5. Iterated monodromy groups

5.1. Expanding coverings. Let f : X — X be an expanding covering map.
Let € > 0, L > 1, and a metric d on X" are such that d(f(z), f(y)) > Ld(z,y) for
all z,y € X such that d(z,y) <e.

By definition, f : X — X is a covering map if for every x € X there exists
an open neighborhood U of x that is evenly covered, i.e., such that f~1(U) can be
decomposed into a disjoint union f~1(U) = Uy UU,U- - -UU,, such that f : U; — U
is a homeomorphism for every i. The decomposition is finite, since X is compact
(hence f~!(z) is compact for every # € X). Note that in general (if X is not
locally connected) the decomposition is not unique. But we can use the fact that
f is expanding to choose canonical decompositions for sets U of small diameter as
follows.

Since X' is compact, there exists a finite cover U of X by open evenly covered
sets. Then, by Lebesgue’s lemma, there exists g > 0 such that for every set B of
diameter less than dy there exists U € U such that B C U. It follows that every set
of diameter less than dy is evenly covered.

Consider decompositions of f~1(U), for U € U, into disjoint unions U =
Uy U---UU, such that f : U; — U are homeomorphisms, and consider the
corresponding inverse maps f~! : U — U;. By continuity of these inverse maps,
there exists § < do such that for every set A of diameter less than & the set f~1(A)
can be decomposed into a disjoint union of sets A; U---U A,, of sets of diameter
less than €. Then the diameters of A; will be less than L~'6. Note that then
distance between any two different points of f~!(x) for z € X is not less than e.
Consequently, for any x1 € A; and x5 € A; for i # j we have d(z1,z2) > e—2L7 4.
If § is small enough, then ¢ — 2L~1§ > §, and we get the following.

LEMMA 5.1. If § is small enough, then for every set A C X of diameter less
than § the set f~1(A) is decomposed in a unique way into a disjoint union f~1(A) =
A U---UA,, such that f : A; —> A are homeomorphisms, sets A; have diameters
less than 8, and distance between any two points belonging to different sets A; is
greater than §.

We will call the sets A; the components of f ~1(A). For n > 1, the components of
f~"(A) are defined inductively as components of f~1(A;), where A; is a component
of f~(»=1(A). Note that since components of f~'(A) are of diameter less than
L=1§ < §, we have a unique decomposition of f~"(A) into components. If A is
connected, then components of f~"(A) are its connected components.

Fix some § > 0 satisfying the conditions of Lemma Let U C X be a set
of diameter less than 6. Consider the rooted tree Ty whose nth level is the set of
components of f~"(U), and in which a component A of f~"(U) is connected to the
component f(A) of f~(=1(U). The root is f~°(U) = {U}.

Similarly, for every x € X, denote by T, the tree whose levels are the sets
f~"(x), in which a vertex t € f~"(z) is connected to the vertex f(t) € £~V (z).
For every z € U the trees T, and Ty are naturally isomorphic: the isomorphism
maps a vertex t € f~"(x) of T}, to the unique component of f~"(U) containing t.

The boundary 0T, of the tree T, is the inverse limit of the sets f~"(x) with
respect to the maps f : f~"(z) — f~ (=Y (z). In other words, it is the space of
all simple (i.e., without repetition) infinite paths in 7T, starting at the root with the
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topology of coordinatewise convergence: two paths are close to each other if they
coincide on a long initial segment. The boundary 07y is defined in the same way.

Consider the natural extension f : X — X of f: X — X. Let P: X — X
be the natural projection map. For every set U C X of diameter less than o
the set P~Y(U) C X is naturally decomposed into the direct product U x 9Ty .
Namely, every point (xg,x1,...) € Xis a point of 9T,,. Let & € 9Ty be the
image of this point under the natural isomorphism 7, — Ty;. The point £ is the
unique sequense (U, Uy, Us,...), where U, is the component of f~"(U) containing
Zn. Then it is easy to see that the map (zg,x1,...) — (2o, &) is a homeomorphism
P Y U) — U x 0Ty.

Suppose that A, B C X are sets of diameters less than ¢ such that AN B # (.
Then for every component A; of f~1(A) there exists a unique component By of
f71(B) such that Ay N By # 0 (if there is another such component B}, then for
any points z1 € By NA; and 25 € B{ N A; we have d(x1,22) < §, which contradicts
our choice of U). By induction, for every component A, of f~"(A) there exists
a unique component B,, of f~"(B) such that A, N B, # 0. It follows that there
exists a unique map S p : Ta — Tg such that VNS4 (V) # 0 for all vertices V
of Ty. It is easy to see that it is an isomorphism of rooted trees. It is equal to the
composition of the natural homeomorphisms Ty — T,, — T for any x € AN B.

