
—c+60c|{ —=— =] > 30c.
(5732
This finishes the proof of Lemma 5.1. O

Let ey be a continuous positive function ¢i 1]. For anyc > — inf ¢, let

:/Wd

As we know from Lemma 4.5, the quantity A(c)~2 is closely related to the location of the spectral
gaps of the operators,'d*/dz*. We need to know how it depends en

Lemma 5.2. Suppose thatl; < g9 < d, Whered; and d; are positive constants. Then for any

ce€ [-4,4] we have

T 71'2 71'2 2
Z el < _ < L
6| = ’A?(a) A?(O)’ <3z

and

Proof The functionA is well defined on[— } and smooth. We have

71
(o)=L (/1\/5 (x)—i—cdx) —/110/5 (x)—i—c)dm—/ld—x
de \ Jo 0 o de V0 0 2v/c0(z) + ¢
It follows that(2/dy + ¢) ™' < A'(c) < (2y/d; + c)‘l. Also, d; + ¢ < A(e) < V/dy + c.
Let us introduce a new functioB(c) = 72A~2(c). Then
72 A'(c)

Bl =510

Therefore,
2 , w2

o = POl o
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As a consequence,

c 7T2 | |
B(c) — B(0)| < ——dr| < ———.
|B(c) 0] = /0 4(dy + 7)? T) = 4dy(dy + <)
Similarly,
|c]
B(c) — B(0)] > ————.
1Ble) = B0 = g+
In the caséc| < d, /2, we obtain
mlel 7|

B0 - BOI < o5 = T

and

72|c| 72| c|
B(c) — B(0)| > > .
[B(e) = BO)] 2 Ady(dy + &) — 643

Also, in this case we have

Vdi/2 < V/di+c < Ale) < Vdy + ¢ < \/3dy/2,
hence

3dy — - d1
which proves the lemma. O
Now we are ready to prove the central Proposition 3.2.

Proof of Proposition 3.2 Recall that the function satisfiesl;! < e < dy, |¢'| < do, |¢"| < dp. Let
us introduce constants

272 5}
ag = 37[0’ aq :27T2d0, ("‘): §d8+dg,
24 a)? 360002
dl = ;aldg@, d2 67I'O2d(2)’ )\0 = Imax {2@, o s (Qd()dg)z} .
Suppose that for some> )\, the differential equation
E"+Xe+c)E=0 (24)

does not admit a bounded nonzero solutiondet 0. We shall show that this equation does admit
such a solution for any constansatisfying

(h S‘ ‘<_gl

VA
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First we introduce the following functions defined at leastf > —d":

a0 = [ Ve e

and

5’ ()]? e'(z)
0 = — .
() = ) +oF ~ i@ + o7
We shall need some estimates regardingndd.
Take anyc such thatd; /X < |¢| < dy/v/A. Notice thatlc| < 1/(2d,) sinceX > Xy > (2dyds)>.
Then Lemma 5.2 implies that

2

T | 2 2
62

< ™ 7 <7r2d(2)||
A=122e) ~ 220)| =2

and

71.2

A%(c)

Moreover, since + ¢ > ¢ — |¢| > 5, |¢'] < do, and|”| < do, we have

ap < < ay.

6//

Sl

16(c + )

o 5By
- 16(2d0)_3 4(2d0)

0] < ‘5

5 =0.

We assumed that the equation (24) does not admit a nonzeraledisolution fore = 0. By
Theorem 4.1 is not an eigenvalue of the operatef;%. According to Lemma 4.5, this implies
that

7r2n2
— ——| < sup |[#(x,0)]| <O
IO I
for some integern. > 1. By the above we have
‘ 2 - 2 ’>7T—2‘C‘>7T—2ﬁ_4a1@
A2(c)  A20)| T 642 T 6N A
and
2 2 ‘ < 7r2d3| < w2d2 dy ag/2
— c — = .
A2(c)  A200)] = 2 T2 h 12\
Since) > max {2@, %} it follows from Lemma 5.1 that
m2m?
A— ©
‘ 20|~

for any integem > 1.

Since sup |0(z,c)| < ©, Lemma 4.5 implies thaX is an eigenvalue of the operateri% or,
z€[0,1]
equivalently, the equation (24) has a bounded nonzeroisolut O
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6 Proof of Theorem 2.4

Let e be a positive continuous function @& periodic with respect to the integer lattice. Suppose that
1 . . . .
A > 0 belongs to the spectrum of the operator A or, equivalently, the differential equation
3
—AFE = \eFE

has a bounded nonzero solutiorfih. According to the Bloch theorem (Theorem 2.2), we can choose
the bounded solution that satisfies a Floquet condition

E(Jfl -+ llnl, T2 —+ lg’flg) = E(Jfl, x2>€i(an1+6n2) (25)

for somea, § € R and allzq, 2 € R, ny,ny € N. Then the functior is a solution of the following
boundary value problem in the unit square with quasipeti¢ati Floquet) boundary conditions:

—AFE = \eF,
E(1,25) = €2 (0, 23), 22 (1, 25) = € 22(0, 2»), (26)

il

E(x1,1) = P E(z4,0), BTEz(xl, 1) = eiﬁg—i(xl, 0).

