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Chapter 2

Group actions

2.1. Structure of orbits

2.1.1. Orbital graphs and defining groups by graphs. Let G be a
group acting by permutations on a set X. Suppose that S is a finite gener-
ating set of G.

Definition 2.1.1. The graph of the action is the graph I'x ¢ with the set of
vertices X, the set of edges S x X, the source and range maps s(g,z) = =z,
r(g,z) = g(z), and the labelling (g, z) — g.

The orbital graph I'y g (or I'y) for x € X is the subgraph of I'x ¢ spanned
by the G-orbit of x. In other words, it is the graph with the set of vertices
equal to the orbit G(z) in which for every y € G(z) and g € S there is an
arrow from y to g(y) labeled by g.

For example, if H is a subgroup of GG, then we can consider the natural
action of G on the set G/H = {gH : g € G} of left cosets of G modulo
H. The corresponding graph of the action is called the Schreier graph of G
modulo H.

Conversely, every orbital graph I';, is naturally isomorphic to the Schreier
graph of G modulo the stabilizer GG, of the point x. The isomorphism maps
a coset hG, to the vertex h(x) of I';.

Describing the action of the generators of a group on a set is identical
to describing the corresponding graph of the action. (In fact, the graph of a
function g G X is, by definition, the subset {(z,g(x)) : z€ X} of X x X
and it is customary to identify functions with their graphs.)

Let A be a finite set. An edge-labeling of a graph I by A is called perfect
if for every vertex v of I and for every s € S there exists exactly one arrow
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118 2. Group actions

e1 labeled by s starting at v and exactly one arrow e labeled by s ending
in v.

Suppose that a graph I' is perfectly labeled by a finite set S. Let s € S
be a label. For every vertex v of I' there exists a unique arrow starting at
v and labeled by s. Denote the end of this arrow by s(v). Then the map
v +— s(v) is a permutation of the set of vertices of I', by the definition of a
perfect labeling. The set of all permutations s : v — s(v) generates a group
(a subgroup of the symmetric group on the set of vertices of I'). We call it
the group defined by the labeled graph T.

If s189...5, is a group word over S, i.e., an element of the free group
Fg generated by S, and v is a vertex of I', then s1s2. .. s,(v) is obtained by
traveling along the arrows of I'. Namely, first find the arrow starting in v
and labeled by s, or the arrow ending in v and labeled by s-!, depending
whether s, € S or s;! € S. The other end of the arrow will be s,(v).
After that find the arrow starting in s,(v) labeled by s,_1 or the arrow
ending in s,(v) labeled by s;ll, and so on. At the end you will find a
path in I' corresponding to the word s1ss...s, starting in v and ending in
§182 ... sn(v).

The graph I' is also the graph of an action of the free group Fg generated
by the set S. If T is connected, then for every vertex v of I' the graph I'
is naturally the Schreier graph of the free group Fs by the fundamental
group m1(I',v) of the graph, since the fundamental group is precisely the
set of elements g € Fg defining loops at v, i.e., the stabilizer of v for the
action defined by I'. So, describing the graph I' is equivalent to describing a
subgroup of the free group. Note that the group defined by I is the quotient
of the free group Fg by the intersection of all conjugates of the stabilizer
w1 (T, v).

Defining groups by labeled graphs is a surprisingly effective way of con-
structing groups with special properties. We give here several examples,
whose properties will be studied later in more detail.

2.1.1.1. Linear graphs. Let X be a finite set. Consider a bi-infinite sequence
w=...A 1A4gA1A,... of sets A, c X such that A, n A, 1 = & for every
n € Z. Let 'y, be the graph with the set of vertices Z in which for every pair
of the form (n,n + 1) we have |A,,| edges from n to n + 1 labeled by every
element of A,,. In order to have a perfectly labeled graph, we also add loops:
at every vertex n we have loops labeled by all elements of X\(A4,, U A,_1).
Here and later, a non-oriented edge labeled by a symbol a connecting two
different vertices represents two oriented edges (one in each direction) both
labeled by a. The graph I'y, defines a group G,,. Note that all generators
are of order two.
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Figure 2.1. Grigorchuk group
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Figure 2.2. Graph substitution

2.1.1.2. Substitutional subshifts. The groups from the previous example are
defined by a sequence (A,) of subsets of a finite set X. A natural approach
to define such a sequence is by using substitutions, see Subsection
For example, consider X = {a,b,c,d}, the set {A = {a},B = {c,d},C =
{b,d}, D = {b,c}} of subsets of X and the substitution o given by

A— ADA, B—D, Cw—B,D—C.

Consider the subshift generated by o (see Exercise . Recall, that it
means considering iterations of o, and taking all bi-infinite sequences w
such that every subword of w is a subword of the word ¢"(A) for some
n = 1. For example,

o0*(A) = DACADABADACADADADACADABADACADA,

and the graph shown on Figure is a part (corresponding to the word
ADACADABADACA) of an infinite graph defining a group G, as in the

previous example.

The group will not depend on the choice of w and is the first Grigorchuk
group from [Gri80]. Figure ... Some other examples of groups that can be
defined this way are studied in and

2.1.1.3. Substitutional graphs. The previous class of examples can be natu-
rally generalized by using substitutions that not only produce the labeling,
but also to produce the graphs. For example, consider the following trans-
formation. If I' is a graph whose oriented edges are labeled by symbols a
and b, denote by ¢(I") the graph obtained from I" by subdividing every edge
e of I" into two edges labeled by the same letter as e and adding a loop at
the new middle vertex labeled by the other label, see Figure
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¢*(I)

Figure 2.3. IMG ((—z° + 32)/2)

Start with the graph I' shown on in the upper left corner of Figure 77.
Note that there is an isomorphic embedding of I" to (the central part of)
(). It follows that ¢™(I') is naturally embedded into ¢"*1(I'), and we
can pass to the inductive limit of the graphs ¢™(T'), in the same way as
we did it when generated sequences by substitutions. The inductive limit
will be a perfectly labeled graph, and it will define a group generated by two
permutations a and b. We will see later that this group is related to the post-
critically finite polynomial @, see In fact, the substitution ¢
and the defined group are closely related to the dynamics of this polynomial.
2.1.1.4. Houghton’s groups. The following groups were defined in [Hou79].
Consider the set {0,1,2,...,n—1}xN and permutations g; fori = 1,2,...,n—
1 acting by ¢;(0,n) = (0,n — 1), g(0,1) = (¢,1), gi(i,n) = (i,n + 1), and
g(j,n) = (j,n) for j # i. Let G, be the group generated by g1, 92, .., gn.
In other words, consider the graph shown on Figure (for n = 4) and the
group defined by it.

Properties...
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Figure 2.4. Houghton’s groups

2.1.1.5. Long range graphs. Let w = zoz1..., x; € {0,1}, be an infinite
sequence. Denote wy, = xg + 221 + 2220 + -+ +2%2, € Z, for k = 0,1,....
Let us construct a graph A,, with the set of vertices Z perfectly labeled by
the set S = {a, b}. The arrows labeled by the letter a will start in n and end
in n+1, so that the corresponding permutation a acts by the shift n — n+1.

The arrows labeled by b will start in wy, + 2¥(2n + 1) and end in wy, +
28(2n + 3) for k = 0,1,2,..., and n € Z. If the sequence z; is eventually
constant, then, by following the above rule, we will get one vertex not con-
nected to any other vertex by an arrow labeled by b. In this case we add a
loop labeled by b to this vertex.

It is not hard to see that the graph A, can be also described in the
following way. Construct the edges labeled by a as before, connecting n to
n+1in Z. Then connect every other vertex by b-labeled arrows, then among
the remaining vertices connect every other vertex, and so on, see Figure 2.5
The choice of vertices that are connected on each stage is done in such way
that on the stage number k (starting with k¥ = 0) we do not connect the
vertex wy. After w steps we either connect all vertices by b-labeled arrows,
or there will remain one vertex. In the latter case we attach to it a loop
labeled by b.

The corresponding permutations of the set of vertices Z of the graph A,
are:

a:n—n+l, b:wy 42820 4 1) - wy, + 28(2n + 3).

Let G be the group generated by the permutations a and b. We will see later
that it is not defined by a finite set of relations (it is not finitely presented),



122 2. Group actions
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Figure 2.6. Graph defining Thompson group

that it has no non-abelian free subgroups, and that moreover, it is amenable.
Not very much more is known about this group.

For some first properties of the graphs A, and the group G, see Exer-
cises... For more, see the papers...

2.1.1.6. The Thompson group. Let S = {go,¢1}, and consider the binary
rooted tree with the set of vertices equal to the set of finite words over the
alphabet S (including the empty word &), where for every x € S and v € S*
we connect the vertex v to the vertex vx by an arrow labeled by z. We get
a graph in which every vertex has two outgoing arrows (labeled by 0 and
1) and one incoming arrow, unless it is &, when it has no incoming arrows.
This is not a perfectly labeled graph. In order to correct this, let us attach
to every vertex that is missing an incoming arrow labeled by z an infinite
ray of edges labeled by x together with loops at every vertex labeled by the
other label 1 — z, so that we get a perfectly labeled graph. Attach two such
rays to the root @, as it is missing both incoming arrows. See Figure for
the result. We get a perfectly labeled graph defining a group F.
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g1

g0

Figure 2.7. Generators of Thompson group

It is isomorphic to the Thompson’s group F, which is defined as the
group of piecewise affine homeomorphisms f G [0, 1] of the unit interval
such that f is differentiable everywhere except for a finite set of points
By cZ [%] and such that f’(x) is an integer power of 2 for every z € [0, 1]
where f'(z) exists. It was introduced by R. Thompson in [Tho80], see also
an expository paper [CEP96]. The orbital graph shown on Figure 7?7 was
described by D. Savchuk in [Sav15]. It is the orbital graph of the action
of FonZ [%] n (0,1). Note that our graph is given for the generating set
1,217 1 (in the left action notation), where zg,z; are the generators for
the graph in [Sav15]. This choice of the generators producing the graph
was suggested by K. Juschenko. It is natural to represent them as acting on
the real line by the maps

t t € (—o0,0], t+1 te(—o0,0],
got) =< 5  tel02], gi(t) =4 z+1 te[0,2],
t—1 te|2,4w), t t € |2, +0],

see Exercise
The graphs of the functions gg and g; are shown on Figure

2.1.2. Local containment and covering. Let I' be a graph perfectly
labeled by a set S. If s1s9... 5, is an element of the free group Fg of length
n, then the vertex s1s2. .. s,(v) depends only on the ball of radius n around
v in the graph I', since this ball will contain the path corresponding to
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$182 ... 8, and starting in v. (As usual we measure distances in I' ignoring
the orientation of the edges.)

Definition 2.1.2. Let I'y,I's be labeled graphs. We say that I'y is locally
contained in T'y (and denote it 'y = T'y) if every finite subgraph of I'; can
be isomorphically embedded into I'y (as a labeled oriented graph). We say
that 'y and T’y are locally isomorphic if 'y = 'y and 'y = T'y.

Suppose that I'; and I's are perfectly labeled by S, and let G; and Ga
be the groups they define. An element siss...s, of the free group Fyg is
non-trivial in the group defined by T'; if and only if there exists a vertex v
of T'; such that s185...s,(v) # v, i.e., if there exists a path corresponding
to the word s1s2...s, which is not a loop. It follows that if I'; = I'g, then
every element of Fg which is non-trivial in G; will be also non-trivial in
I'y. It follows that the identity map Fg — Fg induces an epimorphism
G9 — (. It also follows that if I'; and I'y are locally isomorphic, then the
identity map on Fg induces an isomorphism of G; with G5. In particular,
locally isomorphic graphs define isomorphic groups.

Example 2.1.3. Let I'y, and I'y, be graphs from Example defined
by some bi-infinite sequences wy and we. We have I'y,, = Iy, if and only if
every finite subword of w; is a subword of wo, i.e., if and only if the subshift
generated by wj is contained in the subshift generated by ws. In particular,
if F is a minimal subshift, and w;, w2 € F, then the groups G,,, and Gy,
defined by I'y,, and I'y,, are naturally isomorphic. For example, this proves
that the Grigorchuk group as defined in does not depend on the
sequence w, as the subshift generated by o is minimal, see Exercise

Example 2.1.4. Let T be a tree such that every vertex of T has exactly one
incoming arrow labeled by gg or g; and two outgoing arrows labeled gy and
g1- Add to T infinite rays, in the same way as in 77, so that we get a perfectly
labeled graph I'r. Then I'r is locally contained in the graph I' from 7?7 and
its local isomorphism class does not depend on T', see Exercise

Note that every morphism f : 'y — 'y of perfectly labeled graphs is a
covering (i.e., is bijective on the sets of outgoing and incoming edges at every
vertex). The image of every path corresponding to a word ssg...s, € Fg
under f is also a path corresponding to the same word, and if the former path
was a loop, then so is the latter. It follows that if G; and Gy are groups
defined by I'y and I's, then we have a natural epimorphism G; — Go
(induced by the identity map on Fyg). See Exercise for an example of
application of this fact.

2.1.3. Orbital graphs on topological spaces. Let G be a group acting
by homeomorphisms on a topological space X. Suppose that S is a finite
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generating set of G. Then the graph of the action can be seen as a topological
graph. Namely, its set of vertices X and the set of arrows S x X" are topolog-
ical spaces, while the source and the range maps s(g,z) = z, r(g,x) = g(z),
and labeling (g,x) — ¢ are continuous.

We may consider the topological realization of the graph of the action,
i.e., consider the space obtained by taking the quotient of the space [0, 1] x
S x X by the identifications (0, g,z) ~ (1,h,y) for all g,h € S and z,y € X
such that g(z) = y. We also may consider it as an abstract graph, i.e., ignore
the topology on X (and S x X).

The abstract connected components (i.e., the connected components of
the abstract graph of the action) coincide with the path-components of the
topological action graph and are the orbital graphs of the action, see Defi-
nition 2111

Denote by G,y the neighborhood stabilizer of the point x € X, i.e., the
set of all elements g € G such that the interior of the set of fixed points
of g contains z. In other words, g € G belongs to G(, if there exists a
neighborhood N of x such that g fixes every point of N. It is obvious that
Gy is a normal subgroup of G;.

Definition 2.1.5. The Schreier graph of GG modulo G, is called the graph

of germs of x, and is denoted I,

The vertices of f‘w can be identified with germs of the action of G.

Definition 2.1.6. A germ is the equivalence class of a pair (g,z) € G x X,
where two pairs (g1,21), (g2, z2) are equivalent (define the same germ) if
x1 = w9 and there exists a neighborhood N of 1 such that g1|n = g2|n-

For a germ (g, x), we denote by s(g,z) = x and r(g,z) = g(z) its source
and range. If g1(x1) = x2, then the product

(92, 22)(g1,71) = (9291, 71)

is well defined. The operation of taking inverse (g,z) = (¢!, g(z)) is also
well defined, and these two operations define a structure of a groupoid on
the set of all germs of G ~ X. Groupoids of germs will be main examples
of groupoids studied in Chapter [3|and will be an important tool for defining
and studying groups in Chapters [5| and [6]

The set of vertices of fz is naturally identified (via the bijection 9G @) —
(g,x)) with the set of germs of G ~ X with the source equal to x. For every
generator s € S and every vertex (g,x) we have an arrow from (g,z) to
(sg,x) labeled by s.
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Since G(,) is a normal subgroup of G, the map hG)y — hG; is a

well defined Galois covering of graphs I'; — I, with the group of deck
transformations isomorphic to G./G ).

Definition 2.1.7. A point z € X is said to be G-regular (or regular, for
short) if G = G ;). Otherwise it is said to be G-singular.

If a point z € X is G-regular, then the graphs I', and fz coincide, i.e.,
the natural covering map is an isomorphism.

Proposition 2.1.8. The set of G-regular points is G-invariant.

Proof. We obviously have gG,g ' = Gy(z) and gG(I)g*1 = Gy(z)), hence

Gy = G(x) is equivalent to Gg(:l,‘) = G(g(x))' -

Proposition 2.1.9. Suppose that X is a Baire space (e.g., locally compact
Hausdorff or completely metrizable). If G is at most countable (e.g., is
finitely generated), then the set of G-regular points is co-meager.

Proof. A point z € X is regular if and only if for every g € G either g(x) # x
or x belongs to the interior of the set of fixed points of g. It follows that
the set of singular points is equal to the union of the boundaries of the sets
of fixed points of the elements of G. But the boundary of the set of fixed
points of an element g € GG is a closed set with empty interior. It follows
that the set of singular points is a countable union of closed nowhere dense
sets, i.e., is meager. O

2.1.4. Space of rooted labeled graphs. Let S4 be the set of all isomor-
phism classes of connected rooted perfectly A-labeled graphs. Let (I'1, v1), (I'2, v2) €
Sa, and let R be the supremum of the radii r such that the balls (B,, (r),v1)

and (B,, (1), v2) of radius r with centers in the roots of the graphs are isomor-

phic as rooted labeled graphs. Define then the distance d((I'1,v1), (I'2,v2))

as 27, It is easy to see that this is an ultrametric on Sy.

The metric introduces a natural topology on S4. Two rooted labeled
graphs are close to each other in this topology if big neighborhoods around
their roots are isomorphic.

Proposition 2.1.10. The space S is compact and 0-dimensional.

Proof. Denote by B(R) the set of all isomorphism classes of balls (B, (R), v)
of elements (I',v) € S4. The sets B(R) are finite, and we have natural maps
B(R + 1) — B(R) mapping a ball (B,(R + 1),v) to the ball (B,(R),v) in
the same graph (I',v). We claim that S4 is homeomorphic to the inverse
limit of the sets B(R) with respect to these maps. This will prove both
statements of the proposition, since inverse limit of finite discrete sets is a
compact 0-dimensional space.
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For a given graph (I", v) € S the sequence of balls (B, (1), v), (By(2),v), ...
is a point of the inverse limit. This defines a map ¢ from S, to the inverse
limit of the sets B(R). It follows directly from the definitions that this map
is continuous and injective.

On the other hand, for every sequence (B, Ba,...) € B(1) x B(2) x ...
representing an element of the inverse limit we have a sequence of root-
preserving embeddings By <> By <> ---. The direct limit of these em-
beddings (i.e., the increasing union of the balls Br) is an element of Sg4.
This defines the map inverse to ¢. It is also easy to see that this map is
continuous. O

Let G ~ X be an action of a group on a topological space, and let S
be a finite generating set of G. For every x € X we have the rooted orbital
graph (I';, ), hence we get a map = — (I'y, z) from X to Sg.

The following proposition appears in [Vor12].

Proposition 2.1.11. The map x — ', : X — Sg is continuous at x if
and only if x is G-reqular.

Proof. Let R be a positive integer. The ball By(R) < I'; of radius R is
described by a system of equalities and inequalities of the form g1 (z) = ga2(z)
or gi(x) # go(x) for all pairs g1, g2 € G of products of length at most R of
elements of S U S~L. If z is a G-regular point, then every such an equality
or inequality holds on a neighborhood of z. It follows that there exists a
neighborhood N of = such that B, (R) is isomorphic to B, (R) for all y € N.
But this precisely means that the map x — (I';, x) is continuous at z. .... 0O

Example 2.1.12. Consider the action of the infinite dihedral group Dy, on
R generated by the transformations

a:xr— —, b:z—1—ux.

The group consists of transformations of the form z — +x+n, for n € Z.
The transformations of the form x +— x + n are fixed point free (for n # 0).
The transformation  — —zx +n has a unique fixed point = n/2. It follows
that the points R \ Z/2Z are regular, while the points of Z/2Z are singular.

The orbital graph of a regular point « € R is a bi-infinite chain of edges
alternatively labeled by a and b, see the top part of Figure 2.8] The orbital
graphs of singular points are shown on the two lower parts of Figure [2.8
We see that the map x — (I';,x) is constant on the set of regular points,
but is discontinuous at singular points.

Note, however, that in the previous example the graphs fx are pairwise
isomorphic, so that the map = — (I'y, z) is constant and hence continuous.
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{6 45 € 45 <5 O €Al
i €5 4 <5 45 O U

Figure 2.8. Orbital graphs of D,

Definition 2.1.13. We say that a point x € X has a Hausdorff group of
germs for the action G ~ X if for every g € G \ G(,) the interior of the
set of fixed points of g does not accumulate on zx.

In particular, every regular point x has Hausdorff group of germs, since
we have then Gy \ G,y = .

Proposition 2.1.14. If a point x € X has a Hausdorff group of germs, then
the map x — (I'y,x) : X —> Sg is continuous at x.

Proof. If the group of germs of x is Hausdorff, then for every g € G there
exists a neighborhood N of x such that either g|y is identical, or all germs
(g9,x) for x € N are non-trivial (i.e., not equal to the germs of the identical
map). Then the same argument as in the proof of Proposition shows
that the map z — (fm x) is continuous at points with Hausdorff groups of
germs. ([

Example 2.1.15. Consider the space ) obtained from [0, +o0) x {1, 2, 3} by
identifying the points (0, 1), (0,2), and (0, 3), and consider the action of the
symmetric group S({1,2,3}) acting on the second coordinate of the direct
product. The only singular point is the common point y = (0,1) = (0,2) =
(0,3) of the three rays. Let us take the generating set S = {(1,2),(2,3)}
of the symmetric group. Then the graphs I', = fm for regular points x are
all isomorphic to each other, and are chains of three vertices connected by
pairs of arrows, see Figure The orbital graph I'y of the singular point
consists of a single vertex, while the graph of germs fy of the singular point
is the Cayley graph of the symmetric group.

