THE CONVER GENCE OF V-CYCLE MUL TIGRID ALGORITHMS
FOR AXISYMMETRIC LAPLA CE AND MAXWELL EQUA TIONS
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Abstra ct. We investigate some simple nite elemen discretizations for the axisym-

metric Laplace equation and the azimuthal componert of the axisymmetric Maxwell

equations as well as multigrid algorithms for these discretizations. Our analysis s tar-

geted at simple model problems and our main result is that the standard V-cycle with

point smoothing corvergesat a rate independert of the number of unknowns. This is
cortrary to suggestiondn the existing literature that line relaxations and semicoarsening
are neededin multigrid algorithms to overcomedi culties causedby the singularities

in the axisymmetric Maxwell problems [6]. Our multigrid analysis proceedsby apply-

ing the well known regularity basedmultigrid theory. In order to apply this theory, we
prove regularity results for the axisymmetric Laplace and Maxwell equationsin certain

weighted Sobolev spaces.These,together with somenew nite elemen error estimates
in certain weighted Soholev norms, are the main ingredierts of our analysis.

1. Intr oduction

In this paper, we prove the optimality of the standard multigrid V-cycle applied to
certain nite elemen discretizationsof axisymmetric Laplaceand Maxwell equations. In
particular, it followsfrom our resultsthat it is not necessaryo do line smoothing or semi-
coarseningto obtain optimal multigrid corvergencejn spite of the singular coe cien ts in
the partial di erential operators. This is cortrary to suggestionsn the existing literature
that line relaxations and semicoarseningre neededin multigrid algorithms to overcome
di culties causedby the singularities in axisymmetric problems.

In the presenceof axisymmetry, the three dimensional Laplace equation u=-"f
reducesto the following two dimensionalpartial di erential equation:

(1.1) }@ r@ @:f; onD:

re @ @
For simplicity, we shall only considerthe casewhen the domain D is the unit square.
Note that the fr = 0Og line intersectsthe boundary @, sothe coe cients in (1.1) are
truly singular. Herein lies the di cult y in analysisof this problem. While the reduction
from three to two spacedimensionsobviously resultsin substartial computational savings,
the introduction of singular coe cien ts in the di erential operator was thought to be a
problem, at least in the analysisof iterativ e solution by multigrid methods. But as we
shall show, a standard multigrid V-cycle with point smoothing convergesuniformly at a
rate independert of the number of unknowns.
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When using multigrid algorithms for secondorder problems that are not uniformly
elliptic, it is well known that, in many cases,one needsto perform line smoothing to
obtain optimal algorithms [4, 8, 9, 10, 14, 15. A rigorous proof of the optimality of the
V-cycle with line smoothing for a discretization of the operator

@ @ @ @
(1.2) & a(x;y) & @ b(x; y) a
whena(x; y) > 0is of unit sizeand b(x; y) > 0 is allowedto be arbitrarily closeto zero,is
givenin [8, 14]. Clearly, the partial di erential operatorin (1.1) is hot a speci ¢ instance
of the operator consideredin [8], although there are somesimilarities. Our cortention is
that although line relaxation may be necessaryto obtain uniform multigrid corvergence
for (1.2) with degenerateb, it is not necessanyfor the operator in (1.1).

The paper [5] considersequationsof the form (1.2) wherethe coe cien ts a and b are
given in tensor product form and have di erent typesof singularities nearx = 0. There
they suggestline smoothing and semicoarsening.While this may be necessaryfor some
examplesconsideredin [5], aswe shall see,neither is necessaryfor (1.1).

We also study the caseof the axisymmetric Maxwell equations. In the presenceof
axisymmetry, it is well known that the three dimensionalvector Maxwell equationsde-
coupleinto two systemsof equations,one for the azimuthal componert and another for
the meridian componerts [2, 6]. The equationfor the azimuthal componert is
_@ }_@D(ru) @ = f:

@ r@ @?

This scalarequationcanbe analyzedby techniquessomewhatsimilar to the axisymmetric
Laplaceequation (1.1). We will investigatetwo distinct nite elemen discretizationsfor
this equation,oneusingbilinear elemerts and anotherusinga nite elemen spaceof linear
combinations of r;1=r;rz and z=r. Both discretizationsyield systemsfor which we can
prove that the multigrid V-cycle corvergesuniformly at a rate independert of the mesh
size. Multigrid algorithms for the azimuthal Maxwell equation (1.3) have been studied
previously in [6]. Howewer, the algorithm consideredthere resortsto line smoothing as
well as semicoarsening.As in the caseof the axisymmetric Laplace equation, neither is
necessary

While spectral discretizations of certain axisymmetric problemshave beenthoroughly
studied [3], nite elemen approximations seemto have beenlessstudied. Beforeproceed-
ing to multigrid analyses,we therefore introduce the weak formulations of our problems
in certain weighted Sololev spacesand prove new nite elemen appraximation estimates.
In particular, our estimatesbound the nite elemen error in weighted Sololev spacesus-
ing norms of the data that are appropriate for multigrid analyses.Our multigrid analysis
proceedsby verifying the well known conditions of the regularity basedmultigrid theory.
In order to apply this theory, we prove regularity results for the axisymmetric Laplace
and Maxwell equationsin certain weighted Sololev spaces.While most of our regularity
estimatesare consequencesf the well known regularity results for the three dimensional
problems,one (Theorem 4.1) appearsto be peculiar to the axisymmetric case.

Weighted Sololev spaceshave beenusedto obtain optimal multigrid cornvergencees-
timates. For example, [17] used weighted Sololev spacesto analyze the behavior of
multigrid when applied to problemswith point singularities such asthose resulting from
secondorder problemswith re-ertrant corners.

(1.3)
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The outline of the remainderof the paper is asfollows. We rst introducethe weakset-
ting for the axisymmetric Laplaceproblem and prove nite elemen estimates(Section?2).
In Section3, we introducethe weakformulation of the azimuthal Maxwell problem, prove
a regularity estimate, and prove nite elemen corvergence. In Section4, we cortinue
our investigation into azimuthal Maxwell problem by proving corvergenceof a di erent
nite elemen discretization. The multigrid cornvergenceanalysisis given in Section 5.
Numerical experimerts illustrating the theoretical results are given in Section6. Finally,
proofs of technical lemmasare gatheredin Appendix A.

