
THE CONVER GENCE OF V-CYCLE MUL TIGRID ALGORITHMS
FOR AXISYMMETRIC LAPLA CE AND MAXWELL EQUA TIONS

JAYADEEP GOPALAKRISHNAN AND JOSEPH E. PASCIAK

Abstra ct. We investigate some simple �nite element discretizations for the axisym-
metric Laplace equation and the azimuthal component of the axisymmetric Maxwell
equations as well as multigrid algorithms for these discretizations. Our analysis is tar-
geted at simple model problems and our main result is that the standard V-cycle with
point smoothing convergesat a rate independent of the number of unknowns. This is
contrary to suggestionsin the existing literature that line relaxations and semicoarsening
are neededin multigrid algorithms to overcomedi�culties causedby the singularities
in the axisymmetric Maxwell problems [6]. Our multigrid analysis proceedsby apply-
ing the well known regularity basedmultigrid theory. In order to apply this theory, we
prove regularity results for the axisymmetric Laplace and Maxwell equations in certain
weighted Sobolev spaces.These, together with somenew �nite element error estimates
in certain weighted Sobolev norms, are the main ingredients of our analysis.

1. Intr oduction

In this paper, we prove the optimalit y of the standard multigrid V-cycle applied to
certain �nite element discretizationsof axisymmetric Laplaceand Maxwell equations. In
particular, it follows from our resultsthat it is not necessaryto do line smoothing or semi-
coarseningto obtain optimal multigrid convergence,in spite of the singular coe�cien ts in
the partial di�eren tial operators. This is contrary to suggestionsin the existing literature
that line relaxations and semicoarseningare neededin multigrid algorithms to overcome
di�culties causedby the singularities in axisymmetric problems.

In the presenceof axisymmetry, the three dimensional Laplace equation � � u = f
reducesto the following two dimensionalpartial di�eren tial equation:
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= f ; on D:

For simplicity, we shall only consider the casewhen the domain D is the unit square.
Note that the f r = 0g line intersects the boundary @D, so the coe�cien ts in (1.1) are
truly singular. Herein lies the di�cult y in analysisof this problem. While the reduction
from three to two spacedimensionsobviously resultsin substantial computational savings,
the introduction of singular coe�cien ts in the di�eren tial operator was thought to be a
problem, at least in the analysisof iterativ e solution by multigrid methods. But as we
shall show, a standard multigrid V-cycle with point smoothing convergesuniformly at a
rate independent of the number of unknowns.
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When using multigrid algorithms for secondorder problems that are not uniformly
elliptic, it is well known that, in many cases,one needsto perform line smoothing to
obtain optimal algorithms [4, 8, 9, 10, 14, 15]. A rigorous proof of the optimalit y of the
V-cycle with line smoothing for a discretization of the operator
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whena(x; y) > 0 is of unit sizeand b(x; y) > 0 is allowed to be arbitrarily closeto zero,is
given in [8, 14]. Clearly, the partial di�eren tial operator in (1.1) is not a speci�c instance
of the operator consideredin [8], although there are somesimilarities. Our contention is
that although line relaxation may be necessaryto obtain uniform multigrid convergence
for (1.2) with degenerateb, it is not necessaryfor the operator in (1.1).

The paper [5] considersequationsof the form (1.2) where the coe�cien ts a and b are
given in tensor product form and have di�eren t typesof singularities near x = 0. There
they suggestline smoothing and semicoarsening.While this may be necessaryfor some
examplesconsideredin [5], as we shall see,neither is necessaryfor (1.1).

We also study the caseof the axisymmetric Maxwell equations. In the presenceof
axisymmetry, it is well known that the three dimensionalvector Maxwell equationsde-
couple into two systemsof equations,one for the azimuthal component and another for
the meridian components [2, 6]. The equation for the azimuthal component is

(1.3) �
@
@r

�
1
r

@
@r

(ru)
�

�
@2u
@z2

= f :

This scalarequationcanbeanalyzedby techniquessomewhatsimilar to the axisymmetric
Laplaceequation (1.1). We will investigatetwo distinct �nite element discretizationsfor
this equation,oneusingbilinear elements and anotherusinga �nite element spaceof linear
combinations of r; 1=r; r z and z=r. Both discretizations yield systemsfor which we can
prove that the multigrid V-cycle convergesuniformly at a rate independent of the mesh
size. Multigrid algorithms for the azimuthal Maxwell equation (1.3) have beenstudied
previously in [6]. However, the algorithm consideredthere resorts to line smoothing as
well as semicoarsening.As in the caseof the axisymmetric Laplace equation, neither is
necessary.

