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ABSTRACT. This paper considers a multigrid algorithm suitable for efficient solution
of indefinite linear systems arising from finite element discretization of time harmonic
Maxwell equations. In particular, a “backslash” multigrid cycle is proven to converge
at rates independent of refinement level if certain indefinite block smoothers are used.
The method of analysis involves comparing the multigrid error reduction operator with
that of a related positive definite multigrid operator. This idea has previously been
used in multigrid analysis of indefinite second order elliptic problems. However, the
Maxwell application involves a non-elliptic indefinite operator. With the help of a few
new estimates, the earlier ideas can still be applied. Some numerical experiments with
lowest order Nedelec elements are also reported.

1. INTRODUCTION

The purpose of this paper is to study certain multigrid methods for the solution of
the discrete equations which result from time harmonic Maxwell equations. Since the
introduction of Nedelec elements [22], finite element methods using these curl- con-
forming elements have become a popular choice for discretization of Maxwell equations.
An analysis of the finite element method in the time harmonic case and lossless media
was provided in [20]. However, the efficient solution of the resulting linear systems has
remained a challenge, mainly because of two reasons: the linear systems are indefinite
and the differential operator curl has a large null space.

For the time harmonic problem, although a multigrid analysis has been lacking, nu-
merical experiments indicating the suitability of certain two-level and multilevel algo-
rithms can be found in literature [3, 4, 23]. Numerical results for parallel preconditioners
based on Schwarz overlapping techniques were reported in [23]. Computational experi-
ments with a multigrid V-cycle have been reported [3, 4]. More recently, an analysis for
an additive overlapping preconditioner and a two level multiplicative variant was given
in [16].

Two works that made recent advances related to development of preconditioners for
Maxwell equations, [1] and [17], deserve special mention. Both provided smoothers
for use in multigrid V-cycle for the positive definite bilinear form A(:,-) defined later
in (2.1). These smoothers are based on two different subspace decompositions of the
Nedelec space. Our smoothers for the indefinite problem are constructed based on the
same decompositions and our analysis makes use of the results in [1] and [17].
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The current paper provides an analysis for a multilevel algorithm. Specifically, we
prove that the so-called “backslash cycle” gives a convergent linear iterative method with
a convergence rate independent of mesh size, provided the coarse grid is sufficiently fine.
The latter restriction stems from the indefiniteness and seems unavoidable both in theory
and practice. Fundamentally different solution methods may be needed to overcome
this. Nonetheless, in spite of this restriction there are many practical applications (of
moderate frequencies) where a multigrid iteration using a relatively fine coarse grid can
reduce computational effort significantly.

The analysis we will provide is based on [16] and an earlier paper on multigrid applied
to elliptic non-symmetric and indefinite problems [6] (see also [8]). In [6], a perturbation
technique to analyze a multigrid algorithm for indefinite or nonsymmetric operators was
developed. This involves comparing the error propagation operator of the multigrid al-
gorithm with that of a multigrid algorithm for a corresponding positive definite operator.
The difference between these operators was then proved small for elliptic problems that
may be nonsymmetric or indefinite. However, our application involves a non-elliptic
operator. We will show that techniques in [6] can still be applied. In [16], some funda-
mental estimates were developed concerning the approximation properties of the discrete
solution operator corresponding to the time harmonic Maxwell approximation. These
estimates will play an important role in the analysis given here.

The outline of the remainder of the paper is as follows. In Section 2, we define
the problem and give the multigrid algorithm. Smoothers are defined and analyzed in
Section 3. Convergence estimates for the multigrid algorithm are given in Section 4.
Finally, the results of numerical experiments are given in Section 5.

2. THE PROBLEM AND MULTIGRID ALGORITHM.

We set up a model problem arising from time harmonic Maxwell equations and a
simple multigrid algorithm in this section. First we establish notation for some spaces
and their norms. Let  be an open bounded connected polyhedral domain in R and
let L?(£2) denote the space of square integrable functions on Q. We will use (-, -)o and
|- |lo.o to denote the inner product and norm respectively in L*(Q2) or L*(Q)3. The latter
will often be abbreviated to || - ||. In the space of vector functions in L*(Q2)? with square
integrable curl, tangential traces n X w on the boundary 02 are well defined [15], and
we define

Ho(curl; Q) = {u € (L*(Q))* : curlu € (L*(R2))*, n x u =0 on 9N}.

Here n is the unit outward normal on the boundary 0f2. This space is normed with
Ila0 = A(, )2, where

(2.1) A(u,v) = (u,v)q + (curlu, curlv)g.

Analogous definitions hold for || - [jo,p, (+,-)p, and [|-[[5 p in domains D different from .
In the notation for function spaces and their norms, when the domain is absent, it is to
be taken as 2; for example, Hy(curl) = Hy(curl; ().

We restrict our attention to the time harmonic Maxwell equations in a homogeneous
lossless media occupying €2 and also assume that the boundary of 2 is adjacent to a
perfect conductor. The following equation is a variational system for the electric field
U € Hy(curl; ) given by Maxwell equations [11, 20] in the simple case of unit material
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properties:
(2.2) A(U,v) = (F,v) forall ve Hy(curl; ),

where
A(U,v) = (curlU, curlv) — w*(U,v).

The vector F', being a constant multiple of electric current has zero divergence, and
consequently divU = 0. In (2.2), w is a real number denoting frequency of propagation.
Note that there is a countable set of real values for w for which (2.2) does not have a
unique solution [19]. Throughout this paper we assume that w is not one of these values
and so (2.2) is uniquely solvable.

In our arguments later, we will need the solutions to (2.2) to be regular and hence,
we assume that € is convex. It is well known [14, 20] that U, curlU € (H'(Q))? and
there is a constant Cq depending only on €2 such that

(2.3) WUl g + ||curlUl|| g < Col|F|-

In (2.3), || - ||z denotes the norm in (H'(2))* and H'(Q) = {u € L*(Q) : Vu €
(L?(Q2))3}. For later use, let us also denote H}(Q) to be the set of functions in H*(Q)
which vanish on 0f2.