2. The axisymmetric Lapla ce equation

In this section, we considerthe axisymmetric Laplace equation on the unit squareD
in the r-z plane (sothe fr = Og line intersects@). Let ( be the part of @ along
the z-axisand ; be the remainderof @ . We then formally have the following partial
di erential equation:

Lu=f onD;

(2.1) u=20 on 1;
where
1e,.0 @
re @ @2

If the solution is smaoth, the axial symmetry implies the boundary condition @u = 0
on o. A weaker natural boundary condition is imposedin a subsequenh variational
formulation. We shall approximate this problem using bilinear nite elemens. More
generaldomains can be handled, e.g., by employing standard linear triangular elemens
away from o and bilinear elemens near ,. Then the analysiscan proceedby combining
the new estimateswe shall developnear  with the standard nite elemen estimatesfor
triangular elementis. We omit sud generalizationsin the interest of simplicity.

2.1. The weak solution. The variational formulation that we consideris selectedsothat
its solutions coincide with the meridian trace of the axisymmetric solutions of the weak
form of the three dimensional Laplace equation (2.1). Let L2(D) depote the weighted
Lebesguespaceof all measurablefunctions on D for which kuk 2oy  ju?rdrdz< 1.
The weighted Sololev spaceH X(D) consistsof all functionsin L2(D) whosedistributional
derivatives of order k are alsoin L?(D). Sololev seminormsand norms are denoted in
the standard way, e.g., -

Moy = (@vi®+j@vj?)r drdz
ZD
MVitzoy = (@Vi*+ j@Vi*+ j@Vj*) r drdz:
D
The following properties of theseweighted spaceswill be useful:

Prop osition 2.1.
(1) C! (D) is densein HX(D).
(2) For all v2 HYD), oZn any horizontal edgeE, = f(r;a) 2 D : 0< r < 1g,

1
(2.2) 5 rvidr kvl + k@kiyp):

Ea
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Figure 1. The computational domain and its revolution

(3) For all v2 HX(D) with vjg, = 0 for someO< a< 1,
kvkiz)  k@vkizo):

The rst assertionof the proposition is a well known fact (seee.g.[13, Theorem11.2]).
It is easyto verify (2.2) for all v 2 C! (D), sothe result follows by the density asserted
in the rst part. Note that it follows from Proposition 2.1(2) that tracesexistonz = 0
and z = 1 edgesof @ (in a one dimensionalweighted L2 space). Tracesobviously exist
onther = 1 edgeasin a neighborhood of that edgethe function is actually in a standard
Sololev space.Note that tracesof H}(D) functions do not exist, in general,onthe r = 0
edgeof @ . The last inequality of Proposition 2.1is a Poincare inequality which alsocan
be easily establishedusing the density of smooth functions.

Now we introducethe rst variatizonal problem that we shall study. De ne

a (v;w) = r(@vew + @v@w) drdz;
ZD
(v;w), = rvwdrdz; and
D

(2.3) V="fv2HYD):vj, = 0g:

By Proposition 2.1(2), V is well de ned. We are interested in approximating u 2 V
satisfying

(2.4) a(u;v) = (f;v),; forallv2y,

for somef 2 L2(D). By Proposition 2.1(3), the conditions of the Lax-Milgram lemma
are veri ed sothere is a unique weak solution u in V.

As is well known, the weak solution of (2.4) is related to the solution of a three dimen-
sional axisymmetric Dirichlet problem. Let = f(r; ;z2):0 r<1, 0<z<10

< 2 g; where(r; ;z) arecylindrical coordinates(so is the revolution of D about the
z-axis { seeFigure 1). We denote the subspaceof axisymmetric elemertis of HX() by
HX() andL?() HO() (for de nitions of axisymmetric Sololev spacessee[3]). The
restriction map g(r; ;z) 7! go(r;z) given by

(2.5) oo (r;z) = g(r;0;z); forall (r;z) 2 D;
is well de ned for smooth functions and extendsto an isometry from L2() onto L?(D):
(2.6) 2 kgokfzpy = kakz() :
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The action of the inverseof the restriction map g 7! go will be denotedby superscripting
functions with , e.g.,(db) = g. Then, if U is the solution of the three dimensional
Dirichlet problem

(2.7) Uu=f on ; U=0 on@;
it is easyto seethat [3, Proposition 11.4.1]
(2.8) u = u

where u solves(2.4). The following regularity estimate will be usefulin our subsequeh
multigrid analysis.

Theorem 2.1. Thereis a constant C,eq suchthat for all f 2 L2(D) the solution u of (2.4)
satis es

jUinzio)  Cregkf KLz(py:

Proof. Since is corvex, by a standard regularity result, the solution U of (2.7) is in
H?() and thereis a constart Creg sud that

(29) kUkHZ() Cregkf k|_2() :
Thus,
Z
jUikzy = (1@Uj* + j@VUj° + j@Uj° + 2@@QUJ* + 2)@@VJ* + 2j@@Uj°) dxdydz
222, U ,
(2.10) = r j@uj®+ j@uj® + 2 @@Uj* + — drdzd
0H 0 r
=2 1 j@ur+@u+ Zeaut+ 7 ara
D
211) 2 juibz);

and the result follows by (2.6), (2.8) and (2.9).

2.2. An appro ximation estimate. We usebilinear nite elemens to discretize (2.4).
Let the domain D = (0;1)? be partitioned into squareswith vertices (ih; jh);h = 1=n.
This forms the meshT,. Let V,, V denotethe standard bilinear nite elemen space
with respect to meshT,. The nite elemen appraximation of u is the function u, 2 V;,
satisfying

(2.12) a (Un;vh) = (f;vp)r forall vy 2 Vi

To obtain an error estimate, aswell asfor multigrid analysislater, we needto construct
an interpolation operator with approximation propertiesin the weighted norms. De ne

h:HZ2() 7!V, elemen by elemen as follows: On ewery elemen K whoseboundary
does not intersect o, ( hV)jk is the unique bilinear function whosevalue at the four
verticesof K coincideswith that of v. The remaining elemens are of the form (0;r,)
(z0;z1). On sudh an elemen K, ( V)jk is de ned to be the unique bilinear function
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satisfying

( nV)(ri;20) = V(ra;zo);
( wV)(riz) = \é(rl;zl);

@ wv)(; 20)d = 2@v(; z0)d;
ZOI’]_ ZOI’]_

(@ wW)(; z)d = 2@v(; z1)d:
0 0

Note that v is de ned for all v 2 H?(D) becauseead of the righf hand sidesabove
de ne a cortinuous functional in H?(D), e.g., the functional v 7! 0” =2@v(; z9)d;
is cortinuous on all H3(D) by Proposition 2.1(2), while the functional v 7! v(ry; z) is
cortinuous becausea Sololev inequality holds away from r = 0. It is also easily seen
that the linear systemde ning  on ead elemen is uniquely sohable and that v is
a cortinuous function on D. The changein the de nition of v on elemerts with an
edgeon the r = 0 axis is necessitatedby the fact that v 7! v(0; z) is not a cortinuous
functional on H2(D).

