STABILITY OF DISCRETE STOKES OPERATORS IN
FRACTIONAL SOBOLEV SPACES

JEAN-LUC GUERMOND"#, JOSEPH E. PASCIAK'

ABSTRACT. Using a general approximation setting having the generic
properties of finite-elements, we prove uniform boundedness and stabil-
ity estimates on the discrete Stokes operator in Sobolev spaces with frac-
tional exponents. As an application, we construct approximations for
the time-dependent Stokes equations with a source term in L” (0, T; LY(Q))
and prove uniform estimates on the time derivative and discrete Lapla-
cian of the discrete velocity that are similar to those in Sohr and von
Wahl [20].

1. INTRODUCTION

1.1. Scope of the paper. The objective of this paper is to construct ap-
proximations for the time-dependent Stokes equations with a source term
in LP(0,7;L%(€2)) and to prove uniform estimates on the discrete pressure
and the time derivative and discrete Laplacian of the discrete velocity that
are similar to those proved by Solonnikov [21] and Sohr and von Wahl [20].
To this purpose we construct a finite-element-like approximate Stokes op-
erator and we prove norm equivalences between the scale of norms which
it generates and the usual fractional order Sobolev norms for —% <s < %
The boundary condition under consideration is the homogeneous Dirichlet
condition. By working with fractional exponents of the discrete Stokes oper-
ator and the Fourier technique in time we avoid the non-Hilbertian LP(LY)-
framework, which we do not know yet how to handle in finite-element-like
discrete settings. This technique yields near optimal counterparts of the es-
timates of Sohr and von Wahl on the time derivative and discrete Laplacian
of the discrete velocity. The main results summarizing the content of the
paper are Theorem 4.1, and Theorem 5.1.

The paper is organized as follows. The rest of this section is devoted to
introducing notation and recalling the definitions of the Leray projector and
the Stokes operator. The discrete finite-element-like setting alluded to above
is introduced in §2. Boundedness and invariance properties of the discrete
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Leray projector are stated in §3. The discrete Stokes operator is analyzed
in §4. The results of §4, in particular Theorem 4.1, are used to analyze the
semi-discrete time-dependent Stokes operator in §5. Discrete counterparts
of the estimates of Sohr and von Wahl using fractional Sobolev spaces are
sated in Theorem 5.1.

The results presented in this paper are part of a research program aiming
at characterizing the weak solutions of the three-dimensional Navier—Stokes
equations that are suitable in the sense of Scheffer [18]. It has been shown
in [10] that, in the three-dimensional torus, weak solutions that are con-
structed as limit of sequences of finite-element-like Galerkin approximations
are suitable. The goal we are pursuing is to eventually extend this result
to homogeneous Dirichlet conditions. One important intermediate step on
the way are estimates like (5.23) and (5.24). A proof that finite-element-like
Galerkin approximations are indeed suitable is reported in [12]. Theorem 5.1
(which is a consequence of Theorem 4.1) is an essential key for proving this
result.

1.2. Notation and conventions. Let 2 be a connected, open, bounded
domain in R? (d is the space dimension). The boundary of  is assumed to
be such that the H2-regularity property of the Laplace operator holds, i.e.,
there is ¢ > 0 such that

(L.1) Vo€ Hy(Q)NH*(Q),  [[v]gz < ]| Av|l 2.

For instance,  convex or Q of class C1'! are sufficient conditions for this
property to hold, cf. e.g. [9]. The boundary of €2 is denoted by T'.

We use bold notation to denote the product space with d—components
in a given space, e.g. H'(Q) = (H'(Q))¢, but no notational distinction is
made between R-valued and R%valued functions. Whenever E is a normed
space, || - ||z denotes a norm in E. Whenever E is a Hilbert space, (-,)g
denotes the scalar product in E. The scalar product in L?(Q) and L2(Q) is
simply denoted by (-, -). Henceforth c is a generic constant. The symbol ¢, (-)
denotes a generic positive non decreasing function. The symbol ¢;(+) denotes
a generic positive non increasing function. Both the generic constant ¢ and
the generic functions ¢, and ¢; are independent of the mesh parameter h.
The value of ¢ and the exact form of ¢, and ¢; may vary at each occurrence.

For 0 < s < 1, the space H*(2) is defined by the real method of interpo-
lation between H'(Q) and L?(1), i.e., the so-called K-method of Lions and
Peetre [17], see also [16] or [3, Appendix A]. To define H*(2), we interpo-
late between H'(Q) and H2(Q) if 1 < s < 2. We denote H(Q2) to be the
closure of C§°(€2) in H*(2) for 0 < s < 1 and ﬁg(ﬂ) to be the interpola-
tion space [HE (), L2(Q)]s for 0 < s < 1. For s € (1,2], H5(Q) is defined
to be H*(2) N H}(2). Note that the spaces H*(2) and H(Q) coincide for
0 < s < 3 with uniformly equivalent norms (see [16, Thm 11.1]). The spaces

H?*(Q) and flg (Q) coincide for 0 < s < % and their norms are equivalent;
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i.e., there is ¢; > 0 and a non-decreasing function ¢, such that
12 alvla < lolg < clloln,  YoeH, Yse(0,3),
with lim__ 1 ¢,(s) = oo, see [16, Thm 11.7].

2

For negative s, ﬁg(Q) is the dual of fIO_S(Q). The space H*(f2) for s > 0
is defined by duality, i.e.,

(v, w)
vl g-s = sup -
ozwecee (@) 1wl s

For s € [0,2) U (3,2), H* coincides with fIO_S(Q).
We define Hf (€2), s € [0, 1], to be composed of those functions in H*(£2)
that are of zero mean. It can be shown that HE  (Q) = [L?,(Q), HL,(Q)]s,

for all s € [0,1], cf. e.g. [11].