2.1.5. Topological transitivity and minimality.

Definition 2.1.16. A group action G ~ X is said to be topologically tran-
sitive if for any two non-empty open sets U,V < X there exists g € G such
that g(U) nV = (.
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Figure 2.9. Non-Hausdorff singularity

An action G ~ X is minimal if the only open G-invariant subsets of X
are X and .

In other words, G ~ X’ is minimal if and only if the space G\X" of G-
orbits has trivial (i.e., antidiscrete) topology: the only open subsets of G\X
are the empty set and the whole space. The action G ~ X is topologically
transitive if and only if every two non-empty open subsets U, V < G\X have
a non-empty intersection.

For every z € X the closure of the G-orbit of x is a closed G-invariant
set, and its complement is an open G-invariant set. It follows that an action
G ~ X is minimal if and only if every G-orbit is dense in X.

Topological transitivity can be also formulated in terms of topological
properties of G-orbits as follows.

Proposition 2.1.17. Let X be a second-countable complete metrizable space
(e.g., a second countable locally compact Hausdorff space). An action G ~
X is topologically transitive if and only if there exists x € X such that the
orbit Gz is dense in X. The set of such points x is co-meager.
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Proof. If the action G ~ X is topologically transitive, then for every non-
empty open subset U < G the set UgeG g(U) is a dense open set. Let B be
a countable basis of topology of X. Consider the set B = (s Uyeq 9(U)-
It is a countable intersection of open dense sets, hence, by Bair’s Category
Theorem, the set B is co-meager. For every open set W < X there exists
U € B such that U < W. Then for every x € B there exists g € G such
that = € g(U), hence g~!(z) € W. We have shown that the G-orbit of every
point x € B is dense in X. ([l

We saw examples of minimal and topologically transitive actions of the
infinite cyclic group Z in Section The action generated by an irrational
rotation of the circle is minimal, the action generated by the two-sided shift
is topologically transitive, but not minimal.

The following proposition shows that orbital graphs of a regular point
of minimal actions on compact spaces are locally contained in every orbital
graph, i.e., every finite subgraph of the orbital graph of a regular point is
contained (as an isomorphic copy) in every orbital graph. In particular, two
orbital graphs of regular points are locally isomorphic.

Proposition 2.1.18. Let G ~ X be a minimal action on a compact space,
and let S be a finite generating set of G. Then for every n > 0 there exists
R, > 0 such that for every reqular point x € X and every point y € X there
exists a vertex z of the orbital graph Iy on distance not more than R, from
y such that the rooted labeled balls By(n) and B,(n) are isomorphic.

Proof. Every ball B,(n) is described by a finite set of equations and in-
equalities of the form gi(x) = go(x) or g1(x) # go2(x), where g1,92 € G are
products of length at most n of the elements of S u S~!. If z is regular,
then every such an equation or inequality holds on a neighborhood of z. It
follows that there exists a neighborhood N of z such that for every z € N
the balls B;(n) and B.(n) are isomorphic. Since the action is minimal, the
sets h(N) for h € G cover the space X'. By compactness, there exists a finite
set hi,hg,...,hym € G such that X = [J;, hi(N). Let R,, be the maximal
length of the elements h; as products of the generators and inverses. Then
for every y € X there exists h; such that z = h; '(y) € N, and then B,(n)
and By(n) are isomorphic and the distance from y to z is not more than
R,. O

2.1.6. Hull of a graph. At the first glance, orbital graphs defining infi-
nite groups as in [2.1.1] seem to be discrete objects without any interesting
topological dynamics. But groups defined by orbital graphs have a canonical
action on a compact topological space and studying these groups unavoid-
ably leads to the study of the associated topological dynamical systems.
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Let I be a connected graph perfectly labeled by a set A, and let G be
the group it defines. Consider the set of rooted labeled graphs (T', v), where
v runs through the set of all vertices of I. Let I be the closure of this set in
the space Sa rooted perfectly labeled graphs. We call it the hull of I'. The
hull is a compact totally disconnected space.

The hull consists of all connected rooted graphs (I',v) such that for
every R > 0 the ball B,(R) of T is isomorphic as a rooted labeled graph
to a ball of I'. In other words, it is the space of all rooted perfectly labeled
graphs that are locally contained in ' (see Definition . Consequently,
the group defined by every graph I belonging to the hull is a quotient of
the group G, and G acts on the set of vertices of I'V. Note that this action is
transitive, and the graph I is equal to the graph of the action of G on its
set of vertices.

We also get a natural action of G on I’ mapping for every g € G a rooted
graph (I, u) € T to the rooted graph (I, g(u)). Note that the orbital graphs
of the action G ~ T’ may be quotients of the elements of T, since two rooted
graphs (I, u1) and (I, uz) may be isomorphic even if u; # us.

Example 2.1.19. The hull of the graph I defined the Houghton’s group H,
(see is a compact metrizable space consisting of an infinite countable
set of isolated points accumulating on n points. Note that these conditions
defined the space uniquely up to a homeomorphism. So, for example, it can
be realized as the set {0,1,...,n—1}Uj—01, . n—1{i+1/n : n=2,3,4,...}.
The points of the countable set correspond to different choices of the root
in I'. The limit points correspond to the limits (I', v) as v goes to infinity in

one of the rays of I'. The limit will be a bi-infinite version of the ray.

The following is straightforward.

Proposition 2.1.20. The natural action of G on T is continuous and does
not depend, up to topological conjugacy on the choice of the generating set
S. The orbit of I is dense, hence the action is topologically transitive. The
stabilizer of a point (I',v) € T is isomorphic to the automorphism group of
the labeled graph I'. The orbital graph of the action of G on the orbit of
IV €T is isomorphic to the quotient of I' by the automorphism group of I".

Proposition 2.1.21. All points of T are regqular with respect to the natural
G-action.

Proof. If g is a product of n elements of S U S™!, and g(v) = v for a vertex
v of I', then g(u) = wu for all vertices u such that By,(n) is isomorphic to
By (n). This proves that if g fixes a point (I'',v) € T, then it fixes all points
of a neighborhood of (I, v). O
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Let G ~ X be an action of G on a topological space, where G is,
as above a group generated by a finite set S. We have the natural map
A:X — Ss:z— (I'z,x). For every z € X the closure of the image
A(G(z)) of the orbit G(z) coincides with the hull T, of the orbital graph
of . We have the natural action on the closure, and taking union of these
actions we get a natural action of G on the closure of A(X).

Definition 2.1.22. A labeled graph I' € Sg is said to be repetitive if for
every ball B,(R) of T' there exists N > 0 such that for every vertex v of
I’ there exists a vertex v’ such that d(v,v’) < N and the ball B, (R) is
isomorphic to the ball B;(R).

Note that since the number of possible isomorphism classes of balls of
a given radius is finite, we may assume that N = Np depends only on R.
The smallest Ng satisfying the conditions of Definition [2.1.22]is called the
repetitivity function of the graph I', compare with

Proposition 2.1.23. Let I' € Sg, and let T be its hull. The action of the
group G defined by T' on the space T is minimal if and only if the graph T’
1S repetitive.

point of the action of G on T is regular, see Proposition 1l Let us prove
the “if” direction.

Suppose that I' is a repetitive graph, and let I'y € I' be an arbitrary
graph in its hull. It is enough to show that I' belongs to the hull of I'y
(since hulls coincide with the closures of the G-orbits). Let v; be the root of
I'1, and let B,(R) be an arbitrary ball in I". Denote by Ng the repetitivity
function of I'. Then the ball of I'y of radius Nr + R with center in v; is
isomorphic to a ball of T" (since I'1 belongs to the hull of "), hence it contains
(by repetitivity of I') an isomorphic copy of B,(R). We proved that every
ball of I is contained in a ball of I'y, i.e., that I' belongs to the hull of I'y. [

Proof. The “only if” direction was proved in Proposition[2.1.18] since every

Example 2.1.24. The long range graphs notice the behavior of the singular
point....

Example 2.1.25. Neither the graph I' from Figure [2.6] nor the graph I'y
from Figure defining the Thompson group are repetitive, due to the
“hairs” attached at every vertex. If v, is a sequence of vertices going to
infinity along one of the “hairs”, then (I, v,) converges to a bi-infinite chain
of edges labeled by one generator with loops labeled by the other. We get
thus two special elements of I that are global fixed points of the Thompson
group (the group acts on each of the limit graphs as a translation by one
generator and identically by the other.)
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If the sequence vy, stays inside the rooted binary subtree of I" (i.e., does
not enter any of the “hairs”) and goes to infinity, then the limit of (T, v,) is
one of the graphs described in Exercise Each such a limit is uniquely
described by the sequence of labels of the unique path starting in the root
and going against the arrows in the corresponding tree. We conclude that
the set C of such limits can be naturally identified with the space {go, g1}*.
Denote by C; the subset of C consisting of sequences with the first symbol
equal to g;.

If the sequence v, belongs to the “haris” and stays on a fixed distance d
from the binary subtree of I', then the limit will be a graph obtained from
an element of C by moving the root on distance d to a vertex on the “hair”.

It follows that T' is a union of a dense set of isolated points (the set of
rooted graphs (I', v)), the space C x {0,1,2,...} and two points Ly, and Ly, ,
where the sets C; x {n,n+1,n+2,...} form a basis of neighborhoods of L.
The hull Ty is obtained from I' by removing all isolated points. In other
words, Ty is homeomorphic to the direct product of a Cantor set and the
subspace {—o0,...—2,—1,0,1,2,..., 400} of the two-point compactification
of the real line. See Exercises and for an interpretation of the
action of the Thompson group on the real line in terms of T.

2.1.7. Chabauty space of a group. The above construction of the hull
of an action does not depend on the generating set S, and it is more natural
to define it without using any generating sets. In particular, it can be
generalized to the case of arbitrary (i.e., not necessarily finitely generated)
groups.

Let G be a (discrete) group. Consider the set 2¢ of subsets of G with

the direct product topology (coming from the identification of the set of all
sets with the set of maps G — {0, 1}).

We leave the proof of the next lemma as an exercise.

Lemma 2.1.26. The set of subgroups and the set of normal subgroups of G
are closed subsets of 2C.

Denote by Sg the set of all subgroups of G with the topology induced
from 2¢. By definition, a basis of topology on Sg consists of the set of the
form

Cap={H<G : AcH,BnH =},
where A and B are finite subsets of G. The defined topology on S¢g is a
particular case of a more general Chabauty topology, see...

Suppose that G is generated by a finite set S. Then for every positive

integer n and for every H < G the isomorphism class of the rooted ball in
the Schreier graph I'(G/H, S) of the radius n with the center 1H is uniquely
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determined by the conditions of the form gy - go € H or g1 - go ¢ H, where
g1 and go are elements of length n of the group G. It follows that the space
of all Schreier graphs of G with topology induced from the space Sg of all
perfectly S-labeled graphs is naturally homeomorphic to the space Sg.

The space Sg of perfectly labeled graphs is naturally isomorphic to the
space Sry of subgroups of the free group Fs generated by S. Every rooted
graph (I',v) € Sg defines an action of the free group Fs on the set of its
vertices, and the corresponding point of Sg is the stabilizer of v, which is
naturally identified with the fundamental group 71 (I, v), since every element
of the stabilizer corresponds to a loop based at v.

If G ~ X is a group action, then we have a natural map x — G, from
X to Sg. The proof of the following proposition is essentially the same as
the proof of Proposition [2.1.11

Proposition 2.1.27. The map A : x — G, is continuous at G-reqular
points of X. The map x — Gy is continuous at all regular points and all
Hausdorff singularities.

Recall that G ;) is the subgroup of elements of G acting trivially on a
neighborhood of .

Proof. Let C4 p be a neighborhood of G, in Sg. Then we have g(z) = x
for every g € A and g(z) # x for every g € B. Since x is G-regular, there
exists a neighborhood U of = such that g(y) = y for every g€ A and y € U,
and g(y) # y for every g € B and y € U. Consequently, G, € C p for every
y € U. We showed that A is continuous at . The statement about the map
x> Gy is proved in a similar way, see Proposition O

In general, the map = — G, is only upper semi-continuous on X: if z; is
a net of points converging to z € X, then all partial limits of the net G, are
contained in G;. The map z — G, is lower semi-continuous: all partial
limits of G,y contain G(,). Moreover, G ;) can be reconstructed from the
partial limits of GG, in the following way.

Proposition 2.1.28. Let G ~ X be an action of a countable group on a
compact Hausdorff space, and let x be an arbitrary non-isolated point of X.
Let L be the set of the limits of all convergent nets G ,,), where x; € X \{r}
converges to x. Then G, = Nyer H-

Proof. Denote K = ()., H. Suppose that g € G(y). Then g acts trivially
on a neighborhood of U of x. Then for every net x,, converging to = we have
zp € U for all n big enough, which implies g € G(,,,). It follows that g € H
for every H € L, hence g € K.
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Suppose now that g ¢ G,. Then g(x) # x, and hence there exists a
neighborhood U of z such that g(U) n U = . Then for every x; € U we
have g(x;) # x;, hence g; ¢ H for every H € L, hence g ¢ K.

Suppose now that g € G\ G(,). Then g(x) = =, but for every neighbor-
hood U of x there exists y € U such that g(y) # y. It follows, by compactness
of the space of subgroups, that there exists a net y; € X \ {z} such that
G(y;) is convergent and 9(yi) # y; for every i. Then g does not belong to
the limit of G,,), hence g ¢ K. We have shown that g € G(,) if and only if
ge K. (I

2.1.8. Minimal invariant subsets of the Chabauty space. Follow-
ing [GW15], we define a uniformly recurrent subgroup of G (a URS) as a
closed subset C of Sg such that action of G on C by conjugation is minimal.
Similarly, it is a topologically transitive subgroup if the action is topologicaly
transitive.

URS is a generalization of the notion of a normal subgroup. Namely, a
singleton is a URS if and only if it is consists of a normal subgroup. More
generally, if a subgroup H has a finite number of conjugates (i.e., if index
of the normalizer of H in G is finite), then the set of conjugates of H is an
example of a URS.

The notion of a URS is a topological analog the notion of an invariant
random subgroup, which is defined as a G-invariant probability measure on
Sq...

The following theorem from |[GW15|] shows that every minimal action
of a countable group defines a URS.

Theorem 2.1.29. Let G ~ X be a minimal action of a countable group
on a compact topological space. Let C be the closure in Sg of the set of
stabilizers G, of G-regular points of X. Then C is a URS. Moreover, it is a
unique URS contained in the closure of the set A(X) = {Gy : v € X}.

Proof. Let us reprove Proposition 2.1.18| in terms of the Chabauty space
by dropping the condition that G is finitely generated and talking about the
stabilizers instead of orbital graphs. Namely, we want to prove that if = is
a G-regular point, then the closure of the set {Gy,y : g€ G} for any y € X
contains G,. Equivalently, we want to prove that every neighborhood of G,
contains Gy, for some g € G. A basis of neighborhoods of G is formed
by the sets of the form {H < G : A c H,Bn H = &}, where A and
B are finite subsets of G. If A and B are finite subsets such that A ¢ G,
and B n G, = J, then, by the definition of a regular point, there exists a
neighborhood U < X of x such that A < G, and B n G, = & for every
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z € U. By minimality, there exists g € G such that g(y) € U, which finishes
the proof of the claim.

We have shown that the closure of the every G-orbit of GG, contains C,
which implies that C is the unique minimal subset in the closure of A(X). O

Note that if C is a uniformly recurrent subgroup, then A(C) is in general
different from C, since the stabilizer for the action by conjugation of a sub-
group H < G is its normalizer and it can be different from H (i.e., H may
not be self-normalizing. So, it is not immediately clear if all uniformly recur-
rent subgroups of G can be obtained using Theorem The fact that it
is true (that for every URS C of G there exists a minimal action G ~ X’ such
that C is the closure of the set of stabilizers of G-regular points of X') was
shown for finitely generated groups by G. Elek [Elel8] and in general (even
for locally compact groups) by N. Matte Bon and T. Tsankov [MBT17].

Note also that A(X) in general erases a lot of information about the
action G ~ X. In fact, a group may have many minimal free actions on
compact spaces, when A(X) is a singleton......

2.1.9. Space of marked groups. By Lemma [2.1.26] the set of normal
subgroups of a group G is a closed subset of 2¢. Let us denote it Q. We
can identify Qg with the set of all epimorphisms G — H.

An interpretation in terms of marked Cayley graphs, different historical
remarks and overview...

2.2. Localizable actions and Rubin’s theorem

We present here a result from the paper [Rub89|] by M. Rubin. The paper
contains several theorems describing classes of group actions such that if
G1 ~ X1 and Go ~ &5 belong to such a class, then for every isomorphism
¢ : G1 —> Go there exists a homeomorphism F' : &} —> A5 conjugating
the actions, i.e., such that F(g-z) = ¢(g) - F(z) for all x € X} and g € G.
In fact, the theorems show how to reconstruct the action G ~ X from the
algebraic structure of an abstract group G. Such theorems make it possible
to distinguish abstract groups using invariants of dynamical systems such as
quasi-isometry classes of orbital graphs, entropy, groupoids of germs, etc..
This will be useful for us in many instances.

M. Rubin’s paper does not define one big class of group actions, rather
several closely related classes. Finding the most general “Rubin’s theorem”
is an interesting open problem. We will not present all results of [Rub89].
Moreover, we will make some substantial simplifications. But most examples
that are of interest for us will be covered.
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Theorems similar to [Rub89] were proved in different generality in sev-
eral other papers. For example, Fremlin shows in [Theorem 383D] that if
a group of automorphisms of a complete Boolean algebra “contains many
involutions” then the Boolean algebra can be reconstructed from the group
structure. Giordano, Putnam, and Skau proved a rigidity theorem for topo-
logical full groups of minimal homeomorphisms, see .... K. Medynets proved
in... that isomorphisms full groups of actions on Cantor sets are realized by
homeomorphisms. In the context of full groups it was proved in... Check also
results of Matui... We will also prove a reconstruction theorem from [LINO02]
for groups acting on rooted trees, see Theorem which is very similar
to Rubin’s theorems, though does not follow directly from them.

2.2.1. Localizable actions. Let GG be a subgroup of the homeomorphism
group of a Hausdorff topological space X.

Definition 2.2.1. Denote, for an open subset U < X, by G[U] the set of
all elements of G acting trivially on X \ U.

We say that the action G ~ X is localizable if X' for every non-empty
open set U the subgroup G|U] is non-trivial.

Note that if G ~ X is localizable, then X has no isolated points.

Denote, for g € G, by var(g) the interior of the closure of the set of
points x € X such that g(x) # x. The set of points moved by g is contained
and is dense in var(g).

We start with a property of localizable actions which is often used to
study normal structure of groups of homeomorphisms. Analogs of this
proposition appeared in many papers as a lemma for proving simplicity
of just-infiniteness of groups acting on topological spaces, see...

Lemma 2.2.2. Let N <1 G be a normal subgroup. If g € N and an open
set U € X are such that g(U) nU = &, then the derived subgroup G[U]" =
[GIU], GIU]] of G[U] is contained in N.

Proof. Let hi,hy € G[U] ~ {1}. The element highy'g™! acts trivially
on X ~ (U u g(U)), as hy on U, and as gh;'¢g~! on g(U). Therefore,
[highi'g~ ", ha] = [h1,ha]. But highy'- g ' € N, hence [highT'g ', ho] €
N. We have proved that [h1, he] € N for all hy, hs € G[U]. O

Let us prove a simple lemma, which will be used later several times.

Lemma 2.2.3. Let g1,...,9n, € G and x € X be such that g;(x) # g;(z) for
all i # j. Then there exists an open neighborhood U of x such that g;(U)
are pairwise disjoint.
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Proof. For every pair i # j there exist neighborhoods U;; 3 gi(z) and
Vij 2 g;j(x) of x such that g;(U; ;) n g;(Vi;) = &. Consider the intersection
U of the neighborhoods U; ; and V; ; for all i # j. Then ¢;(U) < g;(Ui ;)
and g;(U) < ¢;(Vi;), hence g;(U) n g;(U) = &. 0

As a corollary of Lemmas [2.2.2] and [2.2.3] we get the following proposi-
tion.

Proposition 2.2.4. Let G be a group acting on a Hausodorff topological
space X. If N < G is a non-trivial normal subgroup of G, then there exists
a non-empty open subset U < X such that the normal closure of G[U]" in
G is contained in N.

It is clear that not every group admits a localizable action (e.g., such a
map must contain many commuting elements). Results of M. Abért [AbE05],
for instance, imply that no group adimiting a localizable action can satisfy
a non-trivial group law. A group law is a word w(z1,x2,...,2,) in the free
group generated by z1,z2,...,z, such that w(g1,g2,...,gn) for all g; € G.

Theorem 2.2.5. If G ~ X is a localizable action, then G satisfies no non-
trivial group law.

Proof. We approximately follow the proof of [Abé05, Theorem 1.1]. Let
w(T1,T2,...,Tn) = gmGm-1---g1 be a word in the free group generated
by {x1,x2,...,x,}, where g; € {x1,22,...,2,} U {mfl,zgl,...,x#}. We
assume that it is reduced, i.e., that gi;1¢; is not of the form zz ! or z 'z
for any i = 1,2,...,n — 1. Denote by wi(x1,x2,...,Tn) = gkgk—1- - g1 its
suffix of length £.