We prove an appraximation estimatefor | using a few intermediate lemmas. In these
lemmas,K D is the squaregiven by

(2.13) K=1(r;z): ro<r<ry; zo0< z< z,G;
wherez; = zo+ handry; = ro + h. Proofs of all lemmasare in Appendix A.

Lemma 2.1. Letv 2 H}(KZ) satisfy any one of the following conditions:
Z1

(2.14) v(ry; )d =0:
Z0

(2.15) ‘ rlv( 1 Z)d =0andrg> 0:
o

(2.16) o ¥2y(:z)d = 0andrg= O:
o

(2.17) o V(;z)d =0

Then ’

kvk2y  3h3Vida
Lemma 2.2. For all v2 H2(K),

3

Theorem 2.2. For all v2 H?(D)
. . P—
IV WVhiD) 19jVjHz(p):
As a cons@uene, the discrete solution u;,, approximatesthe exactsolution u of (2.4):

jU Uthrl(D) Chkf kLrZ(D):
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Proof. Since @(v hVv) satis es (2.14) and @(v hVv) satis es (2.15) or (2.16), by
Lemma2.1 we have

jv hVJ'arl(K) 3h?(k@ (u hu)kErZ(K) + k@, (u hu)kErZ(K))
+3h?(k@, (u hu)kErZ(K) + k@, (u hu)kErZ(K)):
Since@ ( nhv) = @,( nv) = 0, this implies
(218) v widik, 30PK@ VK, + 30K@ VI, + BhK@ (v VK a):
By Lemma?2.2,
k@ WKy K@V + K@ K g
Bk@, VK 2k )

The interpolation error estimate of the theorem follows by using this estimatein (2.18).
The secondestimate of the theorem follows from the rst and the regularity estimate of
Theorem2.1.

3. The azimuthal Maxwell problem

In this section,we shall study a nite elemen discretization for the azimuthal compo-
nert of the axisymmetric Maxwell equations. Formally, the governing partial di erential
equationis

Lu=f onD;

(3.1) u=20 on @;

where
L v= _@ }_@(rv) @:
@ r@ @2
We investigate two approadiesto a nite elemern discretization of this equation, one
using standard bilinear elemerts, and another using a nite elemen spacebuilt using
linear combinations of r; 1=r;rz and z=r. In this section, we will investigate the latter.
The next sectionis dewted to the former. Just aslinear functions are in the kernel of the
standard Laplace operator @, + @;, the spanof r;1=r;rz and z=r is in the kernelof L .
Henceconsidering nite elemerts built usingthe spanof r; 1=r;rz and z=r is asnatural as
consideringlinear nite elemerts for Laplace equation. We begin by specifying the weak

problem and assaiated spaces.

3.1. A weak form ulation. To give a variational formulation of (3.1) together with ap-

propriate boundary conditions, we start with an appropriate Sokolev space. Let 1§1(D)
denoteH}(D)\ LZ_ (D) whereL2_ (D) is the setof all measurablev for which
z

kvkEs (o) r 'vidrdz< 1 :
=r D

91(D) is a Hilbert spacewith the norm
1=2
kvkgspy = kvkiapy + kvkE, ()

Lemma 3.1. The set of C! (D) functions which vanish in a neighlorhood of  (the
fr = Og line segment) is densein B(D).
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As before, proofs of all lemmasare in Appendix A. In order to clarify the nature of
tracesof #1(D) aswell asfor later argumerts, the following lemmawill be useful.

Lemma 3.2. Let K be a squae contained in D with vertices as in (2.13). For all
v 2 191(K), the trace of v on a vertical line sgmentS, = f(a;z) 2 K :zy< z< z9
existsfor any a2 [ro;r4] and
r+ h .
kvkPes, K@Kz + —f—kvkiz (!
The lemmashawsthat unlike H(D), functionsin (D) havetracesin L? evenon the
r = 0 edge. Moreover, sincefunctions in C! (D) which vanishin a neighborhood of
have zerotraceson this edge,by the density given by Lemma 3.1, tracesof all functions
in 1¥1(D) must vanish on that edge. Traceson the remainder of @ obviously exist by
Proposition 2.1.

Prop osition 3.1. For all v2 BX(D), @(rv) is in L7_ (D) and satis es
K@K 0y + kVKZ, (o) K@(VIKE; (o) 2K@VKEy (o) + 2kVKE: (p):

Proof. The upper inequality is obvious for smooth functions so by Lemma 3.1, @(rv)
existsin L7_ (D) (and satis es the sameinequality).

For the other direction, note that if v 2 C! (D) and vanishesin a neighborhood of o,

Z Z /7, Z,
2v@vdrdz = @3 drdz=  v3(1;2)dz O
D 00 0
Hence, . .
2 2
e @) “hraz= o javiz+ Y+ 2 @v drdz
5 r o r r

V2
roj@vj’+ — drdz
D r
Using Lemma 3.1, we get the lower inequality for all v2 B(D):

Now we can state a well posedweak problem for the azimuthal Maxwell equation with
electric boundary conditions. De ning

(3.2) V =fv218YD):v=00n@g;

the weakproblem canbe stated asfollows for any givenf 2 L2(D): Find u 2 V satisfying
(3.3) a(uv)=(f;v), forallv2V;

where 7 7

a(v;w) = ) r}@(rv)@(rw) drdz + ] r(@v)(@w) drdz:

This bilinear form is cortinuous by Proposition 3.1 and coercive by Proposition 2.1(3).
Henceby the Lax-Milgram lemma, there is a uniqueu 2 V satisfying (3.3).
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Now we give a regularity result for the weak solution. Let

(3.4) Vigzoy = T 1@(V) o) + 1@V o)
kkizo) = Vinzo) + KWhiuo) + K@VKL: (0);

182(D) = fv2 18Y(D): kvkzﬁrz(D) <1g:
The following regularity theorem is a straightforward consequenceof the well known
regularity estimatesfor static Maxwell equationsin three dimensions.It will be usefulto
recallthat if v= v, e, + v € + v, e, in cylindrical coordinatesthen
1@, @ @ @ 1 @ @

— e+ e += —(rv) —- e;

re @ @ O r @ @
Heree;, e and e, denoteunit vectorsin the r, and z directions, respectively.