1.3. The Leray projector. Following [14, 22] we define
(1.3) YV ={v el (N); Vv=0}
to account for solenoidal vector fields, and we set

—L2 —H!

(1.4) vi=v"  Vvi=V VI=VInH*Q).
The following characterizations of V? and V! hold, cf. [22],
(1.5) VO = {v € L}(Q); Vv = 0; v-n|r = 0},

(1.6) V= {ve HY(Q); Vv = 0; v|r = 0}.

VY is a closed subspace of L2(€2) and the following well known Helmholtz
decomposition holds, see e.g. [14, 22]

2 0ox 1
(1.7) L7(Q) =V & VH_(Q).
We denote by P : L?(2) — V? the L2-projection onto V° (i.e., the so-
called Leray projection).

Lemma 1.1. There is ¢ > 0 such that for all s € [0, 1],
(1.8) Vv € Hy(2), |Pv||ms < CHUHﬁg'

Proof. Let v € L*(Q2). Define ¢ € HL,(€2) be such that (Vg,Vr) = (v, Vr)
for all rin HL,(€2). It is clear that

gl < ellvllLe-

Assume moreover that v € H}(Q), then ¢ solves the homogeneous Neumann
problem

Aq = Vv, Onqlr=0.
Owing to the regularity hypothesis on €2, the regularity theory of elliptic
operators implies

lallm2 < clloflgr-
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Then, by interpolation, we obtain
lall s < cllvllg,, Vo € HH(S).

Then we define Pv = v — Vq. The triangle inequality yields ||Pv|gs <
vl + [[Vallas < cfjollg,- O

1.4. The Stokes operator. Let us define the unbounded vector-valued
Laplace operator —A : D(A):=H}(Q)NH?(Q) — L?(2). We introduce the
so-called Stokes operator A : D(A):=V? — V0 by setting A = —PAl|yo.
We assume that the domain €2 is such that there is ¢ > 0

(1.9) Vo € V2, lv||f2 < c||Av||ge.

This property holds in two and three dimensions (d = 2, 3) whenever € is
convex or of class C1'!, see [6, Thm 6.3].

It follows from (1.9) that A is closed. Moreover, it is positive and self-
adjoint and its inverse is compact. We denote by (¢, Ax)r>1 the eigenpairs
of A so that the family (¢ )r>1 forms an orthonormal basis for V?. Following
[7] we define

(1.10) E = {U = Zi\le vpdr; N € N; (1)1,. . .,UN) S RN},

and for all s € R we denote by E® the completion of E in the norm

1
2 1
(1.11) (S5 Alnl?)” = (A%0, )7,
It is clear that E® = V? for s = 0,1,2. We henceforth introduce the
1
notation V* := E° for all s € R and we set ||v[vs := (A%v,v)2. Using

the K-interpolation method, it can be shown also that {V*®},cr forms an
Hilbert scale.

2. THE DISCRETE SETTING AND PRELIMINARIES

We introduce in this section a discrete approximation setting and we
prepare the ground for the main result of §4, i.e., Theorem 4.1

2.1. The discrete setting. We assume that we have at hand two families of
finite-dimensional spaces, {X}, }r~0 and { M}, } 50 such that X;, € H}() and
My, C LIQ:O(Q). To avoid irrelevant technicalities we assume M), C H }:O(Q).

The spaces {Xp }r>0 and { My} >0 have approximating properties in the
sense that there is a constant ¢ uniform in h such that for all Vi, s, 0 <1 <
min(1l,s), 1 < s <2,

) rTs : _ < s—l1 -
1) e HyQ) g o= ol < eh*ollg,
02 VeeHi @,  inf o=l < chldlae
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We moreover assume that the following inverse inequality holds: There
is a positive non-decreasing function ¢,, uniform in h, such that for all
s € [0, %)

(2.3) Yop € Xp, th”ﬁé < ey ($)h™%||vp 2.
We assume also that the L2-projection 73, : L?(2) — X, onto Xj, is stable

on ﬁg (Q),for0 < s < %, i.e., there is a positive non-decreasing function c,,
uniform in h, so that

(24) W e EQ, vl < uls) ol
for all s € [0, 3).

Remark 2.1. The hypotheses (2.3) is usually satisfied when X}, and M, are
constructed by using finite elements on quasi-uniform meshes. By redoing
carefully the computation in [2, Appendix] we can show that ¢, (s) ~ (1 —

23)_%. The hypothesis (2.4) can be proved to hold on quasi-uniform meshes
also by using Lemma A.3 with pp, = 7, and T, = 7.

2.2. Discrete projections and Laplace operator. Let Ej, : H(l)(Q) —
X}, be the so-called elliptic projection defined by

(2.5) (VEwz,Vay) = (Vz, V), VoeHYQ), Vz, € X,

Lemma 2.1. There is ¢ independent of h such that V1, s, 0 < 1 < min(1,s),
[ <s<2,

(2.6) |Epx — xHﬁé < Chs_lH95||ﬁ8a Vo € H§(Q).

Proof. This is a standard result when [ is integer; see e.g. [8]. The result
follows by interpolation for non-integer [ in (0, 1). O

We also assume that the family (Xj)n~o is such that Ej is uniformly
H?-stable for s € [1, %), i.e., there is a positive non-decreasing function c,,
independent of h, such that

(2.7) 1Bl < culs) [¥ligy

for all v in ﬁg (€2). When the spaces (Xp)p>0 are finite-element-based, this

assumption is known to hold under quite weak regularity requirements on

the underlying mesh family, see [2] or Lemma A.3 with py, = 7, and Tj, = E},.
We define the discrete Laplace operator Ay : X; — X, as follows:

(Apzn,yn) = —(Van, Vyn),  Vap, yn € Xp,.
Clearly the four operators Ay, Ej, 7, and A are related by
(2.8) ApEnr = mpAx, Vo € D(A)



6 J.-L. GUERMOND AND J. PASCIAK

In other words the following diagram commutes:

D(A) L3(Q)
(2.9) Ep, Th
Ap
X, X,

The operator —Ayp, is self-adjoint and positive definite so we can define
(—Ap)® for all s € R and the following norm makes sense

(2.10) lonllx; = ((—An)*vh,v0)2, Vo € Xy

We denote by Xj the vector space Xj, equipped with this norm. Xj is
clearly a Hilbert space. The family {X7 }scr is a Hilbert scale in the sense
of Lions and Peetre [17], [16], [3, Appendix A].

