A NOTE ON THE EXISTENCE AND UNIQUENESS OF SOLUTIONS
OF FREQUENCY DOMAIN ELASTIC WAVE PROBLEMS: A PRIORI
ESTIMATES IN HL.

JAMES H. BRAMBLE AND JOSEPH E. PASCIAK

Abstract.  In this note, we provide existence and uniqueness results for frequency
domain elastic wave problems. These problems are posed on the complement of a
bounded domain R® (the scatterer). The boundary condition at in nity is given

by the Kupradze-Sommerfeld radiation condition and involves di erent Sommerfeld
conditions on di erent components of the eld. Our results are obtained by setting up
the problem as a variational problem in the Sobolev spacéd® on a bounded domain.
We use a nonlocal boundary condition which is related to the Dirichlet to Neumann
conditions used for acoustic and electromagnetic scattering problems. We obtain at
bility results for the source problem, a necessary ingredient for the analysis ofumerical
methods for this problem based on nite elements or nite di erences.

1. Introduction

The goal of this paper is to provide new existence, uniquenesslastability results for
the solutions of frequency domain elastic wave scattering prgns in the natural Sobolev
spaces. Such estimates are necessary for the analysis of numenwoathods based on
nite elements. These problems are posed on the complement of aumded domain
(the scatterer) and involve pressure and shear waves with di enewave numbers. The
far eld radiation condition is the so-called \Kupradze-Sonmerfeld" condition which
prescribes two di erent Sommerfeld conditions on the two typs of waves.

The existence and uniqueness of solutions for the elastic wave tegr@ng problem
has be investigated using integral equation techniques [7, 8. These papers provide
classical solutions for domains with suitably smooth boundariés.g., C?) and problems
with suitably smooth boundary data.

In this paper, we shall formulate the elastic wave problem as awnational problem on
a bounded subdomain  (the exterior of the scatterer intersected with a ball of radiaR
containing the scatterer) with a non-local boundary conditn provided by a Dirichlet to
Neumann map. The non-local boundary condition builds in the Wpradze-Sommerfeld
radiation condition. We shall show that this variational prodem is well posed o 1( ),
i.e., the solution of the elastic wave problem is itHY( g) and satis es appropriate a
priori inequalities. These results hold for a scatterer with only a Liphttz continuous
boundary and boundary data in an appropriate Sobolev space.h& solution which we
obtain is independent of g in the sense that if g and g, are two such domains then
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their solutions coincide on g\ g,. Although the Dirichlet to Neumann approach is
natural and has been successfully employed for the analysis obastic and Maxwell
problems [10], it has yet to be extended to the elastic wave foiem.

Without loss of generality, we may take r to have a spherical outer boundary. It
is then possible to write the solution of the elastic wave scatteny problem outside of

r In terms of a series of vector wave functions and gradients ainictions which satisfy
the Helmholtz equation (see Section 2). For acoustic and eleatnagnetic problems, the
Dirichlet to Neumann map can be de ned directly from the seriesHowever, it seems
that for the elastic wave problem, the Dirichlet to Neumann mapon the outer boundary
of R can only be formally expanded in terms of this series, (this ishat is proposed in
[6]). Our approach is somewhat di erent. We use the series to extd functions outside
of g and show that the extended function is locally irH®. This allows us to de ne the
Dirichlet to Neumann map by di erentiating the resulting extension.

As we shall see, there are several equivalent variational forratibns for the elastic
wave problem. It will be convenient to use one such formulatiot® conclude uniqueness
and another to verify an inf-sup condition which leads to exisince.

Our results are important from the computational point of viav. Indeed, stability
in H! on a bounded domain is a necessary ingredient for the analysisamly discrete
approximation based on nite elements or nite di erences. The Kupradze-Sommerfeld
radiation condition, though, provides additional numerial modeling di culties. In a
subsequent paper [3], we shall use the existence and uniquenesdltsesiithis paper as
one step in the analysis of numerical approximations based onethso-called" perfectly
matched layer (PML). PML represents an e cient way to developapproximate boundary
conditions for this problem and avoids the computational sfiting of the solution.

The outline of the remainder of the paper is as follows. In Sech 2, we formulate
the elastic wave scattering problem and the Kupradze-Sommeldl outgoing radiation
condition. In Section 3, we set up the variational formulatia using Dirichlet to Neumann
maps and show existence and uniqueness of the solution (locailiyH 1).