Let us prove by induction on m that there exist elements hi, ha, ..., h, €
G and a point p € X’ such that all the points p; = w;(h1, he, ..., h,)(p), for
i =1,2,...,m are pairwise different. This, of course, will imply that the
law w(z1,z2,...,Ty) is not satisfied in G. The statement is obviously true
form =1: if g = x; or g1 = x;l, choose h € GG, and x € X such that

h(z) # x. Then the statement is true for any collection hi, ha,..., h, € G
such that h; = h.

Suppose that the statement is true for m — 1, let us prove it for m. By
the hypothesis, there exists a point p € X and a collection (h1, ho, ..., h,) €
G"™ such that p; = w;(hy,hs,...,h,)(p) are pairwise distinct for all i =
1,2,...,m — 1. By Lemma there exists a neighborhood U of p such
that the sets U; = w;(hy,ha,...,h,)(U) are pairwise disjoint for all i =
1,2,....m—1.

If wp(h1,ha, ... h)(p) & {pi : 1 < i < m — 1}, then we are done.
Suppose that wy,(hi, ha, ..., hy)(p) = pi, for some 1 < ig < m — 1.
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Gio+2

Figure 2.10. Proof of Theorem [2:2.5]

Then the intersection U,, n U;, contains p;,, hence it is non-empty, and
there exists a neighborhood V' < Uj, of p;, such that gmgm—1---gi,+1(V) <
Uio"Upy. I gm@m—1 - - gig+1|v is not the identity map, then there exists pgo €
V such that gmgm—1---gig+1(0},) # Piy- Let 0" = (giGig—1 -+ 91) " (1f,)-
Then p’ € U, and the points pj, = (grgr—1---g1)(p'), for k =1,2,...,m —1,
belong to pairwise disjoint sets Uy, hence are pairwise distinct. The last
point p!, belongs to V < Uj,, hence can not be equal to p} for ¢ # i, but it
is also different from pj . Tt follows that all points pj, are distinct.

Suppose now that g,mgm—1 - - - giy+1|v is identical. Denote Vi = (gi,gig—1 " - -

and V; = gigi+1---g1(Vo). Note that V =Vj,,.

Choose f € G[V] ~\ {1}. Let jo be such that g, = zj, or g, = :L‘;O1.
Replace then hj, by b} = fhj, if gm = zj, and by b = hjo f~1if gm =
sz)l, so that gy, is replaced by fg¢,. Denote by (h},h,... k) the new
collection of the values of the variables (so that h} = h; for i # jy). Consider
the restriction of wy,(h}, Y, ..., kL) to Vo = wi,(h1,ha,...,h,)"H(V), and

denote V; = g;gi—1---91(Vp). The sets V; are pairwise disjoint.

If ig + 1 = m — 1, then g;y 41 # g,,,, since the word gmgm_1 -+ g291 is
reduced. If ig+1 < m—1, then g;,4+1 (Ui, ) "Upm—1 = & but Uiy NG (Upm—1) #
. Hence, we always have g;,.1 # g,,'

If g, = zj,, then the map hj, was modified only on V,,. If g, =
xjfol, then the map hj, was modified only on V;,. Since the sets V; are
pairwise disjoint, and g;,4+1 # ¢!, restrictions of the maps g; to V; i
for i = 1,...,m — 1 were not changed, see Figure 2.10] Consequently,
wr(hy, hh,y oo b)) vy = wi(ha,he, ... hn)ly, for £ = 1,2,...,m — 1, and
wm (P, Ry, R ) v = f - wm(ha, ha, ... h)|y,. Since f # 1, there exists
p” € Vo such that f-wp,(hi, ha, ..., h)(p") # wm(hi, he,. .., hy)(p") and then
the points wg(hy, hb, ..., hl)(p") are pairwise distinct. O

Corollary 2.2.6. If G ~ X is localizable, then G' ~ X is localizable.

Proof. If G ~ X is localizable, then G[U] ~ U is localizable for every
non-empty open subset U < X. Since G[U] ~ U is localizable, it is not
commutative, by Theorem It follows that G[U]’ is non-trivial for



140 2. Group actions

every non-empty open subset U. We obviously have G[U]" < G'[U], hence
G' ~ X is localizable. O

Examples of localizable actions... (full homeomorphism groups of man-
ifolds, and the Cantor set, Thompson group

2.2.2. Boolean algebras. Here we present a very short overview of the
theory of Boolean algebras. For more, see (Sikorski, Koppelberg)...

A Boolean algebra is a set A with two binary operations v, A and one
unary operation ~ satisfying the following axioms for all a,b,c € A:

(1) avb=bvaandanb=>bAna;

(2) av((bve)=(avb)vcandan (barc)=(anb)rc

(3) (anb)yvb=b, (avb) Ab=Db

4) an(bve)=(anb)vianc),av(brc)=(avb)(avc);

(5) (an ~a)vb=0b, (av ~a) Ab=0.

One can show that the axioms imply the following properties.

6
7

(6) For every a € A we have a v a=a,ana=a.
(7) Write a c bif a A b= a. Then a c b if and only if a v b = b, and
the relation a c b is a partial order on A.

(8) The elements an ~ a and av ~ a do not depend on a. We will
denote them by O and I, respectively. The elements O and I are
the minimal and the maximal element of A with respect to c.

(9) For every a € A we have ~~ a = a.
(10) For every a,b e A we have ~ (anb) = (~a)v(~b)and ~ (avb) =
(~a) A (~ D).
Basically, any algebraic statement which is true for the usual operations
N, U, X \ A on the set 2% of all subsets of a set X (on the Boolean of X) is

true for every Boolean algebra. More precisely, one has the following Stone
Representation Theorem, see (Sikorski Theorem 8.2).

Theorem 2.2.7. FEvery Boolean algebra A is isomorphic to the Boolean
algebra of clopen subsets of a compact totally disconnected space S (with
respect to the operations ANB=AnB, AvB=AuB, ~A=6x\A.
The space G 1is called the Stone space of the algebra and it is the space of
all ultrafilters of A.

The Stone space & of ultrafilters is defined in the following way.

Definition 2.2.8. A filter on a Boolean algebra A is a set § < A such that
(1) if a,b € 0, then a A b € 0;
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(2) if be @ and a D b, then a € 4.

For example, for a given a € A the set of elements b € A such that a c b
is a filter. Such filters are called principal. A filter is called proper if it does
not coincide with A, i.e., if it does not contain O.

An ultrafilter is a maximal (with respect to inclusion) proper filter. An
easy application of Zorn’s lemma shows that every proper filter is contained
in an ultrafilter.

A set a < A is an ultrafilter if and only if it is equal to the preimage of
I under a homomorphism h : A — {O, I} onto the two-element Boolean
algebra (which is isomorphic to the Boolean 2{} of a one-point set). In
particular, if « is an ultrafilter, then for every a € A either a € a or ~ a € a.

Let & be the set of all ultrafilters of the algebra A. For an element
a € A, let U, be the set of ultrafilters oo € & such that a € . The set of all
sets U, is a basis of topology on &. We have & \ U, = U.,, hence the sets
of the form U, are clopen. The space & is the Stone space of the algebra,
and it is the space from Theorem [2.2.7]

Example 2.2.9. Let X be a discrete set, and let 2% be the Boolean algebra
of all subsets of X. Then the space of ultrafilters & of the algebra 2% is the
Stone-Cech compactification X of X. Here X is naturally identified with
the set of principal ultrafilters of the form {U ¢ X : z € U} for z € X.

For a subset A < A an upper bound (resp. lower bound) of A is an
element b € A such that a < b (resp. b < a) for every a € A. The supremum
\/ A (resp. infimum /\ A) of A is the smallest (resp. largest) upper (resp.
lower) bound of A. Suprema and infima do not always exist.

Definition 2.2.10. A Boolean algebra A is said to be complete if for every
set A < A the supremum \/ A exists.

If the algebra is complete, then for every set A — A the infimum A A
exists.

2.2.3. Reconstructing the Boolean algebra of regular sets. Let X
be a topological space. A subset U < X is said to be a regular open set (or
just a regular set) if it is equal to the interior of its closure. Denote by R(X)
the set of all regular subsets of X.

For A, B € R(X), denote by A v B the interior of the closure of Au B,
by A A B the intersection A n B, and by ~ A the interior of X ~~ A. We
denote A ~ B = A n (~ B). This defines a structure of a Boolean algebra
on R(X).

The Boolean algebra R(X) is complete, see [Fre04, Theorem 314P]. If
U is a subset of R(X), then its supremum is the set \/;;o, U equal to the
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interior of the closure of | J; ¢, U, and its infimum /\;;g, U is the interior of
(uey U- Note that if ¢/ is finite, then A U = ey U-

Our first goal is to show that if an action G ~ X is sufficiently rich
(if G[U] are sufficiently big), then the structure of G as an abstract group
uniquely determines the Boolean algebra R(X) of regular open subsets of
X.

Definition 2.2.11. We say that an action G ~ X is locally transitive if for
every open set W < X there exists an open subset U < W such that the
action G[U] ~ U is topologically transitive.

The following theorem is proved in [Rub89, Theorem 0.2]. We have
simplified it a bit, by imposing a stronger condition on G ~ X.

Theorem 2.2.12. If the action G ~ X is locally transitive and X is Haus-
dorff, then the Boolean algebra R(X) and the action of G on it are uniquely
determined by G.

In particular, if Gy ~ X1 and Go ~ Xy are locally transitive actions
on Hausdorff spaces, and ¢ : Gy —> Go is an isomorphism of groups, then
there exists an isomorphism of Boolean algebras ® : R(X;) — R(X2) such
that ®(g(U)) = ¢(9)(2(U)) for all U € R(X1) and g € G;.

Proof. The main idea of the proof is to model regular sets U € R(X) by
the subgroups G[U]. The Boolean operations in R(X) can be modeled by
group-theoretic operations on subgroups of G in the following way.

We denote by Z5(A) the centralizer of A ¢ G, i.e., the subgroup of all
elements g € G commuting with every element of A.

Proposition 2.2.13. a) For different U1, Us € R the subgroups G|U1| and
G|Us] are different.

b) For every U € R(X) we have
G[~ U] = Za(G[U]).
¢) For every set U < R(X) we have G [Ayey Ul = Nuey GLU]-

Proof. Let us prove at first the following two lemmas.

Lemma 2.2.14. If U is reqular, then
GlU]l ={9€ G : var(g) c U}
and

G[~U]={9€eG : var(g) nU = &}.

Proof. Let D, be the set of points moved by g. Then var(g) is the interior
of the closure of Dy. Since the set Dy is open, D, < var(g). We defined
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G[U] as the set of elements g € G such that D, < U. If var(g) < U, then
Dy, c U. On the other hand, if D, < U, then the interior of the closure of
D, is a subset of the interior of the closure of U, which is equal to U. It
follows that D, c U is equivalent to var(g) < U for regular U. O

Lemma 2.2.15. If U is open and U nvar(g) # &, then there exists h €
G|U] such that [g,h] # 1.

Proof. There exists € U such that g(z) # z. Then, by Lemma [2.2.3]
there exists an open neighborhood N such that N and g(N) are disjoint.
Let h be any non-trivial element of G[N]. Then ghg ! € G[g(N)], and
G[N]nG[g(N)] = {1}, hence h and ghg ! are different, i.e., g and h do not
commute. g

Let us prove statement (a) of the proposition. If U; # Us, then one of
the sets Uy ~ Uy, Uy ~ Uj is non-empty. Suppose that V = U} ~ Us is
non-empty. Then G[V] < G[U;] and G[V] n G[Uz2] = {1}, which implies
that G[U1] # G[Uz], thus proving (a).

Let us prove (b). We obviously have G|~ U] < Zg(G|U]). Suppose
that g ¢ G|~ U]. Then g moves a point in the complement of ~ U, i.e., in
the closure of U. Since the set of points moved by g is open, it follows that
g moves a point of U, and by Lemma[2.2.15] there exists h € G[U] such that
g and h do not commute, i.e., g ¢ Z¢(G|U]).

Let us prove (c). The set Ayg,U is, by definition, the interior of
Ny U- Tt follows that G [/\;g, U] is equal to the set of elements g € G
such that var(g) < U for every U e U, i.e., to [ ), GIU], see Lemmal2.2.14]

([

Proposition shows that if we can describe subgroups of the form
G|U] for U € R(X) in purely group-theoretic terms, then we can reconstruct
the Boolean algebra R(X’) from the abstract group G. Moreover, it is enough
to find some subset U < R(X) such that the groups of the form G[U] for
U € U have a group-theoretic characterization, and R(X’) is the smallest
complete Boolean subalgebra of R(X) containing .

In the original proof by M. Rubin [Rub89| the groups G[U] were con-
structed in the form Zg(g2¢(™) for pairs g, h € G satisfying a rather com-
plicated condition. We simplify his construction by formulating it in terms
of subgroups rather than group elements. (We will loose, however, some
model-theoretic properties of the interpretation of R(X’) in G.)

Definition 2.2.16. We say that a non-trivial proper subgroup H < G is
flexible if its center is trivial and the following two conditions are satisfied.

(1) If g1, g2 € G\ Zg(H) then there exists f € H such that [g{,gg] # 1.
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(2) If g € G~ H then there exist fi, fo € Zg(H) such that [f1, fa] # 1
and [f{, fo] = 1.

Conditions (1) and (2) of Definition [2.2.16| are analogous to the predi-
cates 11 and 12 of [Rub89], respectively.

Note that the first condition of Definition [2.2.16] is equivalent to the
condition that for every g € G \ Zg(H) we have Zg (¢") < Zg(H). In
particular, this implies that for every non-trivial normal subgroup N < H
we have Zg(N) = Z5(H).

We leave it as an exercise to the reader to check that in any group the
equality [f{, f2] = 1 is equivalent to [[g, f1], fo] = [f1, f2]-

Proposition 2.2.17. A subgroup H < G is flexible if and only if there
exists a proper non-empty reqular subset U < X such that H = G|U]| and
G|U] ~ U is topologically transitive.

Proof. Let us prove at first a series of lemmas.

Lemma 2.2.18. If H is flexible, then Zq(Z¢(H)) = H.

Proof. We obviously have Z5(Zc(H)) > H. Suppose that there exists
g € Z2a(Z2¢(H)) ~ H. By the second condition of Definition there
exist f1, fo € Zg(H) such that [f1, fa] # 1 and [f{, fo] = 1. The latter
equality is equivalent to [[g, f1], f2] = [f1, f2], but we have g € Z5(Z¢(H)),
so that [g, fi] = 1, hence [[g, fi], f2] = 1, which is a contradiction. O

Note that, as a part of Definition [2.2.16] we assume that for every flexible
H we have H n Z5(H) = {1}.

Lemma 2.2.19. If U is a regular non-empty set such that G[U] ~ U
is topologically transitive, then G[U] satisfies the first condition of Defini-
tion [2.2. 10l

Proof. Recall that Z¢(G[U]) = G[~ U]. Let g € G\ G[~ U]. We have
to prove that Z¢(¢%Yl) © G[~ U] . Suppose that, on the contrary, there
exists h € Z5(¢g%lY1) such that h ¢ G[~ U].

We have g, h ¢ G[~ U], hence var(g) and var(h) have non-empty in-
tersections with U. Then there exist open sets W,, W), < U such that
gWy) n Wy = h(Wy) n W), = &. For any hi,ha € G[W,y] we have
[h1, ha] = [[g, h1], ko] € (g¢Wal), as in Lemma Since G[W,] < G[U]
and h € Z¢ (g%, we conclude that G[W,]’ commutes with h. Moreover,
since the action of G[U] on U is topologically transitive, there exists a non-
empty open subset W/ < Wy and f € G[U] such that f(W') < W},. The
group G[W']" is non-trivial by Lemma [2.2.15, We have G[f(W")] < (g1,
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hence G[f(W')] commutes with h, but this is a contradiction with the fact
that the sets A(f(W')) and f(W') are subsets of h(W},) and W}, and there-
fore are disjoint, see Lemma [2.2.15 (]

Let us denote, for H — G, by var(H) the set \/,cqz var(h), ie., the
interior of the closure of the set | J;,cp var(h).

Lemma 2.2.20. If H satisfies the first condition of Definition then
it is topologically transitive on var(H).

Proof. If H is not transitive on var(H), then there exist disjoint non-empty
H-invariant subsets Uy, Uy of var(H). By Lemma there exist g; €
G|U;] such that g; do not commute with some elements of H, hence do not
belong to Zg(H). Consider the subgroup Z¢(gi?). By the first condition of
Definition it must be contained in Zg(H). We have then Zg(H) >
Za(gf) = G[~ Ui]. But it implies H < G[U;], which is a contradiction
with Uy € var(H). O

Lemma 2.2.21. For every proper open subset W the group G[W] satisfies
the second condition of Definition|2.2.16]

Proof. Let ¢ € G ~ G|W]. Then var(g)n ~ W # . It follows that
there exists a non-empty open set V c~ W such that ¢~ }(V)nV = .
Let h1,he € GIV] < G[~ W] = Z¢(G|W]) be arbitrary elements such
that [h1,ha] # 1. They exist by Lemma Then, in the same way
as in Lemma the element [g, hi] = g_lhflghl = g_lhflg - h1 acts
as gilhl_lg on g 1(V), as hy on V, and trivially everwhere else. It follows
that [[g, h1], he] acts as [h1, he] on V and trivially everywhere else, i.e., that
[[g, h1], ha] = [ha, ho]. O

It remains to prove that if H < G is flexible then H = G|var(H)]. We
know that if H is flexible, then it acts topologically transitively on var(H).
Let us show that Z5(H) acts identically on var(H), i.e., that var(Z¢(H))
and var(H) are disjoint.

Lemma 2.2.22. An element g € Z5(H) can not act non-trivially on var(H)
but trivially on a non-empty open subset U of Z5(H).

Proof. Suppse that g acts non-trivially on var(H) and trivially on a non-
empty open subset U < Zg(H). Then for every h € H the element ¢" = g
acts trivially on h=1(U), which, by topological transitivity of H ~ var(H),
implies that g is trivial. (I

Suppose that there exists x € var(H) nvar(Zg(H)). Since H acts topo-
logically transitively on var(H), the H-orbit of x is infinite, and therefore
there exist four elements hq,...,hy € H such that z, hy(z), ha(z), ..., ha(z)



146 2. Group actions

are pairwise different. Then by Lemma there exists a non-empty
open neighborhood W of x such that W, hy (W), ho(W), ..., hay(W) are pair-
wise different and contained in var(H). Since x is moved by an element
of Z;(H), there exists a neighborhood W’ < W of z such that every non-
trivial element of G[W’] does not commute with Z;(H) (see Lemmal[2.2.15)).
Then, by the second condition of Definition for any non-trivial el-
ement g € G[W'] there exist elements fi,fo € Zg(H) such that 1 #
[f1, f2] = [[9, 1], f2]. We have var([[g, f1], f2]) S var(g) v f; *(var(g)) u
f7 Hwar(g) w f3 7 (war(9)) € W o fTHW) w [ (W) o 5 fTH(W). T
W it W) o £ LW U fy N W) # var(H), (note var(H) is Zq(H)-
invariant, since an element of Z5(H) can not move a global fixed point of
H to a point of var(H)), then [fi, fo] acts identically on an open subset
of var(H) and is supported inside var(H), which is a contradiction with
Lemma It follows that W U f; *(W) U f, '(W) U f, Lf{ T (W) =
var(H).

Note that [f1, fo] = [f1, ol = [[g" . fi], fo] for i = 1,2,...,4. It
follows then by the same argument as above that h;(W) U fi(hs(W)) U
fy L)) U £y L (hi(W)) = var(H). Consider an arbitrary point y €
var(H). It belongs to at most one of the sets h;(WW), to at most one of the
sets fi 1 (hi(W)), to at most one of the sets f5*(h;(W)), and to at most one
of the sets f, ' f; ' (hi(W)). But then it follows that it belongs to at most
four of the sets h;(W) U f7 (hi(W)) U fyt fTH(hi(W)), for i = 0,1,...,4
(where hg = 1), which is a contradiction. O

Let F be the set of all open regular subsets of X such that G[U] ~ U
is topologically transitive. It remains to show, in order to finish the proof
of Theorem [2.2.12 that R(X) is generated by F as a complete Boolean
algebra.

Let W € R(X), and consider the supremum

W' = \V U.
UcW, G[U] ~ U topologically transitive

Suppose that W # W’. Then W ~ W’ is a non-empty open subset of W,
and there exists a subset U € W ~ W' such that G[U] ~ U is topologically
transitive. But this is a contradiction with the choice of W’. Consequently,
W =W’ and F generates R(X).

Note that we actually proved that H < G satisfies H = Glvar(H)] if
and only if H is equal to the intersection of a collection of centralizers of
flexible subgroups of G. |
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Another, in some cases more general, way of reconstructing the Boolean
algebra of regular open sets is given by the following theorem of D.H. Frem-
lin, see [Fre04], Theorem 384.D].

Definition 2.2.23. Let G be an automorphism group of a Boolean algebra
A. We say that G has many involutions if for every non-zero a € A there
exists an involution g € G such that g(b) = b for all b c~ a. (We say then
that a supports g.)

Theorem 2.2.24. Suppose that A; are complete Boolean algebras, and
Gi; ~ A; are faithful actions by automorphisms with many involutions. Then
every isomorphism ¢ : G1 —> Ga is induced by an isomorphism of Boolean
algebras ® : Ay —> As.