Lemma 2.2. Under the above assumptions, there is a positive non-increasing
function c¢; and there is a positive non-decreasing function c,, both uniform

in h, such that for all s € (—%, %),

(2.11) Vo € X, als]) loallgy < llvallx; < culls]) llonllg,-
For completeness, we sketch a proof of this result in Appendix A.

2.3. Compatibility between X; and M;,. We assume that X; and M,
are compatible in the sense that there is a constant ¢ > 0 independent of A
such that

(2.12) Van € My, |7 Vanllre = c[Vanl| 2.
This inequality can also be equivalently rewritten as

th? Vh
(2.13) Van € My, sup (Van,vi) > ¢|[Van||re-

0#vpeXy, llvnlL2

A first consequence of this hypothesis is that X; and M}, satisfy the so-
called LBB condition, see e.g. [8].

Lemma 2.3. Assume that (2.1) holds with | = 0, s = 1, and (2.3) holds
with s = 1. Then (2.12) implies that there is a constant c independent of h
such that

(2.14) inf  sup _(an, Von) > c.

I EMp 0v, eXy, lgnllz2llonlle —

Proof. See the proof of Lemma 2.1 in [10]. The operator Cj, can be e.g. the
Clément interpolation operator [5] or the Scott-Zhang operator [19]. O

Lemma 2.4. Hypothesis (2.12) holds in either one of the following situa-
tions:

(i) Xy, is composed of P1-Bubble H'-conforming finite elements and My, is
composed of P1 H'-conforming finite elements (i.e., the so-called MINI
element).
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(ii) Xy, is composed of Py H'-conforming finite elements and My, is com-
posed of Py H'-conforming finite elements (i.e., the so-called Hood-
Taylor element), and no tetrahedron has more than 3 edges on OS).

Proof. See the proof of Lemma 2.2 in [10]. O

2.4. The Discrete Leray projection and Stokes operator. We now
define the space Vj, to be the set of discretely divergence free vectors, i.e.,

(2.15) V;, = {'I}h € Xp; (Uh, th) =0, Vg, € Mh}.

Then let P, : L?(Q) — V3, be the L2-projection onto V. P, is a discrete
version of the Leray projection.
We also introduce the mapping Ry, : HY(Q2) — V, defined by

(2.16) (Vth, VUh) = (VU, VUh), Yo € V.

Lemma 2.5. Under the hypotheses of Lemma 2.3, there is a constant c
independent of h such that

(2.17) Yo € V2 | Rhv — o]l < chl|v]|ge.
Proof. (2.17) is a standard result; see e.g. [8, 4]. O

We now define the discrete Stokes operator Ay : V) — V), as follows:
For all uy, € Vy,, Apuy, is the element of Vj, such that

(2.18) (Apup,vp) = (Vup, Vop), Yup € Vy,.

Note that Ay, = —P,Ap|v,. Observe that the four operators Ay, Ry, P,
and A are related by

(2.19) ApRpv = —P,Av, Yov € D(A)
An identical argument shows that
(2.20) ApRpxy, = —PhAhmh, Vap € Xp,.

In other words the following diagram commutes

~L2

\Ah/

(2.21) V), — vy,

/ e

- X,
Since Ay, is self—adJomt and positive definite, the operator A; is well de-
fined for all s € R. We equip the vector space Vj, with the norm

1
(2.22) lvnllvs = (Ajvn, vn)2,

and we denote by V} the corresponding normed (Hilbert) space. Using the
so-called K-interpolation method of Lions and Peetre [17], [16], [3, Appendix
Al], it is clear that {V} }scr is a scale.
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3. PROPERTIES OF THE DISCRETE LERAY PROJECTION

The goal of this section is to provide a preliminary result concerning Py
that will be used in the proof of Theorem 4.1. The main result of this section
is Lemma 3.1.

Lemma 3.1. There is a positive non-decreasing function c,, independent

of h, such that
(3.1) Vv € H*(Q), ||th||ﬁ8 < cu(s)HvHﬁg, Vs € 0, %)

Proof. Let v be a member of H*(Q2) = ﬁg(Q) for 0 < s < %. Let Pv be the
L2-projection of v onto V. There is ¢ € Hflzo(Q) such that

(Pv,l) + (Vq,1) = (v,1), vl e L3(Q),
(Vr, Pv) =0, Vr € Hjlzo(Q)

The above problem is clearly a well posed mixed problem.
Let (vp,qn) € Xp, X My, solve

(vn, In) + (Van, ln) = (v,11), Vi, € Xp,
(Vrh,vh) =0, Vry € My,

This is a stable mixed problem by (2.12). Clearly, v;, = Pyv. Thus Ppv and
qp, are the mixed approximations of Pv and ¢, respectively. Owing to (2.13)
the approximation theory of mixed problems yields (see e.g. [8, 4])

[Pv = Ppollee + [lg — anllm < C(wjgch [Py — wh|L2 +rhié1]f4h lg = 7llm)-

Since v is in H*(Q2), Lemma 1.1 implies Pv € H*(Q) = ﬁS(Q), 0<s<3.
The approximation hypotheses (2.1)—(2.2) together with the norm equiva-
lence (1.2) then yield

