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Dendroid sets of permutations

Let 1; 2;:::; n2 S. A cycle diagramof the sequence is the CW
complex with the set of verticetl; 2;:::;dg with 2-cells corresponding to
the cycles of the permutations;.

The sequence is calledendroidif its cycle diagram is contractible.
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Examples

d=3 —— /A
i-4+ —— 4 1 0O
i=5 e = X XY O (O
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Properties of dendroid sets

If 1; 2;:::; nisdendroid, then 1 >
If 1; 2::::; nis dendroid, then
1 k]_; ki+1 kz;

is a dendroid sequence.

n is a transitive cycle.

o km+1 n
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Iterated monodromy groups of polynomials
IMGs of polynomial iterations

A sequence

f1

ctcflch

of polynomials igost-critically nite if there is a nite setP  C such that
for everyn the set of critical values of; f; fn is contained inP.
Examples are constant sequences of p.c.f. polynomials grsmuuence of
zZand 1 Zz2

Theorem

A group acting on a rooted tree T is the iterated monodromy gpoof a
post-critically nite sequence of polynomials i it has a gerating set

nth level of T is dendroid.
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Let fy;fo;:::; be a sequence af? and 1 z2 in some order. Then its IMG
is generated byay; by, which are given by
a=  @awm) (@)= 22
(Libna) iffa(z)=1 22
b= (b)) ()= 22

(Lianst) iffa(z)=1 22
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SEEEN  Iterated monodromy groups of polynomials

Julia sets of forward iterations af and 1 z2
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SEEEN  Iterated monodromy groups of polynomials

Julia sets of forward iterations af and 1 z2
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CILEREEE CIgIEED
Quadratic polynomials

Post-critically nite quadratic polynomialsz? + ¢ are parametrized by
rational angles 2 R=Z in the following way.

Mandelbrot setis the setM of numbersc 2 C such that the sequence

is bounded, wheré (z) = z? + c.

There exists a unique bi-holomorphic isomorphism CnD! CnM

tangent to identity at in nity. HereD=fz2 C : jzj 1g.
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SEPESS  Quadratic polynomials

Mandelbrot set
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CILEREEE CIgIEED

The imageR of therayfr e 21 : r 2 (1;+1 )gunder is called the
parameter ray at the angle.

We say thatR landson a pointc2 M ifc=lim,g1 r e 21 .lItis
known that rays with 2 Q=Z land.
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CILEREEE CIgIEED

If the orbit ff "(c)g, 1 of ¢ is pre-periodi¢ then c belongs to the
boundary ofM and it is a landing point of a nite number of parameter
raysR . Each such is a rational number with even denominator.

If 2 Q=Z has even denominator, then the r& lands on a pointc 2 M
such that the orbit ofc under action off (z) = z? + ¢ is pre-periodic.

For example, the landing point dR;— isi. The orbit of i underz?+ i is
i7l 1+i7! i7" 1+i. The orbit of 1=6 under angle doubling is
1=67! 1=37! 2=37! 4=3 = 1=3.
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CILEREEE CIgIEED

If ¢ is periodic, thenc is an internal point ofM. There are two rays
R ,; R, landing on theroot of the component ofv to which ¢ belongs.

Both angles ; have odd denominators and their periods under angle
doubling are equal to the period af under the action ofz? + c.
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CILEREEE CIgIEED

For example, the orbit of 1 underz® 1is 17! 07! 1. The
corresponding angles areed and 2=3. The action of angle doubling is
1=37! 2=37! 4=3=1=3.
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CILEREEE CIgIEED

Fix 2 Q=Z. The points =2 and ( + 1) =2 divide the circleR=Z into two

open semicircle§y; S;. Here Sy is the semicircle containing O.
=2

( + 1) =2
Kneading sequencB IS X1%2 1, where
8 .
< 0 ifX 25

Xxx=_ 1 if2x 25
if 2 2f =2;( +1)=2g
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CILEREEE CIgIEED

Denote forv = x1::: Xy 1 by K(v) the group generated by

(1A - _ (&1 ifx=0;
a= (1 an); q+1 = (La) ifx=1:

Denote forw = y1:::yc 2 X andv = Xg:::X, 2 X such thatyx 6 x, by
K (w; V) the group generated by

(

(bj;1) ify =0

(l;bj) if){jZl

(bx;an) ifyw=0andxy=1;_  _ (a;1) ifx=0

(@mb) fy=landx=0;"""" (La) ifx=1

by = ; bj+1 =
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CILEREEE CIgIEED
The automaton generating (X:Xo:: 1 Xn 1)
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CILEREEE CIgIEED
The automaton generating (y1:::Vk; X1 :::Xn)

V. Nekrashevych (Texas A&M) Iterated monodromy groups August, 2009 Bath 18/ 30



CILEREEE CIgIEED

Theorem (L. Bartholdi, V. N.)

