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Letw 2f0;1g! andw =
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LetDw = h w; w; wi.
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w =

XW.

=( w w)

(w1 ifx=0,
1, w) ifx=1.

= Goio1:: (a Grigorchuk group).
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Family D y

Proposition

Suppose that b; h1; hy, are conjugate to w; w; w in Aut(X ). Then

there exists a unique %2 f 0; 1g' such that hy; hy; h, are simultaneously
conjugate to 0; wo; wo.

o F = = DA

V. Nekrashevych (Texas A&M) May 6, 2006, Vanderbilt 6/25

A Cantor set of groups



Family D y

Proposition

Suppose that b; h1; hy, are conjugate to w; w; w in Aut(X ). Then
there exists a unique %2 f 0; 1g' such that hy; hy; h, are simultaneously
conjugate to 0; wo; wo.

4

Corollary

For any w2 f 0; 1g* the set of w2 f 0;1g' such thatD,, is conjugate
with Dy is at most countable.

o F = = DAy

V. Nekrashevych (Texas A&M) A Cantor set of groups May 6, 2006, Vanderbilt 6/25



Family D y

Proposition

Suppose that b; h1; hy, are conjugate to w; w; w in Aut(X ). Then
there exists a unique %2 f 0; 1g' such that hy; hy; h, are simultaneously
conjugate to 0; wo; wo.

4

Corollary

For any w2 f 0; 1g* the set of w2 f 0;1g' such thatD,, is conjugate
with Dy is at most countable.

Theorem

GroupsDy, and Dy, are isomorphic if and only if they are conjugate in
Aut (X ).
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Family R w

The FamilyR,,

Letw 2f0;1g' andw = xWw.

De ne
w= @ w);
_ (w;1) ifx=0,
YT ow) ifx=1,
w=01; w):

LetRw =h w; w; wi.
Ri1 = IMG z?+( 0:1226:::+0:7449:::i) and
Roo: = IMG z2 1:7549::: .
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The space of nitely generated groups

The Space of Finitely Generated Groups

has a natural topology.

Two groups are close if their Cayley graphs coincide on acldrgll.
It is induced from the direct product topology o2, if we identify a
group with the kernel of the canonical epimorphism.

=] F = B E DAl
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(1983). He studied a Cantor set séiG,, g of 3-generated groups.

C. Champetier (2000) proved that the isomorphism relation G, is not
smoothand showed, using methods of A. Olshanskiy, that the closoire

the set of hyperbolic groups contains \exotic groups" (argldlso a Cantor
set).

Y. Stadler and L. Guyot studied the set of limit points &(m;n) as
ntl
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Theorem
The mapf0;1gt ! Gz
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Let

Then the map

f 0;1g* be the set of sequences which have in nitely many ze
I Gs

W 7! (Dw; wi ws w)
is a homeomorphic embedding.
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The space of nitely generated groups

Theorem

Two groupsDy, and Dy, are isomorphic if and only if the sequences w

and w, are co nal, i.e., if they are of the form w= viu and w = v,u for
jvaj = jvaj.
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The space of nitely generated groups

Theorem

Two groupsDy, and Dy, are isomorphic if and only if the sequences w
and w, are co nal, i.e., if they are of the form w= viu and w = v,u for
vij = jvaj.

The isomorphism classes are dense and countable in the yamil

fR wQwor 0;1gt -

Corollary

For any w;w» 2 f 0;1g> and any nite set of relations and inequalities
between the generators &®,, there are generators dRy, such that the
same relations and inequalities hold.
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The space of nitely generated groups

Theorem

Let nh 2n+i 2n+1 2n+1
R = o T T

fori=0;1, and

= =

—~~ ~~

~ ~
| 1

Then for every w= x1x2::: 2 f 0; 1gt

5

X1 X2 Xn 1 (RXn)
n=1
is a set of de ning relations oR .
v
= & =] B E DAl
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( wwaroagt 5 wwaroagt 5 ( wwar 0.1
This group can be de ned as

\

hy i Nw ;
w2f 0;1gt

whereN,, is the kernel of the epimorphism 7!

Let us callD the universal groupof the familyfD ,,g.
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Universal groups of the families

The universal grouD is also self-similar.
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Universal groups of the families

The universal grouD is also self-similar. It is generated by

=(1;2)(3;4)
=(;:5 )
=(:; 11 )

Identify 1 (0;0),2 (1;0),3 (0;1)and4 (1;1).
Then D acts only on the rst coordinates of letters.

Let Ty,y,: be the subtree consisting of the words

(X3 y1)(X2; ¥2) 111 (Xn; Yn)-

The subtreesT, are D-invariant.

Restriction ofD onto Ty, iS Dy .

o F = = DA
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Universal groups of the families

A bigger group

Let B be the group generated by
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A bigger group

Let B be the group generated by

=@ 2)(34) a=(13)(24);
=(; ) b=(a; a; c;c);
=(; L1 ); c=(b; b; bib):

Note that the groupB permutes the subtrees,,.

o F = = DA
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Universal groups of the families

Proposition
The following relations hold.
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Proposition
The following relations hold.
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- . . C —
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Universal groups of the families

The subgroupD C B coincides with the set of elements acting trivially on
the second coordinates of letters
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Universal groups of the families

The subgroupD C B coincides with the set of elements acting trivially on
the second coordinates of letters (i.e., leaving the sub&&,, invariant).

