A NOTE ON THE EXISTENCE AND UNIQUENESS OF SOLUTIONS
OF FREQUENCY DOMAIN ELASTIC WAVE PROBLEMS: A PRIORI
ESTIMATES IN H'.
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ABSTRACT. In this note, we provide existence and uniqueness results for frequency
domain elastic wave problems. These problems are posed on the complement of a
bounded domain Q C R? (the scatterer). The boundary condition at infinity is given
by the Kupradze-Sommerfeld radiation condition and involves different Sommerfeld
conditions on different components of the field. Our results are obtained by setting up
the problem as a variational problem in the Sobolev space H' on a bounded domain.
We use a nonlocal boundary condition which is related to the Dirichlet to Neumann
conditions used for acoustic and electromagnetic scattering problems. We obtain sta-
bility results for the source problem, a necessary ingredient for the analysis of numerical
methods for this problem based on finite elements or finite differences.

1. INTRODUCTION

The goal of this paper is to provide new existence, uniqueness and stability results for
the solutions of frequency domain elastic wave scattering problems in the natural Sobolev
spaces. Such estimates are necessary for the analysis of numerical methods based on
finite elements. These problems are posed on the complement of a bounded domain
(the scatterer) and involve pressure and shear waves with different wave numbers. The
far field radiation condition is the so-called “Kupradze-Sommerfeld” condition which
prescribes two different Sommerfeld conditions on the two types of waves.

The existence and uniqueness of solutions for the elastic wave scattering problem
has be investigated using integral equation techniques [7, 8, '9]. These papers provide
classical solutions for domains with suitably smooth boundaries (e.g., C?) and problems
with suitably smooth boundary data.

In this paper, we shall formulate the elastic wave problem as a variational problem on
a bounded subdomain Qp (the exterior of the scatterer intersected with a ball of radius R
containing the scatterer) with a non-local boundary condition provided by a Dirichlet to
Neumann map. The non-local boundary condition builds in the Kupradze-Sommerfeld
radiation condition. We shall show that this variational problem is well posed on H*(Q2z),
i.e., the solution of the elastic wave problem is in H'(2z) and satisfies appropriate a
priori inequalities. These results hold for a scatterer with only a Lipschitz continuous
boundary and boundary data in an appropriate Sobolev space. The solution which we
obtain is independent of {2y in the sense that if Q2 and Qp, are two such domains then
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their solutions coincide on Q2r N Qg,. Although the Dirichlet to Neumann approach is
natural and has been successfully employed for the analysis of acoustic and Maxwell
problems [10], it has yet to be extended to the elastic wave problem.

Without loss of generality, we may take 2z to have a spherical outer boundary. It
is then possible to write the solution of the elastic wave scattering problem outside of
Qg in terms of a series of vector wave functions and gradients of functions which satisfy
the Helmholtz equation (see Section 2). For acoustic and electromagnetic problems, the
Dirichlet to Neumann map can be defined directly from the series. However, it seems
that for the elastic wave problem, the Dirichlet to Neumann map on the outer boundary
of Qg can only be formally expanded in terms of this series, (this is what is proposed in
16]). Our approach is somewhat different. We use the series to extend functions outside
of Qr and show that the extended function is locally in H*. This allows us to define the
Dirichlet to Neumann map by differentiating the resulting extension.

As we shall see, there are several equivalent variational formulations for the elastic
wave problem. It will be convenient to use one such formulation to conclude uniqueness
and another to verify an inf-sup condition which leads to existence.

Our results are important from the computational point of view. Indeed, stability
in H' on a bounded domain is a necessary ingredient for the analysis of any discrete
approximation based on finite elements or finite differences. The Kupradze-Sommerfeld
radiation condition, though, provides additional numerical modeling difficulties. In a
subsequent paper [3], we shall use the existence and uniqueness results of this paper as
one step in the analysis of numerical approximations based on the “so-called” perfectly
matched layer (PML). PML represents an efficient way to develop approximate boundary
conditions for this problem and avoids the computational splitting of the solution.