The preconditioner which we shall consider is developed in terms of multilevel approx-
imation subspaces of Hy(curl). We start with a coarse partitioning of €2 into (nonover-
lapping) tetrahedra 7; = {7} : i =1,... Ny}. This forms a quasi-uniform mesh of mesh
size di. A nested sequence of shape regular meshes 7, k = 2,3, ..., can be obtained by
successively refining 7y, using, for e.g., techniques given in [2]. For a given tetrahedron
7, let h, denote the radius of the largest ball contained in 7 and H, denote the diameter
of 7. By uniformity, we assume that there is a constant ¢ not depending on 7; satisfying

(2.4) Ch, >H, forallTeT;, i=1,...,7.

Our goal is to solve the problem associated with the finest mesh 7;, for some integer
j > 1. The mesh size of 7; will be denoted by d; and can be taken to be the diameter
of the largest tetrahedron. The mesh size of 7 is essentially 2'=%d,.

For theoretical and practical purposes, the coarsest grid in the multilevel algorithm
must be sufficiently fine. For k =1,...,J, let M} denote the lowest order Nedelec finite
element subspaces [22] of Hy(curl) (of the first kind) based on 7y, for some L > 0. The
coarsest approximation subspace M; can be made sufficiently accurate by increasing L.
Since the meshes are nested, it follows that

M, C My C...C Mj.

The space M;, has a mesh size of by, = 2'=17%d, = 217%h;. Also let W}, be the subspace
of continuous scalar functions which are linear in every element of 7., . In Appendix A,
we show how our results can be generalized to higher order Nedelec elements.

It was shown in [20] (see also [21]) that the discrete problem of finding U, € M
satisfying

(2.5) AUy, v) = (F,v) forallve M,

has a unique solution provided h; is small enough. We will assume that h; is small
enough (or, equivalently L is large enough) so that (2.5) is uniquely solvable for k =
1,2,...,J.
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In our analysis, we shall use the projector Py : Hy(curl) — M, defined by
A(Pju,v) = A(u,v) forall v € M,
and the orthogonal L?-projector Q,, : (L*(2))? — M, defined by
(Q,u,v) = (u,v) forall v e M.

That Py, is well defined (for k =1,2,...,.J) follows from the unique solvability of (2.5).
Let us also introduce, for each k, an operator Ay : My — M, defined by

(Aru,v) = A(u,v) for all v € M.
Problem (2.5), on level J, can be rewritten in the above notation as

We describe a simple multigrid algorithm for iteratively computing the solution U,
of (2.6). Given an initial iterate uy € M;, we define a sequence approximating U ; by
(27) Uir1 = MgJ(uZ-, QJF)

Here Mg (-, -) is the map of M; x M into M; defined by the following algorithm.
Algorithm 2.1. Set Mg, (v, w) = A;'w. Let k > 1 and v,w € M;. Assuming that
Mg, (-, ") has been defined, we define Mg, (v, w) as follows:

(1) Set * = v + Ry(w — Ayv).

(2) Mg, (v, w) =z + Mg,_,(0,Q;_,(w — Axx)).

Here Ry : My — M is a linear smoothing operator. Note that in this multigrid
algorithm (often called a “backslash cycle”) we smooth only as we proceed to coarser
grids. Our smoothing operators will always be based on a generalized block Jacobi or
block Gauss Seidel iteration. In this case, the Gramm matrix inversions associated with
Q., k= 2,...,J are avoided (see, [5] or [24]). The smoother Ry will be defined in
Section 3.

Mg ,(-,-) is a linear map from M; x M; into M ;. Moreover, the scheme is consistent
in the sense that v = Mg (v, A;v) for all v € M;. It easily follows that the linear
operator E = Mg (+,0) is the error reduction operator for (2.7), that is

u—ui = E(u—u,).

Error reduction operators for variational multigrid algorithms generally have a product
representation (see, e.g. [7]). Let Ty = RyAyPy for k > 1 and set Ty = P;. Let
E,u=u— Mg, (0, Ay P,u) and Ey = I, the identity operator. Then

E,=E;, (I -Ty)
and
(2.8) E=I-T\)I-Ty)---(I-T,).

The product representation of the error operator given above will be a fundamental
ingredient in the convergence analysis presented in Section 4.

The above algorithm is a special case of more general multigrid algorithms in that
we only use pre-smoothing. Alternatively, we could define an algorithm with just post-
smoothing or both pre- and post-smoothing. The analysis of these algorithms is similar
to that above and will not be presented. Algorithms with more than one smoothing are
not generally advised since the smoothing iteration may be unstable.
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Our multigrid analysis is based on_perturbation and the estimates for the positive
definite case. We define Py, A, and Ty analogously to Py, A, and T, using the form
A instead of A.

3. SMOOTHERS

In this section, we consider some smoothers appropriate for the multigrid algorithm
(Algorithm 2.1). These smoothers are generalized Jacobi or Gauss-Seidel iterations,
based on subspace decompositions of [1] and [17].

First, let us review the decomposition of [1]. For any k € {2,3,...,J}, let x4,
i =1,..., N}, denote the interior vertices of the mesh 7, ;. Let € ; denote the interior
of the union of the closures of the elements of 7, whose boundary contains ;. Let
M ; (vesp. Wy ;) denote the functions in M, (resp. Wj) whose support is contained in

ﬁiz Then M), admits the decomposition

N
1
My =Y M,
=0

Next, consider the decomposition of [17]. Let {¢; : i = 1,...n3"} and {ty; :
i = 1,...n)} denote the usual nodal bases of M, and W, respectively. Then this
decomposition is given by

NI
=0
where M}, equals the span of ¢, for i = 1,...ny", while for i =’ +j7,j =1, ..., n},

it equals the span of V¢ ;, and Ni' =} +n)”. Also let Oj; be such that ﬁgz equals
the support of nonzero functions in M},

My, ={ue M, : (u,V)g =0foralldeWy,} fori=1.. N
]\ﬁ}le}gZ fori=1,...,n),

and let M,?Z for i =nM +1,..., NiI be empty.