We will also denote by S4 p the induced homeomorphism 074 — 01p. It
describes the gluing rule between the pieces P~1(A) and P~1(B) of X for the
decompositions P~1(A) = A x T4 and P~Y(B) = B x 9T.

LEMMA 5.2. If Uy, Uy, Us be subset of diameter less than § such that Uy NUs N
Us # @, then SU2,U3 o SUl,UQ = SU1,U3-

PRrROOF. Choose a point x € Uy N Uy N Us. Then SUl.’U]. is equal to the compo-
sition of the natural isomorphisms Ty, — T, — Ty;. ([

Let U be a finite set of subsets of X' of diameter less than § such that their
union is whole X. Recall that a nerve of the cover U is the simplicial complex with
the set of vertices equal to ¢ in which a subset C C U is a simplex if and only if
Nacc A is non-empty.

Let T'y; be the nerve of the cover U. For every edge (Uy, Us) of T'y; we have the
isomorphism Sy, v, : Ty, — Ty,. For every path v = (U1,Us,...,U,), we get
isomorphisms Sy, v,,,. Their composition is an isomorhism S : Ty, — Ty,,.

It follows from Lemma that paths homotopic in I'yy define equal isomor-
phisms. In particular, the map v — S, is a homormophism from m (I'y,V) to
the automorphism group of Ty. Let us denote the image of 71 (T'y, V) under this
homomorphism by IMG (f,U, V). Note that every isomorphism Sy, v, induces an
isomorphism IMG (f,U,U;) — IMG (f,U,Us) (by conjugation). It follows that if
the nerve T'y is connected (e.g., if X is connected), then the group IMG (f,U,V)
does not depend on V. We call the group IMG (f,U, V) the iterated monodromy

group.

LEMMA 5.3. Suppose that Uy and Uy are finite covers of X by sets of diameter
less than § such that for every element A € U, there exists B € Us such that
A C B. Suppose that Uy € Uy and Uy € Uy are such that Uy C Us. Then
Sty 0, IMG (f, Uy, Ur) Su,.u, <IMG (f,Uz, Us).
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ProOF. Consider the nerve I'y,uy,. Then I'y, are sub-complexes of L'ty i, -
Let (Ui, A1, Aa, ..., A,,Up) be aloop in Iy, . Let B; € Us be such that A; C B;.
Then (Us, By, Bs,...,B,,Us) is a loop in I'y,. Note that {B;, Bi+1, 4;, Aig1},
{Us, B1,U1, A1}, and {Us, B,,, Uy, A, } are simplices in Ty, - It follows that the
loop (Us, Uy, A1, Aa, ..., Ay, Uy, Us) is homotopic in 'y, gy, to the loop (Ua, By, Ba, .
which implies that the automorphisms of Tt;, defined by them are equal. ([

LEMMA 5.4. Suppose that Uy and Us are finite covers of X by sets of diameter
less than § such that every element of Uy is connected and is equal to a union of

elements of Uy. Then IMG (f,Us,Us) < S,};’UllMG (f,Uh,Uy) Su,.u, -

PROOF. Let v = (By = Uy, By, Ba,...,Bn_1,B, = Us) be a loop in T'y,.
Choose x; € B;N B;y1 for ¢ =0,...,n — 1. Since each B; is connected and equal
to a union of elements of Uy, for every 4 there exists a path A, ;, As;,..., Ay, in
Iy, such that A;; C B; and z;—1 € A1 4, x; € Ay, ;. Replacing in the loop v the
vertex B; by the path (A3, A2, ..., Ak, i), we will get a loop in I'y, homotopic in
FLhUZ/lz to 7. U

As a direct corollary of Lemmas [5.9] and [5.4] we get the following.

PROPOSITION 5.5. Suppose that X is locally connected and connected, and let

U be a finite cover of X by open connected sets of diameter less than §. Then
IMG (f,U,U) does not depend on U and U.

If IMG (f,U,U) does not depend on U and U, then we denote it IMG (f).

5.2. Iterated monodromy group for path-connected spaces. Suppose
that X is path connected and locally path connected. Let v be a path starting at
t; € X and ending in t; € X. By uniqueness of lifts of paths by covering maps,
for every z € f~1(t) there exists a unique path «, starting in z and such that
f(y2) = 7. Similarly, for every vertex z € f~"(t) of the nth level of the tree T;
there exists a unique path v, starting in z such that f™(y,) = 7. Let v(z) be the
end of v,. Then the map z — ~(z) is an isomorphism T;, — T},. Let us denote it
by S,.

In particular, the map v — S, is a homomorphism from the fundamental
group 71 (X, t) to the automorphism group of T;. Its image is called the iterated
monodromy group of f: X — X. It is easy to see that it does not depend (up to
conjugacy of automorphism groups of rooted trees) on the choice of the basepoint
t.