The outline of the remainder of the paper is as follows. In Section 2, we formulate
the elastic wave scattering problem and the Kupradze-Sommerfeld outgoing radiation
condition. In Section 3, we set up the variational formulation using Dirichlet to Neumann
maps and show existence and uniqueness of the solution (locally, in H*).

2. FORMULATION OF THE ELASTIC WAVE PROBLEM.

In this section, we formulate the elastic wave problem and its far field boundary
conditions. Let €2 be a bounded domain containing the origin and €2¢ denote its com-
plement. We seek a vector valued function w € H;, (Q°) = (H.,(9°))? satisfying (the
weak equation)

(2.1) Fu+ Au++VV-u=0in Q°
and
(2.2) u=gonl =0

Here v and k are positive real numbers and g is given in H'/2(962).

To complete the problem definition, we need to pose boundary conditions at infinity
corresponding to outgoing waves. Let Bg be a ball of radius R containing 2. We first
note that any function w satisfying is smooth away from I' since it satisfies a
constant coefficient elliptic equation. We set

(2.3) Y=k *V - u.
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Then
(2.4) Y+ (1+7)Ay =0 in B

Here ky = k/+/T+ 7. We require u to be such that 1 satisfies the Sommerfeld radiation
condition, i.e.,

(2.5) TILI?OT (Z—qf — Zk‘ﬂ/)) = 0.
Define
(2.6) ¢ =u— V.

By construction, Ay = —k#1p = V- u so V - ¢ = 0. Moreover, each component of V1)
satisfies (2.4) which implies that Vi satisfies (2.1). It follows that ¢ satisfies

(2.7) 0=k¢+ A =k¢—VxVx(in BY
We require ¢ to satisfy the Silver-Miiller radiation condition, i.e.,
(2.8) lim r(Vx¢ x & —ik¢) = 0.

Remark 2.1. We shall see below that a decomposition of w satisfying (2.4)-(2.8) is
uniquely determined by the trace of w on the boundary of Bg.

Remark 2.2. We note that by (2.6), we have constructed a decomposition of u of the
form
u=C+9y
with ¢ solenoidal and %) irrotational. It follows from (2.7) and (2.8) that ¢ also satisfies
the Sommerfeld radiation condition,
rli_)rgo r(% —ik¢) = 0.

In addition, it can be shown that ¥ = V1 satisfies

lim r(a—q’b —ikip) = 0.

r—00 an
These are the classical Kupradze-Sommerfeld radiation conditions.

Conversely, if we have a decomposition satisfying the classical Kupradze-Sommerfeld
conditions then there is a potential ¢ with V¢ = 4 outside of Br. This potential,
modified by a suitable constant, along with ¢ gives rise to a decomposition of u satisfying
(2.4)-(2.8). By Remark 2.1} the resulting decomposition is the same as ours, i.e,. 1 =
1 + ¢ where 1) is defined by (2.3). Thus, the boundary conditions defined using (2.3)-
(2.8) are the same as the classical Kupradze-Sommerfeld conditions. For the purpose of
our subsequent analysis, it is more convenient to work with ¢ (instead of ).

Now, 1 can be expanded outside of By in a series of the form
(2.9) V(@) =YD Ynmba(r)Yam(@).
n=0 |m|<n

Here p,(r) = h%l)(klr), A is the Hankel function of the first kind of order n, Yy, are
spherical harmonics, r = |z| and & = o /7.
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Let g,(r) = hg)(k:r), Vom = x Uy, where
1 a}/n,m 0 + 1 8Yn’m ~
V.l 00 sin(f) 9¢ |’

Here A, = n(n + 1), ¢ and @ are the spherical unit vectors while ¢ and 0 are the
corresponding spherical coordinates. Theorem 9.17 [10] implies that ¢ can be expanded

Un,m = Un,m<07 ¢) =

(2.10) =Y D> [mtn(r)Vam + Bam VX (@a(r) Vi) -

n=1 |m|<n

We shall see below that the coefficients, oy, ., Bnm, and 7y, are well defined from the
trace of w on OBy as long as it is in L*(0Bg).