[Pv = Bpllpe < ch*([|Pollg, + llallze+)
< ch(cu(s)[|Pollas +[lgllae+) < culs) A0l g,

Then using the above approximation result together with the approximation
and stability properties of 75, and the inverse inequality (2.3), we infer

1Prvllggs < 1500 — maPollgs + 70 Pollg,

< ¢h™%||Pyv — mp Pollr2 + ¢ || Po|| .
0

3.2
(3:2) < ch™3(||Pyv — Pollg2 + [|[Pv — 7 Po||12) + C/HP”HﬁS
< cu(s) ol
This completes the proof. ([l

Remark 3.1. Observe that the above result does not hold for s > % Even if
v is in H, Pv is not in H{ in general if s > 1 j.e., the boundary conditions
are lost on Pv (the normal component of Pv is zero, but the tangential
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component is not zero). On the other hand, observe that Pyv € X C
H}(Q). Hence, in general Pyv € H§ but Pv ¢ Hj when s > % This
boundary value incompatibility implies that for all s > %, |Pv — Ppo||pe <

c(e)h%_eHv Ve > 0, is the best estimate that can be obtained in general.

H~S7
Hj

4. PROPERTIES OF THE DISCRETE STOKES OPERATOR

The main result of this section is embodied in Theorem 4.1.

4.1. Stability properties of R; on X;. We first derive a discrete coun-
terpart of (1.9).

Lemma 4.1. There is ¢ independent of h such that
(4.1) [ApvnllLe < cl[ApvpllLz, Vo € Vi,

Proof. Let v;, be a member of Vj. Let (v,p) € HL(Q) x L%:O(Q) be the
solution of the Stokes problem with data Apvy, i.e.,

(Vo, V1) + (p,V - 1) = (Apop, 1), vl € Hy(Q),

(V-v,q) =0, Vg € L2 ,(Q).
Let (wp, ) € Xy x My, be the solution to

(Vwp, Vi) + (rp, V - 1) = (Apon, ln), Vi € Xy,

(V-wn,qn) =0, Yy € My,

Clearly wy, € V}, and actually wy, = vp,. This means that v, is the Galerkin
approximation to v. The theory of mixed problems together with (2.14)
implies
[v—onlle < ch(|[vllaz + [[plla) < chl[Apvn|Le.
We then have for xj, € Xy,
|(Von, Vap)| < |[(V(vp = v), Vag)| + [(Av, zp)|
< c(hllzpllm + [lzallL) | Anvnllre < cllznllre | AnvnllLe.

Thus,
V’Uh Vxh
[Bnonllge = sup VI < g,
0£zpeX),  |lznllL2
which completes the proof of the lemma. ([l

We now turn our attention to the discrete operator Rj,. It is obvious that
Ry, is stable on H(Q). The following lemma shows that it is also stable in
X}, in the L2(Q)-norm.

Lemma 4.2. There is ¢ independent of h such that

(4.2) HthhHLQ <c Ha:hHLg, Vap € Xy,
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Proof. By (2.21), AR Ry, = —PpAp, when Rp, and Py, are restricted to Xp. It
follows that Ry, = —AEIPhAh and so (4.2) will follow if we show
||R;vhHL2 <c thHL2, Yup, € V.

Here R; : Vj, — X} is the adjoint of Rj; and is given by R} = —AhAgl.
The above inequality is equivalent to proving

||Ah'UhHL2 <c ||Ah'UhHL27 Yup € Vy,
which is exactly (4.1) in Lemma 4.1. O

Remark 4.1. Somewhat similar forms of Lemmas 4.1, 4.2 can also be found
in Heywood and Rannacher [13, §4].

4.2. Comparing ﬁg— and V;-norms. The following theorem is the major
result of this section.

Theorem 4.1. There is is positive function ¢; > 0, non-decreasing for neg-
ative arguments and non-increasing for positive arguments, and a positive
non-decreasing function c,, > 0, both independent of h, such that the follow-
ing holds for all vy in Vy:

(4.3)
1 3
—s < s< 32, lower bound
cals)|vnllas < |lvrllvs < cul|S])||Vn] s 3 3 ,
1)l hHHo < lonllvy < eu(ls) hHHO’ {_g <s<3, wupper bound.

Proof. Step (1). Clearly, for vy € Vj, (4.1) means ||vh||Xi < C||Uh||vi and
th||xg < ||Uh||vg is evident. The lower bound in (4.3) for 0 < s < 3 follows

by interpolation and (2.11).
Step (2). Applying this bound, we observe that for —% <s<0,

0 1 0
||UhHVfL = sup (Uha ) é (Uhv )
ozoevi, [10llv—= — clls]) ozocy, ||9||ﬁas

< cu(lsPllvnllgs-

This is the upper bound for —% <s<0.
Step (3). To prove the upper bound for 0 < s <
all xp, € Xy,

3

5, we observe that for

IRhnllve = | AnRhznllLe = |PaAnznllie < [Anznllie = [lonllxz -

Moreover HthhHV?L < cHthxz owing to Lemma 4.2. By interpolation this
gives || Rpzp|lvs < cf|zplx; for s € [0,2]. By applying this result to v, € Vi,
we infer [lup|lvs < cllznllx;. Then we conclude using the upper bound in
(2.11) for s € [0, 3).

Step (4). Finally, we prove the lower bound for —% < 5 <0. Let v, be in
V}, then

N (Uh, .CE) N (Uh, Phl’)
thHf{s = sup T = Sup T ———.
® o#zeH[5(Q) ”f"’HHgs 0£zeH, HxHHgs
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The key estimate in Lemma 3.1 then implies

vp, Pra Vp, T,
ol < culs) sup 2 FED ooy sup  LOmTh)
0 ozeH— | Ph| g oz eVy [2nl g

[2h [y
< cu(|s])[lvnllvy sup .