2.2.4. Reconstructing X from G. The next step is to show how one can
reconstruct the action G ~ X from the Boolean algebra R(X) of regular
subsets of X and the action of G on it. Again, we are not formulating the
most general condition, but a condition sufficient for all our examples.

Consider the following condition for an action G ~ X.

(R) For every z € X and every neighborhood U of = the G[U]-orbit of
x is somewhere dense.

Theorem 2.2.25. Suppose that the actions G; ~ X; on locally compact
Hausdorff spaces are locally transitive and satisfy condition (R). Then every
isomorphism ¢ : G1 —> Go s induced by a homeomorphism X — Xjs.

For example, if for the action G ~ X on a locally compact Hausdorff
space there exists a basis of neighborhoods of A consisting of sets U such
that G[U] ~ U is minimal, then G ~ X is uniquely determined by G.

Local transitivity is not enough, see Exercise

Proof. Let G ~ X be a locally transitive action satisfying Condition (R),
and X is a locally compact Hausdorff space. We are going to show how the
space X and the action of G on it can be reconstructed from the Boolean
algebra R(X) and the action of G on it.

Let & be the Stone space of R(X). The group G acts on it naturally by
homeomorphisms. This action and the subgroups G[U] for U € R(X) are
uniquely determined by the algebraic structure of G (see Theorem
and its proof).

For every o € G the set ﬂUeaU is either empty, or consists of a single
point, which we will denote by z, (if it exists). Note that if U is a regular
set such that x, € U, then U € «, since z, ¢~ U. Similarly, if U € a, then
2o must belong to the closure of U. Also note that if « contains an element
U such that U is compact, then z, exists.
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Definition 2.2.26. We say that an element U of an ultrafilter o« € & is an
X -neighborhood of « if there exists V' € R(X) such that V € U and for every
V' e R(X) such that V/ < V there exists g € G[U] such that g(V’') € a.

Note that the condition of U being an X-neighborhood of o € & is
formulated in purely group-theoretic terms.

Lemma 2.2.27. An element U € R(X) is an X -neighborhood of o € & if
and only if xo exists and belongs to U.

Proof. If z, exists and belongs to U, then there exists an open regular set
V < U such that the G[U]-orbit of z, is dense in V. It is easy to see that
then the conditions of Definition 2.2.26] are satisfied.

Conversely, suppose that U is an X-neighborhood of an ultrafilter «,
and let V' be as in Definition Then there exists an open regular set
V! < V such that V7 is compact. It follows that o contains an element g(V"')
with compact closure, hence x,, exists. It follows then from Definition [2.2.26
that the G[U]-orbit of z, is somewhere dense. We have z, € U, but since
the interior U of U is G[U]-invariant, this actually means that z, belongs
to the interior of U, i.e., to U. O

Note that for every z € X’ the set of all elements U € R(X) containing
x is a filter, hence it is contained in an ultrafilter ce. Since there exist sets
U € R(X) such that x € U and U is compact, the point x, exists. But it
can be equal only to x, since for every point y different from z there exists
U e R(X) such that z € U and y e~ U.

Note that x4, # Zq, if and only if there exist Uy, Uz € R(X) such that
U; is a neighborhood of «;, and U; ~ Us = (.

We have described in group-theoretic terms all ultrafilters o for which x,,
exists, when two points x4, T4, are different, and when a point z, belongs
to a given regular open set. Since the set of regular open sets is a basis
of topology of X (see the conditions of the theorem), we get a complete
description of the action G ~ & in group-theoretic terms. O

Corollary 2.2.28. Let G ~ X be an action satisfying the conditions of
Theorem|[2.2.25. Then every automorphism of G is induced by a conjugation
by a homeomorphism of X. In other words, the automorphism group of G
coincides with its normalizer in the homeomorphism group of X .

Example 2.2.29. Let G be the group of all homeomorphisms of the circle
R/Z. 1t is easy to see that if U is an open arc of the circle, then G[U]
acts transitively on U. It follows that G ~ R/Z satisfies the conditions of
Theorem hence all automorphisms of G' are inner.
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Example 2.2.30. Another example of a group satisfying the conditions of
Theorem [2.2.25| is the Thompson group F, see...

2.3. Automata

2.3.1. Definitions. Let X and Y be finite alphabets, and let f : X — Y%
be a continuous map. Then for every z1x2 ... € X¥ and every n there exists
m such that the first n letters of f(z1z2 ... Zmam+1am+2 . ..) do not depend
ON Upt1Gmas ... € XY, If we interpret the transformation f as a work of
a machine that reads zixs... and prints y1y2 ..., then it has to read only
a finite beginning of zix2... in order to be able to write a beginning of
arbitrary length of f(xzjxy...). This can be formalized in the following way.

Definition 2.3.1. An automaton is a tuple A = (X, Y, @, qo, 7, \), where

e X, Y are finite alphabets (called the input and the output alphabets,
respectively),

Q is a set (called the set of states of the automaton,

qo € @Q (called the initial state),

m:Q x X —> @ is a map (called the transition function),

A:Q x X—> Y* is a map (called the output funciton).

We interpret A as a machine that being in state ¢ and reading x € X on
the input prints the word A(q, ) on the output, and then changes its state
to m(q,x). According to this interpretation, we extend the maps 7 and A to
@ x X* by the inductive rules

(g, T172 ... 7n) = 7(7(q,T1), D273 ... Tn),

)‘(%xle'wxn) = /\(Q7$1))‘(7T(Q7$1)7«772373'umn)'

Then 7(q, x1x3...x,) is the state of the automaton after reading the word
122 ..., and A(q, 122 ... 2zy) is the total output word.

If w = zqx9 ..., then since the word \(q, z123...x,) is a beginning of
the word A(q,z1x2 ... TpTny1), we can define the word (g, w) as the limit
of the words A(q, z1x2 ... x,). Note that since A(g, x) can be an empty word,
the word \(q,w) is infinite or finite.

Definition describes what is sometimes called asynchronous au-
tomata, which refers to the fact that the length of the output can be different
from the length of the input, so that the input and output “tapes” are not
synchronized. We will study later in[2.4.6] the class of synchronous automata
for which all values of A\ : Q x X — Y are one-letter words. bibliography...
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Definition 2.3.2. The transformation defined by the automaton A = (X,Y,Q, qo, 7, \)
is the map w — A(qo,w) : X* U X¥ — Y* U Y¥. We say that A is non-
degenerate (or almost positive [Eil74]) if for every w € X¥ the word A(qo, w)

is infinite.

Proposition 2.3.3. Every transformation f : X* — Y% defined by a non-
degenerate automaton is continuous. Fvery continuous map f : XY — Y¥
is defined by a non-degenerate automaton.

Proof. Continuity of the maps defined by automata is straightforward.
Conversely, let f : X¥ — Y be a continuous map. Let P(A) for a subset
A < Y* denote the longest common prefix of the words in A. Consider the
following automaton with the set of states X*, initial state &, the transition
function (v, z) = v, and the output function given by the condition that
if P(f(vY¥))A\(v,z) = P(vzY®¥). Note that A(v,x) may be infinite in this
definition. It is easy to see that then A\(@,w) = f(w) for all w e Y¥.

The constructed automaton can give infinite outputs in one step. This
happens only when f is constant on vY*. But then A(vw,z) is empty for
all w e Y¥, so we can modify the automaton so that it produces the word
Av, x) letter by letter independently of the input after the state v. [l

Definition 2.3.4. An automaton A = (X,Y,Q, qo, 7, \) is said to be finite
if the set of states @ is finite.

It is obvious that the set of all maps f : X*¥ — Y® defined by finite
automata is countable.

Composition of two maps defined by finite automata is defined by a finite
automaton that can be constructed in the following way.

Proposition 2.3.5. Let A; = (X1,X2,Q, qo, 71, A1) and Ay = (Xo, X3, P, pg, T2, A2)
be automata. Consider the automaton As o Ay with the input and output al-
phabets X1, X3, respectively, the set of states P x Q, the initial state (po, qo),

and the transition and output functions given by

m((p, @), z) = (ma(p, M(q, x)), m1(q, ),  A(p,q), ) = Xa(p, Mg, x)).

Then the transformation defined by Aso Ay is equal to the composition of the
transformation Xy — X§ defined by Ay with the transformation X§ — X%
defined by As.

We leave the proof as an exercise. Note that in the definition of the
maps 7 and A we use extensions of the maps 7;, A; to finite words.

The set of maps defined by finite automata can be described in the
following way.
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Proposition 2.3.6. Let f : X — Y% be a continuous map. For a word
v € X*, let W, be the longest common beginning of all words belonging to
fX®). If Wy, is finite, then f(vw) = W, f,(w) for some continuous map
fo : XY — YY. Otherwise, we say that f, is empty. The map f is defined
by a finite automaton if and only if the set {f, : v € X*} is finite and every
infinite word W, is eventually periodic.

Proof. We can modify the definition of a finite automaton by allowing it
to give on output an infinite eventually periodic word w and moving after
that to a state ¢; such that m(q,z) = ¢ and A(¢q;,z) = @ for all x € X.
Namely, every such an automaton can be transformed to a finite automaton
in the usual sense by adding a loop producing the eventually periodic word
w independently of the input letters. We will use this modified definition in
this proof.

Suppose that f is defined by a finite automaton A = (X, Y, Q, qo, 7, A). It
follows directly from the definitions that the map f, is uniquely determined
by the state m(qo,v). Consequently, the set {f, : v e X*} is finite. Note
that if the output w € Y of a finite initial automaton does not depend on
the input, then w is eventually periodic.

Suppose now that the set {f, : v € X*} is finite. Take it as the
set of states (), set the initial state g9 = f = fg, the transition function
7(fv, ) = (fv)z = fuz, and the output A(f,, ) equal to the longest common
beginning of the words in the set f,(xX*) (it will be infinite if f,; is empty).
It is easy to see that the constructed automaton will define f. (]

If A= (X,Y,Q,q,m, \) is a finite automaton, then we depict it using
its Moore diagram. It is a rooted labeled directed graph with the set of
vertices @, in which for every ¢ € ) and x € X there is an arrow starting
in ¢, ending in 7(q,x), labeled by x|A(q,z). The root is qy. Given such
a Moore diagram I', the image of a word z1zs... under the action of the
automaton is computed by finding an oriented path ejes... such that e;
starts in the root qp, and e; is labeled by x;|v; for some v; € Y*. Then the
image of x1x2 ... is equal to the concatenation vivs ... of the second halves
of the labels of the arrows in the path.

Example 2.3.7. Consider the automaton with the Moore diagram shown
on on the left-hand side of Figure [2.11] The initial state is marked by a
double circle. It is easy to see that this automaton defines the one-sided
shift x12zo ... xoxs3... over the alphabet X = {1,2,3}.

The automaton on the right hand side of Figure 2.11] appends the letter
1 to every infinite word. change the figure...



152 2. Group actions

11

111 '
O

313

Figure 2.11. The one-sided shift

It follows from Proposition that composition of two maps defined
by finite automata is defined by a finite automaton. Consequently, the set
of all maps f : X¥ — X% defined by finite automata is a semigroup.

The following is proved in [GINSO00Q].

Theorem 2.3.8. The set of all homeomorphisms f : X¥ — X“ defined
by finite automata is a group. There are algorithms which given a finite
automaton decide if the map defined by it is identity, and if it is invertible. In
particular, the word problem is solvable for every finitely-generated subgroup
of the group of homeomorphisms defined by finite automata.

The algorithms for computation with asynchronous automata are imple-
mented in the GAP package...

The following proposition from ... shows that the group of homeomor-
phisms defined by finite automata does not depend on the alphabet.

Proposition 2.3.9. For any two finite alphabets X,Y there exists a finite
automaton defining a homeomorphism XY — Y%,

Proof. It is enough to prove the proposition for X = {0,1} and Y =
{0,1,2,...,d} for every d = 2. Consider the homomorphism ¢ : Y* — X*
of free monoids given by ¢(k) = 11...10 for k£ = 0,1,...,d — 1 and

k times

¢(d) = 11...1. Denote also by ¢ its extension to X¥ — X¥. It is defined
—

d times

on infinite sequences by ¢(x1xsa...) = ¢(x1)P(x2).... The map ¢ is defined
by a finite automaton with one state gy and output function A\(qo, z) = ¢(z).
It is easy to see that ¢ is a homeomorphism and that the inverse ¢! is given
by the automaton with the Moore diagram shown on Figure |2.12 ([

Definition 2.3.10. The group Q(X) of all homeomorphisms f : X¥ — X¥
defined by finite automata is called the group of rational homeomorphisms
of the Cantor set.
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Figure 2.12. A homeomorphism {0,1,...,d}* — {0,1}*

It follows from Proposition that the group @ = Q(X) of rational
homeomorphisms does not depend (up to a conjugacy of the action, and
hence up to an isomorphism) on the size of the alphabet.

The group R was introduced in [GNS00]. We know (see Theorem [2.3.8|)
that every finitely generated subgroup of R has solvable word problem. On
the other hand, it is proved in [BB17] that the order problem for R is
unsolvable, i.e., that there is no algorithm deciding whether a given element
of R has finite or infinite order. It is shown in [BMH17] that the group of
rational homeomorphisms is simple (see also Theorem...) and not finitely
generated.

2.3.2. Examples of subgroups of Q.
2.3.2.1. The Higman-Thompson group.

Definition 2.3.11. For any two sequences vi,va, ..., v, and w1, us, ..., Uy
such that {v;X“} and {u;X“} are partitions of X* define a homeomorphism
f, denoted f = ( U1 U2 e Un ),by

Uy Uz ... Up
flojw) = u;w

forall i = 1,...,n and w € X*. The set of all such homeomorphisms is a
group called the Higman-Thompson group V (X).

It is easy to check that V(X) ~ X“ satisfies the conditions of The-
orem In fact, for every v € X* the action V(X)[vX¥Y] ~ vX¥ is
conjugated by the map vw — w with the whole action V(X) ~ X¥, and is
minimal. In particular, it follows that the automorphism group of V(X) is
naturally isomorphic to the normalizer of V' (X) in the homeomorphism group
of X¥. It is shown in [BCM™16] that the normalizer is naturally embedded
into R(X), and the image of the embedding has a nice automata-theoretic
description.

2.3.2.2. Partial automata and adic transformations. It is convenient in some
cases to consider partial automata, i.e., automata (X,Y,Q,qo, 7, A), where
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the maps 7, A are defined on a (common for both maps) subset of @ x X.
Such an automaton accepts an infinite word xixzs... € X¥ if all the maps
values of 7 in the formula

w(...w(m(7(qo, 1), 2), T3)y - - -, Tp)

for computation of w(qo,x122...x,) are defined for all n. In other words,
the word zizs... is accepted by the automaton if there exists a path in
the Moore diagram of the automaton starting in ¢y and such that the word
x1x2 ... is read on the first halves of the labels z|v of the arrows. We say
that a subset L < X is rational if there exists a finite automaton such that
the set of all infinite words accepted by it is equal to L. The following is
proved in [GINS00, Proposition 2.11].

Proposition 2.3.12. A set L < XY is rational if and only if there exists a
map f:{0,1}*¥ — X¥ defined by a finite automaton such that f({0,1}*) =
L. If L has no isolated points, then we can choose f to be a homeomorphism
onto its range.

In particular, if L is a rational set without isolated points, and G is a
group of homeomorphisms of L defined by (partial) finite automata, then
the action G ~ L can be conjugated by a map defined by a finite automaton
to an action G ~ {0,1}* by rational homeomorphisms. Consequently, G
can be embedded into R.

Let us consider some examples coming from dynamics. Let o : X — X*
be a substitution, and let B, be the associated Vershik-Bratteli diagram,
see [1.3.7] and suppose that B, is properly ordered, see Proposition [1.3.31

Let E be the set of edges of one level of B,. For every x € X the set
r~!(z) is in a bijection with the letters of the word o(x) = x122...2,.
The ordering of the edges e1,es,...,e, € E corresponding to the letters
1Ty ...%y, is the natural one: e} < eg < ... < e,, and we have s(e;) = ;.

We identify the set of vertices V' with X. The space P(B,) is a Markov
subshift of the full one-sided shift E“ consisting of all sequences (e, e, .. .)
such that r(e;) = s(ej+1).

It follows from Proposition [1.3.31| that after replacing o by o for some
k > 1 we may assume that there exist xg,z1 € X such that o(x) starts with
ro and ends with z1 for all x € X.

Let 7 G P(Bs) be the associated adic transformation. If e; € E is not
maximal, then

(2.1) T(ereges...) = elea,e3. ..,

where €’ is the next edge after e.
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If e; is maximal, but ey is not, then 7(ejeses...) = (efebes ..., where €}
is the next edge after e in the ordering, and €] is the unique minimal path
ending in the beginning of ef. Note that we have

(2.2) T(erezes...) = efT(ezes...)

in this case, and that e{ depends only on es.

If both e; and e are maximal, then
(2.3) T(erezes...) = efT(ezes...),

where ef is the unique minimal edge ending in zg, since the first edge of
T(e1ezes . ..) will be minimal.

We see that the adic transformation can be described by the following
automaton.

Proposition 2.3.13. Let 0 : X — X* be a primitive substitution and
xo € X are such that o(x) starts with xo for all x € X. Let B, be the
associated Vershik-Bratteli diagram. Then the adic on the space of paths
P(By) is equal to the transformation defined by the initial state qo of the
following automaton.

The states of the automaton are qq, 1, and 7., where x are letters of X.
The output function A and the transition function w are given by:

If e is not mazximal, then \(qo,e) is the next edge after e and m(qp,e) =
ly(e)- If e is mazimal, then A(qo,e) = & and 7(qo, €) = Ty(e)-

If e is mot mazimal, then N(Ty(), €) = e1e2, T(Tg(e);€) = ly(e), where ez
is the next edge after e, and ey is the minimal edge ending in s(ez).

If e is mazximal, then )\(Ts(e),e) 1s the minimal edge ending in xy and
7"-(7—5(6)7 6) = Tr(e)-

We have M(1gey, €) = e and m(1z,e) = Ly

The automaton does not accept the input in the cases not covered by the
above rules.

See, for example, the automaton on Figure 2.13] defining the adic trans-
formation 7 for the substitution o(a) = ab,o(b) = abb. The corresponding
diagram B, is shown on Figure The edges corresponding to the letters
a,a,b of o(a) are denoted aq, as, a3, and the edges corresponding to the let-
ters a,b of o(b) are denoted by, by, see Figure The green states form
an automaton acting identically on the sequences and accepting only the
sequences belonging to the space of paths of the Bratteli diagram.
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balbibs 1o

balas ba|ba, b3|bs

Figure 2.13. Adic transformation

a b

a1

VA

a1 b3

Figure 2.14.

The corresponding recursive definition of 7 is
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Compare the recursive definition of 7 with the automaton on Figure[2.13]
Note that the output of the automaton is sometimes delayed by one symbol
comparing to the input, since the first letter of 7(z1x2...) depends not only
on x1 but also on xs.

Definition 2.3.14. Let 7 G & be a homeomorphism of the Cantor set. Its
topological full group [[T]] is the group of all homeomorphisms f G X such
that for every x € X there exists a neighborhood U of x and an integer n € Z
such that fly = 7"|y.

It follows directly from Proposition that if 7 G X¥ is rational, then
[[7]] is a subgroup of the group Q(X) of rational homeomorphisms of X“.
This gives us the following interesting class of subgroups of Q. We will study
the properties of topological full groups later in ...

Theorem 2.3.15. Let 7 be the adic transformation defined by a stationary
properly ordered Vershik-Bratteli diagram. Then its topological full group
[[T]] can be embedded into Q. In particular, the word problem in [[T]] is
solvable.

2.3.2.3. Transformations associated with Smale spaces. From my paper on
Smale spaces....

2.3.2.4. Hyperbolic groups. J. Belk, C. Bleak, and F. Matucci proved the
following theorem, see [BBM17]. (For a definition of Gromov hyperbolic
groups and their boundaries see...)

Theorem 2.3.16. If G is a Gromov hyperbolic group acting faithfully on
its boundary 0G, then G can be embedded into R.

One can show that for any non-elementary Gromov hyperbolic group G
the kernel of the action of G on 0G is finite. In particular, every torsion-free
Gromov hyperbolic group is a subgroup of R.

The proof of [2.3.16]is based on a G-equivariant symbolic encoding of 0G
by one-sided sequences.

2.3.3. Non-deterministic automata and dual Moore diagrams. An-
other formalism for describing rational homeomorphisms of the Cantor set,
is given by the notion of non-deterministic finite automata. Here we allow
several initial states and several arrows starting in the same state with la-
bels z|v; and x|ve for the same z, so that the output A(g,x) is not unique.
We require, however, that for every infinite sequence zixs ... there exists
at most one oriented path starting in an initial state with the labels of the
form z1|v1, x2|va, . ... We say that such automata are w-deterministic). The
formal definition is as follows.
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CL1|CL1

bsla1 ba|ba, b3|bs

Figure 2.15. An w-deterministic automaton

Definition 2.3.17. A non-deterministic automaton is a set T' < Q) x @ X
X x Y* of transitions and a subset I < @ of initial states. Here @ is
the set of internal states, X and Y are input and output alphabets. If
t = (q1,q2,x,v), then we say that ¢ is a transition from ¢; to g2 with input
2 and output v. The automaton is said to be w-deterministic if for every
sequence T1xs ... € X¥ there exists at most one sequence of transitions of the
form (qo, q1, 1, v2), (q1, g2, T2, v2), ... such that ¢y € I. The concatenation
v1v2 . .. is the image of zixo ... under the map defined by the automaton.
The automaton is synchronous if T is a subset of Q x @ x X x Y.