Thus, we seek a vector function w which satisfies (2.1), (2.2) and has an expansion
outside of Bg of the form

u = C + VZD = Z Z [Oén,an(r)Vn,m

(2.11) 720 [ml<n
+ ﬁmmvx <Qn(T)Vn,m) + ’Yn,mv(pn(r)yn,m)] :

Here we have set oo = By = 0 and Vo = Uy = 0 for convenience of notation. Any
component of this series satisfies (2.5) and (2.8) hence so will ¢ and ¢ provided that the
coefficients have sufficient decay as m and n become large (as we demonstrate below).

3. EXISTENCE AND UNIQUENESS FOR THE ELASTIC WAVE PROBLEM

In this section, we prove existence, uniqueness and some regularity results for the time-
harmonic elastic wave problem. As this is done in an H' setting, we obtain solutions
which are in (H*(D))? for any bounded subset D of Q¢.

The series (2.11) will play a central role in our analysis. For any u given by we

write
o0

wsd Y

n=0 [m| <n

where w,, ,,, is defined by the right hand side of . As observed in [6], outside of Bg,

VA
’Yn,m nPn _ ﬁn,m (an)/> Un,m
T r

Un,m = an,anVn,m + (

(3.1)
n,mV )\n n A
+ (%wnp;z - & 7 G )anmm‘
r
This follows from the identities:
v A, 1
VX<QnVn7m) == , 4 Yom® — ;(an)lUn,m

and

\% ATL n
”
The components V,, ,,, U,,,, and Y, ,,& form an orthonormal basis (when n and m
are varied) for L*(S;) where S; denotes the unit sphere. Indeed, {V, m, Uy} form
an orthonormal basis for the tangential fields in L*(S;) (cf. [10]) and {Y,,.&} gives

n,m:-
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an orthonormal basis for the radial fields in L*(S;). This means that any function w
defined on I'g = 0Bp can be expanded

(32) w = i Z (an,mVn,m + bn,mUn,m + Cn,mYn,mﬁj)-

n=0 |m|<n

Lemma 3.1. Given coefficients by, n, and c,, ,, there is a unique pair By m, Yn,m Satisfying

(compare with )

(7’ R B ]-;L (an), Un,m—l— 'Vn,mp;z_

= bn,mann,m + Cn,mpnYn,mfc-

ﬁn,m V AnQn Y. A
- 5 n mm
(3.3) R ’

Here p, pl, qn, 4., are all evaluated at R. Moreover, there is a positive constant C' = C(R)
independent of n satisfying

|'7n,mpn|2 + |ﬁn,mq'n|2 S C(l + n)2(|bn,an|2 + ’Cn,mpn|2>-

Proof. The above system is
n 1 Vs

(34) _Z_n R (571,an) _ (bn,m%z) .

— Y Yn,mPn CnmPn
Its determinant is

n(n+1) P\ (4, 1

3.5 Det=—~—_"7 _ [ )2 — ).
(3:5) ‘ R? (pn n R

We first observe that Det does not vanish for any n. Indeed, the imaginary part of
Py/pn 18

TR

R ik ) 1
— w— Do) = =——=W (W (kyR), MNP (ki R)) = —————
ZQ‘pnP(pnp bnp ) 2‘pn|2 ( n ( 1 )7 n ( 1 )) k1’pn\2R2
where we used the well-known Wronskian identity W(h$(r), A (r)) = —2i/r%. An

identical argument shows that the imaginary part of ¢, /g, + 1/R is 1/(k|q,|*R?). Tt
follows that the product of these two terms cannot be real and positive, i.e. Det £ 0.