PROPOSITION 5.6. If the space X is path connected and locally path connected,
then our two definitions of iterated monodromy groups (using covers and using
paths) coincide.

5.3. Modelling expanding coverings by graphs. Let f: X — X be an
expanding covering, let ¢ > 0 and L > 1 be such that d(f(z), f(y)) > Ld(z,y) for
all z,y € X, d(x,y) < €, and let § be as in Lemma We do not impose any
connectivity conditions on X in this subsection.

Let U be a finite cover of X by subsets of diameter less than §. Denote by U,
the set of components of f~"(U) for U € U. We also denote Uy = U.

Denote by I',, the nerve of the cover U,,.

. 'aBTH U2)a
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The map f induces simplicial maps f,, : T'y11 — Ty, by the rule that f,,(U) =
f(U), where f(U) is the image of U as a set under the map f: X — X, ie., U is
a component of f~1(f,(U)).

LEMMA 5.7. The maps fr, : Tpy1 — Ty are coverings.

PRrOOF. For U € U,,, denote by Ny the sub-complex of I', equal to the union
of simplices containing U.

It is enough to show that f : Ny — Ny) is an isomorphism for every
U € Up+1. Tt is obviously a simplicial map.

Let us show that f : Ny — Ny is injective on the set of vertices adjacent
to U. Suppose that it is not, then there exist elements A, B,C € U, 11 such that
ANC and BN C are non-empty, and f(A4) = f(B). But then there exist z € A
and y € B such that d(z,y) < §, which contradicts the conditions of Lemma [5.1]

For every simplex A = {f(U), A1, Aa, ..., A} of T',, containing f(U) there ex-
ists a unique simplex A" = {U, By, Ba, ..., Br} = {U, Syw),a,(U), Sywy,a,(U), ..., Ssw),a,(Br)}
of I'y 41 containing U such that f(A’) = A. Consequently, f : Ny — Ny is an
isomorphism. O

DEFINITION 5.1. We say that U is semi-Markovian if for every U € U, there
exists U’ € U such that U C U’.

LEMMA 5.8. There exists a finite semi-Markovian cover.

PROOF. Let V be a cover of X by sets of diameter less than dg. As before,
we denote by V), the set of components of f~™(A) for A € V. Define, for every
V €V the sets V(™ inductively by the rule that V() =V, and V(**1 is equal to
the union of V(™ and all elements W € V41 such that W N v+ £ (). Define
V) =, 5, V™, and let V() = (V=) . V € V}.

Diameter of V(") is less than

2001+ L '+ L%+ + L") <25/(1-L7").

Consequently, diameter of V() is not more than 25,/(1 — L™'). Assume that
8o < (1 = L71)§/2. Then all elements of V(> have diameters less than 4.

It is easy to see that then (1,)(>) = (V(*°)), and that if U € V; and V € V
are such that U NV # ), then U (as an element of Vl(oo)) is contained in V(%)
which implies that V() is semi-Markovian. (I

Let U be a semi-Markovian cover. Choose for every U € U an element +(U) €
Uy such that U C «(U). Tt is easy to see that ¢ is a simplicial map (that it sends
simplices to simplices).

Since U and «(U) intersect, the map Sy, : Tuy — T,v) is defined. For
every n it defines a bijection between the set of components of f~"(U) and the set
of components of f~"(4(U)). These sets are subsets of U,,+1 and U, respectively,
and union of the maps Sy () for U € U; is a map from U,, 1 to Uy, which we will
denote ¢,,.

Equivalently, ¢,,(A) is the unique component of f~1(1,,_1(f(A))) containing A.

The map ¢, is uniquely defined by the condition that if A is a component of
f~™(U) for U € U, then ¢, (A) is the unique component of f~"(:(U)) such that
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tn(A) D A. Tt follows that ¢, : I'yy; — T, is simplicial and that the diagram

ln41
Fn—|-2 — Fn—i—l

(3) J/fn{»l lfn
Fn-i—l L—W> Fn

is commutative.
Let us show that the pair fo,:0 : I'y — I'g uniquely determines the sequence
fn, Lp - Fn+1 — Fn

PROPOSITION 5.9. Let fn be the complex whose set of vertices is equal to the

set of sequences (v1,va,...,v,) of vertices of 'y such that fo(v;) = to(vi—1). A set
{(v1s,v2i5 . ., Ung) i=1,.. & @5 a simplex of Ty, if {vj1,vje,..., vk} is a simplex for
every j =1,...,n.