We also represent non-deterministic automata by their Moore diagrams.
Its set of vertices is @, set of edges T', where (p, ¢, z,v) € T is an arrow from
p to g labeled by x|v. All non-deterministic automata in our book will be
synchronous.

As an example, consider again the adic transformation 7 defined on
the space of paths of the diagram B, for ¢ : a — aab,b — ab. We can
interpret the recurrent formulas in Proposition as the work of a non-
deterministic automaton with the Moore diagram shown on Figure [2.15]
Note that it has three initial states (shown red) and that it preserves the
length of finite words, unlike the asynchronous automaton on Figure [2.13

The state 9 of the automaton is non-deterministic: if it gets by on the
input, the automaton can go either to 7 or to 73. But the next letter of the
input will be accepted only by one of these two states: as and bg by 19, and
bs by 73. So, the first letter of the output is unique after reading a two-letter
word. It is easy to check that this non-deterministic automaton defines the
transformation 7.
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Figure 2.16. The binary adding machine and its dual Moore diagram

Sometimes it is more convenient to draw the dual Moore diagrams of
automata instead of the usual Moore diagrams. Suppose we have a finite
w-deterministic automaton, and suppose that it is synchronous. We also
assume that the input and the output alphabets coincide. Then the dual
Moore diagram is obtained by switching the role of the alphabet and the set
of states: for every transition from ¢; to go with input and output z|zs we
have an arrow from z1 to x5 labeled by ¢1|g2 in the dual Moore diagram. As
the arrows of the dual Moore diagram describe the action of the automaton
on the letters, the dual Moore diagram is often more natural than the usual
Moore diagram.

See the Moore diagram of the binary adding machine and its dual Moore
diagram on Figure [2.16

The dual Moore diagram of the automaton from Figure [2.15] is shown

on Figure 2.17]

We can compose non-deterministic automata, in a way similar to com-
position of deterministic automata. The composition is formulated in terms
of the dual Moore diagrams in the following way. If I'y and I'; are dual
Moore diagrams of synchronous automata with the same set of states @,
then their composition I'; ® I's is the graph with the set of vertices equal
to the direct product of the sets of vertices of I'y and I'y, where we have an
arrow from (x1,z2) to (y1,y2) labeled by qi|g2 if and only if there exists an
arrow from z; to y; labeled by ¢i|p and an arrow from z3 to yo2 labeled by
p|g2 for some state ¢ € Q.

In particular, if I' is the dual diagram of an automaton over the alphabet
X, then I = TRXI®--- QI is the dual Moore diagram of the same
automaton over the alphabet X". The associated action on infinite sequences
will be the same. The automaton over X" interprets a sequence x1xs ... € X¥
as the sequence (z122...2,)(Tni1Tni2. . Topn) ... € (XY,
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1b|1a la‘lb

1p]1p

Figure 2.17. Dual Moore diagram of an adic transformation

Note that we have natural maps T®™t1) — T®" eraging the last letter

in X*t1 e T®™+1) inducing a map of the oriented graphs, preserving the
first half of the edge labels (see the definition of I'1 ® I'y above). It follows
from the definitions that the inverse limit of the graphs I'®" with respect to
these maps is the graph of the action of the states on X%.

There is a natural topological interpretation of dual Moore diagrams.
Let I be a dual Moore diagram of an automaton over the alphabet X and
with the set of states ). Let I'g be the graph with one vertex and the set of
loops X. The labels of I' define two maps 7 r, 7o : I' — I'g mapping an
arrow labeled by ¢q1|g2 to the loop g; by m;. Then the product I'y ®I'y of dual
Moore diagrams is interpreted as the fiber product: it is the subset of the
direct product I'y x I'y consisting of points (x1,z2) such that map, (z1) =
1,1, (z2). The corresponding maps are 71 gr,(z1,22) = i, (z1) and
T2, @r, (71, T2) = T 1, (22).

Note that the automaton is deterministic if and only if the the map 7 r,
is a covering of graphs.

The pair of maps w1, mor : I'g — I' is called the correspondence asso-
ciated with the automaton. In general, a topological correspondence is a pair
of maps fi, fo : M — My between topological spaces. Correspondences
can be iterated in the same way as dual Moore diagrams of automata. Define
M,, to be the subspace of the direct power M" consisting of all sequences
(r1,22,...,2zy) such that fo(x;) = fi(x;41) foralli =1,2,...,n—1. We have
then the maps (z1,z9,...,x,) — fi(z1) and (21,29, ...,2,) — fo(x,) from
M,, to My. We also have the natural erasing maps (x1,x2,...,Tn41) —
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(r1,22,...,2n) and (x1,22,...,Tpt1) — (T2, 23,...,2ps1) from My 41 to

M, ...

Example 2.3.18. The adding machine and the circle doubling map as a
dual Moore diagram...

2.3.4. Time-varying automata and topological Bratteli diagrams.
It is convenient in some cases to consider automata whose set of states and
input-output alphabet change with time. Transformations and groups de-
fined by such automata were considered in ... Namely, consider a sequence of
alphabets X1, X2, ..., a sequence of sets of states Q1,Qa, ..., and a sequence
of transitions T1,T5s, ..., where T), € Qn X Qni1 X X, X X,,. The definition
of w-deterministic automata is analogous to Definition

Note that each time the output is from the same alphabet as the input,
while the next state is from the next set of states. Every initial state ¢ € Q1
defines a partial transformation of the set of sequence X7 x X9 x X3 X «--.

We will usually describe such time-varying automata by the correspond-
ing sequence of dual Moore diagrams. It is a sequence of graphs I'1,I's, .. .,
where I',, is the graph with the set of vertices X,, and the set of edges T,
in which every (p,q,z,y) € T, is an arrow from z to y labeled by p|g. If
A, is a bouquet of loops labeled by @, then the labels define a sequence of
morphisms of graphs

s r S r
A1<—1F1—1>A2<LF2—2>A3...,

where an arrow of I'), labeled by p|q is mapped by s,,r, to p and ¢, respec-
tively.

We may relax the definition of the dual Moore diagram by considering
more general graphs A, and more general maps s,,r, (for example, by
allowing arrows to be mapped to vertices, and considering vertices as states
defining partial identity transformations)....

Example 2.3.19. Consider the constant sequence of alphabets X,, = {0, 1}
and sets of states @ = {a,b, c}, and a sequence of (deterministic) automata
Ai, Ao, ..., where each of A; is given by one of the two dual Moore diagrams
R or A shown of Figure ?77.

Every sequence A; will define three transformations a, b, ¢ of the space
{0,1}* generating a group. We get an uncountable set of group actions. We
will study this and similar constructions in ...

Example 2.3.20. Vershik-Bratteli diagrams are naturally interpreted as
time-varying automata. Let B be a Vershik-Bratteli diagram. Consider the
time-varying automaton with sequence of alphabets equal to the sequence
E, of sets of edges of B. For every vertex v € V,, we have the corresponding
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trivial state 1, € Q,. For every pair of vertices vi,v9 € V,, we have the
corresponding state 7, .,. The states 7, ,, for vi,v2 € Vj are the initial
states defining the adic transformation.

The set of transitions consists of the trivial transitions (1g(e); Ly(e)s €, €)
for all e € F,,, and the set of active transitions of two types:

* (Ts(e)s(¢')s L(e)s €5 €'), where e is a non-maximal edge, and €’ is the
next edge in the ordering;

* (Ts(e)s(f) Te(e),r(f)s & f), Where e is a maximal edge, and f is a min-
imal edge.

Note that some of the states 7, ,, Will not accept any infinite sequences,
so we may remove them from the automaton and all the transitions involving
them.

We leave it to the reader as an exercise to show that this automaton
defines the adic transformation.

The corresponding dual Moore diagrams can be described in the follow-
ing way. The graphs A,, have V,, as the set of vertices, where each vertex v
also represents the state 1,. For every state 7,, ,, we have the corresponding
arrow from vy to vs.

The graph I';, has E,, as the set of vertices. If e is a non-maximal edge,
then we have an arrow from e to the next edge ¢/ mapped by s,, to Ts(e),s(e!)
and by ry, to 1y(¢). If € is a maximal, and f is a minimal edge, then we have
an arrow from e to f mapped by s, t0 Ty s(r) and to Ty r(r) by rn. Note
that we may also remove the arrows corresponding to states 7,, ., that do
not accept infinite sequences.

As an example, consider again the Vershik-Bratteli diagram shown on
Figure and the corresponding adic transformation. According to the
above, it is given by the dual Moore diagram shown on Figure Com-
pare it with the diagram on Figure We have labeled the states 7y, 4,
according to their labels on Figure[2.17, Namely, we have 71 = 7,4, T2 = Tha,
and 73 = 7. Note that the state 7,, is removed, as it will not accept any
letter.

The automaton (and the Vershik-Bratteli diagram) are stationary in this
case, i.e., do not depend on the level.

Definition 2.3.21. A topological Bratteli diagram B is a sequence of com-
pact spaces and continuous maps

s r s r

Its space of paths P(B) is the subspace of [ [, E,, consisting of all sequences
(e1,€2,...) such that r(e,) = s(e,41) for all n > 1.
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Figure 2.18. Dual Moore and Vershik-Bratteli diagrams

If B is the topological Bratteli diagram consisting of dual Moore dia-
grams of a time-varying automaton, then the space of paths is the graph of
the action of its states on the space of infinite sequence.

Example 2.3.22. Note that the map r in the stationary diagram on Fig-
ure [2.18| is a homotopy equivalence... The space of paths can be therefore
identified with the inverse limit of .... reference to...

2.4. Groups acting on rooted trees

2.4.1. Rooted trees. Let T be a rooted tree with the root vg. Its nth level
is the set L, of vertices on distance n from the root. Every automorphism
of the rooted tree T' preserves the levels, since it preserves the root and is
an isometry of T'.

If v1 and v are vertices of T' such that the unique simple path from the
root to ve passes through vy, then we write v; < v9. It is easy to check that
< is a partial order on the set of vertices of T'. In fact, the tree T is the
Hasse diagram of the order <.

For a vertex v of T', we denote by T, the subtree consisting of all vertices
w such that v < w. We consider T}, to be a rooted tree with the root v, see
Figure 2.19] The branching index of the vertex v is the number of vertices
in the first level of T,,.

The boundary 0T of the tree T is the set of all infinite simple paths
starting in the root. In other words, it is the inverse limit of the levels L,
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Figure 2.19. Rooted tree

with respect to the natural maps L, 1 — L, mapping a vertex v € Ly 1
to the unique vertex v’ € L, (its parent) such that v’ < v.

The boundary 07, is naturally identified with the set of paths (vg,v1,...) €
0T containing v. The collection of all subsets of ¢T of the form 0T, is a
basis of the natural topology on ¢7'. This topology obviously coincides with
the inverse limit topology of the discrete sets L,, with respect to the natural
maps defined above.

The space 0T is compact and totally disconnected. A path (vg,v1,...) €
0T is an isolated point if and only if the branching index n; of the vertex v;
is equal to 1 for all ¢ big enough. So, if the branching indices of all vertices
of T are greater than 1, then ¢7 is homeomorphic to the Cantor set.

A rooted tree T is spherically homogeneous (or level-transitive) if the
automorphism group of 1" acts transitively on each level L,,, or, equivalently,
if for every L,, the branching indices of all vertices v € L,, are equal.

Let T be a spherically homogeneous tree, and let k = (mqy, mg, ms,...)
be the sequence of numbers such that my is the branching index of points of
Lj_1. Then the rooted tree is uniquely determined, up to an isomorphism
by the sequence k.

Namely, let X = (X1, Xo,...) be a sequence of finite sets. Denote X" =
X1 x Xgx---x X, forn =1, and X° = {@}. Let X* = U;O:OX”. The set
X* has a natural structure of a rooted tree, where a vertex x1xs...x, € X"
is connected to the vertices of the form zi1xo...xz,a for a € X,,11. The
vertex @ is the root. Every spherically homogeneous tree of branching index
(IX1],|Xz2],...) is isomorphic to X*.
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Note that for every vertex v € X" the tree (X*), is isomorphic to (X,)*,

where X,, = (X;,41, Xn+2, .. .), and that the boundary 0X* is naturally home-
omorphic to the direct product X¥ = H:LO:1 X, where the homeomorphism
maps a sequence iz ... € X to the path (&, x1,x122, T12223,...) € OX*.
The space X“ has a unique Aut X*-invarian probability measure equal to the
direct product of the uniform distributions on X,.

Special examples of spherically homogeneous trees are reqular rooted
trees, i.e., trees in which the branching indices are the same for all vertices.
Every regular rooted tree is isomorphic to the tree X* for a constant sequence
X = (X, X,...). In this case we identify X with X, and consider X* as the
set of all finite words over the alphabet X (i.e., the free monoid generated by
X). A vertex v € X* is connected to every vertex of the form vz for x € X.

Let g be an automorphism of the spherically homogeneous tree X*, where
X = (X1,X2,...), and let v € X7 x X3 x .-+ x X, be a vertex of the nth
level. Then there exists a unique automorphism g|, of the tree X* satisfying

g(vw) = g(v)glo(w)
for every w € X*. We call g|, the section of g in v. It is easy to see that
sections satisfy the following conditions

(2.4) Glorws = Glot lva (9192)|v = 91|g2(v)g2|v-

Every automorphism g € Aut X* can be uniquely described by the map
x +— gl and the permutation o € S(X7) it defines on the first level. Namely,
we have

glaw) = aw)gl(w)

for every w € Xj. The map = — g|, is an element of the direct power
(Aut X§)X1, and we get a map g — a - (g|z)zex, from Aut X* to the semidi-
rect product S(X1) x (Aut X¥)X1. Properties imply that this map is a
homomorphism. It easily follows from the definitions that it is a bijection,
i.e., an isomorphism. This isomorphism is called the wreath recursion, since
the semidirect product S(X7) x (Aut X¥)X1 is, by definition, the (permuta-
tional) wreath product of S(X;) with Aut X7.

If the alphabet X is identified with the set {1,2,...,|X1|} (or, some-
times, {0, 1,...,|X1| — 1}, then we write the elements of the wreath product
as (g1, 92, - - -, 9|x, ), Where g; = g;.

Example 2.4.1. The wreath recursion notation can be used to give recur-
rent definitions of automorphisms of trees. For example, let X = {0,1}, and
let o be the transposition (0,1). Then there exists a unique automorphism
a of the rooted tree X* such that its image under the wreath recursion is
o(ld,a). By definition, it acts on the words v € X* by the recurrent rules:

a(0w) = 1w, a(lw) = O0a(w).
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We will write such recurrent definition just a = o(Id,a) or a = o(1,a), iden-
tifying automorphisms of trees with their images under the wreath recursion
isomorphism.

2.4.2. Group actions on rooted trees. Let G be a group acting on
a locally finite rooted tree T. Its nth level stabilizer is the subgroup of
elements acting trivially on the nth level L, of the tree. We denote it
Stab,, (G). The quotient G/ Stab,,(G) is naturally isomorphic to the subgroup
of S(L,) consisting of permutations defined by elements of G on L,. If
the action G ~ T is faithful, then every element g is uniquely determined
by the sequence (aq, as,...) of permutations it defines on the levels of the
tree T', i.e., the natural homomorphism G — [],,.; S(Ly) is injective. In
particular, G is residually finite.

Every group element g € G maps a point (vg,v1,...) € éT to the point
(g(vo), g(v1),...) € 0T, thus we get a natural action of G on ¢T. This action
is an action by homeomorphisms, since g(T%) = Ty,)-

An action G ~ T is said to be level-transitive if its is transitive on every
level L,, of the tree T'. If the action is level-transitive, then the tree T is

spherically homogeneous, hence isomorphic to the tree X* for some sequence
X = (X1, Xo,...) of finite sets.

Proposition 2.4.2. Let G ~ T be an action by automorphisms on a rooted
tree. Then the following conditions are equivalent:

(1) The action G ~ T is level-transitive.
(2) The action G ~ 0T is topologically transitive.
(3) The action G ~ ¢T is minimal.

Proof. Suppose that G ~ T is level transitive. Let £ € 0T and let v be a
vertex of T. Then the path £ contains a vertex v’ on the same level as v, so
there exists g € G such that g(v') = v. But then g(§) € @T,, which shows
that the orbit of £ intersects every set of the form 07, hence it is dense in
0T, and G ~ 0T is minimal.

Minimality implies topological transitivity, so it is enough to show that
topological transitivity implies level-transitivity. Let vy, vo be two vertices
of the same level. By topological transitivity, there exists g € G such that
9(0Ty,) N 0Ty, # &. We have g(0T,,) = 0T(,,). Since g(v1) and vz belong
to the same level, the sets 07y(,,) and dT, are either disjoint or coincide.
Since they have a non-empty intersection, they coincide, but this implies
g(v1) = ve, which shows that G ~ T is level-transitive. O

Proposition 2.4.3. Let G ~ T be a level-transitive action (not necessar-
ily faithful), and let w € 0T. Then the kernel of the action is equal to

Nyec 97 Gug.
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Proof. We have ¢ 'G,g = Gg-1(w), hence the elements of Ngecg ‘Guwyg
fix the G-orbit of w pointwise. Since the action G ~ 01 is minimal, this
implies that they act trivially on 0T, hence trivially on T (]

If the action G ~ T is level-transitive, then for every v € L,, the stabilizer
G, has index |L,| in G. Note also that if w = (vg,v1,...) € T is a simple
path starting in the root, then we have G = G, = G, = G,, = ..., and
[Gy, @ Gy,,.] is equal to the branching index of vertices of the nth level.
The intersection [),,»; G, is equal to the stabilizer of w.

Conversely, if Go = G = G; = G2 = --- is a sequence of subgroups of
finite index, then we can construct a spherically homogeneous tree 1" and
an action of G on it such that each subgroup G, is the stabilizer of a vertex
v, of a path (vg,v1,...) € dT. Namely, define the nth level L,, of the tree
T as the set of cosets G/Gy,, and connect two cosets gGy, and hG,,41 by an
edge if and only if gG,, = hG,, 1. We leave it as an exercise for the reader
to prove that we really get a rooted tree and that the natural actions of G
on the sets of cosets G/G,, define a level transitive action of G on T, and
that G,, is the stabilizer of the vertex v, equal to the coset 1G,,. We call T
the coset tree for the chain G > G1 =2 Gg > .. ..

Theorem 2.4.4. Let G be a countable group. Then the following conditions
are equivalent.

(1) There ezists a faithful action of G on a rooted tree.
(2) There ezists a faithful level-transitive action of G on a rooted tree.

(3) The group G is residually finite.

Proof. If there exists a faithful action of G on a rooted tree, then the level
stabilizers Stab,(G) are finite index subgroups such that the intersection
N, Stab,(G) is trivial, which proves that G is residually finite. This shows
that (1) or (2) implies (3).

If G is residually finite and countable, then there exists a descending
sequence G = Gg = G; = G9 = ... of finite index normal subgroups with
trivial intersection. Consider the action of G on the associated coset tree.
It is level-transitive, and G; is equal to the ith level stabilizer, hence the
action is faithful. We proved that (3) implies (1) and (2). O

2.4.3. Action of cyclic groups of tree automorphisms. According to
Proposition an action of an automorphism g of a rooted tree T" on the
boundary 07 is minimal if and only if the action of g is transitive on the
levels of T.

The following is straightforward.
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Lemma 2.4.5. Let X* be a level-homogeneous tree defined by a sequence
X = (X1, X9,...). An automorphism g of T is level-transitive if and only
if for every n the section g|X1X"'XX"‘|U acts transitively on X,y1, where
ve Xy x Xg x -+ X, is arbitrary.

There is a particular class of automorphisms of rooted trees for which it
is easy to decide if they are level transitive or not.

Consider the sequence X = (Z/d1Z,Z/d2Z, . ..) of alphabets identified
with cyclic groups. We say that an automorphism g of the rooted tree X*
acts by cyclic permutations at vertices if for every v € X* the action of g/,
on the first level Z/d},41Z is by © + x + a for some a € Z/d),41Z. The set
of all such automorphisms is a group isomorphic (basically, by definition) to
the infinite wreath product ,>1Z/d,Z see....

If g € \w>1Z/d,7Z, then we denote by an(g), for n = 0,1,..., the sum
D wexn Gv, Where a, € Z/d,+17Z are such that g|,(z) = x + a, for every
x € Z/dpi1Z. Denote a(g) = (ao(g),a1(g),...). It is easy to check that
@ yz12)dnZ — [],5,(Z/d,Z) is a homomorphism of groups. In fact, it
is the abelianization homomorphism.

Proposition 2.4.6. An automorphism g € \,>12Z/dnZ of X* is level-transitive
if and only if an(g) is a generator of Z/d,117Z for every n = 0.

Proof. A direct corollary of Lemma [2.4.5 O

Let g be an automorphism of an arbitrary locally finite rooted tree T
Let {g)\T be the graph whose vertices are g-orbits of the action on the set
of vertices of T', and where two vertices are connected by an edge if and
only if the corresponding orbits contain vertices connected by an edge in 7.
Note that every g-orbit belongs to one level of T, hence the vertices of (g)\T'
are also naturally partitioned into levels, and vertices connected by an edge
belong to neighboring levels. Since every vertex of T' except for the root is
connected to a unique vertex of the previous level, the same is true for the
graph (g)\T, hence it is also a tree. Let us label the vertices of {g)\T" by the
cardinalities of the corresponding orbits. The obtained rooted labeled tree
is called the tree of orbits of g.