We next develop an asymptotic bound for the determinant valid for large n. Using
the identity

n

(KDY (2) = ZhD (=) = bl (2)

gives

Dh 1 Pni1
Using the identity

2n+1
(3.7) By () + by (r) = =D (r)
and the asymptotic relation
2n — 1!

(3.5) w0 = 2 o my)

gzn+1
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where (2n — 1)!l=1-3-5---(2n — 1), we obtain

; 12 R2
ey REMHL o 41— M

o —(Zn— 0 +0(1/n?).

Putting this in gives

/

pn 1 k%R2 2
U e | 1 .
. R( n +2n—1+0( /n”)

Inserting this and the analogous expression for ¢/, /g, into (3.5) yields

1
Det = é(kf + k*) + O(1/n).
We conclude that there is a constant C' not depending on n such
|Det|™' < C

for all n.
We will show that the absolute value of each entry appearing in the two by two matrix
in (3.4) can be bounded by C(n + 1). The lemma will then follow from Cramer’s rule.
From (3.6) and (3.7) we have, for n > 1,

/

D ]- Pn—1
3.9 2= —n—1+KkR .
(3.9 Dn R< " T Dn )

Finally we will show that |p,_1/p,| is uniformly bounded and hence, with (3.9), gives

/
(3.10) 1Pn) < on+1).
Pn
We will, in fact, prove that |p,_1/p,| < 1. This is the same as
(3.11) DO > [y ()]

The following expression for |h%1)(r)|2 may be found in [1]:

1 < (2n —k)!(2n — 2k)! ~
3.12 AU (M2 = — o) 2k—2n
(312) MOP = 2 = e @)
We drop the first term and change the summation index to obtain

n

|h;1)<7ﬂ)|2 > i Z (277, — k)'(Qn — Qk)' (2’/“)%_2”

T2 Kl(n— k)P
1 @n—k—-1)2n -1 —k)(2n—-1) =2k o o
- ﬁ; k+1) K(n—1— k)2 (272

from which (3.11) follows. The analogous bound holds for |Z—i|. This completes the proof
of the lemma. ]
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The above lemma shows that any function w in L*(I'g) can be expanded in a series
of the form

R 9 ¢ Z Z (679 an n,m +ﬁn,mvx(Qn(R)Vn7m)
(3.13) n=0 |m|<n

+ Vn,mv<pn(R)Yn,m)}

by first expanding w as in and applying the lemma. Accordingly, w can be extended
outside of 2z by

(3 14 7“ 0 ¢ Z Z Ay, mqn n,m"’ﬂn,mvx(qn(r)vn,m>+’Yn,mv(pn(r)yn,m)]-

n=0 |m|<n
Before proceeding, we characterize the boundary Sobolev norms in terms of the series.
Let Ay denote the surface Laplacian. Then,
A1‘/v11,m - )\nVn,mv A1l-jn,m = )\nUn,ma and A1 (Yn,mﬁ:) = )\nYn,mﬁ:

Accordingly, the boundary Sobolev norms are given in terms of the coefficients, i.e., if
w is expanded as in (3.2) then w € H*(I'g) if and only if the series

(3.15) Z D () (anml” + (bl + lenml)

n=0 |m|<n
converges.

Our approach to analyze problem (2.1) with boundary conditions (2.2), (2.5), (2.8)
is to pose the problem in H'(Qg) with an outer boundary condition provided by an

appropriate Dirichlet to Neumann map (“DN”) on I'g. Let ﬁé(@ r) denote the functions
in H'(Qg) which vanish on 92. We define the form for w,v € INI(I)(QR), by

Alw,v) = kQ(w,v)QR — (Vw, Vv)gq,

(3.16)
—v(V-w,V-v)q, + (DN(w),v)r,.

The boundary term is

(3.17) (DN (w),v)r, = (8171

%,U)FR +’7(V : TTJ,’U . @)FR

The series defining w and all of its derivatives converge uniformly away from I'p (cf.,
15, 10]). We shall subsequently show that resulting limit coincides with a function in
H' (B, \ Br) for which the terms appearing on the right hand side of make sense.