Hence, the quotientH = B=D acts naturally on the binary tree by the
action

a= ; b=(ac); c=(b;b):
a=(13)(24) b=(a; a; c;c); c=(b; b; b;b):

The group® permutes the subtree$,, in the same way a$l acts on
w2f0;1gt .

Consequently, ifv; and w, belong to oneH-orbit, then Dy, and Dy, are
isomorphic.

o F = = DA

V. Nekrashevych (Texas A&M) A Cantor set of groups May 6, 2006, Vanderbilt 18 /25



Universal groups of the families

An overgroup oR

Let R B R be generated by

= (1;:;1); a= (ceL1); o= e Ylcl
=(; L1 ); b=(1;14a4a); I1 = (lo; lo;lo; lo)

=(1;;L); c= 1;:b Yb; L=(lglglglh);

L,

where =(12)(34): (0;y) $ (L;y) and =(13)(24):(x;0)0$ (x;1).
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Universal groups of the families

An overgroup oR

Let R B R be generated by

= (,,;1 ); a= (cc11);
=(; 11 ); b=1;Laa;

=(1;;%); c=1L;b %Yb;

lo= lc Ylcila 1l
l1 = (lo; lo; lo; o)

l2=(lg; 115125 11) 5

where =(12)(34): (0;y) $ (L;y) and =(13)(24):(x;0)$ (x;1).
The groupR acts on the second coordinates as

a= (c;1);b=(;a);c=(1;b);

ro = (rac;r2);r1 = (ro;ro);r2 = (ri;r):

o & =] B A
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D as iterated monodromy groups

Let us identifyCy with C.
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We may assume that Aand B coincide with 0 and 1, respectively.

V. Nekrashevych (Texas A&M)

A Cantor set of groups

A
May 6, 2006, Vanderbilt

21/25



D as iterated monodromy groups

Let us identifyCy with C. Then there exist unique complex structures on
Ci such thatf; are holomorphic (i.e., are polynomials).

We may assume that Aand B coincide with 0 and 1, respectively.

Then positionp; 2 C of ; parametrizes the complex structure df.
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We may assume that Aand B coincide with 0 and 1, respectively.

Then positionp; 2 C of ; parametrizes the complex structure df.

fi is a quadratic polynomial such that
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Let us identifyCy with C. Then there exist unique complex structures on
Ci such thatf; are holomorphic (i.e., are polynomials).
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D as iterated monodromy groups

Let us identifyCy with C. Then there exist unique complex structures on
Ci such thatf; are holomorphic (i.e., are polynomials).

We may assume that Aand B coincide with 0 and 1, respectively.

Then positionp; 2 C of ; parametrizes the complex structure df.

fi is a quadratic polynomial such that
@ its critical value is 0,

o fi(0) =1,
O fil)=pi 1,
Q andfi(pi) = 1.
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Let us identifyCy with C. Then there exist unique complex structures on
Ci such thatf; are holomorphic (i.e., are polynomials).

We may assume that Aand B coincide with 0 and 1, respectively.

Then positionp; 2 C of ; parametrizes the complex structure df.

fi is a quadratic polynomial such that
@ its critical value is 0,

Q fi(0)=1,
Q fi()=pi 1,
Q andfi(p) = 1.

i

We getf; = (az+1)? andap +1= 1,

o F = = DA

V. Nekrashevych (Texas A&M) A Cantor set of groups May 6, 2006, Vanderbilt 21/25



D as iterated monodromy groups

Let us identifyCy with C. Then there exist unique complex structures on
Ci such thatf; are holomorphic (i.e., are polynomials).

We may assume that Aand B coincide with 0 and 1, respectively.

Then positionp; 2 C of ; parametrizes the complex structure df.

fi is a quadratic polynomial such that
@ its critical value is 0,

Q fi(0)=1,
Q fi()=pi 1,
Q andfi(p) = 1.

i

2
We getf; = (az+1)2andap +1= 1, hencefi(z)= 1 2
2

Pilzlé

o F = = DA
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D as iterated monodromy groups

We get thus a map
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D as iterated monodromy groups

We get thus a map

0 , 1
1 2z
z p
F 7@ L, A
p 1 2
pi
o & =] B E DAl
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D as iterated monodromy groups

We get thus a map

0 , 1
1 2
F: 2 710 PA
p 1 2
pi
IMG (F) coincides withhab;ac; ; ; i and
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D as iterated monodromy groups

We get thus a map

0 , 1
1 2
F: 2 ne@ A
p 1 2
pi
IMG (F) coincides withhab;ac; ; ; i and
2
IMG (F)=D = IMG 1 2
- S i = = 9ace
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D as iterated monodromy groups

The family Ry, can be de ned in the similar way, but starting from the

map I

2
Z g 1%2
"
p %
o & =y < E, E WA
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