Conversely, any solution of the boundary value problem (26) be extended to a solution of the
equation—AFE = \eF in the entire plane that satisfies the Floquet condition.(25)

The next standard statement collects the information atheuspectrum of the problem (26) that
we will need to prove Theorem 2.4.

Proposition 6.1. ([9, 15])

1. The spectrum of the problem (26) is discrete. Its eigemsform an nondecreasing sequence

O< A<, A, — .

2. Each eigenvalug,, is a continuous function af, 5 € R.

3. Dependence of the eigenvalue= )\, («a, 5; ¢) on the functiore is monotone. Namely,df< &
everywhere in the unit square, thap(a, 5; &) < A\, («, 5;¢).

The next lemma provides, also a standard, statement on depes on the dielectric functian
Lemma 6.2. For anyd > 0 andn there exist9 > 0 such that
[An(er, ;€)= Anla, B52)| <0
for all o, 5 provided thaté — ¢| < 4.

Proof. Clearly,
An(a, B; ke) = %An(a,ﬁ;f)
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for anyk > 0. Let us picks > 0 such that\, (o, §;¢) < ¢. Then

1

Mo, B; (1 + K)e) > T r

A, B58) > (1 — k) A\ (o, B58) > \(av, B58) — 0.

Also
An (a,ﬁ; H%) < (T4 K)A(a, Bse) < Ala, Bi€) + 9.

If the function¢ satisfies inequalities

3

<ée<(1
1+K_5_( + K)e

everywhere in the unit square, then, by Proposition 6.1,

e 5514 02) < Al 558) < A (0B ).

which implies that

|)‘n(a>ﬁ;§) - )\n(aaﬁ;gﬂ < 7.
Since

infe=pu >0,
we have
(14 K)e — e = ke > KU,
. € _ KE N Kb .
1+ 14k~ 14k

Thus, for any functioi such that

|5—€\§111—MK<W,

we havel\, (o, 5;€) — A\, (a, B;¢)| < 9. This proves the statement of the lemma. O
Let us fix the functiorx. For anyn let I,, = I,,(¢) denote the range of,(«, 5; ) as a function of
«a andg. It follows from Proposition 6.1 that, is a closed interval. Note that this interval lies in the

1 : : :
spectrum of the operater— A acting on the entire plane. Furthermore, the spectrum istigxthe

£
union of the intervald; (¢), Ix(¢), . . ..
The following statement about the spectrum of the Laplaaraipr is well known (e.g., [17]),
and can be proven easily, so we skip its proof:

Lemma 6.3. In the case = 1, the intervalsly, I, I3,... overlap. That is, for any the intersection
I, N I,,1 has a nonempty interior.

17



Proof of Theorem 2.4. We can now address the proof of the remaining result, The@dnwhich
follows rather immediately from Lemmas 6.2 and 6.3. Indeed:

The spectrum of the operater "' A is the union of the intervalg (¢), I5(¢), . . . defined earlier in
this section. Hence we need to show that for any 0 this union covers the intervé, A] provided
that the functiore is close enough to 1 uniformly.

Let I, (1) = [ay, b1], [2(1) = [aq, bs), . ... According to Lemma 6.3;,,.; < b,. GivenA > 0, let
us takeN such thaby > A. Let

r .
= 3 1£1<nN(bn — Upy1)-
By definition,2v, is a lower bound on the length of the intersectipm/,,.; forn =1,2,..., N —1.
Further, let) = min{vdy, A — by }.

We haveu,, = A\, (o, Bn; 1) andb,, = A\, (o, B1; 1) for somea,,, 5, o), 5, € R. By Lemma 6.2,

there exist$ > 0 such that
[ An(cm, Bni€) — an| <,

‘)\n<a;w/6;z;€) - bn‘ < Y

forn =1,2,..., N whenever the functioa satisfiessup |e — 1| < 4. Since the points,, (., 5,; )
and\, (), 4.;¢) lie in the intervall, (¢), we obtainl,(¢) D [a, + ¥,b, — ¥]. Moreover,[;(c) D
0,0, — 9] asA1(0,0;¢) = 0 (indeed, the constant function is an eigenfunction of thablam (26)
with periodic boundary conditions for = 0). By the choice of¢, the intervalsi,,(¢) and I,,,:(¢)
overlap forn = 1,2,..., N — 1. Besides, the right end of the intervh{(¢) lies to the right of
the pointA. Thus the intervalg,(¢), I>(¢),...,In(¢) cover the interval0, A] without any gaps. This
finishes the proof of Theorem 2.4. 0J

Final remarksand acknowledgments

In this paper, we only considered thepolarized modes for electromagnetic waves propagatomgl
the periodicity plane of 2D photonic crystal with a separable dielectric function. fEhelearly
remain several issues to consider. The separability dond# a strong restriction, and thus one would
want to avoid it. Besides, the case of fullyp periodic photonic crystals has not been considered.
The author plans to address these questions in the futufe wor

The author is grateful to Peter Kuchment and Yaroslav Vasofme helpful discussions.
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