(3.5 curl v =

Theorem 3.1. If u solves(3.3) for anf 2 L?(D), thenu 2 193(D) and

2 2 .
Proof. Let D(D) denotethe spaceof compactly supported in nitely di erentiable func-
tions on D. If u solves(3.3) with anf 2 L2(D), then the distribution L u satis es

(Lur)=a(u )=(;r)

forall 2 D(D). SinceD(D) is densein L?(D), this implies that L u and f coincide
as functions in L?(D). Now note that (L u) isthe -componert of curl curl u where
u = u e . Sincethe equality L u= f holdsin L2(D), a corresmpnding identity holdsin
the isometric spaceL ?():

(3.6) curl curlu =17 e:

Moreover,

(3.7) divu =0 on ;

(3.8) u n=~0 on@:

Henceby standard regularity estimatesfor vector potertials on corvex domains|[1],
keurl u k2. + ku kix,  Ckfkiy) :

By (35), culu = (@u)e +r '@(ru)e,: Sincethe r, , and z componers of

H () areisometrically equivalert to 18}(D), 18}(D), and H}(D), respectively [2, Propo-
sition 3.17],

1

2

1
2 2 2 .
k@ukﬁrl(D) + F@(ru) o + kUkm(D) kUkﬁg(D)-

This completesthe proof of the theorem.
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3.2. A nite element space. As mertioned earlier, we will considertwo suitable nite
elemen spacedor discretizing the weak problem, onein this section,and another in the
next. The spacewe considerin this sectionis

¥, =fv2V :vjg isin the spanofr;1=r;rz and z=r for all K 2 Tyg;

where, as before, Ty, is the meshof squareelemerts that partition D. Note that locally
constart functions are not in this space,yet we shall prove appraximation properties by
direct argumeris. The nite elemen approximation is de ned as the unique function
up 2 ¥, satisfying

(3.9 a (up;vn) = (fF;vh)e; forall vy 2 9,

To provethat u, approximatesu, we rst prove an approximation property of ¥, using
a nodal interpolation operator

€ :’3D) 7 ¢,
On ewery elemen K, (€,v)jx is de ned asthe unique function in the span of r; 1=r; z;
and z=r satisfying

(3.10) (Cpv(risz) = v(ri;z), ) =01
wherethe notation for coordinates of verticesof K is asin (2.13). The following propo-
sition shavs that €, is well de ned on all functionsin #2(D):

Prop osition 3.2. For all w2 B?2(D) and any point (r;z) 2 D,
jw(r; z)j Ckwkﬁrz(D)
Proof. For any vertical edgeE cortaining (r;z) we apply Lemma 3.2 with K = D and
V= @w to getthat
k@wkize) C(K@WKZ: (o) + k@Wkiyp))  Ckwkg, )
Now by a standard Sokolev inequality for H*(E),
jw(r; z)] (:(k«ZNVkEZ(E)-+ kVVkEZ(E))

Applying Lemma3.2againto bound kwkfz(E) and conbining theseinequalitiescompletes
the proof of the proposition.

It is easyto seethat € w is a cortinuousfunction on D and vanisheson @ . We will
now prove an appraximation estimate for €, using the following lemma.

Lemma 3.3. For all v 2 192(D),
X

2

e . .2 .
WV igzk)  13Vez(p)’

K2Th

Theorem 3.2. Let kvk, = a (v;Vv)¥2. For all v2 B2(D),
kv €.vka  ChjVje(p:

Consauently, if u satis es (3.3) and u, satis es (3.9), then
ku upky Chkf k_2(p):
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Proof. Let " = v €,v. Sincer '@(r") satis es (2.17) and @(r") satis es (2.14), by
Lemma?Z2.1, we have

kr 1@(r")kfr2(}<) Ch?jr 1@(r")iﬁg(m
k@'kizw, Chj@ks):

Summingover all elemens we have
X
kv €.wvk: C h?jv ehvjzﬁrz(K):
K 2Ty
Using Lemma 3.3 we nish the proof of the rst inequality of the theorem. The second
follows from the rst by the orthogonality property of the Galerkin method and the
regularity estimate of Theorem 3.1.

4. The azimuthal Maxwell problem: Bilinear elements

In this section,we considerthe sameMaxwell problem and the sameweak formulation
as the one in the previous section. Howewer, we study a di erent discretization. We
discretize (3.3) using the standard bilinear nite elemen space

(4.1) Vi, = fv2 V :vjg ishilinearinr andz for all K 2 Tyg;

instead of ¥,. Now, instead of (3.9), the nite elemen solution is de ned asthe unique
function uy, 2 V,, satisfying

(4.2) a (up;vh) = (f;vp), forall vy 2V, :

Consideringthat bilinear elemerts are standard and may be easierto implemert than the
elemerts of the previoussection,this discretization may be preferredover (3.9).

To analyze the bilinear elemen, we shall need a stronger regularity result. This is
becauseit is not possibleto cortrol the error in nodal bilinear interpolation of u using
the norm juj,qrz(D). Indeed, if u = 1=r on an elemen K away from g, then juj,qrz(K) =0,
but the error in the bilinear interpolation is not zero. Sud a problemdid not arisein the
previous sections. We will overcomethis problem by controlling the interpolation error
using an additional derivative of u, namely @, u. In order to do this, we rst prove a
regularity result stronger than Theorem 3.1 wherely sud derivatives can be cortrolled
by data.