While spectral discretizationsof certain axisymmetric problemshave beenthoroughly
studied [3], �nite element approximations seemto have beenlessstudied. Beforeproceed-
ing to multigrid analyses,we therefore introduce the weak formulations of our problems
in certain weighted Sobolev spacesand prove new�nite element approximation estimates.
In particular, our estimatesbound the �nite element error in weighted Sobolev spacesus-
ing normsof the data that are appropriate for multigrid analyses.Our multigrid analysis
proceedsby verifying the well known conditions of the regularity basedmultigrid theory.
In order to apply this theory, we prove regularity results for the axisymmetric Laplace
and Maxwell equationsin certain weighted Sobolev spaces.While most of our regularity
estimatesare consequencesof the well known regularity results for the three dimensional
problems,one(Theorem 4.1) appearsto be peculiar to the axisymmetric case.

Weighted Sobolev spaceshave beenusedto obtain optimal multigrid convergencees-
timates. For example, [17] used weighted Sobolev spacesto analyze the behavior of
multigrid when applied to problemswith point singularities such as thoseresulting from
secondorder problemswith re-entrant corners.
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The outline of the remainderof the paper is asfollows. We �rst introducethe weakset-
ting for the axisymmetric Laplaceproblem and prove �nite element estimates(Section2).
In Section3, we introducethe weakformulation of the azimuthal Maxwell problem, prove
a regularity estimate, and prove �nite element convergence. In Section 4, we continue
our investigation into azimuthal Maxwell problem by proving convergenceof a di�eren t
�nite element discretization. The multigrid convergenceanalysis is given in Section 5.
Numerical experiments illustrating the theoretical results are given in Section6. Finally,
proofs of technical lemmasare gatheredin Appendix A.

2. The axisymmetric Lapla ce equa tion

In this section, we considerthe axisymmetric Laplace equation on the unit squareD
in the r -z plane (so the f r = 0g line intersects@D). Let � 0 be the part of @D along
the z-axis and � 1 be the remainder of @D. We then formally have the following partial
di�eren tial equation:

(2.1)
L u = f on D;

u = 0 on � 1;

where
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If the solution is smooth, the axial symmetry implies the boundary condition @r u = 0
on � 0. A weaker natural boundary condition is imposed in a subsequent variational
formulation. We shall approximate this problem using bilinear �nite elements. More
generaldomainscan be handled, e.g., by employing standard linear triangular elements
away from � 0 and bilinear elements near � 0. Then the analysiscan proceedby combining
the new estimateswe shall develop near � 0 with the standard �nite element estimatesfor
triangular elements. We omit such generalizationsin the interest of simplicity.

2.1. The weak solution. The variational formulation that weconsideris selectedsothat
its solutions coincidewith the meridian trace of the axisymmetric solutions of the weak
form of the three dimensional Laplace equation (2.1). Let L 2

r (D) denote the weighted
Lebesguespaceof all measurablefunctions on D for which kukL 2

r (D ) �
R

D u2 r drdz < 1 .
The weighted Sobolev spaceH k

r (D) consistsof all functions in L 2
r (D) whosedistributional

derivatives of order k are also in L 2
r (D). Sobolev seminormsand norms are denoted in

the standard way, e.g.,

jvj2H 1
r (D ) =

Z

D
(j@r vj2 + j@zvj2) r drdz

jvj2H 2
r (D ) =

Z

D
(j@r r vj2 + j@r zvj2 + j@zzvj2) r drdz:

The following properties of theseweighted spaceswill be useful:

Prop osition 2.1.
(1) C1 ( �D) is densein H k

r (D).
(2) For all v 2 H 1

r (D), on any horizontal edgeEa = f (r; a) 2 D : 0 < r < 1g,

(2.2)
1
2

Z

Ea

r v2 dr � kvk2
L 2

r (D ) + k@zvk2
L 2

r (D ) :
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Figure 1. The computational domain and its revolution