The following is proved in ...

Theorem 2.4.7. Two automorphisms g1, ga of a rooted tree T are conjugate
in AutT if and only if their trees of orbits are isomorphic. In particular,
any two level-transitive automorphisms of T are conjugate.

Each point of the boundary of (¢)\T" is an infinite rooted path in the tree
of orbits, and its preimage in T is a g-invariant rooted subtree of 7" on which
g acts level-transitively. The boundary of this subtree is a minimal closed
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g-invariant subset of 0T". We see that 0T is decomposed into a disjoint union
of closed minimal g-invariant subsets, and the boundary of the tree of orbits
{g)\T' can be interpreted as the set of minimal closed g-invariant subsets of
oT.

The action of Z on the coset tree of a sequence Z > diZ = didoZ >
didodsZ = ... is level-transitive for every sequence d; of positive integers.
The branching index of a vertex of the nth level of this tree is equal to
dn+1. It follows that every level-transitive cyclic group of automorphisms of
a rooted tree is conjugate by an isomorphism of rooted trees with the action
of Z on some of its coset trees.

2.4.4. Residually finite actions. Actions of groups on boundaries of
rooted trees can be characterized in purely topological terms in the following
way.

Definition 2.4.8. A group action G ~ X on a Cantor set X is said to be
residually finite if the G-orbit of every clopen subset of X is finite.

The following is proved in [GNSO00, Proposition 6.4].

Theorem 2.4.9. An action G ~ X on a Cantor set is residually finite
if and only if it is topologically conjugate to the action G ~ 0T for some
action of G by automorphisms of a rooted tree T.

Proof. Let us prove at first the following lemma.

Lemma 2.4.10. Let G ~ X be a residually finite action. Then for every
finite clopen cover of X there exists a subordinate finite G-invariant clopen
partition of X .

Proof. Since the G-orbit of every clopen set is finite, every finite clopen
cover F is contained in a G-invariant finite clopen cover F;. Consider the
Boolean algebra generated by Fi (for the usual set-theoretic operations).
It is finite, and is equal to the set of all unions of its atoms. The set of
all atoms will be a finite clopen partition of X. It is G-invariant, since the
algebra is G-invariant. O

Let U = {U1,Us,...,} be a countable basis of topology on X. Define
inductively G-invariant partitions L, of X into clopen subsets in the fol-
lowing way. Set Lo = {X}. If L,, for n > 0, is defined, consider the set

41 = Ln U {Un41}, and find a finite clopen G-invariant partition L4y
subordinate to L7, ,;, which exists by Lemma

The partition L, is a refinement of L,, and the set U, 1 is a union
of elements of L, 1. It follows that U?:o L, is a basis of topology on
X. Consider the ordering of | J;~_, Ly, by inclusion, and let T' be the Hasse
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diagram of the ordering. Since L, is a refinement of L,, for every n, the
diagram 7' is a rooted graph. We have V; < Vs if and only if V; 2 V5.

The group G acts on T, since the sets L, are G-invariant. The action
is faithful, since the union of the sets L, is a basis of topology on X', and
the action G ~ X is faithful. Every point w € 0T is a sequence (Up, Uy, .. .)
of elements of L; such that U; 1 < U;. Since each cover L, is disjoint, and
their union is a basis of topology, the intersection ﬂn>0 U, is a singleton,
which we will denote (w). We get a map ¢ : 0T — X. It is easy to see
that it is G-equivariant. We leave it to the reader as an exercise to show
that ¢ is a homeomorphism. O

Example 2.4.11. Let G be a profinite group, i.e., a compact group with a
basis of neighborhood of the identity consisting of subgroups of finite index.
A clopen subset U < G is hence a union of cosets g; H of a subgroup H < G
of finite index. It follows that every set of the form gU, g € G, is a union
of cosets of H. Consequently, the orbit of U is finite. It follows that if G
is homeomorphic to the Cantor set, then the action of G on itself by left
multiplication is residually finite, i.e., conjugate to an action of G on the
boundary of a rooted tree. Similarly, the action of any subgroup of G on G
is residually finite.

Example 2.4.12. A particular instance of Example 2.4.11]is the odometer
or adding machine action defined in It is the action of Z on the
profinite group Zo of dyadic integers. The corresponding action on the
tree can be defined as the action on the coset tree defined by the sequence
7> 27> 2°7 > 237 > ...

Another classical description of residually finite actions uses the notion
of an equicontinuous action.

Definition 2.4.13. An action G ~ X of a group on a metric space is said to
be equicontinuous if for every e > 0 there exists § > 0 such that if d(x,y) < ¢
for z,y € X, then d(g(x),g(y)) < e for all ge G.

Note that equicontinuity depends only on the uniformity defined by the
metric. In particular, if X' is compact, then it does not depend on the choice
of the metric. Any action by isometries is obviously equicontinuous. On the
other hand, an expansive action is not equicontinuous.

Proposition 2.4.14. An action G ~ X of a group on a Cantor set is
residually finite if and only if it is equicontinuous.

Proof. Since the Cantor set is compact, equicontinuity does not depend on
the choice of the metric. In particular, we may assume that the metric d
is an ultrametric, i.e., that it satisfies d(z, z) < max(d(z,y), d(y, z)) for any
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x,y,z € X (for instance, the classical metric ... is an ultrametric). Define
da(r,y) = supge d(g(z),g(y)). Since X is compact, dg(w,y) is bounded.
We also have for any z,y,2 € X

da(w, 2) = supd(g(), g(2)) < sup max(d(g(x), 9(y)),d(g(y), 9(2)))
geG geG

= max (itele d(g(),9(y)), Zlele d(g(y),g(z))> = max(dg(z,y), dc(y, 2)),

i.e., dg is an ultrametric.

For every € > 0 there exists 0 > 0 such that if d(z,y) <, then dg(x,y) <
€. We also have dg(x,y) = d(z,y) for all z,y € X. It follows that d and dg
define the same topologies on X.

It follows from the definition of an ultrametric that if dg(z,y) < €, then
the open balls of radius € with centers in « and y coincide. In other words,
two open balls of radius e either coincide or are disjoint. Moreover, two
balls of different radii either are disjoint or one is a subset of the other. In
particular, the set of all open balls of radius € is finite. The metric d¢g is
G-invariant, so G permutes the balls of a given radius. Also not that every
clopen subset of X is a finite union of open balls. Consequently, the G-orbit
of every clopen set is finite. O

2.4.5. Graphs of action. Let G be a group acting on a rooted tree T,
and let S be a finite generating set of G. The group G acts by permutations
on each of the levels L,, of the tree T'. Denote by I'), the graph of the action.
If the action is level-transitive, then I'), is the Schreier graph of G modulo
the stabilizer of a point of L.

Let p, : Lp,y1 — L, be the natural map defined by the condition
that p,(v) is the parent of v (i.e., the unique vertex of L, such that the
path connecting the root with v passes through p,(v)). The following is
straightforward.

Lemma 2.4.15. The map p, : Ln,y1 —> L, extended to the sets of edges
of Ty, by the rule pp(s,v) = (s,pn(v)) is a covering of labeled graphs.

We get thus an inverse sequence of coverings of finite graphs

o<1, &1y 22 ...

The inverse limit of this sequence is the graph of the action of G on the
boundary 0T of the tree.

Example 2.4.16. Consider the adding machine action of Z on the coset tree
of the sequence Z > 27 > 227 > 237 > ..., and the generating set S = {1}
of Z. Then the graphs I'), are cycles of 2" vertices coinciding with the Cayley
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Figure 2.20. Odometer graphs

graphs of the cyclic groups Z/2"Z. The coverings p,, : I'y41 — I'), are the
natural double covering maps z + z : Z/2" "7 — 7,/2"7, i.e., the natural
epimorphisms from Z/2"*17Z to Z/2"7Z. See the graphs I',, for n = 1,2, 3,4

on Figure 2.:20]

We see that the inverse limit of the graphs I',, i.e., the graph of the
action of Z on the boundary Zs of the coset tree coincides with the Smale-
Williams solenoid described in [[L1.4l

The abstract connected components of the inverse limit are the orbital
graphs of the action of G on ¢7T'.

Proposition 2.4.17. Let (v, v1,...) be a path representing a point w € oT,
where v, € Ly,. Then the rooted graph Iy, of the action of G on the orbit of
w s isomorphic to the limit of the rooted orbital graphs I'y,, of the action of
G on the orbit of v,.

Proof. If g € G fixes w, then it fixes v, for every n. On the other hand, if
g € G moves w to a different point of the boundary, then there exists n such
that g(v,) # vp. O

Conversely, suppose that

FO Po 1—\1 P1 F2 b2

is a sequence of perfectly labeled by a set S graphs and covering maps, such
that I'g has one vertex. Let G be the group defined by the disjoint union of
the graphs I'), (see[2.1.1). Consider the tree T' whose set of vertices is the
disjoint union of the sets of vertices of the graphs I';,, and where a vertex
v € I'y 41 is connected to the vertex p,(v). Then T is a tree and G acts on
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it by automorphisms. The graph I'), is the graph of the action of G on the
nth level of the tree.

Example 2.4.18. Consider the punctured plain M = C\{0,—1}. Check
that for f(z) = 22—1 we have f (M) < M, and that f*: f (M) — M
are covering maps. Choose a point ¢ € M, and consider two generators a
and b of the fundamental group m1(M,t), which are loops going around 0
and —1. Let I'g be the graph with one vertex ¢ and two loops a and b, labeled
accordingly. Then f : f="(M) — f~("=D (M) restricts to a covering map
of labeled graphs I', — I';,_1, where I';, = f7"(I'g). The obtained sequence
of graphs and maps defines a group acting on a binary rooted tree, called
the iterated monodromy group of z?> — 1. We will study iterated monodromy
groups in Chapter [

Example 2.4.19. This is an example from ... Consider the left Cayley
graph K of the free product G = (a,b,c | a? =b? = c? = 1) = Cy » Cy % Cy
with the labeling of the edges by the generators a, b, c. Choose a bijection
n < e, of the set of edges of K with natural numbers. We will construct a
sequence of subtrees of K spanned by finite subsets A, < T in the following
recurrent way. Let Ay = {1}. If A,, is defined, then let e,,, = (gn, Tngn) for
g € G and x € {a,b,c} be the edge connecting a vertex of A, with a vertex
not in A, with the smallest possible m. Then define A, 1 = A, U A 2,gn,
see Figure... Let '), be the graph obtained from the tree spanned by A, by
attaching the necessary loops to the leaves, so that we get a graph perfectly
labeled by {a,b,c}. We have then natural covering maps p,, : I'y 1 — Gy,
folding the edge e,,, into a loop, and mapping to the vertex h € A, the
vertices h and h™'z,g, of Anii.

We get hence an action of G on a binary rooted tree defined by the
sequence of graphs and coverings pn+1 : I'ny1 — I'n. One of the ends of
this rooted tree is the constant sequence 1,1,... of identity element of G.
Since all edges of K are eventually included into I',,, the orbital graph of
this end coincides with the Cayley graph K of the group G. In particular,
the action of G on the binary rooted tree is faithful. Note that this proves
that G is residually finite.

2.4.6. Finite-state automorphisms of rooted trees.

Definition 2.4.20. An automaton A = (X,Y,Q, qo, 7, \) is said to be syn-
chronous if the values of the output function A(g, x) is always a single-letter
word, i.e., if A is a map from Q x X to Y.

It is easy to see that composition of two synchronous automata, as de-
fined in Proposition [2.3.5]is synchronous.

If the automaton is synchronous, then for every input word z1zs...xz,
and every state ¢ € @ the output word A\(q, x122...2,) is a word y1y2 . . . Yn
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of the length equal to the length of the input word. Moreover, the beginning
of length k of y1ys ...y, depends only on ¢ and the beginning of the length
k of the input word zx2...z,. It follows that the map A(g, *) : X* — Y*
is level-preserving morphism of rooted trees. If it is invertible, then it is an
isomorphism of the rooted trees.

Conversely, it is easy to see that every level-preserving morphism of
rooted trees X* — Y* is defined by an initial synchronous automaton. The
group of all automorphisms of the rooted tree X* is therefore isomorphic
to the group of all invertible transformations defined by synchronous au-
tomata with the input and output alphabet X. A synchronous automaton
(X,Q, qo,m, A) defines an invertible transformation (of X* or, equivalently,
of X¥) if and only if for every state ¢ accessible from ¢y (i.e., such that
q = 7(qo,v) for some v € X*) the transformation x — \(q,z) is a permuta-
tion of X, see...

The set of all automorphisms X* — X* defined by finite synchronous
automata is a group, which we call the group of finite-state automorphisms
of the tree, or the group of finite synchronous automata over the alphabet
X.

Examples of groups that can be embedded into the group of finite syn-
chronous automata....

Example 2.4.21. Free abelian groups...
Example 2.4.22. Linear groups...

Example 2.4.23. Free groups (Aleshin and Belaterra examples)...

2.4.7. Self-similar groups. Refer to [Nek05]...

Definition 2.4.24. Let X be a finite alphabet. A faithful action of a group
G ~ X* on the rooted tree X* is self-similar if for every g € G and x € X
the element g|, belongs to G.

Recall that g|, is the automorphism of X* uniquely determined by the
condition that

g9(xv) = g(x)glz(v)

for all v e X*, see2.4.1

Suppose that G ~ X* is self-similar. We can interpret then G as the set
of states of an automaton with the output function A(g,z) = g(z) and the
transition function 7(g,z) = ¢|;. Then the action of the automaton with
the initial state g on finite words coincides with the original action of g € G.
We call this automaton the full automaton of the action.
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Example 2.4.25. The full automorphism group Aut X* of the rooted tree
X* is obviously self-similar. In particular, the section g|, is defined for any
g € Aut X*.

Example 2.4.26. A subset S < Aut X* is self-similar if g|, € S for every
ge S and x € X. If § is self-similar, then the group generated by S is
self-similar.

Self-similar sets are basically the same as invertible non-initial automata.
So, if A = (X,Q, 7, \) is an invertible non-initial automaton, then the group
generated by the initial automata A, = (X,Q, ¢, 7, ) for all ¢ € Q is self-
similar. This is a standard method of defining self-similar groups, especially
if the automaton A is finite. Self-similar groups obtained this way are called
sometimes automaton groups.

Example 2.4.27. Aleshin free group?...

2.4.8. Wreath recursion. Let H ~ X be a group acting on a set, and
let G be a group. The permutational wreath product of the action H ~ X
and the group G is the semidirect product H x GX, where H acts on GX
by permuting the coordinates by the action H ~ X. It is usually denoted
G x H, though sometimes there is inconsistency in the order of the factors.

In particular, if H is the symmetric group S(X), then we have the natural
permutational wreath product S(X) x GX. We leave the next proposition as
an exercise for the readers.

Proposition 2.4.28. Let G ~ X* be a self-similar action. For g € G, let
o4 € S(X) be the action of g on the first level X = X* of the tree. Then the
map

¥ 29— (04, (9le)zex)

is a homomorphism ¢ : G+ S(X) x GX. Here (g|z)zex is considered to
be an element of GX (as the function x v g|,). The homomorphism 1 is
imjective.

Definition 2.4.29. The homomorphism from Proposition [2.4.28| is called
the wreath recursion associated with the self-similar group.

Wreath recursions are convenient compact ways of describing the au-
tomaton generating a self-similar group. The values of the wreath recur-
sion on the generators uniquely determine the wreath recursion, hence they
uniquely determine the action of the group on the first level, and the sections
of the elements, i.e., they completely determine the output and transitions
in the full automaton of the action. Therefore, every finitely generated self-
similar group is uniquely determined by a finite collection of equalities of
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the form
Y(s1) = o1(91,1,921,--+59d,1)
Y(s2) = 02(91,2,922,--5942)
V(sk) = ok(91k G2,k -+ -5 Idk),
where {s1, s2,...,s;} is a generating set of the group, o; € S(d), and g; ; are

elements of the group, i.e., products of the generators s; and their inverses.
Here we identify X with {1,2,...,d}, and write the elements of GX as ordered
strings of elements of G. Sometimes we identify X with {0,1,...,d — 1}.

2.4.9. Weakly branch groups.

Definition 2.4.30. Let G ~ T be an action on a rooted tree. For a vertex
v € T, the rigid stabilizer G[v] is the group of elements g € G acting trivially
on the complement of T),. The nth level rigid stabilizer Rist,(G) is the group
generated by [ J G[v].

VELy,

Note that Rist,,(G) is naturally isomorphic to the direct product [ [, G[v],
since G|v1] and G|vz] commute if v; and vy are incomparable. Note also
that G[v] = G[0T,], where G[0T,] is defined for the action G ~ 0T as in
Definition The nth level rigid stabilizer Rist,(G) is a normal subgroup
of G.

Definition 2.4.31. A subgroup G < AutT is weakly branch if it is level-
transitive and G[v] is non-trivial for every vertex v. It is called branch if
Rist,(G) has finite index in G for every n.

A level-transitive action is weakly branch if and only if it is level transi-
tive and localizable in the sense of Definition 2.2.11

Example 2.4.32. The group of all automorphisms of a level-transitive tree
is obviously branch, since in this case the level stabilizers coincide with the
rigid level stabilizers.

Example 2.4.33. This example is a particular case of a construction by
Peter Neumann... Let A be a transitive subgroup of S(X). Suppose that
the stabilizers A, of points z € X are perfect, i.e., that [A;, Az] = A;. Also
suppose that the union of the subgroups [Az, N A.,, Az, N Ag,] for x1 # x9
generates A. For instance, we can take A = A(X) for |X| > 6.

For every g € A and a € X such that g(a) = a, define an automorphism
t(a,g) Of the tree X* by the recurrent rules
_ [ atg(v) ifr=a,
Hag)(wv) = { g(z)v otherwise.

Let P4 be the group generated by all the elements ¢, 4.
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Let us show that P4 is branch. Let hy, ho € Ay, N Ay, for 1 # x2. Then
it is easy to check that [hi, ho] changes only the first letter of every word
v € X*. Since the derived subgroups of A, n A, for all 1 # x5 generate
A, we conclude that P4 contains the group acting as A on the first letter,
and not changing the remaining letters. We identify this group with A. It
follows that P4 contains the elements g_lt(mg), which act identically on the
first level and all subtrees xX* for z # a, and as {(,4) on the subtree aX*.
Conjugating the elements gilt(mg) by elements of A, we conclude that the
first level stabilizer of P4 coincides with the first level rigid stabilizer, and
is naturally identified with 7734(. This proves by induction that all rigid level
stabilizers in P4 coincide with the corresponding level stabilizers, hence P4
are brach.

Example 2.4.34. As an example of a weakly branch group, consider the
group G (isomorphic to IMG (22 — 1)7 see...) generated by two automor-
phisms a, b of the binary tree X* = {0, 1}* satisfying the conditions

a=o(l,b), b=(1,a),

see Example and a comment before it for an explanation of this nota-
tion.

Note that as a®> = (b,b),b = (1,a),a 'ba = (a,1), the restriction of
the first level stabilizer to the subtrees 0X* and 1X* contains (, and hence
coincides with G. We have [a?,b] = (1,[b,a]). Conjugating [a?,b] by all
elements of the first level stabilizer, we will get all elements of the form
(1,[b,a]9) for g € G. It follows that [G, G] contains (1, [G, G]). Conjugating
by a, we conclude that [G, G] contains ([G, G], 1), hence [G, G] contains the
subgroup [G, G] x |G, G] of the first level rigid stabilizer. We conclude by
induction that the derived subgroup [G,G] contains the subgroup [G, G]*"
of the nth level rigid stabilizers, hence all rigid stabilizers are non-trivial,
and the group G is weakly branch.

Example 2.4.35. Let us analyze in a similar way the group G (isomorphic
to IMG (z2 + i), see...) generated by the elements

a=o0, b=(a,c), c=(b1).

We have the following elements of the first level stabilizer: b = (a,c),c =
(b,1),c¢* = (1,b), which, in the same way as in the previous example shows
that restrictions of the first level stabilizer to the subtrees 0X* and 1X*
coincide with G. Let N be the normal closure of {[a, b], [b, ]}, i.e., the group
generated by the union of the conjugacy classes of these two elements. We
have [b,¢c|] = ([a,b],1), [b% c] = ([c,b],1). Note that [b%,¢] belongs to N,
since commutation of b with a and ¢ implies [b% ¢] = [b,c] = 1. In the
same way as in the previous example, we conclude that N contains N x N,



178 2. Group actions

and hence the nth level rigid stabilizer contains N*". Let us show that
G/N is finite, which will imply that G is branch. It is easy to see that
a’> =b%> = c? = 1. As b commutes with a and ¢, we can write every element
of G modulo N as a product of the form gb or g for g € {a,c). But it is
checked directly that (ac)* = 1 in G, hence the group {a, c) is of order 8. It
follows that G/N is at most of order 16.

We will see more examples of branch and weakly brach groups later...

2.4.10. Normal subgroups. The following is a direct corollary of Propo-
sition 2.2.4]
Proposition 2.4.36. Suppose that G < AwtT is weakly branch, and let

N be a non-trivial normal subgroup of G. Then there exists n such that

[Rist, (G), Rist,(G)] < N.