2. Formulation of the elastic wave problem.

In this section, we formulate the elastic wave problem and itsaf eld boundary
conditions. Let be a bounded domain containing the origin aml ¢ denote its com-
plement. We seek a vector valued functiom 2 HL ( ©) (HL.( ©)° satisfying (the
weak equation)

(2.1) Ku+ u+ mm u=0in °©
and
(2.2) u=gon @ :

Here andk are positive real numbers andy is given in H*2(@).

To complete the problem de nition, we need to pose boundary oditions at in nity
corresponding to outgoing waves. LeBr be a ball of radiusR containing . We rst
note that any function u satisfying (2.1) is smooth away from since it satises a
constant coe cient elliptic equation. We set
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Then
(2.4) k? +(1+ ) =0inB§

Herek; = k:ID 1+ . We requireu to be such that satis es the Sommerfeld radiation
condition, i.e.,

(2.5) rI!ilm r %r ik, =0:
De ne
(2.6) =ur
By construction, = k¥ =r usor = 0. Moreover, each component of
satis es (2.4) which implies thatr  satis es (2.1). It follows that satis es
(2.7 0=k?® + =k® rr in BS
We require to satisfy the Silver-Maller radiation condition, i.e.,
(2.8) rI!ilm r(r R ik )=0:

Remark 2.1 We shall see below that a decomposition af satisfying (2.4)-(2.8) is
uniquely determined by the trace ofu on the boundary ofBr.

Remark 2.2 We note that by (2.6), we have constructed a decomposition af of the
form

u= +
with  solenoidal and irrotational. It follows from (2.7) and (2.8) that also satis es
the Sommerfeld radiation condition,

. @ . o
rI!|1m r(@n ik )= 0:

In addition, it can be shown that r satis es
. @ . o
rI!|1m r(@n ik; )= 0:

These are the classical Kupradze-Sommerfeld radiation condits.

Conversely, if we have a decomposition satisfying the classical ptadze-Sommerfeld
conditions then there is a potential =~ with r ~ = outside of Bg. This potential,
modi ed by a suitable constant, along with gives rise to a decomposition af satisfying
(2.4)-(2.8). By Remark! 2.1, the resulting decomposition is #h same as ours, i.e,” =

+ c where is de ned by (2.3). Thus, the boundary conditions de ned using2.3)-
(2.8) are the same as the classical Kupradze-Sommerfeld comis. For the purpose of

our subsequent analysis, it is more convenient to work with (instead of ).

Now, can be expanded outside d8r in a series of the form

X X
(2.9) (x) = nm Pn (1) Yoim (R):

n=0 jmj n

Herepy(r)  h$(kir), hYY is the Hankel function of the rst kind of order n, Y., are
spherical harmonicsy = jxj and ® = x=r.
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Let g,(r) = hﬁl)(kr), Vim = 2 Upny, where

1 @¥mn 1 @¥mna
Unmm = Unm(; )= p= — + — : :
n;m n,m( ) p_n @ sm( ) @
Here , = n(n + 1), " and " are the spherical unit vectors while and are the
corresponding spherical coordinates. Theorem 9.17 [10] ingglithat can be expanded
X X
(2.10) = amGh(NDVam + aml (Gh(r)Vam) :
n=1 jmj n
We shall see below that the coe cients, nm; nm; and ,m, are well de ned from the
trace ofu on @R as long as it is inL 2(@R).
Thus, we seek a vector functioru which satis es (2.1), (2.2) and has an expansion
outside of Bg of the form

X X
u-= +r =

(2.11) h=0 jmj n
+ aml (G(N)Vam)+ am? (Pa(r)Yam) -
Here we have set g0 = 00 =0 and Voo = U = 0 for convenience of notation. Any

component of this series satis es (2.5) and (2.8) hence so willand provided that the
coe cients have su cient decay as m and n become large (as we demonstrate below).

nm q1(r)vn;m

3. Existence and uniqueness for the elastic wave problem

In this section, we prove existence, uniqueness and some regtyaesults for the time-
harmonic elastic wave problem. As this is done in ahl! setting, we obtain solutions
which are in (H(D))2 for any bounded subseD of ¢,