< cu(ls)|lvnllvs
oz,eVy [€nll g “ g

where we used the upper estimate in (4.3) for the last inequality. This
completes the proof of the theorem. O
Similarly we have the following

Corollary 4.1. There is positive non-increasing function ¢; > 0 and a pos-

itive non-decreasing function ¢, > 0, both independent of h, such that for
3

all s € (—5,0]

(4-4)  alsDlAnvnlg < |Anvnllvy < cullsDlAnvallgs,  Yon € Vi

Proof. Let vy be a member of V. By reasoning as in step (1) of the proof
of Theorem 4.1, we infer [|vy[|xs+2 < c|lvp||ys+2 for s € [-2,0], i.e.,
h h

[Apvrlixs < el Apvnllvs -

Using the lower bound in (2.11) yields the desired result for —% <s<0.
For the upper bound we reason as in step (3) of the proof of Theorem 4.1
and we have ||Rpzpllys+2 < c|lzpl/gst+2 for all z, € Xj and s € [-2,0]. By
h h

applying this result to vy, € Vy, we infer ||Apvp|lvs < cl|Avg|x;. Then we
conclude using the upper bound in (2.11) for s € (—3,0]. O

5. THE SEMI-DISCRETE TIME-DEPENDENT STOKES PROBLEM

We show in this section an application of Theorem 4.1.

5.1. Formulation of the problem. Let (0,7) be a time interval (T is
arbitrary). Let ugp € H, let p € [1,2], ¢ € [1,2], and f € LP(0,T;L%(9)),
and consider the following non stationary Stokes problem in weak form

ou — Au+ Vp = f, in Qr
(51) Vou = 0, in QT
ulr =0, ul—o = uo.

where Qp = Qx(0,7). It is well known that this classical problem has a
unique solution. In particular, if ug = 0 and p = g € (1,00), it is proved in
Solonnikov [21] that the following bound holds

(5.2) VDl + 10wl e @r) + AUl ey < cllfllLr@r)-

This estimate has been significantly generalized by Sohr and von Wahl [20]
to account for different exponents p € (1,00), ¢ € (1, 00),

(5.3)  IVpllrro,rney + 110l Lro,riLa) + AUl 10,7519y < | fllro,1;00)-
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These estimates are important to construct weak solutions to the Navier—
Stokes equations that are suitable in the sense of Scheffer [18].

The goal we have in mind now is to derive similar estimates using the
discrete (finite-element-like) setting introduced above under the assumption
p € [1,2], g € [1,2]. The long term program we are pursuing is to eventually
extend the results of [10] to homogeneous Dirichlet conditions. The results
of [10] hold in the three-dimensional torus only, i.e., for periodic boundary
conditions. Proving a discrete counterpart of (5.3) with Dirichlet conditions
is a key step in this program. However, since we have not yet been able
to handle the discrete setting associated with Dirichlet boundary conditions
using the non-Hilbertian LP-framework, we are going to reformulate (5.3)
using fractional Sobolev spaces. The idea is to use the Fourier transform in
time as done in Lions [15, p. 77].

Let H be a Hilbert space with norm |[|-||z. Let §, 1 < 0 < oo, and define
DR H) = {4 : R >t — ¢(t) € Hy [TZ]p(t)|%dt < oo}. For all
¢ € LY(R; H), denote by ¢(k) = [T2°4(t)e 2™ dt for all k € R. The
Fourier transform is extended to the space of tempered distributions with
values in H, say S'(R; H). We shall make use of the following

Lemma 5.1 (Hausdorff-Young Inequality). There is ¢ > 0 such that for all
p, 1 <6 <2, and for all ¢ € LO(R; H) N LY(R; H),

(5.4) 10l @y < Al §+F =1

Following [16, p. 21], we now define,

—+o00
(55)  H'(R:H) = {ve SR H); / (1+ (k)2 |o]2dk < +oo0},
that we equip with the norm
+oo
(5.6) - / (1 + [K)27 0] 3 dk

The space H7((0,7"); H) is composed of those tempered distributions in
S'((0,T); H) that can be extended to S'(R; H) and whose extension is in
HY(R; H). The norm in HY((0,T); H) is the quotient norm, i.e.,

(5.7) vl & 0,7 0) = iT:lE 01| v (s ) -
a.e. on (0,T)
Henceforth we set
s:=s(q) = d(%—%), T = }%—
This definition of s implies that the embedding H*(2) C L% (Q) holds, where
% + % = 1. Note that the embedding H{(2) C H*(Q) (if s € [0,2]) being

continuous implies that the embedding L9(2) C ﬁg *(92) is also continuous.
The Hausdorff-Young inequality then implies

(5.8)  feLP((0,T);LIQ)) Cc H((0,T);Hy* (), Vr>7.

Do
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Our goal now is to derive estimates in spaces like H~"((0,7"); H;,*(2)).

5.2. The a priori estimates. In addition to f € LP((0,7 +1); LY(Q)), we
also assume ug = 0 and f € L*((0,7 + 1); H71(Q)). These two hypotheses
could be avoided at the price of additional irrelevant technicalities. The
approximate counterpart of (5.1) is as follows:

{ Orup, + Apup, = Prf, ae. te (O,T + 1)

5.9
(5.9) upli=0 = 0.

We start by proving a series of key estimates.

Lemma 5.2. Assume s(q) € [0,2). There is ¢ independent of h so that
(5.10) Hatuh”H—r((O,T);V;S) + ||Ahuh||H—r((0’T);V28) <c, Vr >T.