Note that it follows that if [Rist,(G), Rist,(G)] has finite index in G
(equivalently, in Stab,, (G)) for every n, then every proper quotient of G is
finite. Groups which have only finite proper quotients are called just-infinite.

We will see later that, for example, the Grigorchuk group ... is an
example of a branch just-infinite group.

Example 2.4.37. Let us show that the group from Example is just-
infinite. We know that Rist, (G) contains the subgroup NX", where N is
the normal closure of [b,a] and [b,c] in G. We know that N has finite
index in G, so it is enough to show that [N, N] has finite index in N.
The group N is generated by conjugates of the elements [a,b] = abab and
[b,c] = bebe. Tt is checked directly that (be)* = ((ab)?*, c*) = ((ab)?, 1) and
(ab)* = (o(a,c))* = (ca,ac)® = ((ca)?, (ac)?), and (ac)* = (o(b,1))* =
(b,b)? = 1, hence [a,b]? = [b,c|? = 1, so that N is generated by elements of
order 2, which implies that all elements of the abelian group N/[N, N] are
of order 2. The group N is finitely generated, since it has a finite index in
a finitely generated group G. Consequently, N/[N, N] is finitely generated
abelian in which all elements are of order two, hence it is finite.

Example 2.4.38. Not every branch group is just-infinite. For example,...
For more on just-infinite and branch groups, see [BGS03].

2.4.11. Rigidity. The following theorem is proved in [LNO2, Proposi-
tion 6.2]. We use a shorter argument from [R6v99, Lemma 5.7]. See its
exposition in [Nek05, Theorem 2.10.1]. We also rewrite it in the spirit of
the proof of Theorem and instead of just finding the homeomorphism
conjugating the actions, we show how the topological space (the boundary
of the tree) can be reconstructed from the algebraic structure of the group.
We hope that this makes the original proofs more natural.
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Theorem 2.4.39. Let G; < AutT; be weakly branch groups. Then every
isomorphism ¢ : G| —> Go is induced by a homeomorphism 0Ty — 015.

Note that, contrary to what is said in [Nek05|, p. 51], it actually seems
that Theorem [2.4.39|in its full generality does not follow from Rubin’s the-
orems [Rub89] directly.

Proof. Let G ~ X be a minimal localizable residually finite action on a
Cantor set.

Definition 2.4.40. Let G ~ X be a residually finite action on a Cantor
set. A basic clopen set is a subset U < X such that for every g € G either
gU)y=UorglU)nU=¢.

For example, if G ~ T is an action on a rooted tree, then for every
vertex v the subset 0T, of 0T is a basic clopen set. Note that it follows
from Lemma [2.4.10] that every clopen subset of X is a disjoint union of a
finite number of basic sets. In particular, the set of basic sets is a basis of
topology of X.

We want to characterize in purely group-theoretic terms all subgroups
of the form G[U], where U is a basic clopen subset of X. Here, as in [2.2]
G[U] denotes the set of elements of G acting trivially on the complement of
U. If X = 0T and G acts on the rooted tree T' by automorphisms, then we
have G[v] = G[0T,] for vertices v of T.

Definition 2.4.41. We say that a subgroup H < G is a basic subgroup if
the following conditions are satisfied.

(1) The number of subgroups of G conjugate to H is finite.

(2) Two subgroups conjugate to H commute if and only if they do not
coincide, if and only if their intersection is trivial.

(3) If h ¢ H, then there exists g € G such that HY # H and [H{,h] # 1
for every finite index subgroup H; of H.

Equivalently, we can define an abstract rigid stabilizer as a non-abelian
normal subgroup R<IG together with a decomposition R = Hy x Hyx---x H,
into a direct product of subgroups such that

(1) The group G acts transitively on the set of factors H; by conjuga-
tion.

(2) For every j € {1,2,...,n} and every finite index subgroups H; < H;
the centralizer Z¢([],,; Hi) is equal to Hj.
It is easy to see that H < G is a basic subgroup if and only if it is a

factor of an abstract rigid stabilizer.
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Lemma 2.4.42. For every basic clopen subset V. 0T the subgroup G[V]
s a basic subgroup.

Proof. We have gG[V]g ! = G[g(V)] for every V < 0T and g € G. Conse-
quently, the number of subgroups conjugate to G[V] is not more than the
size of the orbit of V', which is finite for every clopen subset V < &T'. This

proves condition (1) of Definition

The subgroups G|V| and G[g(V')] obviously coincide if V' = g(V). If
V # g(V), then by definition of basic clopen subsets, Vng(V) = &, so G[V]
and G[g(V')] act on disjoint sets, hence they commute and their intersection
is trivial. On the other hand, for every non-trivial element g € G[V] there
exists a basic clopen set U < V such that g(U) n U = ¢, since the set of
basic sets is a basis of the topology of X. Let h € G[U] < G[V] be any non-
trivial element (which exists, since G is weakly branch). Then [g, h] # 1, see
the proof of Lemma It follows that [G[v], G[v]] # 1, which finishes
the proof of condition (2).

Suppose that h ¢ G[V]. Then h moves a point of 07"\ V, hence there
exists a basic clopen set U such that h(U) # U, and (Uuh(U))nV = . Let
V' be an element of the orbit of V' such that V' nU # ¢ (which exists, since
we assume that the action of G on @7 is level-transitive, hence topologically
transitive). Let g € G be such that g(V’') = V. Then G[V]9 = G[V']. Let
H; be any finite index subgroup of G[V]. Then HY is a finite index subgroup
of G[V’]. We want to show that [H{, h] # 1. Let f be a non-trivial element
of GV n U] n H{. Tt exists, since G|V’ n U] < G[V’] is infinite, and HY
has finite index in G[V']. Then [f, h] # 1, hence [HY,h] # 1. O

Let H < G be an arbitrary basic subgroup. Denote by Ly the set
of subgroups of G conjugate to H. It is a finite set, by condition (1) of
Definition Denote my = |Lg|. The group G acts on Ly by conju-
gation. Denote by Staby the kernel of the action. It is the intersection of
the normalizers of the elements of Ly. Denote by Risty the subgroup of G
generated by all conjugates of H. We have Risty =~ H™#. If H = G|v],
then Ly is the level of v, Staby is the level stabilizer, my is the number of
the vertices in the level of v, and Risty is the rigid stabilizer of the level of
.

We say that a subgroup Hs mowves a subgroup H; if there exists g € Ho
such that H{ # H;.

Lemma 2.4.43. Suppose that Hy and Hs are basic subgroups. If Ho moves
Hy, then

Hin StabH2 < Hs.
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Proof. Suppose that, on the contrary, there exists g € (Hy n Stabp,) ~ Ho.
Since g ¢ Ho, there exists f € G such that H{ # Hy and [H{mStale,g] #1
(see condition (3) of Definition . Let hy € Hg N Stabg, be such that
lg,h1] # 1.

We have [g,h1] =g '- hl_lghl, and hy € Staby,, g € Hy, hence [g, hi] €
Hl.

Let ho € Hs be such that H{” # Hy. Then H{” N H; = {1}, hence
[[g, h1], ha] # 1.

On the other hand, [hy, H2] = 1, since hy € H2f and Hg # Hy. We
also have g € Staby,, hence HJY = HJ hence h? € H] and [hY, Hy] = 1.
It follows that [g,hi] = g_lhflg - h1 commutes with Hy. But hy € Hs, so
[[g, h1], he] = 1, which is a contradiction. O

Lemma 2.4.44. Let Hy and Hs be basic subgroups of G. If my, = mmy,,
then RiStH1 < Stasz.

Proof. Consider the actions of the conjugates Hf of Hy on Ly,. If HY €
Ly, is moved by H {L, then, by Lemma [2.4.43] we have

HY StabH{L < H{‘

Note that StabH{L = Staby, and conjugates of H; are disjoint when they

are not equal. It follows that if H is moved by some conjugate of Hi, it is
fixed by the other conjugates of Hy. Since my, = mpy,, it follows that there
exists a conjugate HJ of Hy such that it fixes all subgroups HY, i.e., is such
that H' < Staby,. But since Staby, is normal, we get H}' < Staby, for all
h € G, hence Risty, < Stabpy,. g

Corollary 2.4.45. Suppose that Hy, Hs are basic subgroups, and suppose
that mp, = mp,. If Hy is moved by Ha, then Hy < H.

We are ready now to show how to reconstruct G ~ 07 from the group
structure of G. Consider the set of all infinite chains Hy > Hy > H3 > ... of
basic subgroups of G such that ())~_; Staby, = {1}. (Note that we have then
m, — .) We introduce an equivalence relation on such chains, saying that
two chains Hy > Hy > Hs > ... and fIl > .F[Q > I:Ig > ... are equivalent if
and only if for every n there exists m such that H, > I:Im and ﬁn > H,,.
It is easy to see that this is an equivalence relation. Let X be the set of
equivalence classes. For a basic subgroup H, let Cy < X be the set of all
equivalence classes of chains containing H.

The group G acts on chains by conjugation. This action obviously agrees
with the equivalence relation, so that we get an action of G on X. We also

have g(Cp) = Cpyy1.
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Proposition 2.4.46. There is a G-equivariant bijection ¢ : 0T — X such
that for every vertex v of T we have ¢(9T,) = Cg), and for every vertex
subgroup H < G the set ¢~ 1(Cy) is open.

Proof. Let £ = (vg,v1,v2,...) be a point of dT. Define ¢(&) as the equiv-
alence class of the chain G[vg] > G[v1] > G[v2] > .... Note that not two
such chains are equivalent to each other, hence we get an injective map
¢:0T — X.

Suppose that H; > Hs > H3 > ... be a chain representing an element
of X. Let v, be a vertex of nth level of the tree T', and let g € G[v,] be
a non-trivial element. Then there exists m such that g ¢ Sty, . We will
have then g ¢ Sty, for all £ > m, so we may assume that mpy,, is bigger
than the number of vertices of the nth level of T. Then there exists h € G
such that H" is moved by g € G[v,], hence H,, is moved by G[h(v,)].
Then Corollary implies that H,,, < G[h(vy)]. We proved that there
exists a vertex wu, of the nth level such that H,, < GJu,] for all m big
enough. Note that the vertex u,, is uniquely defined by this condition, since
Glun] n Glul,] = {1} for any two different vertices w,,, u}, of the nth level.
It is also clear that u, 1 € Ty,,, so that we get a path (ug,u1,us,...) € dT.

Let us show that the chains H; > Hy > Hs > ... and Glug] > Glu1] >
Gluz]| > ... are equivalent. By construction, we already have that for every
n there exists m such that Hy, < Gluy].

By the same argument as above, there exists a unique chain H; > Hy >
Hs > ... of basic subgroups H,, € Ly, such that Glu,] < H,, for all m big
enough. Then for all n and all m1, mg big enough we have H,,, < G[up,] <
H,. Let k be the first index such that Hj # Hy. Then [Hy, H,] = 1, and
for all ny,ns > k we have [Hm,I:InQ] =1, since H,, < H} and I:In2 < Hp,.
But this implies, by condition (1) of Deﬁnition that Hy,, A H,, = {1}
for all ny,ny = k. This is a contradiction with the condition that for all n
and all my big enough we have H,,, < lEIn. It follows that H,, = ﬁn for all
n, and since Glu,,| < H, for all n and all m big enough, we proved that
Hy > Hy > Hz > ... and Glug] > G|u1]| > Glug] > ... are equivalent.

We proved that ¢ : 0T — X is a bijection. Its equivariance is straight-
forward.

According to the given above description of equivalence of elements of
X to points of 0T, the set ¢~(Cy) = 0T consists of sequences (ug,u1,...)
such that Gluy,] < H for all m big enough. Note that if Gu,,]| < H, then
G[v] < H for all v € Ty, , hence the set Cy is open. It follows from the
same description that ¢(0Ty) = Cgyy), since Glv1] < G[vz] is equivalent to
V1 € TUQ. |
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It follows from Proposition that the action G ~ 0T can be re-
constructed from the structure of G. Namely, we consider the set X with
the topology given by the basis of open sets of the form Cg for all basic
subgroups H. Then G ~ X is topologically conjugate to G ~ 7. This
finishes the proof of the theorem. O

Let us describe now a method of reconstructing the tree structure from
the action on the boundary of the tree.

Theorem 2.4.47. Let G; ~ T;, for ¢ = 1,2, be weakly branch actions of
groups on rooted trees. Suppose that ¢ : Gy —> G is an isomorphism (of
abstract groups), and there exist sequences Hy; = Ha; = ... of subgroups of
G such that for every n we have H,, ; < Stab,(G}), the group H, ; acts level-
transitively on every subtree T; ,, for v in the nth level of T;, and ¢(H, 1) =
H, 2. Then the isomorphism ¢ is induced by an isomorphism Ty — T of
trees.

Proof. We know that there exists a homeomorphism f : 017 — J75 in-
ducing the isomorphism ¢. Since the groups H, ; act level-transitive on the
subtrees growth from the nth level, the set of minimal closed H,, ;-invariant
subsets of 07} is the set of boundaries d7; , for v in the nth level of T;. Since
¢(Hp,1) = Hp 2, and f is induced by ¢, the homeomorphism ¢ maps 071 ,
to some 075, where v, u are vertices of the nth level of the trees T} and T,
respectively. We get a map v — u from the set of vertices of T} to the set of
vertices of Ty. It is easy to check that it is an isomorphism inducing ¢. [

Corollary 2.4.48. Let G ~T be a weakly branch group action on a rooted
tree. Suppose that there exists a decreasing sequence of characteristic sub-
groups H, < G such that H,, < Stab,(G) and H, acts level-transitively on
the subtrees T, for all v in the nth level of T. Then every automorphism of
G is induced by an automorphism of T, i.e., the automorphism group of G
is its normalizer in AutT.

Example 2.4.49. Consider the group IMG (z2 + z) generated by
a=o0, b=(a,c), c=(b1),

see example We know that it is branch. Define Hy = G, and define
H,, as the group generated by the squares of the elements of H,, 1. It is clear
that H, < Stab,, and that they are characteristic. The group H; contains
(abc)? = (cab, abc), (bca)? = (abe, cab), and (cab)? = (bca, abc). It follows by
induction that the restriction of H,, to the subtrees of the nth level (after
their natural identification with X*) contain the elements abc, bca, cab. But
each of them is level-transitive. It follows that IMG (z2 + z) satisfies the

conditions of Corollary
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Example 2.4.50. Consider the following two groups G; = {a;,b;, ¢;), for
i=1,2:

ar=0(1,b1), b= (l,e1), = (1),
and

ag = (7(1,52), bg = (1,62), Cy = (a2,1).

They are iterated monodromy groups of two quadratic polynomials f(z) =
22 + ¢ such that f3(0) = 0.

It is not hard to check (similarly to Example that for both of
these group the derived subgroup [G;, G;] contains [G;, G;]%, so that they are
weakly branch. Similarly to the previous example, consider the subgroups
H; ,, defined inductively as the groups generated by the squares of the ele-
ments of H; ,,_1, where H; o = G;. Then H;,, < Stab,(G;), and we have that
Hl,l contains a% = (bl,bl), (a1b1)2 = (blcl,blcl) and (a101)2 = (blal,blal).
It follows that the restriction of H; to the trees of the first level contain
the group generated by by, bic1,b1aq, i.e., the whole group G1. By induc-
tion, the restrictions of H, to the trees of the nth level are equal to G1,
hence are level transitive. The same is true for Hs,, since a% = (bo, ba),
(agbg)2 = (bQCQ,bQCQ), and (a202)2 = (bQCQ,CQbQ).

It is clear that any isomorphism ¢ : G1 — G2 must map Hy , to Hop,
hence must be induced by an automorphism of X*. We will see later that
this is impossible, and thus prove that G; and G5 are not isomorphic, see...

Proposition 2.4.51. Suppose that G1,Ga are groups acting faithfully on a
tree T'. Suppose that the rigid stabilizers Rist,(G;) act level-transitively on
all subtrees T,, such that v is in the nth level of T. Then any isomorphism
¢ : G1 —> G4 is induced by an automorphism of T

Proof. By Theorem the isomorphism ¢ is induced by a homeomor-
phism f : 0T — ¢T. It follows from Lemma that for every vertex v
of the nth level of the tree T" we have ¢(G1[v]) < Stab,(G2). By the condi-
tions of the proposition, G1[v] acts level-transitively on T,. It follows that
the minimal closed Gi[v]| invariant subsets of ¢1" are the set ¢7; and the
singletons outside of ¢7;,. The homeomorphism f will map them to minimal
closed ¢(G1|v])-invariant subsets. Since ¢(G1|v]) < Stab,(G2), the set 0T,
must be mapped into a set ¢T,, for some vertex u of the nth level. We have
shown that for every vertex v of T there exists a vertex u of the same level
as v such that f(0T,) < dT,. Since f is a homeomorphism, and the sets
0T, for v in the nth level of T form a partition of ¢T, it follows that there
is a permutation f, of the nth level of T' such that f(0T,) = 0T}, (). It is
easy to see that the sequence f,, defines an automorphism of 7" inducing f
on the boundary and the isomorphism ¢ : G; — Go. ([
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Example 2.4.52. The full automorphism group Aut 7" of a spherically ho-
mogeneous tree T satisfies the conditions of Proposition [2.4.51] hence every
automorphism of AutT is inner.

Example 2.4.53. Similarly, the P. Neumann’s groups [2.4.33 satisfy the
conditions of Proposition [2.4.51]

2.4.12. Free subgroups of groups acting on rooted trees. Every-
where in this subsection “free group” is “free non-abelian group”.

Since free groups are residually finite (see, for example Exercise ,
we can use the construction of Theorem 2.4.4] to find a faithful action of
the free groups on rooted trees, namely the action on the coset tree of a
sequence Gy > G1 > Gg > ... of subgroups of finite index with trivial
intersection. For such an action the stabilizer of the point of the boundary
of the tree corresponding to the sequence of cosets 1G,, has trivial stabilizer.
Note that the points with trivial stabilizers are regular (see Definition[2.1.7)).
Therefore, if the action on the tree is level-transitive, then the set of points
with trivial stabilizers is co-meager, see Proposition [2.1.18§

On the other hand, it is possible to construct a faithful action of the
free group without free orbits on the boundary. Take an arbitrary faithful
action 7 : F' ~ X* of the free group F on a regular rooted tree X* for some
alphabet X. (For example, the action from Example ) Consider the
action 7, : F' ~ X* given by the rule

Tn(g)(vw) = g(v)w,
for every word v of length n. In other words, the action 7, copies the
original action on the first n levels, and then extends them “rigidly”, by
acting identically on all letters beyond the n first ones. The image of F

under the action 7, is finite. Choose two letters x,y € X, and define a new
action ¥ : G ~ X* of F' on X* by the rules

Y(9)(y"zw) = y"r7(9) (W),

and identically everywhere else. In other words, we “hang” the actions 7,
along the path y“, as it is shown on Figure...

Then the F-orbit of every point of the boundary X“ of X* for the new
action is finite. But the action is faithful, since every element of F' acts
non-trivially on some vertex of X* for the original action 7, hence it will act
non-trivially on points arbitrarily close to y*. In particular, the stabilizer
Fye is the whole group F', whereas the germ stabilizer F,wy (see...) is trivial.

The next theorem shows that every faithful action of the free group on
a rooted trees contains actions similar to the above two types of actions.

Theorem 2.4.54. Let G < AutT. Then one of the following cases takes
place.
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(1) The group G does not contain non-abelian free subgroups.

(2) There exists a non-abelian free subgroup F' < G and a point £ € 0T
such that Fe is trivial.

(3) There exists a point & € 0T and a non-abelian free subgroup F of
the group of germs Gy/G ().

Note that the cases (2) and (3) are not mutually exclusive.

Proof. Suppose that the theorem is not true. Then there exists a group G
acting faithfully on a locally finite rooted tree T', containing free subgroups,
and such that the groups GI/G(x) do not contain free subgroups, and for
every free subgroup F' < G and every £ € 0T the stabilizer F¢ is non-trivial.

Choose a free subgroup F' < G. For every £ € 01 the stabilizer Fy
is non-trivial. It is not cyclic, since otherwise we can find a free subgroup
Fy < F having trivial intersection with F¢, which is impossible by the choice
of G (as the stabilizer of £ in F} will be trivial).

It follows that the homomorphism Fy — G3/G ;) has a non-trivial ker-
nel, i.e., there exists g € F'\ {1} such that g acts trivially on a neighborhood
Ue of £&. We get a covering {U¢} of a compact space 07", hence we can find
a finite cover Uy, Us, ..., U, of 0T by open sets such that for every U; there
exists g; € F' . {1} acting trivially on U;. Note that the set of all elements
of F' acting trivially on U is a subgroup of F'.

The F-orbits of U; is finite, hence there exists a finite-index subgroup
F of F such that F' leaves each of the sets U; invariant. Since intersection
of any subgroup of finite index of ' with any non-trivial subgroup of F' is
non-trivial, for every U; there exists g € F acting trivially on Uj.

Let us prove the following classical fact...

Lemma 2.4.55. Let ¢ : F' — G1 x G2 x --- x Gy, be a homomorphism of
a free group to a direct product of groups. If composition of ¢ with every
projection P; : G1 x Gg x -+ x G, —> G; has a non-trivial kernel, then ¢
has a non-trivial kernel.