Denote by Z+ ¢ the polynomial corresponding to the angle2 Q=Z.
If P=(x%:::% 1 )%, then

IMG Z?+c = K(X1X2::i%n 1):

If b= yiyo i Yk(XiXo 11 %)t , then

IMG z?+c = K(Y1Y2:: Yk XaXo:iiXn)

\Smooth" examples: for =0: IMG z? = K(?)= Z,for =1=2:
IMG z2 2 = K(1;0)= D; .
If we take =1=3, then¥=3=(1 )! and hencdMG z2 1 is
generated by

a= (1 a); a=01;a):
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CILEREEE CIgIEED
L-presentation

Fixv = X3:::X, 1. De ne the following endomorphism of the free group:

(
, 9. , a4 ifx =0
= a 1] i) — .
@)=a @=L
Let R be the set of commutators
h o
U
ailaj b

where 2 i;j n,andk=0;2ifx 16 X randk=11if xi 1= X 1.

Theorem (L. Bartholdi, V. N.)
D E
K(v)= &a;:ii;a8y " (R)forall™ 0 :
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CILEREEE CIgIEED

Corollary
Write p(t) = X, 1t + Xn ot?+ + x1t" 12 Z[t]. Then the groupK (v)
is isomorphic to the subgroufs; at;at’;:oca" i of the nitely presented
group

D o o E

at a" 2@ ghgla. gha’a foralll ick<n :

Open problem: Find similar embeddings for other IMGs and their relatio
with the topology of the respective maps.
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CILEREEE CIgIEED

Theorem (D. Schleicher, V. N.)

Let f; and £, be post-critically nite quadratic polynomials. The folldng
conditions are equivalent.

@ IMG (f;) and IMG (f,) are isomorphic as abstract groups.

@ There is a homeomorphism between the Julia setsi0aiid b,
conjugating the corresponding dynamical systems.

© The corresponding kneading sequences coincide.

v

In particular, if IMG (f1) and IMG (f;) are isomorphic, then the Julia sets
of f1 andf, are homeomorphic.
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CILEREEE CIgIEED
Example: rabbit and airplane

Consider the groups:

G =hy= (L;c1); bi=(1;a); c1=(1;by)i;

G =hp= (1;c); b2=(1;a); c2=(hy;1)i:
They are IMGs of two polynomials with critical point of pedd:

Z2 0:1226:::+0:7449:::i; z%2 1.7549::::

They are not isomorphic, since the Julia sets of these polgiads (known
as \Douady Rabbit" and \Airplane") are not homeomaorphic.
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CILEREEE CIgIEED
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CILEREEE CIgIEED

Theorem

The closures of the groups;Gnd G in the automorphism group of the
binary tree coincide.

For every nite sets of relations and inequalities betwedre tgenerators
a; by; c; of G, there exists a generating sef@?; c? of G, satisfying the
same relations and inequalities.
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Quadratic polynomials
ap; by; ¢, generate a free monoid
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A zoom of the Douady Rabbit
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A zoom of the Douady Rabbit
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CILEREEE CIgIEED

Theorem

Let f be a post-critically nite polynomial. If there existwto nite Fatou
components of f with intersecting closures, th&dG (f) contains a free
subsemigroup.

There are more examples t¥1G (f) of exponential growth, since every
semi-conjugacy of dynamical systems induces an embeddinigeol MGs.
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CILEREEE CIgIEED

The following is a result of K.-U. Bux and R. Perez.

Theorem
IMG z2+ i has intermediate growth. J

An earlier exampls is the Gupta-Fabrikowski group, which is
IMG z3( 3=2+i 3=2)+1 .

Which polynomials have IMG of intermediate growth?
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