Moreover, if HuhHL2((0,T);H})(Q)) is uniformly bounded, the following uniform
estimates also hold:

(5.11) 19l =1 0.ryeviey + Munllr o.yeviey <

foralla, 0 <a<s<1+2a, and forall T <7 := llii‘(% - %); and

(5.12) AR uR o 0,1y vy = €

forall a, 2a —1<s<a, forallp>p:= 11:?(%_%)

Proof. (1) By taking the scalar product of (5.10) with A, 'u;, we infer (using
1Paflly - < ell Flle)

aillunl3 o+ lenlliz < IPuf Il lunllvi < el flla-lunlv
Then, since || f||z1(g-1) is bounded, the Gronwall Lemma yields
el gy 1y + 2 <.
This bound clearly implies

(5.13) [unl ey < c

(2) Extension. We extend uy, and f by zero on (—o0,0] and (7'+ 1, +00),
and we slightly abuse the notation by still denoting these extensions by
up and fp, respectively. Let ¢ € C*°(R) be an infinitely smooth function
compactly supported on (—1,7 + 1) and equal to 1 on [0,7]. We now set
an = @up, and f = of + ¢up. It is clear that @, and f are well defined
on the time interval (—oo, +00), and (5.13) implies that ||f||Lp((O7T);ﬁES) is
uniformly bounded. The approximate problem takes the following form in
S'(R; Vy):

d ~
%{Lh + Ahﬂh = th
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Then, denoting by i, and f the Fourier transform of @y, and f, respectively,
and upon taking the Fourier transform of the above equation, we obtain
(5.14) 2imkiy, + Apty, = th.

(3) Bound (5.11). Let € R*. Testing the above equation with the
complex conjugate of A, “iy; and taking the imaginary part of the result
yields

~ 12 ; _
2m kf[anlly-o < 1 fllgge 14, “unl g
Using the lower bound in (4.3) for s € [0, 3), we obtain
Ellanly o < el fllg: 145 “anllggy < ¢IlF g« 1A, nllv;
< ‘| f rT—s U s—2a.
< ¢l fllgz<llanllvs—
Assume a < s < 1+ 2q, then by interpolation we obtain

]l s=2e < [lanll, aHUthl )

2a+1—s

where v = =52

. Inserting this inequality in the previous estimate yields
2— i A~ l—
kllanly "o < Nl lanlly,

This in turn implies

2<1 “/)

K52, < o1+ k) FIZ lanlly
hlly—o < h ’
h

where u € [0, %] is still arbitrary. We now integrate over R with respect
to k,

+00 2 2(1 v)
k 225 h U _odk <c . U
S ik < el e AN L S

where % + % + % = 1. The first integral in the right-hand side is bounded
2

2
The Hausdorff—Young Inequality together with the embedding

LY(Q) C H0 () then implies

provided p¢ > 1. Furthermore, we set m and n so that p’ = and

2n(1—y)
2_%

400 5 5 P (1—7)
/ L =P Y AN L A

—00

where 7 = ﬁ -£< ;(% — 1). Owing to the definition of @, and f, this
and uy being uniformly bounded in L?((0,7); H'(Q)) c L2((0,T); L?(2))

imply
(5.15) 10¢unll g1,y 0v ey + 1unll g0, ypvey < €

The bound on dsuy, is obtained by using 8717;1 = 2iwkuy,.
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By collecting the definitions of «, [, m, and n, we deduce that the above
inequality holds for all 7 and « such that

— . 1ta/3 1
T<T::1T£‘(§—5), and 0<a<s<1+2a.

(4) Bound (5.12). Multiply (5.14) by A,ll_o‘ﬂh and take the real part to
obtain

1Aninlly—o < I Fllg« ARl gy < 1F g lnllyaes—o.

Note again that we used the lower bound in (4.3) for s € [0,2). Assume

2
now that 2a — 1 < s < «, then by interpolation we obtain
" AT
e Ay e

where § = % Inserting this inequality in the previous estimate yields

IIAthHi,_‘Z < cf| fller-- lnly"

This in turn implies
1 ) 2 20-9)
W”uhnvga = (1 + ’k") ”f” H h“ )

where v > 0 is still arbitrary. By proceeding as in step (3) we finally infer

for all @ and p such that

p>p=221_1) and 2a-1<s<a.

P

(5) The estimate Apup in (5.10) is obtained by using a = s in (5.16), i

o = The estimate on Oyuy, in (5.10) is obtained by using a = s in
(5.15 ) O

We are now in measure to conclude by stating the discrete counterpart of
the Sohr and von Wahl estimates (5.3). The following Theorem is the main
result of this section.

Theorem 5.1. Assume s(q) € [0,3). There is ¢ independent of h so that

forallr >7

(5.17) HAhuhHH—T((O,T);ITIaS) <ec.
If q is such that s(q) < %, then
(5.18) ]\8tuh]]H (0T <c

Moreover, if HuhHLQ((O,T);H})(Q)) is uniformly bounded, the following uniform
estimates also hold:

(5.19) 1eunll grrr (o ysig =y + Nnll e (0. ryiirge) < ©
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forallT <7 = lljrr‘s“(l —7) and all a € [0,3) such that s € [a,1 + 20]; and

(5.20) ||Ahuh||H P((0,T);Hy )< Gy
forall p>p= %F and all o € |0, %) such that s € 2a — 1, al.

Proof. The inequality (5.17) is a consequence of the lower bound in (4.4)
together with (5.10). The inequality (5.18) is a consequence of the lower
bound in (4.3) in Theorem 4.1 together with (5.10). The rest of the proof
follows along the same lines. O

Remark 5.1. The hypothesis f € L1((0,7 +1); H 1(f)) is not really neces-
sary. It is just meant to deduce an easy bound on uy, in L2((0,T+1); L?(2))
to guaranty that the extension f is bounded in LP(R; H™%(Q)), see (5.13).
This type of bound could be deduced without this hypothesis by invoking
more involved arguments. Modulo more technicalities, the hypothesis ug = 0
can be removed by assuming uy € D(A4%7%).