Proof. It is clear that it is enough to prove the lemma for n = 2. The
general case will follow by induction. Suppose that g1, gs are non-trivial
elements of F' such that ¢(g1) = (1,h1) and ¢(g2) = (he,1). If one of h; is
trivial, then we are done. Otherwise, consider [g1, g2]. We have ¢([g1, g2]) =
[(1,h1),(he,1)] = 1. If [g1,92] # 1, then we are done. Otherwise, there
exists g € F such that g1 = ¢"™ and go = g™ for some non-zero integers
ni, ng, see... Then gi? = g¢5*, hence (1,h7?) = (hg',1). But this implies
hi* =1 and hy* = 1, hence ¢(gy?) = 1. O
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Consider now the homomorphism ¢ : g — (g9lv,,9|vss---,9|v,) from
F to the direct product of homeomorphism groups of the spaces U;. By
the above, each coordinate of this homomorphism has a non-trivial kernel.
The homomorphism ¢ is injective, since the sets U; cover ¢1. But this is a
contradiction with the lemma above. ([

2.4.13. Example: almost finitary groups. Let X* be the tree of words
defined by the sequence X = (X7, Xo,...), see Let p be the Aut X*-
invariant measure on the boundary X* of the tree. It is defined by the
condition that the measure of the set of sequences with a given beginning
of length n is equal to [X"|~1 = | X1|7!Xo| ™t -+ | X, |71

Definition 2.4.56. Let g € Aut X*. Denote by X, the set of points w =
x1x2 ... € X¥ such that for every n = 1 the automorphism ¢|g,,. 4, of the
tree X} is non-trivial. We say that g is almost finitary if ¥, has measure
ZETO.

As a corollary of ([2.4)) in we get that the set of all almost finitary
automorphisms of X* is a group.

If the set X, is empty, then we say that g is finitary. If g is finitary,
then there exists n such that g|, = 1 for all v € X", by compactness of X“.
Then the element g is uniquely determined by its action on the nth level
X" of the tree X*. For a given n the set of such automorphisms is a group
isomorphic to the automorphism group of the finite subtree of X* consisting
of the levels X* for k = 0,1,...,n. The set of all finitary automorphism is
an increasing union of these finite groups.

Denote, for g € AutX* and n > 0, by 64(n) the number of vertices
v € X" of the nth level of T such that g¢|, is non-trivial. More generally, if T
is a rooted subtree of X* (i.e., a subtree containing the root of X*), then we
denote by 6, r(n) the number of vertices v of the nth level of T' such that
glv is non-trivial.

If T is a spherically-homogeneous tree, then we denote by mp the unique
Aut T-invriant probability measure on the boundary 0T of the tree. It is de-
fined by the condition that mz(0T,) is equal to the inverse of the cardinality
of the level of v.

Proposition 2.4.57. Let T be a spherically homogeneous rooted subtree of
X*, and let g € Aut X*. Then

mr(S, 0 oT) = lim 22T

n—a0 |Ln| ’

where L, =T n X" is the nth level of the tree T .
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Proof. The set 3, is closed in X, hence ¥4 n 0T is closed both in 07" and
X¥. A point £ € 0T belongs to ¥, if and only if for every beginning v of
we have g|, # 1. It follows that ¥, n 07 is the intersection of the decreasing

_ _ 9g1(n)
set of clf)l.)en subsets Sy = Uyer, n7,g/,21 0Tv- We have mT(STL). = ("LTn‘ ;
by definition of the measure mp. The statement of the proposition follows
from continuity of measures. O

Definition 2.4.58. Let I be a graph of bounded valency. We say that I is
amenable if there exists a sequence of finite subsets A,, of the set of vertices
of I' such that

0A
lim [04n| =0,
n—00 | An|
where 0A denotes the set of edges connecting a vertex in A to a vertex in

the complement of A.

Alternatively, we may define dA as the vertices of A adjacent to the
vertices in the complement of A. The definition will be equivalent to the
given above, since the valency of the vertices of I is assumed to be uniformly

bounded.

The next proposition is a particular case of a more general statement,
see [KaiO1l, (GNO5]|.

Proposition 2.4.59. Suppose that G is a finitely generated group, and let
T < X* be a G-invariant subtree such that the action of G on T is level-
transitive. Suppose that for every g € G we have mp (X4 N 0T) = 0, where
my is the G-invariant probability measure on 0T. Then all orbital graphs
of the action of G on 0T are amenable.

Proof. Let S be a finite generating set of G such that S = S~!. Let I,
be the graph of the action of G on the nth level L, of T (with respect
to the generating set S). Let I'}, be the subgraph consisting of all edges
(s,v) € S x Ly, such that s|, = 1. Note that if (s,v) € I}, then the inverse
arrow (s~ !, s(v)) is also in T,. The number of edges of T';, not included into
I}, is equal to Y ¢ 057 (n).

Let &1, ®Po,..., P, be the sets of vertices of the connected components
of I'),. Then

|0®1| + [0a] + -+ + 00| = Y O57(n)
seS
and
(1] + @] + -+ |@4] = |Lal,

hence there exists i,, such that

0%i,| _ Ses bur(n)
@, L]

— 0
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as n — 0.

Consider an arbitrary orbital graph I's for the action G ~ ¢7. Since
the action G ~ 07 is minimal, there exists a vertex v,§ € 0T of I'¢ passing
through a vertex v, of ®; . Every vertex u of ®; can be reached from v,
by a path inside I'/,. Taking a product of the generators along such a path,
we find an element g € G such that g(v,) = w and g|,, = 1. It follows
that g(v,€) = u€. It also follows that the map u +— u& is an isomorphic
embedding of I', into I'¢. Let A,, be the image of ®;, under this embedding.

Then [0A,| < [0®;,|, [Au| = ®;,], hence %t

in — 0 as n — oo. O
Proposition 2.4.60. Suppose that G < Aut X* is such that ¥, is countable
for every g € G. Then G has a free non-abelian subgroup if and only if
there exists a point w € 0T such that the group of germs Gw/G(w) has a free

non-abelian subgroup.

Proof. If ¥, is countable, then m¢(T n ¥4) = 0 for every subtree of X*.
It is well known and easy to check that the Cayley graph of a free group
is non-amenable. Therefore, Proposition eliminates the possibility of
a free subgroup of G with a free orbit on the boundary. Theorem
finishes the proof. O

Example 2.4.61. Consider the group IMG (22 — 1) from Example
It is easy to see that ¥, = X is the singleton {1}, which implies that >, is
finite for every g € G. One can also show that for every g € G there exists n
such that g|, € {1,a,b,a= b=, ab=! ba'} for all v € X". (It is enough to
check this for all elements of {1,a,b,a b=t ab~t ba" 1} {a,b,a 1,671}
It follows that the groups G /G, are trivial. Consequently, IMG (22 — 1)
has no free subgroups.

Example 2.4.62. The group IMG (22 + z) from Example also can
be analyzed in a similar way. We have ¥, = &, ¥, = {(10)*}, and X, =
{(01)*}. We also have that for every g € G the sections g|, belong to the
set {1,a,b,c} for all v long enough. This can be used to show that Gu/G ()
is a group of order at most two.

Example 2.4.63. The following group from ... models the Hanoi tower
game. The game...
If a; ; is the move involving the pegs number ¢ and j, then we have
ju if x =1,
a; j(zv) =< Qv if z = j,
za;j(v) otherwise.

Denote by H,, the group generated by the transformations a;; for all 1 <
1 < j < n. It is known that the orbital graphs of the action of H, on X%
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have sub-exponential growth (see...). In particular, H,, can not have a free
subgroup with a free orbit.

It follows from the definition of the generators that if a; ;(w) # w, then
for some long enough beginning v of w we have a; |, = 1 (namely v is the
beginning such that its last letter is the first occurrence of i or j in w). We
have a; j(w) = w if and only if w does not have neither i nor j as its letters.
In this case ai,j|v = a; ; for all beginnings v of w.

Consequently, if g € H, and g(w) = w, then for all long enough begin-
nings v of w the section g|, belongs to a group generated by elements a; ;
such that neither ¢ nor j appears infinitely many times in w. Consequently,
for any subgroup G of H, and any sequence w € X“ the group of germs
Gw/G(w) is a quotient of a subgroup of H,, for m < n. Since Hs is a group
of order two, this gives us an inductive proof that H,, have no free subgroups.

2.4.14. Activity growth. Let g € Aut X*, and denote 04(n) = |{v e X" :

glo # 1}, see|2.4.13

Definition 2.4.64. We say that g is of polynomial activity growth of degree
d if the sequence 6,(n) is bounded from above by a degree d polynomial in
n.

Note that 0y, 4,(n) < 0y, (n) +04,(n) and O,-1(n) = 4(n). It follows that
the group of all automorphisms of g of degree d polynomial activity growth
is a subgroup of Aut X*.

Denote by Py(X) the group of finite state automorphisms of X* with
degree d polynomial activity growth. For example Py(X) is the group of
bounded automata, i.e., finite state automorphisms g € Aut X* such that
f4(n) is a bounded sequence. The groups P4(X) were defined and studied
for the first time by S. Sidki in [Sid00].

Let A, be the automaton defining g, i.e., the automaton with the set of
states {g|, : v € X*}, initial state g, and the transition and output functions
7(h,z) = hlz, A(h,x) = h(z). Then 64(n) is equal to the number of paths
of length n in the Moore diagram of A starting in the initial state of A4 and
not ending in the trivial state. If A is the adjacency matrix of the Moore
diagram, then 64(n) is equal to the sum of all but one entries in a column
of A™. Tt follows that

4(n) = viA"vy
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Figure 2.21. The automaton generating the Grigorchuk group

for a column vector v and a vector v;. Namely, assuming that the first

coordinate corresponds to the initial state, and the last coordinate corre-
1

0
sponds to the trivial state, then vy = : |,and v1 = (1,1,...,1,0). Asa

0
0
corollary of the Jordan normal form theorem, we get the following.

Proposition 2.4.65. If g is a finite state automorphism of a rooted tree,
then 04(n) is equal to a finite sum of complex functions of the form p(n)a™,
where p is a polynomial and a is a complex number. In particular, if 64(n)

grows sub-exponentially, then it is bounded from above by a polynomial.

In fact, we have the following description of the elements of Py(X) in
terms of the structure of their Moore diagrams, see....

Proposition 2.4.66. Let I' be graph obtained from the Moore diagram of
the automaton Ay by removing the trivial state and all arrows adjacent to
it. Then g € Py(n) if and only if the oriented cycles of T are disjoint. The
number d + 1 is equal to the maximal length of a sequence of oriented cycles
C1,Co,...,Cqy1 of T such that C; is connected by an oriented path to Ciyq
foralli=1,2,...,d.

Example 2.4.67. The Grigorchuk group is generated by the automaton
shown on Figure The only non-trivial cycle is highlighted.

It follows that the Grigorchuk group is a subgroup of Py({0,1}).
Example 2.4.68. Another classical example of a group generated by bounded

automata is the group IMG (22 — 1) generated by all states of the automa-
ton shown on Figure We have introduced it already in[2.4.34] Compare
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11 2[2

Figure 2.23. Hanoi tower group

the wreath recursion with the automaton.

Example 2.4.69. The Hanoi tower group Hs, see [2.4.63] is generated by
the automaton shown on Figure We did not show the loops at the
trivial state, which is in the center.

We also see that it is a subgroup of Py({0,1}). The groups H,, for n > 4
are not generated by bounded automata.

Example 2.4.70. Consider the group generated by the wreath recursion
a=o(l,a),b= (a,b). We leave it to the readers as an exercise to show that
the orbital graphs of the action of this group on the boundary of the binary
tree are the graphs A,, described in [2.1.1.5

The wreath recursion defining the generators of this group correspond
to the automaton shown on Figure We see that the automaton has
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1)1 110 0|0
b >(a
0|0 ~ 01
11
Figure 2.24.

two non-trivial cycles connected by an edge. It follows that this group is a
subgroup of P;({0,1}).

The following theorem was proved by S. Sidki in [Sid00]. We give here a
shorter proof based on Theorem [2.4.54] (Note that [Sid00] is more general
as it also considers the case of an infinite alphabet.)

Theorem 2.4.71. The groups Py(X) have no free subgroups.

Proof. It follows from Proposition that a finite automaton belongs
to Py(X) for some d if and only if the number of infinite paths in its Moore
diagram that does not pass through the trivial state is countable. In par-
ticular, if g € Py(X), then the set ¥, of sequences zizy... € X“ such that
9|z129..2, # 1 for all n is countable. Consequently, it follows from Proposi-
tion that if there exists a free subgroup in P;(X), then there exists a
finitely generated group G < Py4(X) and a point w € X¥ such that G/G ()
has a free subgroup. .. O

More examples of subgroups of P;(X) and their relation to dynamics are
discussed in [6.6.8

Exercises

2.1. Describe all possible Schreier graphs of the infinite dihedral group Dy
with the usual generating set.

2.2. Describe, using Schreier graphs, all subgroups of index 4 in the free
group Fy.

2.3. Let I be an unlabeled oriented graph such that for every vertex v the
number of incoming arrows and the number of outgoing arrows are both

equal to some fixed number d. Prove that I' can be perfectly labeled by
a set S such that |S| = d.
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2.4. Let X = AuiB be a finite set partitioned into two non-empty subsets. Let
w=...A_1B_1ApByA1B; ... be a random sequence such that A4, c
A and B, c B are independent and uniformly distributed in the set
of all subsets of A and B, respectively. Prove that, with probability
one, the group Gy, (defined in is isomorphic to the free product
(Z)272)A « (2./27,)1 B!,

2.5. Let G = {a,b) be the group defined in Prove that the map
a — a?,b — b? extends to an endomorphism of G.

2.6. Transform the substitution ¢ given in [2.1.1.2]into a graph substitution
generating the orbital graphs of the Grigorchuk group G, and prove that
the map a — aca,b — d,c+— b,d — c extends to an endomorphism of

G.
2.7. The following example of a group is from [Kotowski,Virdg] ... Let
g, a1, ... be a sequence of positive integers. Consider a binary rooted

tree T'. Replace each vertex by a cycle of length three with edges la-
beled by b, and replace each edge connecting a vertex of level n — 1
to a vertex of level n by a cycle of length 2a,, labeled by letters a, so
that two opposite (i.e., on distance «a,) vertices of the cycle also belong
to the three-cycles corresponding to the vertices. Also add a cycle of
length 2cy attached to the root, and add loops so that the obtained
graph is perfectly labeled, see Figure where the graph is shown for
ap = 2,0[1 = 3,0[2 = 4,

Prove that if o, — o0, then the group G defined by the constructed
graph has a locally finite normal subgroup N such that G/N = Z.

2.8. Let gg, g1 be the homeomorphisms of R defined in a) Prove that
JarJar_y *** 9ap(0) = ao + % +- - -+ 5 for every sequence ag,a, ...,ax €
{0,1}. b) Prove that g5 g19a; Gay_, -+ * 9ar (0) = 2 and g7 g0 gay, Gay_, * * * Gay (0)
0. ¢) Prove that the orbital graph I'g of the group {go, g1) is isomorphic
to the graph shown on Figure d) Prove that the group {go,g1) is
isomorphic to the group defined by the graph. (Use the fact that Z [%]
is dense in R.)

2.9. Note that if we switch the labels in the graph on Figure then we get
an isomorphic graph. It follow that the transposition of the generators
of the group defined by it extends to an automorphism of the group.

Let go, g1 be the homeomorphism of R given in ??. Find an order
two homeomorphism of R conjugating go to g1 and g1 to go.

2.10. Consider an tree T for which every vertex has one incoming arrow la-
beled by go or g1 and two outgoing arrows labeled by gy and ¢;. Add
infinite paths with loops, as in [2.1.1.6] and let I'r be the obtained per-
fectly labeled graph. a) Prove that any two graphs I'ry, and I'p, con-
structed in this way are locally isomorphic and locally contained in the
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2.11.

2.12.

2.13.

L] L]
L] L]
L] L]

Figure 2.25. Kotowski-Virdg groups

graph T' from [2.1.1.6] b) Prove that the rooted graph (I'r,v), where v is
a vertex of T' c I'p, is uniquely determined, up to isomorphism, by the
sequence of the labels along the unique infinite path in 7" going against
the arrows and starting in v.

Let (T, v) be the tree from the previous problem such that the labels of
the unique path against the arrows starting in a vertex v are all equal
to go, and let I'g be the corresponding graph I'r, see Figure [2.26]

Let T be the graph from [2.1.1.6] see Figure[2.26] Prove that I'y both
covers ' and is locally contained in I'. Conclude that the groups defined
by I'g and I'" are isomorphic.

Let a and b be permutations of Z defined by the graph A,,, see[2.1.1.5
Prove that a?b~! and ab~'a commute.

Let us identify a sequence zgz; ... € {0,1}* with the diadic number
:Eo+2£61+221'2+"- .

Show that A, and A, are isomorphic as non-rooted trees if and only
if w; — w2 € Z.
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2.14.

2.15.

2.16.
2.17.
2.18.

2.19.

2.20.
2.21.

e
Q Q
Q
Q Q
§ ¢
Q Q 5
Q >
Q g’ 4 ¢)
Q A ‘ - O
<) ‘ = C) e
1l : s§
SV
O
Figure 2.26.

Show that the realization of the topological graph of the action of a
finitely generated group G on a topological space X is connected if and
only if the action is topologically transitive.

Let |A| = 1. Prove that the space S4 is homeomorphic to the set
{0u{n=! : neN}

Prove that (T",v) is an isolated point of Sg if and only if " is finite.
Find a subset of R homeomorphic to the space Szn.

Prove that if a minimal action G ~ X on a compact space has a free
orbit, then the orbit of every G-generic point is free.

Prove that A, and A, (see2.1.1.5) are locally isomorphic if wq, wa ¢ Z.
Conclude that the group defined by the graph A, does not depend on
w.

Prove the statements of Example [2.1.25

Consider the realization of the hull T'y as the direct product {go, g1}* x
{0,1,2,...} with two added points Lg,, L4, where the second coor-
dianate n € {0,1,2,...} is the distance from the root to the closest
vertex of the tree T.... Show that g;, for i = 0,1, acts on I'y according
to the following rules:

((givgizv"')vo) = ((giagiugiw"')’o)a
((giagiza .- ')a n) = ((92'792'27 .- ')a n)?
((glfivgiw .- ')7 n) = ((glfiagiw . ')7” - 1)'
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2.22.

2.23.

2.24.

2.25.

2.26.

2.27.

2.28.

2.29.

2.30.

In the conditions of the previous problem, consider the map

Yo%k +n ifg, =1
)\ 3 i1y <) = 702 . ! ’
(oo = { 030 L 7

a) Prove that A : {To}\{Lg,, Ly} — R is continuous, surjective, and
|A7!(z)| =1 for all x except for x € Z %], when |[A~!(z)| = 2. b) Prove
that

Agi(§)) = gi(A(§)),

where g; : R — R on the right-hand side is the function defined in 77.

Consider the set P of all non-empty subsets of the set X = {a, b, c}. Let
F < P? be the subshift consisting of all sequences (2, )nez such that
Tp N xpy1 = & for every n € Z. It is a subshift of finite type. For
every sequence w € F consider the graph I', as defined in a)
Show that for a co-meager set of sequences u € F the graph I';, locally
contains all graphs I'y,, w € F and the group G, defined by the graph
Iy, is the free product {(a) * {(b) = {c) of groups of order 2. b) Show that
the set of periodic sequences is dense in F. ¢) Use this to prove that the
free product of three groups of order two is residually finite. (Remark:
this is very close to the first proof of residual finiteness of a free group,
see....)

Consider the action of the Thompson group F' on the interval and on
the Cantor set. Show that the first action is locally minimal, while the
second action is only locally transitive. Deduce that local minimality
condition in Theorem [2.2.25 can not be replaced by local transitivity.

Prove that two manifolds are homeomorphic if and only if their home-
omorphism groups are isomorphic as abstract groups. Prove that ev-
ery automorphism of the homeomorphism group of a manifold is inner.
See ...

Let T be a spherically homogeneous tree. Prove that there exists only
one level-transitive action of the infinite dihedral group on T, up to
conjugacy in AutT.

Find an embedding of the additive groups Q and Q/Z into the group Q
of rational homeomorphisms of the Cantor set.

Prove that a transformation defined by a finite w-deterministic automa-
ton can be defined by a finite deterministic automaton.

Find the distance in the graph of the action of the Hanoi towers game
(see...) from the vertex 1™ to the vertex 2.

Show that the set of almost finitary automorphisms of X* is a group.
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0 1
0 1
0 1
0 1
0 1
Figure 2.27. Golden mean rotation
2.31. Show that the group of almost finitary automorhpisms of a regular

2.32.

2.33.

2.34.

2.35.

rooted tree X* contains an isomorphic copy of the group of all auto-
morphisms of X*.

Let G ~ X be a minimal action on a compact space. Prove that if the
orbital graph I'; of the action is amenable for a G-regular point z € &,
then all orbital graphs of G ~ X are amenable.

Prove that GL,,(Z) can be embedded into the group of finite-state au-
tomorphisms of X* (a) for some X, (b) for X* consisting of two letters.
(Hint: use the action of GL,(Z) on the set of n-dimensional dyadic
vectors.)

Find an embedding of Q into the group of rational homeomorphisms of
the Cantor set.

The diagram on Figure|2.14]is equivalent to the Vershik-Bratteli diagram
shown on Figure

Label the paths in this diagram by sequences of 0 and 1 according
to the vertices it passes, as labeled on the figure. Show that in this
encoding the adic transformation is given by the automaton shown on

Figure [2.28]
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Figure 2.28.
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