Our smoothers for the indefinite form are based on the above decompositions. Let
d € {I,1I}. Operators Qii, Aii, and szi are defined analogously to Q,, Ay and Ay, by
replacing M), with My ;. The smoothing operators involve local solves on M, so before

we define them we must ensure that the operators {Aj,} are invertible. That this is
the case if h; is taken sufficiently small, is a consequence of the Poincaré-Friedrichs type
inequality of the next lemma. This inequality will also be important for a subsequent
perturbation analysis.

In the remainder of the paper, we adopt the convention of denoting by C or ¢ a
generic constant independent of all mesh sizes {h;} and the number of levels J. It will
be explicitly stated when such an independence holds only in a range 0 < h, < H for
some H (i.e., only for small enough mesh sizes).

Lemma 3.1. For any q € ]\O/[,fvi, de {1}, k=2,...,J,
(31) lqll < Chlleur ],
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Remark 3.1. Note that for discretely divergence free functions on a convex domain,
such an inequality is proved in [15]. However, Qﬁz may be non-convex and we need the
constant in the inequality to be independent of the shape of the mesh patches. The proof
does not follow from a simple scaling argument as the discrete divergence free condition
does not carry over under linear mapping unless the transformation is unitary.

Remark 3.2. In the case d = II and lowest order elements, this inequality is well
known [17] and a simple proof can be given by a scaling argument.

Proof. Consider first a tetrahedron 7 with a face f contained in the x—y plane with the
origin at the barycenter of the face. A function ¢ in the lowest order Nedelec edge space
on 7 with vanishing tangential components on f has the form

(3.2) ¢ =(0,0,1) + (a1, 9,0) X (2,9, 2).

Here 1,04 and ay are constants. Moreover, curl¢p = 2a where a = (o, g, 0). Also
note that if a is the vertex of 7 not in f, and ¢ is any vertex of f, then the tangential
component of ¢ along the edge connecting a to ¢ is given by

(3.3) (nas+ (a x ¢)-a)/la— ¢,

where a3 is the z-component of a. We will now prove the lemma for decompositions I
and II separately.

Case d = I: Let D be the domain formed by a collection of unit sized tetrahedra
75, j = 0,1,..., N meeting at vertex a and let the corresponding approximation spaces
(of Ho(curl; D) and Hj(D) respectively) be denoted by M}, and W},. Furthermore, let

My ={veMy:(v,V0)p =0, for all 9 € W},}. If we show that
(3.4) |v|| < Clcurlv|| for all v € M),

the required result follows easily by dilation.

Let ¢ € M}, and f; denote the face of 7; not containing a, and ¢ be a vertex of
f;- Let a and c have local coordinate triples a; = (a;1,a;2,a;3) and c; respectively
in the coordinate system on each tetrahedron which has f; in the z — y plane, and the
origin at its barycenter. Then, by (3.2), ¢ has the form ¢ = (0,0,7;) + o; x (x, vy, 2).
By (3.3), the tangential component of ¢ along the edge connecting a to ¢ is given by
(nja;s + (o X ¢;) -aj)/|a; — ¢;|. If 7 is another tetrahedron in D sharing the vertex ¢
then the same quantity is also given by (1, a3+ (o X ¢;) - @;)/|a; — ¢;|. Here subscripts
[ indicate coordinates in the 7; system. Thus,

(3.5) _ iz + (0 X ¢) - a; — (X ¢ ar

a3
Let v € M},. We will construct a function ¢ in M}, which satisfies
(3.6) curl = curlv and |¢| < Clcurlv|,

with C' depending only on the quasi-uniformity condition. Note that v — ¢ is a gradient
of a function in W7}, so

[ofl < fl¢] < Cllcurlv]],

i.e., (3.4) follows if we construct ¢ satisfying (3.6).
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We define ¢ = v — uVi), where 1), is the nodal function in W}, which is one on a
and g is to be determined. Clearly, V1), has a local representation of the form

Ve = (0,0,¢)

on 7; with (; # 0. We choose p so that 779 = 0 in the above representation of ¢. All of
the remaining 7;’s in the representation of ¢ can be determined from the a;’s by (3.5).
By quasi-uniformity, {a; 3} are uniformly bounded away from zero so magnitudes of the
n’s can be bounded in terms of the a’s. Now (3.6) follows by quasi-uniformity and the
fact that the a’s can be bounded in terms of ||curlwv||.

Case d = 1I: Let 7, f, a, and ¢ be as in the beginning of this proof. Then, in the
coordinate system there, the nodal basis function ¢ of the edge connecting a to ¢ has the

representation (3.2). Moreover, if b is an alternate vertex of f, then n = —(ax b)-a/as.
Since 1 can be bounded by a = curl ¢/2, the proof can be finished in the same way as
before. O

Proposition 3.1. There exists an H > 0 such that whenever hy < H, any solution
pg,i € M,gl’i of the square system

A(pi,i, Vi) = A(u,vg;)  for all vy, € M,?,@-,
satisfies

(3.7 [Pl g < Clullacg,

forw € My, and for alli=1,..., Ny and d € {1,11}. It follows that Aiji is nonsingular.

Proof. In the case of decomposition I, the proof proceeds exactly as an analogous result
in [16, Lemma 4.2], and we omit it.