The series((2.11) will play a central role in our analysis. For gnu given by (2.11) we
write % x

U - Un;m
n=0 jmj n

whereu ., is de ned by the right hand side of (2.11). As observed in [6], oside ofBg,
p

un;m = n,m Chvn;m + o npn r;_,m (rqn)o Un;m

(3.1) 0
* oam pﬂ Ll ; n%h Ynm R
This follows from the identities: o
@V = e (a0 U
and o_
r (PaYom) = PQVamR + — P00

p
The componentsV ., Upnm and Y,.m® form an orthonormal basis (whem and m

are varied) for L2(Sl) where S; denotes the unit sphere. IndeedfV ;U .ng form
an orthonormal basis for the tangential elds inL?(S;) (cf. [10]) and f Y, ®g gives
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an orthonormal basis for the radial elds inL?(S,). This means that any functionw
denedon g @R can be expanded

R X
(32) w = (an;mvn;m + h’];mu nym + Cn;m Yn;mk):
n=0 jmj n
Lemma 3.1. Given coe cients b,, andc,m, there is a unique pair nm; nm Satisfying

(compare with (3.1))
P— P—

(3 3) - R - :_\;)m (qu)o U nm n;m pg nm—n% Y”?mk

= bn;m(-hU nm T Com Pn Yn:m R:

Herepn; p°; on; € are all evaluated aR. Moreover, there is a positive constan€ = C(R)
independent ofn satisfying

I nm pnj2 +J nm Chjz C@a+ n)z(jbn;m Chjz + jCam pnjz):

Proof. The above system is

|
p__:
@ 1 .a

3.4 ®p_ R R nmCh _ Bhm Oh
( ) Rn S_(:) nm pn Cn;m pn
Its determinant is
n(n+1) L o 1
. Det= ——~ - Ny =
(3.5) et =3 r G tR

We rst observe that Det does not vanish for anyn. Indeed, the imaginary part of
PR=hh is

0, y= K1 &) @) 1
——W(hy’(kiR); h}” (kiR)) = ————
2Jan2(pnpn pnpn) 2Jan2 ( ( 1 ) ( )) lian2R2
where we used the well-known Wronskian identityN(hﬁl)(r);hﬁz)(r)) = 2i=r?. An

identical argument shows that the imaginary part ofg®=q, + 1=R is 1=(kjq,j?R?): It
follows that the product of these two terms cannot be real andgsitive, i.e. Det 6 0.

We next develop an asymptotic bound for the determinant validor large n. Using
the identity

()= TP @) hih (@)

gives
p 1 Pn+1
3.6 o2 h KR
(3.6) o =R R
Using the identity
(3.7) h® 1)+ hY, (1) = 2 Lho )

and the asymptotic relation

(3.8) h{(2) =

e Pra+ oa=n);
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where (2 1)!'=1 3 5 (2n 1), we obtain

Pn+1 kfRz — 2\ -
R = + - o+ = :
kl ! 2n+1 ( n 1) O(l n)
Putting this in ( gives
pg 1 k%liz 2\ .
= = 1+ + O(1= ;
Pn R : 2n 1 ( : )

Inserting this and the analogous expression faf=q, into (3.5) yields
1
Det = é(k§+ k?) + O(1=n):
We conclude that there is a constanC not depending onn such
jDetj 1 C

for all n.
We will show that the absolute value of each entry appearing irhe two by two matrix
in (3.4) can be bounded byC(n + 1). The lemma will then follow from Cramer's rule.
From (3.6) and (3.7) we have, fom 1,

0 1
e I Y- L

Ph R Pn
Finally we will show that jp, :=p,j is uniformly bounded and hence, with[(3.9), gives

(3.9)

pO
(3.10) p—” C(h+1):

We will, in fact, prove that jp, 1=p,j 1. This is the same as
(3.11) i mi* j b ()
The following expression foq’hﬁl)(r)j2 may be found in [1]:

. L, 12X @2n K!@n 2K)
(3.12) jhP(n)j? = b CERIE

(2r )2k 2n :
k=0

We drop the rst term and change the summation index to obtain

1X @0 K2n )

jhsll)(r)jZ = . kl[(n k)|]2 (zr)Zk 2n
_1%en k pem b Wem D 2ok
2 o (k+1) ki(n 1 k)2

from which (3.11) follows. The analogous bound holds fq')%:j. This completes the proof
of the lemma.
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The above lemma shows that any functionv in L?( r) can be expanded in a series
of the form
X X
w(R;; )=
(3.13) h=0 jmj n
+ nml (Pn(R)Ynm)

by rstexpanding w as in (3.2) and applying the lemma. Accordinglyw can be extended
outside of R by

n;m Ch(R)Vn;m + n;mr (qT(R)me)

X X
B14)w(r; )= amh(NDVam+ aml (G(MDVam)+ aml (Pa(r)Yom) :
n=0 jmj n
Before proceeding, we characterize the boundary Sobolewms in terms of the series.
Let ; denote the surface Laplacian. Then,

1Vam = aVam; 1Unm = nUnm; and l(Yn;m k) = nYom R:

Accordingly, the boundary Sobolev norms are given in terms difie coe cients, i.e., if
w is expanded as in((3.2) therw 2 H3( g) if and only if the series
X X S/ .2 . 2 - 2
(3.15) (1+ n)*(anm]”+ jbym]” + jCam]®)
n=0 jmj n
converges.
Our approach to analyze problem/[(2.1) with boundary conditins (2.2), (2.5), [(2.8)
is to pose the problem inH( r) with an outer boundary condition provided by an

appropriate Dirichlet to Neumann map \DN ") on g. Let IEI;( r) denote the functions
in H( r) which vanish on@. We de ne the form for w;v 2 IEIé( r), by
A(w;v) = K3(w;v) o (rw;rv)

(3.16)
(r w;r v)_,+(DN(w);v) .:

The boundary term is

(3.17) (DN (w);v) = %;v + (r w;v R).:

The series de ningw and all of its derivatives converge uniformly away from r (cf.,
[5, 10]). We shall subsequently show that resulting limit coincies with a function in
H 1(B,r NBR) for which the terms appearing on the right hand side of (3.1#nhake sense.

Remark 3.1 It is not clear for an arbitrary w 2 H( g) whether the derivatives appear-
ing on the right hand side of [(3.17) can be computed by term by ten di erentiation
(at Rr) of the series de ningw .

Our analysis and the de nition of the Dirichlet to Neumann opeator involves going
outside of r. We assume without loss that (the weak form of) the problem

k% + v+ mr v=fin ,knN g

(3.18) v=0on@ 2N R)



8 JAMES H. BRAMBLE AND JOSEPH E. PASCIAK

is well posed inH}( & n Rr). If necessary, one can chang® slightly to guarantee
stability. Indeed, the above operator and boundary condities without lower order term
on .,z h R has eigenvalues that are isolated with only accumulation ahinity. The

change of variableR ! R+ results in an eigenvalue shift ! (1+ =R) 2.
Givenw 2 chl)( r), We let w denote the extended function, i.e.,
( _
w(Xx) : forx 2 g;
@ (x) = | (x) X2 w
w(X) given by (3.14) : forjxj > R:

The two series|(2.9) and/(2.10) and their derivatives convegguniformly on compact sets
bounded away from g. It follows that w is smooth outside of g and satis es

(3.19) ke+ w+ m w=0in kN R

Note that we also know thatw is in H¥2( g) sincew 2 H!( ) implies that w 2
H¥( gr)andw = w on . The stability of (3.18) implies that & isin H( ,x n R)
and satis es

(320) k\ﬁkl; RN R C(kal:z; R + kalzz; 2R):

We will estimate the norm on ,g now.
We have already proved that

C(n+1)

2[R

and hence

p__
nm nPn(2R)

2R

2 (1Gn(1) i
C(N+ (] wmiPa(@RI+ | i ch 2R)))

The left hand side above is the absolute value of the coe cientfdJ ., in the orthogonal
expansion forw on g (similar to (3.1)). Now the relation (3.8) holds uniformly in n
and z as longz varies in k;R; 2k;R]. Thus,

jpn(2R)j  C2 "jpn(R)j

with a similar estimate for jg,(2R)j. Thus,

P —
nm nPn(2R)

2R

ZnF\T (rQn(r))(]r=2R
Cn+1)2 "( amlipn(R)i + ] amiich(R)])
A similar estimate holds for theY,., ® coe cient while the remaining coe cient satis es