Remark 3.1. Tt is not clear for an arbitrary w € H'(Qgr) whether the derivatives appear-
ing on the right hand side of can be computed by term by term differentiation
(at T'r) of the series defining w.

Our analysis and the definition of the Dirichlet to Neumann operator involves going
outside of Qx. We assume without loss that (the weak form of) the problem

E*v 4+ Av +9VV -v = f in Qor \ Qg,

(3.18) v =0o0n J(Qr\ Qr)
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is well posed in H}(Qar \ Qg). If necessary, one can change R slightly to guarantee
stability. Indeed, the above operator and boundary conditions without lower order term
on Qg \ Qg has eigenvalues that are isolated with only accumulation at infinity. The
change of variables R — R + € results in an eigenvalue shift A\ — A\(1 +¢/R)™2.

~1 ~ .
Given w € H(Q2g), we let w denote the extended function, i.e.,

() w(x) : for x € Qp,
w(x) =
w(x) given by (3.14) : for |xz| > R.

The two series (2.9) and (2.10) and their derivatives converge uniformly on compact sets
bounded away from Qp. It follows that w is smooth outside of Q0 and satisfies

(3.19) 2w+ Aw +VV - = 0 in Qur \ Q.

Note that we also know that w is in HY?(I'p) since w € H!(Qz) implies that w €
H'2(T'g) and w = w on I'p. The stability of (3.18) implies that w is in H'(Qaz \ Qr)
and satisfies

(3.20) [w][10.m0r < Cllwlly2r, + [[wl1/205)-

We will estimate the norm on I';p now.
We have already proved that

ql

an

<C(n+1)

and hence

(22O Do 1,1 |

< C(n+ D([nmllpn(2R)| + [ Bomllgn(2R)])

The left hand side above is the absolute value of the coefficient of U, ,,, in the orthogonal
expansion for w on ['p (similar to ). Now the relation (3.8) holds uniformly in n
and z as long z varies in [k R, 2k, R]. Thus,

Ipn(2R)| < C27"|pp(R)|

with a similar estimate for |g,(2R)|. Thus,

‘ (%m%n(m) - é"ﬁ (an(r))’\r:m) ‘

< C(n+ 127" (Inml[pn(R)] + [ Bnmllgn (R)])

A similar estimate holds for the Y, ,,,@ coefficient while the remaining coefficient satisfies

‘O‘n,m%@R)’ < CQ?H’C“TL,M gn(R)].
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It follows by that

1@ j2r,, <O D (L4127 [anmllan(R)

n=0 |m|<n

+ (04 1 (1Yl [P (R + 1Baml* 10 (R)*)]

<O ST+ )27 anm *laa(R)P

n=0 [m|<n
+ (n+ D) (|lenm*[pa(R)* + [bnm|?|gn (R)[?)]

where b, ,, and ¢, , satisfy (3.3). Applying (3.15) and the geometric decay of 272" shows
that

(3.22) [z, < Cllwllory:

(3.21)

Remark 3.2. The above argument can be used to show that the map w — w is compact
from H'(Qg) into HY/?(I'yR).

The terms on the right hand side of now make sense since the extended function
w is in H'(Qypr) when w € ﬁ(l](QR). Hence the form given by makes sense. We
also define the form, for w,v € ﬁé(QR),

Ay(w,v) = k*(w,0)q,, — (Vw, Vo)q,,

(3.23)
- ’Y(V : ﬁ)’ V- 6)QQR + (DNl(ﬂ’)v 6)F2R'

Here DN; denotes the Dirichlet to Neumann operator on I'sg given by

o~ ow o
DM@ D) = (G7) 42V @5 2y
x Iar

There is no problem in the definition above as w is smooth near I'yz. Moreover, since the
series and all of its derivatives converge uniformly near I'sz, DN; can also be expressed
by term by term differentiation of the series.