In the case d =11, for i = 1,...,n}!, (3.7) follows for sufficiently small %, from
I

[curlpi;|* — w?|pf,l1* = (curlw, curl py ;) — w’(u, py,),

by applying the Cauchy-Schwarz inequality on the right hand side, and Lemma 3.1 on
the left hand side. For the remaining 7, since w > 0,

sz,iHQ = (u,pi,i),
so (3.7) follows. O

Not only does Proposition 3.1 yield the invertibility of Aﬁ’i, but it also implies that
the projection operator, Pi}i : My, — My, ;, given by

(3.8) A(Pi,iu, vii) = Au,vy;)  for all w € My, vy, € M, de {111},
is well defined. Moreover, (3.7) implies
(3.9) 1Pkl g, < Cllulla g,

for all w € M. Also define IBZZ analogously to Pii by replacing A with A in (3.8).
Now that we have proven the invertibility of Aﬁ’i, we can define the smoothers for the
indefinite problem. Jacobi type smoothers J}c and J 2 are given by

g
(3.10) =7 (AL)7'Qy,  de{LII},
=0
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where 1 is a scaling factor. Gauss-Seidel type smoothers G¥ for d € {I,1I} are defined
by the following algorithm:

Algorithm 3.1 (Indefinite Gauss Seidel). Let f be in M. We define G% by

(1) Set vg =0 € M,,.
(2) Define v;, for i =1,..., N¢, by

v; = v + (AL)7'QL(f — Apvisy).
(3) Set G{f = V.

The analogous Jacobi and Gauss-Seidel smoothers were given in [1] and [17] for the
positive definite operators Aj. These are denoted here by J¢ and G¢, and are again
defined by (3.10) and Algorithm 3.1 respectively, but with A in place of A. The scaling
factor 7 in (3.10) is chosen such that the A-norm of I — J{Ay is less than or equal to
one for k =2,...,J. Such a v can be chosen independent of J by the limited overlap
property of the subspaces.

Remark 3.3. In implementation, the application of the operator (Ai,i)_ng,i reduces to
solving a linear system involving the stiffness matrix associated with the indefinite form
A(-,-) and the Gramm matrix inversion corresponding to Qi}i is avoided.

4. ANALYSIS OF THE MULTIGRID ITERATION.

In this section we provide an analysis of the multigrid iteration of Section 2. This
analysis is based on the product representation of the error operator (2.8). As done in [6]
for second order elliptic problems, our analysis is based on perturbation from the uniform
multigrid convergence estimates for a related symmetric positive definite problem.

We start with the estimate for the positive definite problem. For operators on M,
k=1,...J, we will use || - [|a to denote the operator norm induced by the vector norm
A(-, )% Set Ry to be any one of JL, JII Gt and GY. Let T) = Ry APy, for k > 1
and Ty = P;. Consider Algorithm 2.1 with Ay in place of A, and R, in place of R;.
Its error reduction operator is

(4.1) E=(I-T\)I-Ty) - (I-T,)

The following result is contained in [1, Theorems 3.1 and 4.2], [17, Theorem 3.1} and
[18, Theorem 5.4].

Theorem 4.1. The multigrid error reduction operator in the case of the positive definite
problem satisfies

(4.2) A(Eu, Eu) < ?A(u,w)  for allu € My,

with 0 < 6 < 1 independent of J.

Remark 4.1. Although the results in [1] are formulated only for symmetric smoothers,
let us verify that (4.2) holds for the nonsymmetric Gauss-Seidel smoother G}, as well,
as stated in Theorem 4.1. Indeed, we can be more general and consider instead the
smoothing operator Ry of a block successive over-relaxation iteration (SOR(«)) with a
relaxation parameter 0 < o < 2 (with the blocks based on {M{ }, d € {I,1I}). We
appeal to [9, Lemma 2.2}, which shows that (4.2) holds for the E obtained by any Ry,
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provided
(43) HI - -ﬁk:AkHA S 17 and
(4.4) (R, w,u) < CA(u,u), forallue (I — Pyi)M,

where Bk = Rvk: —|—1~%',5€ —ﬁZAkﬁk. Here ﬁ}i is the L2-adjoint of Ry. That inequality (4.3)
holds for the Ry of SOR(«) follows immediately from the product representation,

I-RAy=(I—-aPyy) - (I-aPj)).

It remains to see that (4.4) holds for this smoother. Techniques in [1] can be used to
prove

d
Nk

{inf}ZA(ui,ui) < CA(u,u), forallue (I—Py_i)M,,
=

where the infimum is taken over all decompositions u = Zfi’gl w; such that u; € M.
It can be shown as in [7, Theorem 2.2] that for the Ry of SOR(«),

d
Nk

1 2
ﬂ inf ZA(ui,ui), for all uw € M;,.

(R, w,u) <
LVk ua u = 2 — {uz} pa

Thus, Theorem 4.1 holds for the SOR(«) smoother.

__ We will analyze the multigrid algorithm by examining the difference between E and
E. Let Z;, =T, — T} and suppose we have

(4.5) | Z1]la < e and
(4.6) | Zklla < Cihg, fork=2,...,J,.

Then, it can be shown that the difference Ej — Ey is small by an argument of [6] (see
also [8, Lemma 11.1]). We include the argument here for the sake of completeness: First,
note that by triangle inequality, the A-norm of (I —T}) = (I — Ty — Zj) is less than
or equal to 1 4 chy. Therefore,

k
| Ekllan < (1+ ce) H (14 chy),
=2

which can be bounded by a convergent infinite product. Thus || E||aq < C.
To continue, we observe the following recursion:

(4.7) E,—E,= (Eyy — E,)(I = T}) — Ev_1 2y,
which implies that for £ > 1,

| By — EkHAQ <||Ex-1 — EquA,ﬂHI - fk"Aﬂ + | Er—1llacllZrlaq
<||Ex-1 — Ex_1llao + Chy.

Repeated application of this inequality shows that the difference Ejy — Ek is small:
HE] — EJHA@ S C(hl + 6).