J amG(2R)]  C2 7 nmiicn(R)j:
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It follows by (3.15) that

R X
keki, ,, C 1+ 2 [ wmijoh(R)j?
n=0 jmj n
+(n+1)%( mi%Pa(R)*+ | nmi®ith (R)I?)]
R X
C 1+ 2 [ wmi%joh(R)j?

n=0 jmj n
+(n+1)*(cumi%ipn(R)J? + jbm%jch (R)j)]

wherely,,, and ¢, satisfy (3.3). Applying (3.15) and the geometric decay of 2" shows
that

(3.22) k@kyp ,. Ckwko, :

(3.21)

Remark 3.2 The above argument can be used to show that the map ! @ is compact
from HY( Rr) into H¥?( ).

The terms on the right hand side of((3.17) now make sense since tix¢e@ded function
W isin HY( ,z) whenw 2 ﬁé( r). Hence the form given by (3.16) makes sense. We
also de ne the form, forw;v 2 chl,( R),

Ai(w;v) = k¥ (we;e) ,, (re;re),,
(3.23)
(r w;r @), +(DNi(w);e) ,.:

Here DN ; denotes the Dirichlet to Neumann operator on ,z given by

@
@
There is no problem in the de nition above as® is smooth near ,;. Moreover, since the
series and all of its derivatives converge uniformly nearg, DN; can also be expressed
by term by term di erentiation of the series.

The form A; still can be thought of as a standard (local) bilinear form on r plus a
nonlocal boundary term. The local part consists of the volumaiegrals restricted to r
while the nonlocal boundary term involves the volume inte@is restricted to ,r n R
and the DN, term.

Similarly we de ne the form

(DNi(w);e) ,, = e + (r w;e R) ..

2R

AZ(W;V) = kz(\ﬁ;e) 2R (r W e) 2R
(3.24)
1+ )r wir e, +(DNa(w)e) ,.:
Here DN, denotes the Dirichlet to Neumann operator on ,z given by
(DNZ(W);E) P (k r W;W) 2R +(1+ )(r W, W k) R
Proposition 3.1. The formsA(; ), Ai(; ) and Ay(; ) are all bounded on#8 (1,( R)
Iq(l)( r) and coincide.
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Proof. Let w and v be smooth and vanish on . We clearly have
=0:
Applying integration by parts to the above identity and adding it to A(w;v) shows that
A(w;Vv) = Ai(w; V).

Next, let be a smooth cuto function which is one in g and near @ r while
vanishing near ,gr. We decomposer = w + (1 )@. Now let , be smooth, have

support in .,z and be such that ,, converges to w in H}( k) asn!1 . Set
= ,+(@ )@. Then,

kz( n’e) 2R (r n’r e) 2R (r n1r e) 2R +(DN1( n)1e) 2R
:(k2 n+ n+ rr n;e) 2R
=(k® , rr L@+ D )

LS ) I (S A
(1+ )(r nil e) 2R+(DN2( n);e) 2R -

Taking the limitas n!'1  shows thatAi(w;v) = Ax(w;V).

Sincep, and g, satisfy second order di erential equations (similar to those satied
by the Hankel functions), the derivatives appearing inDN; can be bounded by the
coe cients of (3.1), e.g.,

P— 0

0P ()0 U CO D20 it + ] miihil

(ke + W+ mr we)

2rRN R

n

The arguments leading to/(3.22) can be used to show thBtN ;(w) is a compact map of
H¥2( g)into H 2( ,g). Thus, it follows from (3.20) and (3.22) thatA; is bounded.
That A, A; and A, coincide follows from a density argument.

Remark 3.3, The above proposition shows that we can simultaneously changeetform
in the domain and Dirichlet to Neumann map on the outer boundar while preserving
the combined action. By changing the form in the interior yetagain, we could get
a Dirichlet to Neumann map where the Neumann operator on the eattior boundary
corresponds to the traction boundary condition.

The next theorem provides a uniqueness result féx .

Theorem 3.1. If w 2 Iqé( r) satis es

(3.25) AW:v)=0 forallv2 By r)
thenw = 0. We also have that ifv 2 Iqé( r) satis es
(3.26) AW:v)=0 forallw 2 Bg( gr)
thenv = 0.