Then there exists isomorphisms ¢, : fn — I',, such that

fn(¢n+1(vl7 V2, ... 7Un+1)) = an('UQ, V3,... ,’Un+1)
and
Ln(¢n+1(vla V2, ... ,’L)n+1)) = d)n(vla V2, ... ,’Un)
foralln > 1.
PROOF. Let us construct and prove properties of ¢, by induction. For n =1

the graph fl coincides with I'y, so set ¢; to be equal to the identity map.
Suppose that ¢y, is defined and satisfies the properties of the proposition. Let

(v1,v2,...,U,41) be an arbitrary vertex of 'y .
If n = 1, then we have vy C f(v1), since (vi,v2) € T'y. For n > 1 we have
We have ¢n(U2,U3, s ,Un—l-l) C f(¢n(vl,v2> cee 7Un))7 since ¢n—1(v27v3a s 7Un) -

tn(Pn(v2,v3, ..., Unt1)) and f(dn(v1,v2,...,0p)) = Pn_1(v2,v3,...,0,), by the in-
ductive hypothesis.

Consequently, for n = 1 there exists a unique component of f~1(vq) con-
tained in vi. We set ¢o((v1,v2)) to be equal to this component. Similarly, for
n > 1 there exists a unique component of f~1(¢,(ve,v3,...,v,11)) contained in
On(v1,v2,...,0,). We set ¢pi1(v1,v2,...,0,41) to be equal to it.

Formally, in both cases we defined ¢, 1 by the rule
(4)

(bn—i-l(vla V2, ... 7Un+1) = an,:l(¢7L(U1,’U2,...,’Ur,,,)),¢r,,,(1)2,1.)3,...,1),”+1)((Z)n(Ul) V2, ... 7Un))~

We get a map ¢p11 : 1 — Tpar (between sets of vertices). Let us show
that it satisfies the conditions of the proposition and that it is an isomorphism of
simplicial complexes.
It follows directly from the definition that fy,(¢nt1(v1,v2, ..., Unt1)) = Gn(v2, 03, ..., Unt1)),

as we defined ¢y, 11(v1,v2,...,0,41) as a component of f~1(¢,(va,v3,. .., Vps1))-
The vertex t,, (¢n11(v1,v2, ..., v,41)) is, by definition, the component of f~*(,,_10
f o bng1(vi,v2,...,vp41)) containing ¢pi1(vi,v2,...,vn41). We have ¢,_1 0 fo
Dnt+1(V1,02, . Ung1) = tn—1(Pn(v2,v3, ..., Vnt1)) = Gn_1(v2,v3,...,0,). Con-
sequently, tp,(¢ni1(v1,v2,...,Vpe1) is the component of f=1(d,_1(va,v3,...,v,))
containing ¢,4+1(v1,v2,...,0n+1). The set ¢n(v1,va,...,v,) satisfies these condi-
tions, since f(¢p(v1,v2,...,0p)) = dn_1(va,...,v,), by the inductive assumption,

and ¢, (v1,v2,...,0,) D Gnr1(v1,v2,...,V541), by the definition of ¢, 1. It follows
that tn(Pnt1(v1,v2, ..., Upt1)) = On(v1,v2,...,v,). The case n =1 is similar.
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Let us show (also by induction) that ¢, is simplicial. Suppose that
A = {(Ul,ia 1}271‘, e 7Un+1,i) : ’L = 1, ey k‘}

is a simplex of T'ny1. Then {¢n(v2,i,v3,i5 - -, Vny1,i)} and {dn(vi,i, v2, .. vn,i)}
are simplices of I'y,, since ¢y, is simplicial. It means that (,_; . &n(v2,i,03,is - Unt1,i)
and (;_; _  ®n(V1,i,V2,4,...,Vp,i) are non-empty. Then it follows from the defini-

tion (4) of ¢n,1+1 and Lemmathat {Gn+1(v1,i,v2,4, - - -, Unt1,i) Fi=1,... k 1S a simplex
of I'y,+1. The case n =1 is similar.

It remains to show that ¢,41 has an inverse simplicial map. If n = 1, then it
is checked directly that the inverse map is ¢, ' (v) = (¢(v), f(v)).

For every v € I'yy1 we have fr,—1(tn(v)) = tn_1(fn(v)), hence ¢, (1, (v)) =

(v1,v2,...,v,) and ¢ 1 (fr(v)) = (v2,v3,.. ., Vnt1) for some v; € T'y. Define ¢/, =
(v1,v2,...,vp41). It is checked then directly that ¢, is the inverse of ¢, 1. It is
obvious that ¢, O

Consider the sequence of complexes and morphisms:
Do +—Tq ¢ Ty oo,

and let lim, I';, be the inverse limit. It can be considered as a simplicial complex:
its set of vertices is the inverse limit of the sets of vertices of I',; and its set of
simplices is the inverse limit of the sets of simplices of I',,. Note that both sets are
compact topologica spaces (homeomorphic to the Cantor sets, if the set of edges is
non-empty). As an abstract complex (without topology), the complex lim, T',, has
uncountably many connected components.