Remark 5.2. Working with fractional exponents of the Stokes operator is
not the most elegant way to treat the above problem. It would be more sat-
isfactory to directly deduce LP(L?) estimates, but this necessitate a LP(L?)
theory of the resolvent of the finite-element-based Stokes operator that seems
unavailable (or of which we are unaware) at the present time.

5.3. Application to the 3D Navier—Stokes equations. Note that when
applied to the Navier-Stokes equations in three space dimensions, the re-
striction s(¢) < 3 in Theorem 5.1 makes the bound (5.18) somewhat use-
less. Actually, in this case the above analysis applies with f = g — up-Vuy
where ¢ is a smooth source and up-Vuy is the nonlinear advection term.
Since a standard uniform estimate in L>((0,T); L2(2)) N L?((0,T); H}(2))
holds on wy, it comes that f € LP(0,7;L%(2)) where p and ¢ satisfy the
equality %4—2 =4and 1 <p<21<gqg¢< 3. The restriction on ¢
yields 1 < s = 3(% — 4) < 3, which is contradictory with the assumption

s < 1 which is needed for the bound (5.18) to hold. This remark is the
reason why we have been led to account for the additional uniform estimate
up, € L2((0,T); H{(Q)) in Theorem 5.1 which gives the more sophisticated
estimate (5.19).

Let us illustrate the use of (5.19) in the three-dimensional Navier-Stokes
situation. Assume now that a € [0,1), then

(521) HatuhHHT 1 + HuhHHT a) S C,

for all 7 < 7 provided 0 < a < s < 1+ 2«0 and s < % Note that 7 =

11:0;(5 + 1) owing to the relation % + % = 4 and the definition s = 3(% - ).

Observe that lli‘;f(s + 1) is maximum at s = 2; as a result, (5.21) holds for

all 7 < 2(1+ ) for all a € [1, 3).
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Let € > 0 and ¢ > 0 be two small positive numbers, and set o = % — €,

s =5 — €. Assume that € and € are small enough so that

(5.22) a<s<l+2, Z2-e<ZEg<ite

Then 2 + 3¢ > 1 — 1113(5 + 1), and the bound (5.21) can be rewritten as

(5.23) [[u| + |10sunll 2 s c.

HE73((0,1);H-2 ) (OmyE-3+ S

Note that (5.23) is slightly better than what the Sohr and von Wahl es-
timate gives by embedding. Actually, taking ¢ = %, we conjecture that
a discrete version of the inequality (5.3) together with (5.8) would give

H@tuhHH b-<omyH-4) < ¢, for all € > 0, which is clearly weaker than
2

(5.23) when ¢ is close to zero since —% < —£. This is not a surprise since
more information on wuy, has been used to deduce (5.23).

The estimate (5.23) is a key to extend to homogeneous Dirichlet condi-
tions the results of [10], which for the time being holds only in the three-
dimensional torus. An important link still missing in this program is an
estimate on the pressure that allows for the convergence of the product
prup in some reasonable sense. To derive such an estimate, set s = a = L

2
Then % =1, and (5.17) yields

5.24 A <
(5.24) [ Apup|| e T

for all € > 0. This yield a uniform bound on ||ps|| (note in

H™ 3~ 5((01)H) ©
passing that this is coherent with the estimate p € L'¢((0,T); L%(Q))
given in [20, Thm 3.3]). This shows that it should be possible to pass to the
limit on the product ppuyp, thus implying that the result of [10] should hold
for Dirichlet boundary conditions. These developments are reported in [12].

APPENDIX A. PROOF OF LEMMA 2.2

Lemma 2.2. There is a non-increasing function ¢; > 0 and a non-decreasing
function ¢, > 0, both uniform in h, such that for all s € (—32,3),

272
(A1) c(ls)) lvnllgs < llonlx; < culsl) lvnllgy:  Yon € Xa.

To prove the above lemma, we shall use the following two lemmas.
Lemma A.1. There is constant ¢ > 0 such that for all s € (%, %),
(A2)  wel, fulg<c  sp 0V

0

ozzer—s()nHiQ) 17l

Here the brackets represent the duality paring between ﬁa 15(Q) and
Hy (@),
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Lemma A.2. There is a non-decreasing function ¢, > 0, uniform in h,
such that for all s € [0, 3)

(A.3) 1B ()51 < cul®)llellgasr Vo € HL(©).

Proof of Lemma 2.2. Step (1): The case s € [0,1] is given in Bank and
Dupont [1, Lemma 1]. (The upper bound is a consequence of 7, : L?(2) —
X9 and 7, : H{(Q) — X being stable (see (2.4)). The lower bound is
a consequence of the natural injection I : X9 — L*(Q), and I : X} —
H}(Q2) being stable.)

Step (2): The lower bound for 1+ s, s € (0, %) is verified as follows. Let
vp € Xp. Owing to (A.2), (A.3), and step (1), we get

”vh||~1+ <c sup M =c sup MM—W
H!Ts = — = u -
C T omenw e oment@) 0l
(Von, VEpw) (Vop, Vewoy)

< cy(s) sup

< cyl(s sup
u( ) Ofwhexh ”wh”f_’léfs

0AweH; ™ (Q)
Vo,V

<e(s) sup Vo V)
0F£wp€Xp, HwhHX}L*S

Bl

But we also have

(V0 V) (= Bron, wn)
orunexs T0nllxi=s  orunexs [[(—An) = whlr,
14s
_Ah 2 Up, Wh 1+s
o (B0 o >:H(_Ah>2vhuhzuvhuxgs,

0#£wpeXy ||wh”L2

which combined with the previous bound yields the desired result.
Step (3): We next prove the upper bound for 1 + s, s € (0, %) We use
Step (1) to conclude

_ (Von, Vuon) 1V onllaggVeen ;-
[vnllxi+s = sup < sup
h 0#wpeXp HwhHX};S 0#£wpeXy, HwhHX};S

[[onl gges 1wl g

<c sup

< CHUh”~1+ .
0Fwp€Xp, Hwh”ﬁé—s H,™

Note that this also shows that ¢, in (A.1) is uniformly bounded on [0, 3].