4.1. A regularit y estimate. To prove an improvemen of Theorem 3.1, we begin by
showing that solutions of (3.3) can be approximated by smaooth functions. Smaooth ap-
proximating functions are particularly easyto constructin the caseof our simplegeometry
Let J (r) denotethe Besselfunction of the rst kind of order . De ne
p_
im(1) = = 33( n1);
M

where ,, denotesthe m-th positive zeroof J;. De ne
P~ .
sn(z) = 2sin(n 2):

Then by classicalcompletenessesultsfor Besselfunctions (see[12, Ch. 8], cf. [16, x 18.5])
the set of functions enn (r;z) = jm(r)sn(z) for all m;n 2 N forms a completeorthonormal
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basisfor L2(D). Thesefunctions are eigenfunctionsof L . Indeed, letting n, = 2 +
(n )>wehavel ey, = mn)e(mn: Consequetly, expar;glingu andf in terms of ey,
u= Con€mn and f = Oron €mn ;
m;n2N m;n2N
we obsenethat L u = f implies chyn = dmn= mn: NOw considerthe partial sums
X X
u = Con€mn and f. = Omn €mn':
m;n=0 m;n=0

The functions u- are smooth appraximations to u as showvn below:
Prop osition 4.1. The sequene u- convelgesto u in B32(D).

Proof. Clearly u u- satis es
L (u uw)
u u

f f: onD;
0; on @:;

By Theorem3.1,
ku u\kIQrZ(D) Ckf f‘kLrZ(D):

Sincef- ! f in L?(D), we have the result.
We can now give the improvemen of Theorem 3.1.
Theorem 4.1. If u satis es (3.3) for somef 2 L?(D) then

kukigzo) + kukigz o)+ @ - CKf kLz(0):

L#(D)

Proof. Let u- be asin Proposition 4.1and g = @r *@(ru-). Our proof is basedon the
identit y

u: 1 2
(4.3) @(T) = 3 i s°g(s;z) ds:
This idertit y foIIov%s by integration by parts: 5
r r
r% s?g(s;z) ds = %3 r@(ru) 2Q(ru-)(s;z)ds
0 0

= I%r@(ru\) 2ru- = @(u-=r):

The operations above are justied becauseu- is smooth. Now we apply the Hardy in-
equality [11],

Z, 1Z ; 2 Z, X
r— F(s)ds dr E— r jFE(r)j° dr
. ro() a )201()1
with = 3andF(s) = s?g(s;z) to bound the right hand side of (4.3). This yields
u 2 Loz .
@ T L2D) Zrkg‘kL?(D)'
Sincef-= g @,u andsinceTheorem3.1givesk@,u-k zpy Ckf -k z(p), we have
u 2

2 :
(4.4) @T L2(D) Ckka?(D)'
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Now, by standard argumens using Proposition 4.1, it follows that the distributional
derivative @(u=r) existsin L2(D) and
(4.5) K@Kz CKf K (oy:
It now only remainsto prove that
(4.6) K@ uk_zpy CKfkizpy:
This follows from (4.5) and the identity
@u= @ '@ru) @u=r)
sincek@r '@(ru)k zpy Ckf ki z(p) by Theorem3.1.

Remark 4.1 Note that although Theorem4.1shownsthat the secondderivatives@; u; @,u
and @,u arein L?(D), it is not true in generalthat u 2 H2(). This isbecauseH?() is
not isomorphicto H2(D) (see[3] for more resultsin this direction). Indeed, asindicated
by (2.10), onewould alsoneed@u 2 LZ_ (D) foru to bein H?(), acondition not given
by Theorem4.1.

4.2. An appro ximation estimate. Now considerthe nite elemen approximation de-
ned by (4.2) using the bilinear spaceV,, de ned in (4.1). First we prove approximation
propertiesof V in the required normsusingthe nodal interpolant | : B2(D) 7! V. On
every elemen K, ( nVv)jk is de ned asthe unique function in the spanof 1;r;z; andrz
satisfying

( WW(ri;z) = Vv(ri;z);, i) =01
wherethe notation for coordinatesof verticesof K areasin (2.13). Proposition 3.2 shavs

that , is awell de ned operator on 1#2(D). Error estimatesfor this interpolant and the
resulting nite elemen error estimatesare given by the next theorem.

Theorem 4.2. For all v2 H2(D)\ 2(D) we have
kv hVKa  Ch jVjyzp) + jvj,qrz(D) :
Consauently, if u satis es (3.3) and u,, satis es (4.2), then
ku unka  Chkfkizp):

Proof. Let" = u  ,u. First let usestimate" on elemens K with anedgeonthe fr = Og
axis. A simple calculation shaws that

(EWik = ( WV)ik

on all suc elemens (where €, is as de ned in (3.10)). Consequetly, by the same
argumeris asin the proof of Theorem 3.2, we have

Pleiy  Chivige):
Now considerthe remaining elemens. By Proposition 3.1,
Ck'ka  J"lnro) + K'Kiz_ (py:
On the elemerts under consideration,
( Wik = ( Wik
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where | is asde ned in Section2. Consequetly, by the sameargumerns asin Theo-
rem 2.2, we obtain that

j"jH,l(D) Chj"jH,Z(D)i
Therefore it only remainsto estimate k"kLiz,(D): If K has coordinates asin (2.13), by
standard estimates(in non-weighted Sololev spaces)for the interpolant, we have

) 1, 1, . h? . .
K'kZ2_ ) CrK ke Cah“JUJﬁZ(K) Ch® 12 Uik

Sinceh=r, 1 for the elemerts under considerationnow, the interpolation error estimate
of the theoremfollows. The nite elemen error estimate follows as a corollary using also
Theorem4.1.

5. Mul tigrid anal ysis

All the discretizationsthat we consideredin the previous sectionswere basedon the
meshT,. Now we assumethe standard geometricmultigrid setting: The meshon which
solutionis sough, namely T, T;, is obtained by successigre nements of a coarsemesh
T.. We assumethat T; is a meshof congruen squareelemens, and Ty is obtained from
Tk 1 (kK 2) by dividing ead squareelemen of Ty ; into four congruen squares. We
will analyzethe convergenceof the multigrid V-cycle algorithm in this setting for all of
the previousapplications.