A vertex of lim, T';, is a sequence (Vp, V1, V3, .. .) of vertices V,, € U,, of T',, such
that ¢, (Viu41) = V,, for all n. Then V,,11 C V,,. Diamenter of V,, is less than L~™¢.
It follows that every sequence of points x,, € V,, is converging and the limit does
not depend on the choice of z,,. Let us denote it by ®(Vp, V1,...).

LEMMA 5.10. If vertices u,v of lim, I',, are adjacent, then ®(u) = ®(v).

ProOF. Let u = (Ag, 41,...) and v = (By, B1,...). If uw and v are adjacent,
then A, N B, # 0, and we can choose z, € A, N B,. Then ®(u) = ®(v) =
O

limy,— oo Ly -
LEMMA 5.11. The map ® is onto.

PROOF. Let x € X be an arbitrary point. For every n there exists A, € U,
such that x € A,,. Then z belongs to every element of the sequence g0ty 0---0
tn—1(Ap)st10t20---0ty_1(An), ..., tn—1(An), A,. Consider the sequence of such
sequences as n — 0o. Since every complex I, is finite, we can find a convergent
sub-sequence, and its limit will be a vertex (Ao, 41, ...) of lim, I';, such that =z € A,
for all n. Then ®(Ag, A1,...) = x. O

ProprOSITION 5.12. If elements of U are closed and u,v are vertices of lim, '),
such that ®(u) = ®(v), then u and v are adjacent.

If elements of U are open and ®(u) = ®(v), then there exists combinatorial
distance from u to v in the graph lim, I';, is not more than 2.

PROOF. If elements of U are closed (resp., open), then all elements of U,, are
closed (resp., open).
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Let u = (Ap, A1,...) and v = (By, By,...). Suppose that = ®(u) = D(v).
We have Ag D Ay D As D ..., By D By D By D ..., and z is an accumulation point
on both sequences. It follos that x is an accumulation point of each set A,, and B,
for all n. If all A,,, B,, are closed, then this implies that u and v are adjacent.

Suppose that the covers U, are open. Then, by the proof of Lemma [5.11] there
exists a vertex (Cp,C1,...) such that x € C,, for all n. Since = belongs to the
closure of each set A, and B,, we have C,, N A4, # () and C,, N B, # (. It follows
that (Co, C1,...) is adjacent both to (Ag, A1, ...) and to (By, By, .. .). O

LEMMA 5.13. The map ® : lim, I';,, — X is continuous on the space of vertices
of lim, .

PROOF. Define a metric d on the set of vertices of lim, I',, by the condition
that d((Ao, A1,...),(Bo, B1,...)) = ﬁ, where m is the minimal index such that
Am 7& B

Suppose that v = (Ag, A1, ...) and u = (By, By, ...), and d(v,u) = ﬁ Then
A, = By, and ®(Ag, Ay, ...) and ®(By, By, ...) both belong to the closure of A,,.
The closure of A,, has diameter less than L~"d, hence

d(®(v), ®(u)) < L™"§ = L1/ Awwg,
which implies that ® is continuous. (I

Note that it follows from commutativity of the diagram that if (Ao, A1, ...)
is a vertex of lim, 'y, then (f(A1), f(As2),...) is also a vertex of lim, I',,. Let
us denote foo(Ag, A1,...) = (f(A1), f(Az),...). It is easy to see that fo is a
continuous simplicial map.

THEOREM 5.14. Suppose that the elements of the cover U are either all closed or
all open. Consider the space of connected components of the graph lim, T';, with the
topology of the quotient of the space of vertices. Then there exists a homeomorphism
of the quotient space with X that conjugates f with the map induced by foo.

In other words, the topological dynamical system (X, f) is uniquely (up to
topological conjugacy) determined by the pair of maps f,¢: I'y — T'g. Note also
that we used only the 1-skeleta of I'; and I'y.