The form A; still can be thought of as a standard (local) bilinear form on Qg plus a
nonlocal boundary term. The local part consists of the volume integrals restricted to 25
while the nonlocal boundary term involves the volume integrals restricted to Qg \ Qg
and the DN, term.

Similarly we define the form
As(w,v) = k*(w,0)q,, — (Vxw,Vx0)q,,

(3.24)
- (1 + ’7)(v ’ ﬂ]? V- 6)925{ + (DN2(77J>7 5)1“212‘

Here DN, denotes the Dirichlet to Neumann operator on I'sp given by

(DNQ({I’)v%)IER = _(Z% X VX{D,'&’)FQR + (1 +7)<v ’ ’&7’67 ’ ﬁg)FQR'

Proposition 3.1. The forms A(-,-), Ai(+,-) and Ay(-,-) are all bounded on ﬁé(QR) X
IN'J(l)(QR) and coincide.
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Proof. Let w and v be smooth and vanish on I". We clearly have

(K*w + Aw +VV - w,0)g, 0, = 0.
Applying integration by parts to the above identity and adding it to A(w, v) shows that
A(w,v) = Ay (w,v).

Next, let x be a smooth cutoff function which is one in 2z and near JI'p while
vanishing near I'ysg. We decompose w = yw + (1 — x)w. Now let ¢,, be smooth, have
support in r and be such that ¢, converges to yw in H'(Qyr) as n — oo. Set

k2<¢n7 6)9212 - (V¢n7 vg)ﬂua - 7(V ’ ¢n7 V- 6>QZR + (DNI("?bn)v 6)F2R
:(kan + Ad)n + ’va ' d"n? /6)921{
:(kQQpn - vaan + (1 + V)Vv : wn7 :6)921?,
:k2(¢n7 5)QQR - (VX’(pn, v><:6)9212
- (1 + 7)(V ’ ¢n7 V- 6)921{ + (DN2(¢n)7 a)rm«z‘
Taking the limit as n — oo shows that A;(w,v) = As(w,v).
Since p, and g, satisfy second order differential equations (similar to those satisfied

by the Hankel functions), the derivatives appearing in DN; can be bounded by the
coefficients of (3.1), e.g.,

‘ |:(7n,m\/)\_npn o ﬁn,m (an)/) Un7m:|
r r

The arguments leading to (3.22) can be used to show that DN;(w) is a compact map of
H'Y2(T'g) into HY2(Tyg). Thus, it follows from (3.20) and (3.22) that A; is bounded.
That A, A; and A, coincide follows from a density argument. 0J

< C(n+ 1)*[nmllpal + 1Bnml|gal)-

Remark 3.3. The above proposition shows that we can simultaneously change the form
in the domain and Dirichlet to Neumann map on the outer boundary while preserving
the combined action. By changing the form in the interior yet again, we could get
a Dirichlet to Neumann map where the Neumann operator on the exterior boundary
corresponds to the traction boundary condition.

The next theorem provides a uniqueness result for A .

Theorem 3.1. I[fw € ﬁé(QR) satisfies

(3.25) Alw,v) =0 forallv e INJE)(QR)
then w = 0. We also have that if v € IN{(I)(QR) satisfies
(3.26) A(w,v) =0 foralw € fI(l)(QR)
then v = 0.

Proof. If w satisfies (3.25) then, since A = As, It follows that As(w,w) = 0. Thus
0 = k*(w,w)q,, — (Vxw, Vxw)q,, — (1+7)(V @,V - w)

Qor

(3.27) o _
— (ﬁ? X wa,w)pw + (1 +7>(V W, w - :%)FQR'
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Now the imaginary part of Ay(w,w) vanishes. The first three terms on the right hand
side above are real while the last two are given by the series