Proof. If w satis es (3.25) then, sinceA = A,, It follows that A,(w;w) =0. Thus

0=K(&;®) ,, (r w;r w), @+ )r w;r @),
(3.27)
(R r w,w) . +(1+ )(r w,w R) ,.:
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Now the imaginary part of A,(w;w) vanishes. The rst three terms on the right hand
side above are real while the last two are given by the series

X X ,
(nmR (hViam)+ K° amGh(R Vam); @)

n=0 jmj n
K?( mm PnYom; @ R) .
Applying (3.1) and the identities
Um= R Vim
and L
Ror (hVinm) = F(rqn)o\/n;m
gives that the above sum reduces to
XX ami? 2 i
()t + K m G .

p—
n;m nCh

r

The above expressions are evaluted at = 2R. The sum of the above terms with
coecients ,m nm and nm nm arereal. The imaginary part of the above sum is thus

X X

P —
nPn

n;m 0
(1)

n=0 jmj n

k2 nm pl’] nym pg

i mmi?Im (cch) + K% nmi?Im (cRch) + K%} nmi?Im (ppn)

n=0 jmj n
Using the Wronskian identity W(hﬁl)(r); h§,2)(r)) = 2i=r? gives

and Im (p3ps) =

1
m 0 — .
M (%) = 7Rz 4k,R?’

That the imaginary part of (3.27) is zero immediately implisthat nm = nm = nm =
0 for all n;m, i.e., w vanishes outside of r. The elasticity equation (3.19) satis es a
unique continuation property which enables us to concludenat w = 0 in g. This
veri es the rst part of the theorem. The second part is similar. This completes the
proof of the theorem.

Suppose that there is a solution to the time-harmonic elastic wa problem, i.e., a
function u 2 H ( ©) satisfying (2.1) and boundary conditions((2.2),((2.5),[ (2B As
observed in Section 2y is given by the series expansion (2.11) for R and is smooth
away from . Accordingly, (2.1) and integration by parts implies that u satis es

A(u; )=0 forall 2 Bg( r):

It easily follows from Theorem 3.1 thatu is unique on g and, since it is given by((2.11)
outside of R, itis unique on °©.
The following theorem will be su cient to guarantee existence
Theorem 3.2. There is a positive constantC satisfying
A )i
(3.28) kwky;. . C  sup J(W—)J for all w 2 ﬁé( R):
2my ) < Kiiw
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Proof of Theorem 3.2.We clearly have forw 2 ﬁé( R),

oaks, sup (w; )i
283 ) K KL &
where
Aw;v) (rwe;re) .+ (r w;r e .:
Let

| (w;v) = k*(&;®@) ,, +(DNy(®);e) ,.:
Then, using (3.22),
JAL(w; )j+jl(w; )]

k kl; R
JA(W—;)J+[k\Qk =t KDN (@)K 1= 2R]
K ki 4 '
JA(W; )j
k kl;

Ckeki. . sup
2R5( )

sup
285( ®)

sup

+ kaHs ;
1 2
28o( Rr)

R
R

for any s 2 (1=2;1). Now the embedding map fromH?( .g) into HS( ,g) is compact.
The inf-sup condition (3.28) now follows from Theorem 3.1 and lemma by Peetre [11]
and Tartar [12] (see also, Theorem 3.2 of [4]).

The following theorem, which follows easily from Theorem 3.4nd Theorem) 3.2, is
the main result of this paper.

Theorem 3.3. For any function g 2 H*™() , there is a unique solutioru 2 H} (' ©) to
the elastic wave probleni2.1) with boundary conditions(2.2), (2.5) and (2.8). Moreover,

(3.29) kuki . C(R)kgki=: :

Proof of Theorem/ 3.3.Let ug be anyH*( °) bounded extension of which vanishes out-
side of . By Theorem|3.1 and Theorem 3.2, the generalized Lax-MilgraLemma [2]

(see, also, [4]) implies that there is a unique solution 2 Iq;( r) satisfying
AW+ ug )=0 foral 28y r):
It is immediate that u = @ + uy solves the elastic wave problem. Moreover,
kuki. . k eky .+ kugks .  Ckgki-.

so (3.29) follows. Finally, the uniqgueness af was already observed. This nishes the
proof of the main result of this paper.
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