PROOF. The map ® induces a continuous bijection between the space of con-
nected components and X'. The equivalence relation of belonging to one component
is, by Proposition equal to the relation of adjacency (if the elements of the
cover are closed) or to the relation of being on distance less or equal to 2 (if the
elements of the cover are open). In both cases the equivalence relation is a closed
subset of the direct square of the space of vertices. It follows that the space of con-
nected components is compact Hausdorff. But any continuous bijection between
compact Hausdorff spaces is a homeomorphism (since image of a closed, hence
compact, set is compact, hence closed). ([l

As an example, consider the angle doubling map f : R/Z — R/Z, f(z) = 2z.
Let U be the cover of the circle R/Z by the arcs [0,1/4], [1/4,1/2], [1/2,3/4],
[3/4,1]. Then U,, consists of arcs of the form [5, 255 ] for k= 0,1,...,2"+2 — 1.
It follows that the graphs I',, are cycles of length 272, There is only one choice for
the map ¢y, : I'y,41 —> I'y, since an arc [271%, 2’2%12] is contained in exactly one arc

of the form [5:tr, £, Namely, [ = k/2 if k is even and (k — 1)/2 if k is odd.
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Figure... illustrates the graphs I',, and the maps ¢,. One can show that the
set of vertices of lim, I',, can be realized as a subset of the circle homeomorphic to
the Cantor set, so that edges of lim,, I',, connect the endpoints of the components
of the complement of the Cantor set (i.e., “filling the gaps” in the Cantor set). It
follows that the space of connected components is homeomorphic to the circle.

5.4. Iterated monodromy group. Let fy,.0 : I'y — T'g be a pair of sim-
plicial maps between simplicial complexes such that f is a covering map. As above,
this defines a sequence of complexes I';, and maps fp, t, : ['yp1 — Ty

Consider the sequence

| NPELI JHDECE JPECEN

For simplex (in particular a vertex) v we get the associated rooted tree T,, given by
the sequence

v ) L (foo f) TN (foo fro fo)H(v) 2 -

(the levels are the sets of the sequence, and two vertices are adjacent if one is the
image of the other and the corresponding map of the sequence).

Every oriented edge e = (v1,v2) defines an isomorphism S, : T,, — T,
uniquely defined by the condition that for every vertex u of Ty,,, {u, Se(u)} is an
edge of T,.

For every path v = (e1,es,...,e,) in T, i.e., for a sequence of edges of the
form e; = (v;—1,v;) for some sequence (vg, vy, ...,v,) of vertices, the product

Sy =8e¢,8¢,_1 " Se,

is an isomorphism from T, to T, .
If {v1,v2,vs} is a simplex, then Sy, v,) © S(v;,v5) = S(vr,0s)- Therefore, for any
two homotopic (rel. to their endpoints) paths 71,72, we have S,, = S,,.

DEFINITION 5.2. Let fy,t0 : I't — I'p be as above. Choose a vertex v of I'g.
The iterated monodromy group IMG (fo, Lo, v) is the group of automorphisms of 7,
of the form S, where v runs through 7 (I'g, v).

The following is straightforward.

PRrROPOSITION 5.15. Let f: X — X be an expanding covering map. Let U be
a semi-Markovian cover by sets of small diameter. Let I'y and Ty be the nerves of
Uy and U, let f:T7 — Ty be the map induces by f, and let v : Ty —> Ty be such
that (A) D A. Then IMG (f, ¢, V) is isomorphic (as a group acting on a rooted
tree) with IMG (f,U, V).

5.5. General definition of a topological correspondence.

DEFINITION 5.3. A topological correspondence (or topological automaton) is a
pair f,¢: My — My, where M7, M, are topological spaces, f : M; — Mg is a
finite degree covering map, and ¢ : M; — M is continuous.

EXAMPLE 5.1. Let f be a post-critically finite rational function. Define M to
be the Riemann sphere minus the post-critical set, and let M; = f~1(M,). Then
My C My, and we can take ¢ : My — M to be the identical embedding.
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Let f,v : My — Mg be a topological correspondence. Define M,, as the
subspace of M7 consisting of all sequences (x1, 2, ...,z,) such that

f(@i) = (i)
foralli=1,2,...,n — 1. Define

fn(azl,xg,...,xn+1) = ($2,$3,...,$n+1)

L7L(x17$27"'?x’n+1) - ($1,$27...,$n)

and fo = f, to = ¢. It is easy to check that f,, 10, =tp_10 f, forall n > 1.

If . : M1 — My is the identical embedding, then points (1,22, ..., 2,) € M,
satisfies f(z;) = x;41, hence they are just orbits of length n of the partial map
f: M1 — Mg and are uniquely determined by x;. It follows that M,, is naturally
homeomorphic to the domain of the nth iteration of the map f.

LEMMA 5.16. The maps f, are coverings.

PrOOF. Let (z1,22,...,2,) € M,. Let U be an evenly covered by f neigh-
borhood of t(x1) € Mg. Let Uy, Us,...,Uy be the decomposition of f~1(U) into
disjoint sets such that f: U; — U is a homeomorphism.