Let Vi denoteone of the previously de ned nite elemen spacesvy, V,,, or ¥, onthe
meshT,. Then V is a subspaceof the Sololev spaceV which we take to be as de ned
by (2.3) for the Laplaceapplication, and asde ned by (3.2) for the Maxwell application.
Then

V; V5 VJ V:
Let a( ; ) denoteone of the previously de ned bilinear formsonV V (a s either a; or
a ). To state the multigrid V-cycle in a form suitable for both the applications, de ne
Qk . er(D) 7V Vi, P iV 71V, and A Ve TV W by

(Qw; ) = (w; ),; forall 2V andw?2 L?D);
a(Pyw; )=a(w; ); forall 2V andw?2V;
(Akw; ), = a(w; ); forall andw 2 V:

We want to compute the nite elemen solution u, = A, 'Q,f eciently usingthe stan-
dard V-cycle multigrid algorithm. For any g 2 V;, the V-cycleiterates v() approximating
V=A, g satisfy the linear iteration

(5.1) vt = v + By(g  Ajg);
whereB; : Vj 7! V; is the operator de ned recursiwely below:
(1) B;= A -

(2) If k> 1,dene By : Vi 7! Vi by Byg = v! wherev?! is computed as follows:
(@) Pre-smathing: v = Rig.
(b) Coarsegrid correction:

v = vIB 4 By 1Qx 1(g AkvR):

(c) Post-smathing: vl = v2= + Ry (g  AxvZ).
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In the above algorithm, the operator Ry represets a point Gauss-Seidelor Jacobi
smoother and R} denotesits adjoint with respect to (; ),. Specically, Ry is de ned
using a splitting of the nite elemen spaceas follows: Let Ny = dim(V) and let x;,
i = 1,2;:::;Ng; be any enumeration of the vertices of the mesh Ty which are degreesof
freedom. Let Dy; denotethe domain formed by the four or two elemerts connectedto the
vertex X;. Let Vk; denotethe set of functions in Vi which are supported on Dy;;. De ne
Qk;i . LrZ(Dk|) 7! Vk;i, Pk;i V7! Vk;i, and Ak;i :Vk;i 7! Vk;i! by

(Quiw; )r = (w; );; forall 2 Vi; andw 2 L?(Dy;);
a(Pgiw; ) =a(w; ); forall 2V andw?2V,

(Aiw; ), = a(w; ); forall andw2 Vi:
De ne the the additive Jacobi smoother by
Xk
Ji = Ak;lek:j ;

j=1
and the multiplicativ e Gauss-Seidesmaother by

(5.2) G= | (I P Pene ) (O Po) Al

We can set Ry in the V-cycle to either Jy for somescalingfactor , or G.

Remark 5.1 In the above presenation of the multigrid algorithm, it appearsthat oneis
required to computethe action of Q¢ ;. The massmatrix inversionassaiated with this
can be avoided in implemertation due to the special form of the smaothers. In addition,
the action of G, is not implemerted as presened in (5.2). In fact, its implemertation
avoids the computation of A, *. For details on theseimplemertation issues,see,e.g.,[7].

Local estimatesenableus to prove the following basictwo sidedbound on the additive
operator. This will beanimportant ingrediert in the multigrid analysis. Similar estimates
are well known for standard applications in non-weighted Sololev spaces.

Lemma 5.1. Thereis a constant C; independentof k suchthat for all v 2 V,
1 1
“a(viv)  (tviv)e  Cois (Vi V)

where hy is the meshsizeof Ty.

With the help of this lemma, we can now prove the uniform corvergenceof V-cycle for
the axisymmetric Laplaceand Maxwell equations.

Theorem 5.1. The multigrid V-cycle with the smather Ry setto either the saled Jacobi
smather Jy with 0 < < 1=2 or the Gauss-Seidesmamther G, convelgesat a rate
independentof h: Thereis a < 1 independentof k suchthat

(5.3) 0 a((l ByAKV;V) a(v;v); for all v 2 V:

Proof. The caseof the Jacobi smather: Accordingto [8, Lemma2.1], oncewe prove that
the spectrum

(5.4) (I RA) [ :1); forallk;
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and
(5.5) (R Pe)vi(l P 1)v), Cpkv Py 1k% forallv2 Vg
then (5.3) follows with
_ Cr . . _ 1 2
(5.6) 1r o with = max > 1

To verify (5.4), note that by Lemmab5.1, ( JkAx) (0;4 ]; so
(I JA) [1 4 ;1)

If we choose0< < 1=2; then (5.4) holdswith = 4 1.
To verify the secondcondition (5.5), we rst usea duality argumert. Let w 2 V satisfy

aw; )=(v Px v ) foral 2V
Then, using Theorems2.2, 3.2, or 4.2, as appropriate,

kw Py 1wka  Chekv Py 1VK 2(py:

Hence,
(v Pcaviv Pcav)r = a(w;v Py 1v)
=aw Px w;v Py 1v)

kw Py qwkakv Py 1vka
Chkv Py 1vkizipykv Py 1VKa:

Thus,

(5.7) kv Py 1vkizpy Chgkv Py 1vka:

The proof of (5.5) can now be completedusing (5.7). Indeed,

( 3. Peovi(l Pe o)) CTJEKV P 1VKE2(p); by Lemma5.1;

Ckv Py 1VKk3; by (5.7);

so (5.5) holds.
The case of the Gauss-Seidesmather: According to [8, Lemma 2.2], once we verify
that

(5.8) kKi  ReAcka 1
and
(5.9) (ﬁk 1(I P« )Vv;v  Px V), Cuk(l Pk 1)k§; forall v 2 V;
whereRy = Ry + Rt RLARy; the convergenceestimate (5.3) follows with
Cwm
A = :
(5.10) 1+ Cy

Inequality (5.8) follows from the product represemation
I GA= (I Pun) (I Pia);
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soit suces to prove (5.9). Using standard argumerns [7] utilizing the fact that a basis
function \in teracts" with at most eight other basisfunctions, it is easyto seethat

X _
(5.11) a(Peiv;v) 9 a(GALV;V):
i=1
Since(5.11) implies that a(J Acv;Vv) P a(GALV;V), by Lemmab.1, we obtain
2
%(w; W) (Jew;w),  P(Gw;w),;  forall w2 Vg
J

Consequetly,
C,9?
hi

Ckv Py 1vkZ; by (5.7);

= 1
(G'(v Pxav);v o Py av), kv Py 1kf2p)

so0 (5.9) follows.