(3) For all v 2 H 1
r (D) with vjEa = 0 for some0 < a < 1,

kvkL 2
r (D ) � k@zvkL 2

r (D ) :

The �rst assertionof the proposition is a well known fact (seee.g. [13, Theorem11.2]).
It is easyto verify (2.2) for all v 2 C1 ( �D), so the result follows by the density asserted
in the �rst part. Note that it follows from Proposition 2.1(2) that tracesexist on z = 0
and z = 1 edgesof @D (in a onedimensionalweighted L 2 space).Tracesobviously exist
on the r = 1 edgeasin a neighborhood of that edgethe function is actually in a standard
Sobolev space.Note that tracesof H 1

r (D) functions do not exist, in general,on the r = 0
edgeof @D. The last inequality of Proposition 2.1 is a Poincar�e inequality which alsocan
be easily establishedusing the density of smooth functions.

Now we introducethe �rst variational problem that we shall study. De�ne

ar (v; w) =
Z

D
r (@r v@r w + @zv@zw) drdz;

(v; w)r =
Z

D
r vw drdz; and

V = f v 2 H 1
r (D) : vj � 1 = 0g:(2.3)

By Proposition 2.1(2), V is well de�ned. We are interested in approximating u 2 V
satisfying

(2.4) ar (u; v) = (f ; v)r ; for all v 2 V;

for somef 2 L 2
r (D). By Proposition 2.1(3), the conditions of the Lax-Milgram lemma

are veri�ed so there is a unique weak solution u in V.
As is well known, the weaksolution of (2.4) is related to the solution of a three dimen-

sional axisymmetric Dirichlet problem. Let 
 = f (r; � ; z) : 0 � r < 1; 0 < z < 1; 0 �
� < 2� g; where(r; � ; z) are cylindrical coordinates(so 
 is the revolution of D about the
z-axis { seeFigure 1). We denote the subspaceof axisymmetric elements of H k(
) by
�H k(
) and �L2(
) � �H 0(
) (for de�nitions of axisymmetric Sobolev spacessee[3]). The
restriction map g(r; � ; z) 7! gD (r; z) given by

(2.5) gD (r; z) = g(r; 0; z); for all (r; z) 2 D;

is well de�ned for smooth functions and extendsto an isometry from �L2(
) onto L 2
r (D):

(2.6) 2� kgD k2
L 2

r (D ) = kgk2
L 2 (
) :
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The action of the inverseof the restriction map g 7! gD will be denotedby superscripting
functions with 
, e.g., (gD )
 = g. Then, if U is the solution of the three dimensional
Dirichlet problem

(2.7) � � U = f 
 on 
 ; U = 0 on @
 ;

it is easyto seethat [3, Proposition I I.4.1]

(2.8) u
 = U:

where u solves (2.4). The following regularity estimate will be useful in our subsequent
multigrid analysis.

Theorem 2.1. There is a constant Creg suchthat for all f 2 L 2
r (D) the solution u of (2.4)

satis�es

jujH 2
r (D ) � Cregkf kL 2

r (D ) :

Proof. Since 
 is convex, by a standard regularity result, the solution U of (2.7) is in
H 2(
) and there is a constant Creg such that

(2.9) kUkH 2 (
) � Cregkf 
 kL 2 (
) :

Thus,

jUj2H 2 (
) =
Z



(j@2

x Uj2 + j@2
y Uj2 + j@2

z Uj2 + 2j@x@yUj2 + 2j@y@zUj2 + 2j@z@xUj2) dxdydz

=
Z 2�

0

Z 1

0

Z 1

0
r
�

j@2
z Uj2 + j@2

r Uj2 + 2j@r @zUj2 +
�
� @r U

r

�
�2

�
drdzd�(2.10)

= 2�
Z

D
r
�

j@2
z uj2 + j@2

r uj2 + 2j@r @zuj2 +
�
� @r u

r

�
�2

�
drdz

� 2� juj2H 2
r (D ) ;(2.11)

and the result follows by (2.6), (2.8) and (2.9). �

2.2. An appro ximation estimate. We usebilinear �nite elements to discretize (2.4).
Let the domain D = (0; 1)2 be partitioned into squareswith vertices (ih; j h); h = 1=n.
This forms the meshTh. Let Vh � V denote the standard bilinear �nite element space
with respect to meshTh. The �nite element approximation of u is the function uh 2 Vh

satisfying

(2.12) ar (uh; vh) = (f ; vh)r for all vh 2 Vh:

To obtain an error estimate,aswell asfor multigrid analysislater, we needto construct
an interpolation operator with approximation properties in the weighted norms. De�ne
� h : H 2

r (
) 7! Vh element by element as follows: On every element K whoseboundary
does not intersect � 0, (� hv)jK is the unique bilinear function whosevalue at the four
verticesof K coincideswith that of v. The remaining elements are of the form (0; r 1) �
(z0; z1). On such an element K , (� hv)jK is de�ned to be the unique bilinear function
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satisfying

(� hv)(r1; z0) = v(r 1; z0);

(� hv)(r1; z1) = v(r 1; z1);
Z r 1

0
� 1=2(@r � hv)( �; z0) d� =

Z r 1

0
� 1=2@r v(�; z0) d�;

Z r 1

0
� 1=2(@r � hv)( �; z1) d� =

Z r 1

0
� 1=2@r v(�; z1) d�:

Note that � hv is de�ned for all v 2 H 2
r (D) becauseeach of the right hand sidesabove

de�ne a continuous functional in H 2
r (D), e.g., the functional v 7!

Rr 1

0 � 1=2@r v(�; z0) d�;
is continuous on all H 2

r (D) by Proposition 2.1(2), while the functional v 7! v(r 1; z0) is
continuous becausea Sobolev inequality holds away from r = 0. It is also easily seen
that the linear systemde�ning � h on each element is uniquely solvable and that � hv is
a continuous function on D. The change in the de�nition of � hv on elements with an
edgeon the r = 0 axis is necessitatedby the fact that v 7! v(0; zi ) is not a continuous
functional on H 2

r (D).
We prove an approximation estimatefor � h using a few intermediate lemmas. In these

lemmas,K � D is the squaregiven by

(2.13) K = f (r; z) : r 0 < r < r1; z0 < z < z1g;

wherez1 = z0 + h and r1 = r0 + h. Proofs of all lemmasare in Appendix A.

Lemma 2.1. Let v 2 H 1
r (K ) satisfy any one of the following conditions:

Z z1

z0

v(r1; � ) d� = 0:(2.14)
Z r 1

r 0

v(�; z0) d� = 0 and r 0 > 0:(2.15)
Z r 1

r 0

� 1=2v(�; z0) d� = 0 and r 0 = 0:(2.16)
Z r 1

r 0

� v(�; z0) d� = 0:(2.17)

Then
kvk2

L 2
r (K ) � 3h2jvj2H 1

r (K ) :

Lemma 2.2. For all v 2 H 2
r (K ),

k@r z(� hv)k2
L 2

r (K ) �
3
2

k@r zvk2
L 2

r (K ) :

Theorem 2.2. For all v 2 H 2
r (D)

jv � � hvjH 1
r (D ) �

p
15hjvjH 2

r (D ) :

As a consequence, the discrete solution uh approximatesthe exactsolution u of (2.4):

ju � uh jH 1
r (D ) � Chkf kL 2

r (D ) :
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Proof. Since @z(v � � hv) satis�es (2.14) and @r (v � � hv) satis�es (2.15) or (2.16), by
Lemma 2.1 we have

jv � � hvj2H 1
r (K ) � 3h2(k@r r (u � � hu)k2

L 2
r (K ) + k@r z(u � � hu)k2

L 2
r (K ))

+3h2(k@r z(u � � hu)k2
L 2

r (K ) + k@zz(u � � hu)k2
L 2

r (K )):

Since@r r (� hv) = @zz(� hv) = 0, this implies

(2.18) jv � � hvj2H 1
r (K ) � 3h2k@r r vk2

L 2
r (K ) + 3h2k@zzvk2

L 2
r (K ) + 6h2k@r z(v � � hv)k2

L 2
r (K ) :

By Lemma 2.2,

k@r z(v � � hv)k2
L 2

r (K ) � 2k@r zvk2
L 2

r (K ) + 2k@r z(� hv)k2
L 2

r (K )

� 5k@r zvk2
L 2

r (K ) :