Let W be the set of points (y1, Y2, ..., Yn) € M, such that t(y;) € U. It is open
in M,,. Let W;, for i« = 1,2,...,d, be the set of points (yo,¥1,...,Yn) € Mpnt1
such that yg € U;. Then the sets W; are disjoint and open, and their union is
the set of points (yo,y1,...,yn) such that yo € f~1(U), i.e., the set of points
such that f(yg) € U, or equivalently, the set of points such that ¢(y;) € U, since
f(yo) = t(y1) for all points of M,, 1. It follows that |J W is equal to f,1(W). The
map f, : W; — W is continuous, and has continuous inverse given by

(y17y27"'ayn) = (y03y17y2a"'7yn)7

where yo is defined by the conditions yo € U; and f(yo) = ¢(y1). O

Suppose that f,.: M; — My is a topological correspondence, and suppose
that My is path connected and locally path connected. For t € Mg denote by T}
the rooted tree given by the sequence

{8y L2 f ) L (foo f)7HE) L (foo fro fo)7N(E) 2 -

If v is a path in M from ¢; to o, then for every vertex v € (foofio---0f,) (t1)
of T, there is a unique lift of v by the covering map foo fio---o f, starting at v.
Its end is a vertex S, (v) € (foo fio---o f,) (t2) of Ty,. The map S, : Ty, — Ty,
is an isomorphism of rooted graphs.

DEFINITION 5.4. Let f,1: My — My be a topological correspondence such
that Mg is locally path connected and path connected. Its iterated monodromy
group IMG (f,¢) is the group of all automorphisms S, of T,,, where v runs through
st (Mo, 7}).

If f: X — X is a self-covering map, and ¢ : X — X is the identity map, then
the definition of IMG (f,¢) coincides with the definition of IMG (f) given in
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5.6. Trees of words. Let X be a finite set (alphabet). Denote by X* =
U,>0 X™ the set of finite words over X, including the empty word @. We denote
X% = {@}. In other terms, X* is the free monoid generated by X.

The right Cayley graph of X* is the graph with the set of vertices X* in which
two vertices are connected by an edge if and only if they are of the form v and vx
for v € X* and z € X. The right Cayley graph is a rooted trees with the root @
and levels X™. From now on we will consider X* as a rooted tree.

For every « € X the map v — zv is an isomorphism of X* with the sub-tree
of words starting with letter z.

Let now T be an abstract rooted tree, i.e., a tree with a marked vertex called
root. Then the nth level of the tree T is the set of vertices on distance n from the
root. For a vertex v of T" we denote by T, the sub-graph spanned by all vertices
u such that the path from the root to u passes through v. It is a rooted tree with
the root v. If v belongs to the kth level of T', then the nth level of the tree T, is a
subset of the (n + k)th level of the tree T.

Suppose that for every vertex z of the first level of the tree T we have found an
isomorphism S, : T' — T,.. Then the monoid H generated by the transformations
Sy is free. If v is the root of T, then the map A : g — g(v) is an isomorphism from
the right Cayley graph of H to T'. Taking X equal to the set of maps S, for x in
the first level of the tree T', we get an isomorphism A : X* — T.

5.7. Computation of the iterated monodromy groups. Let fy,1: M7 —
M be a topological correspondence. Assume that M is path connected and lo-
cally path connected. Choose t € My and consider the iterated monodromy group
IMG (f,¢) acting on Tj.

The set f; '(t) is the first level of the tree T;. Let X be a finite set of cardinality
deg f = |fy ' (t)|. For every x € X choose a path £, in M starting in ¢ and ending
in ((A(z)). It will define an isomorphism Sp, : T — T),(A(x))-

The union of the maps ¢, : (fio---0 f,) " 2(2) — (foo fio---o f,)"1(t) is an
isomorphism ¢y : Ty (z) — T (A(z)), Where T () is the subtree

Ta@) = {A@)} U fH () U (fro fo) H(A®) U -
of Tt.
We get isomorphisms ¢;1 0 S, : Ty — Ta(w) C T;. Then, as in the previous

subsection, the isomorphisms ¢y !0 Sy, : T} — Th(y) define an isomorphism A :
X* — T; of rooted trees. It is defined inductively by the rule

Alzv) =71 0 8¢, (A(v))
for z € X and v € X*. Equivalently,
Azywo. . zy) =1, 0 Se,, © i to Sp,, 00 ito S, (t).

Let us conjugate the action of the iterated monodromy group on 7} to an action
on the tree X* by the isomorphism A. Namely, we set, for every v € 71 (Mo, t) and
ve X

7(v) = A7 YA (v).

PROPOSITION 5.17. Let x € X, v € X*, and v € m(Mo,t). Let v, be the lift

of v by f starting in A(x). Let A(y) be the end of v,. Then we have

Y(wv) =yl (7)) (v).
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FiGURE 18. Computation of the iterated monodromy group

See Figure Here and in the sequel we multiply paths as maps: in a product
Y12 the path 7o is passed before ;.