6. Numerical resul ts

In this section,we give the results of numerical experimerts illustrating the corvergence
rates of the V-cycle multigrid algorithm. We report three numerical experimerts, one for
the axisymmetric Laplace problem and two for the azimuthal Maxwell problem. In all
casese divide the unit squareinto n  n squareelemerns with n = 2 and usethe nite
elemen discretizationswhich we have previously discussed.The boundary conditions are
asdescrilked in the previoussections.

We implemerted the V-cycle multigrid algorithm with one sweepof point Gauss-Seidel
smaothing as described in Section 5 for all cases. One can use the V-cycle multigrid
operator B, in two ways. One obvious way to useit is in the linear iteration (5.1). By
Theoremb5.1, this iteration will cornvergeat a rate independen of the number of unknowns.
The rate of corvergencein the energynormis at most ; kI BjAjk,. Another way
to usethe V-cycleis to useB; asa preconditionerfor A; in a preconditionedconjugate
gradiert iteration. In this casethe corvergences determinedby the condition number of
the preconditionedsystem (B;A;). Note that by Theorem5.1,

1 alv;v) aBAv;v) a(v;v),

so (BjA;) 1=(1 ,): Since ; is boundedaway from one independerily of J, the
condition number is boundedfrom above independerily of J.

In Table 6.1, we report the valuesof (BjAj;) and the corvergencerate kI  BjA;Kj.
These values were computed using estimates of the largest and smallest eigervalues of
B;A; provided by a few iterations of the Lanczosmethod. As we seefrom the tables,
the obsened convergencerates are almost identical and clearly demonstrate a rate of
convergenceindependert of the number of levels.

Appendix A. Pr oofs of the lemmas

Proof of LemmaZ2.1. In view of Proposition 2.1, it su ces to prove the required estimate
for smaoth functions v.
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Bilinear elemerts hr; 1=r; z; z=ri -elemerts
Laplaceequation Maxwell equation Maxwell equation
J | (BjA;) kI BjAjks | (BjA;) |kl BjAjka | (BjA;) [ kI BjA;k,
2 1.13 0.12 1.08 0.08 1.08 0.08
3 1.19 0.16 1.17 0.14 1.17 0.14
4 1.20 0.17 1.20 0.17 1.20 0.17
5 1.21 0.17 1.21 0.17 1.21 0.17
6 1.21 0.17 1.21 0.17 1.21 0.17
7 1.21 0.17 1.21 0.17 1.21 0.17
8 1.21 0.17 1.21 0.17 1.21 0.17
9 1.21 0.17 1.21 0.17 1.21 0.17
10, 1.21 0.17 1.21 0.17 1.21 0.17
Table 6.1. V-cycle corvergencerates
(i) Suppose(2.14) holds. Integrating the equation
zZ,. zZ,
v(r;z) v(ryZ) = @v(; z2)d + @v(r; )d
r z
over Z 2 (zo;2z;) and using (2.14) we obtain
24 24
hv(r;z) = @v(;Z)d dz + @v(r; )d dZ; so
zorr 221Zr1 z0 Z Zz;z
h%jv(r;2)j> 2h In(—l) j@v(; 2)j*d dz + h? j@v(r; )j*d dz:
r Z0 r 20 Z
Hence
Z ., )
h?kvkZo ) 2h?K@VK? 2 rin-tdr o+ h*k@vkE -
ro
It is easyto show that
( .
Zy ry = h’=4 ifro= 0;
rin—dr ) _
o r h*=2 if ro > 0;
sothe result follows.
(i) Suppose(2.15) holds. Then, since
Z z Z r
(A.1) v(r;z) = V(R; zo) + @v(R; )d + @v(; z)d;
20 R
integrating over R 2 (rq;r1) and utilizing (2.15), we nd that
Z r% z Z r% r
hv(r;z) = @v(R; )dRd + @v(; z) @dR; so
R
ro zor:L Zrl r Zrlzr
h%jv(r;2)ji>  2hIn(=)K@VKf o + 2 In = dR @jv(; 2)j°@ drR
o ' ro R ro R

18
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Sinceln(ry=ro) = In(1 + (h=rg)) h=rg and

T ra

11h®
12°
we obtain after further integration that
3
h?kvk? i) < §h4k@VkE?(K) + 2h*K@VKE 2 )

from which the neededestimate follows.
(i) Suppose(2.16) hoéds. Multiplying (A.1) by Rl; and integrating over R gives

2 ~ r z _ r r ~
§h3‘2v(r;z) = i R¥@v(R; )d dR + . R¥™@v(; z)d dR:
Proceedingas before,we nd that
4 £ r
§h3kaE?(K) hsk@VkE?(K) * hzk@"kﬁ?(K) 0 0 rin R dRdr:

The integral can be evaluated by taking the limit asro! 0in the equality of (A.2). Then
we get the required inequality.
(iv) Proof of the last caseis similar to the one above.

Proof of Lemma2.2. It is easyto verify that

8 L Z7.

3 2h3;22 =@u(; )dd  ifro=0;
@( )= 'rz.,

.§ 2 @v(; )dd if ro> O

ro 2o

The estimate of the lemmafollows taking norms on both sidesand applying the Caudy-
Sdwarz inequality.

Proof of Lemma3.1. Let u 2 14}(D). First, we extendu to a function & on the right half
planeR2  f(r;z) :r > Og sud that

(A.3) keKgimz) CKuKgs(p):

This can be done as follows: (i) Re ect u about the fz = 0g line to get a function
in the rectanglefO < r < 1; 1< z < 1g. It can be easily seenthat the standard
argumernts that prove that re ection gives bounded extensionsapply to our weighted
Sololev spaceaswell. (i) Next, re ect the conbined function about the fz = 1g line to
getafunctionin fO< r < 1; 1< z< 3g. (i) Now re ect about the fr = 1g line to
getafunction in fO< r < 3=2; 1< z < 3g. Note that this re ection doesnot re ect
the valuesof u nearthe fr = Og line to the r > 1 side. (iv) Finally, & is obtained by
multiplying the function resulting from the previousstepswith a smaoth cut o function
that is identically onein a neighborhood of D and hascompactsupport in the extended
rectanglefO< r < 3=2; 1< z < 3g. This function satis es (A.3).
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Next we cut o the function & to zero smoothly nearthe fr = Og line. Let
C! (R?) beacuto function satisfying

(A.4) o - 1
1 ifr "
(A-5) ()= 0 ifr "=2
(A.6) j@ «(r)j C=" forallr;
and de ne
g = (r)e(r;z):