Thus, we have proven the following theorem:
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Theorem 4.2. Let E satisfy (2.8) and E satisfy (4.1). Assume that (4.5) and (4.6)
holds. ThenAthere are positive constants C', hy and é depending only on C7 above such
that if hy < hy and € < €,

|E|a < IEla + C(h1 +©).

In (4.5) and (4.6), the operator norm of Zj can be taken to be that of Zy : M,
M, or Z : M, — M;, as both norms are equal. The proofs of our main results
proceed by verifying (4.5) and (4.6). In verification of (4.5), the nature of the subspace
decompositions is immaterial, and a coarse grid estimate of [16] is critical, as seen in the
following lemma.

Lemma 4.1. There exists H > 0 such that if hy < H then (4.5) holds with € = ch.
Proof. For u,v € M, the following identity holds:
A(Zu,v) = A(Piu — u, Pyv)
(4.8) — A(Pu — u, Pyv) + (W* + 1)(P1u — u, Pyv)
= (W + 1)(Piu — u, Pyv).

It is shown in [16], using a duality argument utilizing the regularity assumption, that
there exists H > 0 such that if A; < H then

(u — Pru,w) < Chy |lu — Prul|, lw],
for all w € M; and w € M;. Thus, the lemma follows. O

While verifying (4.6) for specific smoothers, it will be useful to have bounds for the
perturbation operators Zi}i My — M,g{i, d € {1, 11} defined by

Zi,i = Pﬁ,@- - 13%@
Note that in the case of subspaces of gradients of decomposition II,
Z}, =0 fori=ny+1,... N
An identity similar to (4.8) can be obtained for Z{ ;:
(49) A(Zz,iuv ’U) = _(w2 + 1)(“’ - Pz,iu’ ﬁi,i'v)'
Lemma 4.2. There exists H > 0 such that if hy < H,
(u— Pi,i% Vpi) < Chyllu — Pi,iUI\o,ag,ichrl Uk,iHo,Qgﬂ.
for allu € My and v; € MY, de {LLII}, k=2,...,J.

Proof. In the case d = I, observe that for any w € M;, u — P}m-u is L2-orthogonal to
functions of the form Vw for any w € W}, ;. Decomposing vy; = Vw-+x where w € W},

and & € M, ,ﬁz and applying Lemma 3.1 gives

(u — Py u,vi,) = (u— Piu,x) < Chyllu — Pk,iu|]07gk’i curla:]|07gk’i

= Chllu — Pyullog, [lcarlvgflog,,-
In the case d = I, the result immediately follows from Cauchy-Schwarz inequality and

Lemma 3.1 for vy, € M,?Z For the remaining vi; € M, both sides of the inequality
of the lemma are zero. O



MULTIGRID FOR MAXWELL EQUATIONS 11

The following theorem is our main result.
Theorem 4.3. In Algorithm 2.1, set Ry, to any of the smoothers J, Gy, J; and G}
defined earlier. Then there exists an H > 0 such that whenever hy < H,
A(Eu, Eu) < 8*A(u,u) for all u € Mjy,

for 6 = 6 + chy. Here § is less than one (and independent of J) and is given by Theo-
rem 4.1 applied to the corresponding smoother Ry. In addition, ¢ is independent of h.

Proof. We apply Theorem 4.2. By Lemma 4.1, we need only verify (4.6) for each of the
smoothers J}, G}, J;} and Gy Since the proof for the case of the latter two smoothers
are completely analogous to the case of the smoothers based on decomposition I, we
only give the proof for J), and Gj..

In the case of R, = J}C, the perturbation operator Z, k > 1, satisfies

Nk Nk
Zyu = ’YZ(P}W' - P}cz)'u’ = ’YZ Z}c,iu’
i=1 i=1

for any u € M. By (4.9), Lemma 4.2 and (3.9),
(110)  A(Zhuv) = @+ (P —u PLo) < che fullyg [0lag -

i
for any w, v € M. Hence,
Ny

A(Zyu,v) < chy, Z ||'U'||A,Q}m HvHA,Q}m :

i=1
The inequality (4.6) now easily follows using the limited overlap properties of the do-
mains € ;. This completes the proof of the theorem when Ry, = J »

Now consider the case R, = Gj.. As before, it suffices to verify (4.6). Define £; and
gi by _ _ _ »
Ei=U~— P}C,i)(I - P}c,zel) (I - P}Q,l) and
N gi:(I_P}Q,i)(I_P}Q,ifl)"'(I_P}c,l)a
and let £y = £, = I. Then the perturbation operator Zy : M, +— M, for this example
is
Zk :Tk —Tk = 8Nk _gNk‘
We clearly have that
8@' - gz - (I - P}c,i)(‘gi—l - gi—l) - Z}cﬂ:gi—l'
Since the terms on the right are orthogonal with respect to A(,-),
I(E: — Eullig =T — Py )(Eisr — Eimr)ullag + |1 Z),Eim1ulla 0.
It follows from (4.10) that Hz}f,iUHAQ < Chi|v][s0 - This and the fact that the
A-operator norm of (I — IND}“) is bounded by one implies that
(€ = EDulig < (€1 — Ein)ulla o + ChilEirully g, .-

Summing over ¢ and obvious manipulations gives

Ny
(4.11) I(En, — Enullio < ChLY € auli, .,

=1
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We shall now show that for sufficiently small Ay,

Ny,
(4.12) Y lEiullig,, < Cllufiq.
i=1
We first note the identity
I-& =) P, En
m=1

Thus, by the arithmetic—geometric mean inequality, the definition of &€; and the limited
interaction property, it follows that

Ni, Ny, Ni,
2
S €l <23 fulfar +23 fu— Erulhg
i=1 ' i=1 ’ i=1 ’
Ni || i-1 2
< Olullya + 23| 3 Phnu
(4.13) =t =t A9

S (CPES w) oI WV

m=1 i=1

Ny
<C <||U||2A,Q +) HP}C,m“«'m—mHXQ) :

m=1

In order to estimate the last term on the right of (4.13), we write

HP}c,mgm—luni,ﬂ = Hgm—lunf\ﬂ - Hgmu”iQ
(4.14)
—2A (P}, Emru, (I — P}, € ).