PRrROOF. Consider the composition (:;1S;,)7'S,(¢;1S,) « Ty — Ty Tt is
equal to the composition of (1S, : T, — TA() with the restriction of S, to an
isomorphism S’ : T) () — Ta(y) and with the isomorphism (L;ngy)*l (T —
T;. The restriction S is defined by taking lifts of the path v, C M;j by the
coverings f1, fo,.... Applying ¢, we see that L*S,/yLzl tTya(e)) — Tua(y)) 1s equal
to S,(,). Therefore,

(L*_lsgy)_lsfy(L*_l»Sgw) = S[IL*S,;L*_lsgI = Sé?SL(%)SgI = SZ

y z JIL(’Yr)em :
Moving everything to X* using A, we get that Sy_lew (where S, (v) = zv)
is equal to (ﬁy_lL(%)éw). In other words, appending z to the beginning of a word,
acting by 7, and then erazing y is equivalent to acting by (€, '¢(7a)ls). O

5.8. Examples.

5.8.1. Angle doubling. Consider the angle doubling map f : z — 2z (mod 1)
on R/Z. Take t = 0 as the basepoint, X = {0,1}. Then f~1(0) = {0,1/2}. Set
A(0) =0, A(1) = 1/2. Choose £y to be the trivial (constant) path at 0, and ¢; to
be the image of the segment [0,1/2].

The group 71 (R/Z,0) is generated by the loop a equal to the image of the
positively oriented loop [0,1] C R/Z. Then lifts of a are the paths 7o = [0,1/2] and
7 =[1/2,1]. We get

a(0w) = 17 y0bo) (w) = 1w,
a(lw) = 0(fy 'y161)(w) = Oa(w),
since €] 'y0lo = [0,1/2]71[0,1/2] is trivial, and £ 'y, = [1/2,1][0,1/2] = [0,1] =
a. See Figure [I9]

5.8.2. 22 — 1. Consider the polynomial 22 — 1. It has two critical points: oo

and 0. Infinity is a fixed point, and the orbit of 0 is

0— —1+—0.
Consequently, 22 — 1 is post-critically finite, and we can take Mg = C\ {0, —1},
My = f~1(Mp) =C\ {0,1,—1}, and ¢ the identical inclusion.
Let us take ¢ to be the fixed point t = 177\6 Then f~1(t) = {t,—t}. The

fundamental group 71(Mp) is freely generated by loops around the punctures 0
and —1. Let us take the generators a and b shown on the top part of Figure
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b =0

71

D)
—1 0
) e
UNC o W
—1 0 1
b,
fla) e A e

Ficure 20. Computation of IMG (22 — 1)

Take X = {0,1}, A(0) =¢t, A(1) = —t. Let £y be the trivial path at ¢, and let ¢; be
the path from ¢ to —¢ shown on the two lower parts of Figure 20]
Lower parts of Figure 20] show the lifts of a and b by f. We get

a(0w) = 1b(w), a(lw) = 0w

and
b(0w) = 0a(w), b(lw) = lw.

5.8.3. —23/2+32/2. Let f(2) = —%4—3{. Tts critical points are (together with
o0) the solutions of the equation —322/2+3/2 = 0, i.e., 2 = +1. We have f(1) =1
and f(—1) = —1. Hence all critical points are fixed, and f is post-critically finite.
Its Julia set is shown on Figure 21}

Choose t = 0. Then f~1(0) = {0,v3,—V3}. Take X = {0,1,2}, A(0) =
0,A(1) = V3,A(2) = —V/3. Let £, be the trivial path at 0, and let ¢; and /5
connect 0 to v/3 and —v/3 as it is shown on the bottom part of Figure

The fundamental group m (Mo, 0) for Mg = C\ {1, —1}, is generated by loops
a and b going around 1 and —1 in positive direction, as it is shown of the bottom
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FIGURE 21. Julia set of —z3/2 + 32/2

FIGURE 22. Computation of IMG (—2%/2 4 3z/2)

part of Figure 22] The top part of the figure shows the lifts of @ and b by f. We
conclude that
a(Qw) = 1w, a(lw) =0a(w), a(2w)= 2w,
and
b(0w) = 2w, b(lw) = 1w, b(2w) = 0b(w).
PROBLEM 5.1. Compute iterated monodromy groups of the following post-
critically finite complex polynomials and rational functions:
(1) 22 —2;
(2) 22 +71;
(3) 2% + ¢ for every ¢ such that 0 belongs to a cycle of length 3: 0 — ¢
2 +c—0.
4) 2° — g
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2
(3) (32%)"
PRrROBLEM 5.2. Describe the iterated monodromy groups of the Tchebyshev
polynomials.
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