Then, if S- denotesthe strip f(r;z) :0< r < "g, we have

ke Bk(z ey KekE: (s
Z 2
k@@ Bk, g2, = @a(1l H+e@l ) rdrdz
+ RE

2k@ak?y(s.) + Cka=rkl, ., ;
k@(e: Bk, k@& 8K ):

20

(r) 2

Sincekekyg,s,)! Oas"! 0,we nd that givenany > Owecan nd "> O for which

(A.7) ke 8Kgige)

Finally, we mollify the function &- obtained above. Let

( 2

e(—z—z—zr >7) ifr2+ z2< 2

(r;z) = ¢
0 otherwise
wherethe constart c; is chosensuc that ., (r;z)drdz = 1. De ne
g =&
If we choose < "=4then
4

ke- a- kL i:r (R2) er" a- k|_ 2(Ry) .
Moreover, by the well known propertiesof molli ers, ka:  &-kyirey! Oas !
choosing > O further smallerif necessarywe can ensurethat
ke &kogr,) " and ke  8kyir,)

sothat
ke Bkgirey 5

0. Now

Combining this with (A.7) we concludethat for the arbitrarily given , there exist" and

sud that
ke Ukg,p), 6

ande- 2 C' (D)\ L2 (D).
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Proof of Lemma3.2. Becauseof Lemma3.1,it su ces to prove the stated inequality for
v2 C! (D)\ L2 (D). Forsudv,
Z r

v(r;z)? v(a;z)?= @v3(; z)d:
a
Integrating with respect to z we get
g gz . pe 3 Zlg z,Z,

v(a;z)?dz = v(r;z)?dz (:2)@v(; 2)d dz:

20 Z9 Zp a

Applying the Caudy-Scwarz inequality and integrating both sideswith respectto r,
thkLz(Sa) kaEZ(K) + 2thkL2 (K)k@\/kL,Z(K)
rikvkEz () + hkvkEs () + hK@VkE k)

Hencethe lemmais proved.

Proof of Lemma3.3. On any elemenn K (with coordinates as in (2.13)), the following
idertities hold:

(A8) @ @) =0 ]

1 - .
(A-g) @F@(I’th) = m . @Z(I'U) drdz;
(A.10) @, u=0 i
(A.11) @€ u= R 4 r% ) @, (ru) drdz
hr% 1(@U(r1; )+ @u(ro; )) d

Theseidentities hold evenwhenr, = 0. Taking L?(K )-norms on both sidesof (A.9) and
applying the Caudy- Smwarz inequality gives

1 -
k@ @(r® hU)kLZ(K) kF@z(rU)kE,Z(K) JUJZ,qrz(K)3

For (A.11), we take LE(K )-norms on both sides,apply triangle inequality, and estimate
the line integrals using Lemma3 2:

k@z hukLZ(K) 4k @Z(ru)kLz(K)

Summingover all elemetts and applying Proposmon 3.1completesthe proof of the lemma.

L2(K) L2(K)

Proof of Lemmab5.1. Since
X X X
a(JkAgv; V) = a(Py.iv;v) = a(Px:v; Px:iv) jvjf'rl(Dk:i) da(v;V);
j=1 j=1 j=1

the lower inequality is proved.
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To prove the upper inequality, we apply a well known chgracterization of additive
operators [7]. Speci cally, for any v 2 V, decommsedasv = iNzkl Vi with v; 2 Vi, we
have

P&
G viv) = a(vi;v):
i=1
Henceit su ces to show that
X C )
(A.12) a(vi; vi) h_ﬁkaer(D):
i=1
This inequality will follow (by summing) oncewe prove the local inequality

C
(A.13) a (vi; i) h—ﬁkkag(m:
for all K andi sud that v; is nonzeroon K. Herea® (; ) denotesthe restriction of the
integralsappearingin a( ; ) to K. We split the proof of (A.13) into seeral casegwherein
we omit the multilevel subscript k for corvenience).

We rst considerelemerts K which intersect o, i.e., K = [ro;r1] [2o;z1] with rq = 0.
The analysisproceedsby mapping to the unit squareand using the equivalenceof norms
on a xed nite dimensional subspaceof bilinear functions de ned on the unit square.
For example,if a= a,

Z lZ 1
a“(vi;vi)=h A @0 j% + j@%j°) did2
0 0
ChkOKL%((O;l)Z) = Ch 2kaLr2(K):

Heref = r=hand 2 = (z zp)=h. The above argumert alsoworks for a = a with the
bilinear approximation spaceV,, . It alsoworks for the approximation space¥,, because
on the elemers under consideration, the span of r; 1=r;rz and z=r reducesto bilinear
functions.

For ro > O, bilinear elemerts with a = a, and a = a are treated using the analogous
well known resultsfor bilinear nite eleinems in unweighted norms. For example,if a = a,,

a“(vi;vi) r1 (j@vij* + j@vij?) drdz
K

Cr Cr
h—ZlkaEZ(K) ro—h]ékaErz(K)
The estimatesfor a= a are similar.

Finally, we needto considerthe caseof ro > 0 and ¥,. We begin by observingthat for
any function w in ¥, the function q(r;z)  rw(r; z)jx is alinear conrbination of r?; 1; zr;
andz. Let f= (r ro)=h, 2= (z 2z5)=h, and §(f;2) = (r;z). Let V denotethe spanof
A2: A p2: 2; 1 on the unit square. We clearly have ¢ 2 V. Because\ is nite dimensional,
scalingargumertis shawv that there are constarts C; and C, independert of h and q sud
that

Xt X2
(A14) ClkCIkﬁz(K) h?2 C](ro + j h=2; z, + Ih)2 CszkEz(K):
i=0 j=0



AXISYMMETRIC PROBLEMS 23

Without loss of generality, let x; = (ro;z;) be the vertex correspnding to v;. Then,
letting p(r;z) rvi(r;z), we have by (A.14),

Xt X2
Ch? (ro+ jh=2)2v(ro + jh=2; 2o + ih)?

i=0 j=0
(A.15) Ckrvkfzy:

To prove (A.13), we useinverseinequalities for quadratic functions. Sinceryv; is qua-
dratic on K,

z
W) @I+ @i drdz
0 K
1 2 C 2
Cri e .

This completesthe proof of the lemma.
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