Now by (4.9),
AP} Emaru, (I — Py, )Epu) = (1 4+ w?) (P Emau, (I — P, )En_1u),
so by Lemma 4.2, we have

1Pl mEmrttlio < CUIEm1ul3 o — |Entlly o) + CHIEmaul} o -

Summing over m we conclude that

N Ny
(4.15) Y NP Emulag < Cllullag + 5D I1Emulzor -
m=1 m=1

Clearly (4.15) and (4.13) yield (4.12) for small enough h;.
Finally, we obtain from (4.12) and (4.11) that for k& > 1,

| Zk||a0 < Chy.
The theorem follows from Lemma 4.1 and Theorem 4.2. O

Remark 4.2. The same analysis could be used for the SOR(«) iteration considered in
Remark 4.1. In that case,

Er=I —aPy))(I—aPy, ) (I -aPy,).
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H Degrees of
1/2 1/4 1/8 1/16 1/32 | of freedom
/4 1 6 - - — — 108
1/8 7 7T - — — 1176
h 1/16 | 9 9 8 - - 10800
1/32 110 10 9 7 - 92256
1/64 | 11 10 10 8 7 762048
1/128 11 11 10 9 8 6193536

TABLE 5.1. Preconditioned GMRES iteration counts for w = 1 case. De-
grees of freedom at each refinement level are also shown in the last column.

H
1/2 1/4 1/8 1/16 1/32
6 _ _ _ _

1/4

/8 | 7 7T - - -

ho 1169 9 8 - -
1/32 10 11 10 8 -
1/64 | 11 11 10 10 8
112812 11 10 10 10

TABLE 5.2. Linear multigrid iteration counts with w = 1.

Also, by Remark 4.1, Theorem 4.1 holds with the SOR(«) smoother.

5. NUMERICAL RESULTS

Numerical experiments were conducted using lowest order Nedelec elements on cubes.
We report results of some of these experiments in this section. First of all, let us note
that not only can Algorithm 2.1 be used as a linear solver for (2.6), but it can also be
used to develop a preconditioner. Specifically, the operator By : M; — M; defined by
B ;g = Mg (0, g) is a preconditioner for A; in the sense that the inequalities

(1-9)A(u,u) < A(B;A ;u,u) and
A(BjA u,v) < (14 6)A(u,w)*A(v, v)'/?

hold for all w,v € Mj, for sufficiently small coarse mesh sizes. These bounds easily
follow from Theorem 4.3 and ¢ is as in the theorem. They imply that when GMRES
in A(+,-) innerproduct is used to solve (2.6) with B as preconditioner, the number of
iterations remain bounded independently of refinement level [12, 16]. In this section we
will investigate the performance of B; as a preconditioner for use in GMRES, as well
as that of the linear solver Mg (-, -) given by Algorithm 2.1.

In all experiments, our computational domain was 2 = (0,1)>. We only investigate
the multigrid algorithm with the smoother G}, based on decomposition I. The domain
(0,1)® was meshed by a hierarchy of multilevel uniform cubic meshes. Each mesh is
obtained by breaking up every cubic element of a coarser mesh into eight congruent
cubes, the coarsest mesh being just {Q2}. Clearly, our analysis holds in this situation.

(5.1)
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H

1/2 1/4 1/8 1/16 1/32

N — —

18 | » 35 - - -
hoo1/16 | » 110 23 - -
1/32 | = 208 48 10 -
1/64 | = 266 62 15 8
1/128 | = 285 67 16 10

TABLE 5.3. Linear multigrid iteration counts for w = 7. An entry “x”
indicates that A-norm of iterates became larger than 10, and iterations
were stopped.

(In particular, a Poincaré-Friedrichs inequality like that of Lemma 3.1 is obvious for
uniform cubic meshes.)

The linear system (2.6) is solved on a fine (k = .J) mesh of mesh size h using one of the
two above mentioned iterative methods. The coarse solves of the multigrid algorithm
are done on a coarse (k = 1) mesh of mesh size H. All coarse solves were done by direct
methods of UMFPACK2.2 [10]. The right hand side of (2.6) was chosen so that the true
solution equals the interpolant of U (z,y, z) = [y(1 —y)2(1 — 2),yx(1 —2)z(1 — 2), z(1 —
x)y(1 — y)]. We report iteration counts for a set of combinations of h and H. The
starting iterate was always zero. When the linear multigrid solver is used, the stopping
criterion was that the A-norm of error be reduced by a factor of 107%. The stopping
criterion for GMRES was that the A-norm of the residual (pre-multiplied by B;) was
reduced by a factor of 1075, GMRES was set to restart after 50 iterations.

We start with the case w = 1. GMRES iteration counts are reported in Table 5.1.
The preconditioner appears to be uniform, as iteration counts never exceeded 11 for all
combinations of h and H we considered. For comparison, the case h = 1/128 without
preconditioner did not converge even after 5000 iterations.

Iteration counts obtained using linear multigrid solver are reported in Table 5.2, and
these are in accordance with Theorem 4.3. Although in the case w = 1, the algorithm
gives uniform iteration counts for all choices of H considered, this is no longer the
case for a higher wave number, as seen in Table 5.3. This is again in accordance with
Theorem 4.3, as its conclusion holds only whenever the coarse mesh is sufficiently fine.