SN = (Cam® X VX (0u Vi) + KB (& X Vi), W)ry
7=0 [m|<n
= K (YnmPnYoms W - &)1,
Applying (3.1) and the identities
Uym=-—2TxXV,,

and 1
T X VX(QnVn,m) = __(TQn)/Vn,m
r
gives that the above sum reduces to

00 anml? - S, w R D
2 2 [%(rq"yqn+/lf2ﬁn,mqn<7 Ear (rqn)')

n=0 m|<n

2 = —/ Bn,m V )\nQn
The above expressions are evaluted at r = 2R. The sum of the above terms with
coefficients 3y, ;nYn,m and vp mBn m are real. The imaginary part of the above sum is thus

> > [\an,mIQIm(q;cin) + K| Boml I (q,30) + /fQI%,mFIm(pLﬁn)}-

n=0 |m|<n

Using the Wronskian identity W(hg) (r), i3 (r)) = —2i/r* gives

1 1
Im(q,@n) = g and Im(p,pn) = TR
That the imaginary part of (3.27) is zero immediately implies that o, = Bnm = Ynm =
0 for all n,m, i.e., w vanishes outside of Q. The elasticity equation (3.19) satisfies a
unique continuation property which enables us to conclude that w = 0 in Qg. This
verifies the first part of the theorem. The second part is similar. This completes the
proof of the theorem. 0

Suppose that there is a solution to the time-harmonic elastic wave problem, i.e., a
function w € H}, (9°) satisfying (2.1) and boundary conditions (2.2), (2.5), (2.8). As

loc

observed in Section 2, u is given by the series expansion (2.11) for » > R and is smooth
away from I'. Accordingly, (2.1) and integration by parts implies that w satisfies

Alu, @) =0 for all ¢ € Hy(Qp).

It easily follows from Theorem 3.1 that wu is unique on Q5 and, since it is given by
outside of g, it is unique on 2°.
The following theorem will be sufficient to guarantee existence.

Theorem 3.2. There is a positive constant C' satisfying

A
(3.28) lwlhe, <C sup AP

. for allw € Hy(Qp).
¢’€I~_Ig)(QR) ||¢||17QR
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Proof of Theorem|3.2. We clearly have for w € ﬁé(Q R),
[A(w, @)

|wlli0,, < sup S
¢€I~‘1(1)(QR) ||¢||1,QR

where

Aw,v) = (Vw,Vo)q,, + (V- -w,V -v)q,,.
Let
I(w,v) = k*(w,0)q,, + (DN, (W), D)r,,.
Then, using (3.22),

CH’&)HLQQR < sup

¢€I~‘1(1)(QR) ||¢||17QR

[A(w, @) |\~ ~
< sup + [[[wllays + [[DNL(w)]| 172,054
¢€E)(QR) H(bHLQR

O Aw.9)
=~ p
qﬁeltl(l)(QR) ||¢H1,QR

for any s € (1/2,1). Now the embedding map from H'(Qyp) into H*(Qyr) is compact.
The inf-sup condition (3.28) now follows from Theorem 3.1l and a lemma by Peetre [11]
and Tartar [12] (see also, Theorem 3.2 of [4]). O

T |l

The following theorem, which follows easily from Theorem 3.1/ and Theorem [3.2, is
the main result of this paper.

Theorem 3.3. For any function g € HY?(T), there is a unique solution u € H., () to
the elastic wave problem with boundary conditions (2.2), (2.5) and (2.8). Moreover,

(3.29) ull10, < C(R)|gll1/2r-

Proof of Theorem|3.3. Let u, be any H'(Q°) bounded extension of g which vanishes out-
side of Q. By Theorem and Theorem the generalized Lax-Milgram Lemma [2]

~1
(see, also, [4]) implies that there is a unique solution v € H({2g) satisfying

A +uy, @) =0 for all ¢ € Hy(Qp).

It is immediate that u = v + u, solves the elastic wave problem. Moreover,

[ullior < 0l + [[ugllion < Cllglliyar

so (3.29) follows. Finally, the uniqueness of u was already observed. This finishes the
proof of the main result of this paper. ([l
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