Step (4): We now consider the case —3 < s < 0. Using the lower bound
just proved for 0 < —s < % yields

Vp, Wh Up, Wh
lonllxs = sup ) <o) sup B
0FwpeXp, HwhHX;S 0#£wp Xy, Hwhnﬁas 0
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Finally, applying (2.4) and the upper bound just proved for 0 < —s < %
gives
Up, W Up, THW
gy = s ) <o) gp ()
¢ 0tweH;® ”wHHgS 0#weH; H”thHgs
Up, Wh Up, Wh
< cyu(s) sup (v, wn) < cyu(s) sup (vn, w0p) < cu(s)|lvnllx; -
0Fwp Xy, ||u)h||f—iaS 0FwpeXp, ||,wh||X;g
This completes the proof. O

Proof of Lemma A.1. Step (1): Let s € [0,1) and let v € ﬁé“(Q) and set

f=—Av. Clearly f € fIO_ 15(Q)) and elliptic regularity implies that there is
a constant ¢ > 0, independent of s, such that c||v|gi+s < || f|lg-1+s. Hence
0

f9
cllvl|gies < Hf”ﬁo—“s - P W
0#peH, () 17 1TH ™
= sup (~Av,¢) _ su Vo, V)

07g¢€ﬁ(1]*5(g) ||¢||f{é*s 07g¢,€ﬁ(1)*5(9) ||¢||f{é*s

Note that the last equality holds because C3°(2) is dense in ﬁé*s(Q) for
s €0, %)
Step (2): Let s € [0,4). For all w € Hy (), define z(w) € H{(Q)
solving
(Va(w), Vy) = (w,y)gi—, forall y € H()

where (-, -)g1-s is the scalar product in ﬁg)*s(Q). Elliptic regularity implies
0

that there is ¢, independent of s, such that
||£L'(1U)||ﬁ(1)+s < C||w\|ﬁ(1)75, vw € Hy ().

Let v € C5°(€2). Then

(v7w)~1*5 Vo,V
Pl = sup B, (V0 V()
¢ 0#£weH)"*(Q) ”wHﬁg—S 0£weH) ™ *(Q) kuﬁé_s
co oy TRVE)
R SOy %) P
78 )

O#£zeHL T (Q) Hx”ﬁg“ '
The desired inequality follows by density since s € [0, %) This completes
the proof of the lemma. O
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Proof of Lemma A.2. Let v € C(Q) and let s € [0,1). Clearly E,(v) €

Hé(Q) C IZI(I)_S(Q)- Owing to (A.2) and (2.7), we have
VE,w. V
| Epvl|gi-s < ¢ sup w
ovaeit ) I%NEye
\Y E
Co wp (V0VEM)
0#zcH) ™ Hxnﬁéﬂ

[ | s

<c|v sup

< culs)|v]l g
0£zeHET(Q) ||$Hﬁg+s ' Ho™

Il g1-s

Then use the fact that C5°(€2) is dense in fI(l)_s(Q) to conclude. O

Lemma A.3. Assume that the family {Xp}r>o is such that there is a non
decreasing function c,(s) >0, s € 0, 3), so that

thHﬁg < cu(s) h % |lopllLe,  Yop € Xp 4 00, Xp + ... + 0z, Xp, Vs € [0, %)7
and there is a linear operator py, : ﬁg(Q) — X}, and a constant cy1, inde-
pendent of h and s, such that

lpnvllgy < etllvligg,  I(on = Dovllee < eth®[jvllgy, Yo € Hy().

Let Ty, : Z C H'(Q) — X}, be a linear operator, where Z is a closed
subspace of H*5(Q). Assume that the family {T},}n>o is such that there is
a constant co, uniform in h and s, so that

I Thu — ul|gr < co h||u||lgi+s, VueZ, Vsel,3).
Then there is a non decreasing function c,,(s) > 0, s € [0, %), so that
).

Proof. We proceed as in [2, Appendix]. The norm in H!™$(Q) can be defined
by

(A.4) | Thullgies < c,(s) |lullgies, YueZ, selo,

N[

d
ollgrs = ol + > 1020l
i=1

Then || Thulmiss < |Thulla: + 20, 100, Thulms and for all i € {1,...d},
102, Thu||ms < c(Hﬂ—haniuHﬁS + || 7O u — &wThuHﬁg)
< c(clHé?g;iuHﬁS + cu(8)h || mp 0z, u — O, Tru||1,2)
< cu(8)([|0z,ulles + A2 ([[(mh — 1)0zullr2 + (|0, (w — Thu)||12))
< cu(8) |0z ullms + R (W00, ull g + B [ull+s))
< cu(s)[Jullgr+s-

This concludes the proof. O
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Remark A.1. The inverse inequality hypothesis is reasonable if Xy, is a fi-
nite element constructed on a quasi-uniform mesh. In this case, by redoing
carefully the computation in [2, Appendix| we infer that there is ¢, uniform
in both A and s such that

lop |l < c(1—23)_%h_sthHL2, Vo, € Xp+0p, Xp+. . .4+0;,Xp, Vs € [0, 3).

That is to say the inverse inequality hypothesis holds with ¢, (s) ~ (1—23)_%.
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