We have also considered the performance of B as a preconditioner in GMRES for the
case of a higher wave number w = 10. It is a good preconditioner only for smaller coarse
mesh sizes, as Table 5.4 shows. In other (unreported) experiments, the linear multigrid
algorithm for this wave number only converged for one of the combinations of h and H
considered. Theoretically, (5.1) guarantees that By is a good preconditioner only when
Mg ,(-,-) is a good contraction. Nonetheless, our experiments indicate that the coarse
mesh size at which B; becomes a good preconditioner is larger than that required for
Mg (-, -) to be a good contraction. Similar observations have been made in studies of
multigrid algorithms for the Helmholtz equation [13]. This may be an argument in favor
of using GMRES preconditioned with multigrid as a solution strategy, rather than the
linear multigrid solver. However, we must also keep in mind that if too large a mesh



MULTIGRID FOR MAXWELL EQUATIONS 15

H

1/2 1/4 1/8 1/16 1/32
/4 |3 - - - -
/8 | 2¢ 37 - - -

h 1/16 | 3* 48 18 - -
1/32 | 2© 78% 22 16 —
1/64 | 2© 78 21 17 9
1/128 | 2* 79* 21 16 10
TABLE 5.4. Preconditioned GMRES iteration counts for w = 10 case.
An entry of the form n* indicates that although the residual of n-th GM-
RES iterate met the stopping criterion, the iterate differed from the true
solution by more than 1072 in A-norm.

H H

/2 1/4 1/8 1/16 /2 1/4 1/8 1/16

1/4 1032 — — — 1/4 | 7.93 —  —

L 1/8 |0.40 0.40 — — 1/8 | 9.67 092 — —

1/16 | 0.42 0.42 042 — 1/16 | 10.01 0.65 0.60 —
1/3210.42 042 0.42 0.42 1/32110.06 0.58 0.44 0.43
1/6410.42 042 0.42 0.42 1/64110.07 0.58 0.43 0.43

w=1 w=25

TABLE 5.5. Numerical convergence rates for the linear multigrid iteration.

size is used, GMRES may find the residual too small and stop, even though the iterate
is far from the true solution (see entries n*).

We conclude by providing numerical convergence rates for the linear multigrid itera-
tion, which also confirm our theoretical results. Entries of Table 5.5 provide estimates
for || I — B ;A ||a obtained by means of the power method in the cases w =1 and w =5
for a few combinations of h and H. We see that the only difference between the two
cases is that larger w requires a smaller coarse grid size. Note, though, that once the
coarse grid is small enough, both cases give rise to approximately the same reduction
rates.

APPENDIX A

Here we will indicate how the main result of this paper can be generalized to higher
order Nedelec spaces (of the first kind). Let M be defined with r-th order Nedelec
spaces on each tetrahedron and W) be the corresponding conforming approximation
space with polynomials of degree at most » + 1. The algorithms and definitions of
subspace decompositions and smoothers generalize in an obvious way for the case of
decomposition I. As we shall see, Case II can also be generalized provided a suitable
choice of nodal basis is made,

Case 1. First of all note that Theorem 4.1 holds with the higher order spaces, as
shown in [1]. The only proof in the previous sections that depended on the order of
the spaces is that of Lemma 3.1. We will now prove that the inequality of the lemma
holds for higher order spaces as well. We start by considering the set S of all possible
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quasi-uniform tetrahedral meshes contained in the unit ball with at least one vertex on
the unit sphere and every element having the origin as a vertex. Each element in S is
represented by a list of vertices and a list of tetrahedra (a tetrahedron number to vertex
number list). We can assign labels to the members of S so that two members have the
same label if and only if they have the same tetrahedra to vertex list. Quasi-uniformity
implies that the number of labels can be bounded in terms of ¢ appearing in (2.4). Let
R; be the subset of elements of S with the [’th label.

Any subdomain €} ; can be dilated and translated to an element of S. Thus, it suffices
to prove that (3.4) holds for each D in R; with constant independent of D. The general
result holds taking the minimum of these constants over {R;}.

Clearly, each domain D € R; has the same number of vertices, say m. We can define
a distance on R; by using any norm on the vertex set, e.g., the Euclidean norm on R¥™.
It follows from quasi-uniformity, that R; is a closed and bounded set in this norm and
hence compact.

Let D be in R,;. Denote the corresponding approximation spaces (of Hy(curl; D) and
H(D) respectively) by M}, and Wi, and set M}, = {g € M}, : (q, V8)p =0, for all § €
W}, Let

(A1) I(D) = g Iowidlop
aerry,  llgllo.n

Note that since D is simply connected with a connected boundary, if curlq = 0 and
g € M}, then q is a gradient of a function in W},. It follows that Z(D) > 0 for any
D € R;. Thus, to prove that (3.4) holds uniformly for D € R, it suffices to show that
Z(D) is continuous.

Suppose p and ¢ are vertex sets of two meshes in R;, with corresponding domains D,
and D, respectively. Let € > 0 be given. For s € {p, ¢}, let {€}; denote a nodal basis
for M7, . We identify functions in the above spaces with their extension by zero to the

unit ball B. Let z € ]\pr be a function with ||z]|o 5 = 1 for which the infimum in (A.1)

is attained and let
ny ny
z = E cel! and 2= E cel.
i=1 i=1

By quasi-uniformity, it is easy to see that if |p — ¢| is small enough (depending on ),
|z — 2’|l < € Note that 2’ is, in general, not in M}, . Define ¢ € Wy, by

(VY Vo) = (2/,V¢)p forall g € Wy, .

Then 2" = 2’ — V¢ is in ]\qu. Moreover, if |p — ¢| is small enough, it can easily be
shown that |[2" — 2'||, 5 <€, so

|z — z”HA,B < 2e.
Consequently,
|curl 2"{|o,p,
12" llo,p,

Interchanging the roles of p and ¢ in the above argument we also get that Z(p) —Z(q) <
Ce. Thus, Z(p) is continuous on R;. This finishes the proof of Lemma 3.1 when d = I.

Z(q) —Z(p) < —ZI(p) < Ce.
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Case I1: Smoothing algorithms of this type can be generalized to higher order spaces
provided a suitable choice of nodal basis is made. Note that there choices of nodal basis
for which Lemma 3.1 does not hold. We will provide one example of a nodal basis for
which our analysis generalizes.

Once a set of degrees of freedom for M is defined, a corresponding nodal basis im-
mediately follows. The particular choice of the degrees of freedom we have in mind
consists of edge, face, and tetrahedral moments. For any domain D, let B(D) denote
the set of polynomials of degree at most [ and let P,(D) denote any basis for P (D). For
every interior edge e and interior face f of the k-th level mesh, define the edge and face
moments

ar(w) = [plu-t)d of(w) = [ q-(wxnds
e f
forp € P,_1(e) and g € (P,_2(f))?. The tetrahedral moments are defined by mapping to
the reference tetrahedron 7 bounded by the planesz =0,y =0, 2 =0, and v+y+2 = 1.
Let R,_3 be the set of all vector polynomials that are monomials of degree at most r — 3
in one coordinate direction and zero in others, e.g., » = (2%y72*,0,0) is in R,_3. For
every tetrahedron 7 in the k-th level mesh, define the tetrahedral moments

al(u) :/T-ﬂdx,

A~

where 7 € R,_3, u(Z) = B'u(x), and B is the matrix in the affine correspondence
7 521 1 The edge, face, and tetrahedral moments defined above form a set of degrees
of freedom for M), and define a corresponding nodal basis B for Mj.

The basis B is divided into edge basis functions, face basis functions, and interior
basis functions: An edge basis function ¢? corresponding to an interior edge e has
all of the above defined degrees of freedom equal to zero except of(¢f) = 1 for some
polynomial p € P._1(e). Similarly, a face basis function q_’);’c has all its moments zero
except af(¢f) = 1 for some interior face f and some q € P,_o(f)*. Finally, we have

interior basis functions ¢ supported on 7 such that all its moments are zero except
al(¢r) =1 for some r € R,_3. Thus,

T

B ={¢" : for all interior mesh edges e and p € P,_;(e)} U
{¢9 : for all interior mesh faces f and g € (P,_5(f))*} U
{¢ : for all » € R,_3 and all mesh tetrahedra 7}.

Our analysis generalizes to the case when M} is decomposed as

M, = Zspan(cﬁ) @ Zspan(V@bk,i),

PeB

where {¢y,;} is a local nodal basis for Wy. To show this, we first of all note that
Theorem 4.1 holds for this decomposition as can be seen by following the arguments of [1].

The only other ingredient in our analysis that requires generalization is Lemma 3.1. We
now show that [|¢|jo.o < Chyllcurl ¢||oq for all ¢ € B.

It suffices to prove that there is a C' > 0 such that
(A2) I¢lloz < Clleurl g]loz,
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for all ¢ € B with C independent of 7. Here, as before, () = B! ¢(x), for = € 7 for
some 7 on which ¢ is nonzero. Clearly, (3.1) follows from (A.2) by quasi-uniformity and
standard affine equivalence arguments since [|@lo, < C’hi/QHQ/gHOf and ||curlg/z’\)||07? <
Chy, P jeurl plo..

We prove (A.2) for each type of basis function. First, we consider (bp Let Lz denote
the space of functions v in the r-th order Nedelec space on 7 for which all edge, face, and
tetrahedral moments are zero except those associated to the edge e which is the image
of e. Clearly, @? is in Lg. For any nonzero function ¢ € Lg, there exists a p € P._1(f),
on a face f adjacent to €, such that

0 7& ($ : tap)ﬁf: (p7 Curl$ : n)f_ (Vp X mn, a)f: (p7 Curl$ : n)fa

where n is the outward unit normal on J/C\and t is a unit tangent vector on E)f (appro-
priately oriented). Since the left hand side is nonzero, curl¢ # 0. Thus by the finite
dimensionality of Lz, (A.2) holds for all ¢ € Lz and hence holds for gz_’)p

Next, let us show (A.2) for a mapped face basis function ¢ Let L7 denote the
subspace of the r-th order Nedelec space on 7 for which all edge face, and tetrahedral
moments are zero, except for moments on face f Clearly, qbf is in L. For any nonzero

qb € L7, there is a q € B._»(7)? such that

0 7é (¢ X M, Q)a? = (Curl 257 q)7/> - ($7 curl q)7/> = (curl $> q)?
Thus, curl @ # 0 for all ¢ € L7 and (A.2) follows for (Ab?

Finally, consider an interior basis function ¢7. Obviously, all face and edge moments
of @7 are zero. We will now only show that for r = (2'y72%,0,0), curl ¢7 # 0, as the
argument is similar for other » € R,_3. We argue by contradiction. If curl ¢’ = 0 then
¢r = Vo for some ¢ € P,_5(T). Moreover, since face and edge moments of ¢7 are zero,
1 can be chosen such that |9z = 0. Therefore,

1= (A:,’P)?— = —(1/1,div ’I")?.

If i =0, ie, r = (y72%,0,0), then divr = 0, which is a contradiction. If i > 1,
then by the deﬁmtlon of @7, (@7, 7) = 0 for 7 = (0,42" 'y ™2 /(j + 1),0). However,
( :,?)A = ( ", 1)z, which is a contradiction. Therefore, curl ¢ # 0, and (A.2) follows
for the interlor basis functions as well. Thus, we have shown that Lemma 3.1 holds for
the nodal basis functions of B.

It is easy to see that there are various other choices of nodal bases for which the lemma
does not hold. For instance, in the case r > 4 the function V(M AA3\y) (where \; are
the barycentric coordinates of a tetrahedron 7) is an example of an interior basis function
for which Lemma 3.1 does not hold. Another example is the function 3 VA; +X;V\; in
the case r = 2. This function has only one nonzero edge moment, so may be a candidate
for an edge basis function. However, it has nonzero face moments. Our analysis does not
hold for decompositions based on such basis functions and it is not clear if the associated
indefinite multigrid method is convergent.
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