The interpolation error estimate of the theorem follows by using this estimate in (2.18).
The secondestimate of the theorem follows from the �rst and the regularity estimate of
Theorem2.1. �

3. The azimuthal Maxwell pr oblem

In this section,we shall study a �nite element discretization for the azimuthal compo-
nent of the axisymmetric Maxwell equations. Formally, the governing partial di�eren tial
equation is

(3.1)
L � u = f on D;

u = 0 on @D;

where

L � v = �
@
@r

�
1
r

@
@r

(r v)
�

�
@2v
@z2

:

We investigate two approaches to a �nite element discretization of this equation, one
using standard bilinear elements, and another using a �nite element spacebuilt using
linear combinations of r; 1=r; r z and z=r. In this section, we will investigate the latter.
The next sectionis devoted to the former. Just aslinear functions are in the kernelof the
standard Laplaceoperator @r r + @zz, the spanof r; 1=r; r z and z=r is in the kernel of L � .
Henceconsidering�nite elements built using the spanof r; 1=r; r z and z=r is asnatural as
consideringlinear �nite elements for Laplaceequation. We begin by specifying the weak
problem and associated spaces.

3.1. A weak form ulation. To give a variational formulation of (3.1) together with ap-
propriate boundary conditions, we start with an appropriate Sobolev space. Let eH 1

r (D)
denoteH 1

r (D) \ L 2
1=r (D) whereL 2

1=r (D) is the set of all measurablev for which

kvk2
L 2

1=r (D ) �
Z

D
r � 1v2drdz < 1 :

eH 1
r (D) is a Hilbert spacewith the norm

kvk eH 1
r (D ) =

�
kvk2

H 1
r (D ) + kvk2

L 2
1=r (D )

� 1=2

:

Lemma 3.1. The set of C1 ( �D) functions which vanish in a neighborhood of � 0 (the
f r = 0g line segment) is densein eH 1

r (D).
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As before, proofs of all lemmasare in Appendix A. In order to clarify the nature of
tracesof eH 1

r (D) as well as for later arguments, the following lemma will be useful.

Lemma 3.2. Let K be a square contained in D with vertices as in (2.13). For all
v 2 eH 1

r (K ), the trace of v on a vertical line segment Sa = f (a;z) 2 K : z0 < z < z1g
exists for any a 2 [r 0; r1] and

kvk2
L 2 (Sa ) � k@r vk2

L 2
r (K ) +

r1 + h
h

kvkL 2
1=r (K ) :

The lemmashows that unlike H 1
r (D), functions in eH 1

r (D) have tracesin L 2 even on the
r = 0 edge. Moreover, sincefunctions in C1 ( �D) which vanish in a neighborhood of � 0

have zero traceson this edge,by the density given by Lemma 3.1, tracesof all functions
in eH 1

r (D) must vanish on that edge. Traceson the remainder of @D obviously exist by
Proposition 2.1.

Prop osition 3.1. For all v 2 eH 1
r (D), @r (r v) is in L 2

1=r (D) and satis�es

k@r vk2
L 2

r (D ) + kvk2
L 2

1=r (D ) � k@r (r v)k2
L 2

1=r (D ) � 2k@r vk2
L 2

r (D ) + 2kvk2
L 2

1=r (D ) :

Proof. The upper inequality is obvious for smooth functions so by Lemma 3.1, @r (r v)
exists in L 2

1=r (D) (and satis�es the sameinequality).
For the other direction, note that if v 2 C1 ( �D) and vanishesin a neighborhood of � 0,

Z

D
2v@r v drdz =

Z 1

0

Z 1

0
@r (v2) drdz =

Z 1

0
v2(1; z) dz � 0:

Hence,
Z

D
r

�
�
�
�
@r (r v)

r

�
�
�
�

2

drdz =
Z

D
r
�

j@r vj2 +
v2

r 2
+ 2

v
r

@r v
�

drdz

�
Z

D
r
�

j@r vj2 +
v2

r 2

�
drdz:

Using Lemma 3.1, we get the lower inequality for all v 2 eH 1
r (D): �

Now we can state a well posedweakproblem for the azimuthal Maxwell equation with
electric boundary conditions. De�ning

(3.2) V � = f v 2 eH 1
r (D) : v = 0 on @Dg;

the weakproblemcanbestatedasfollowsfor any givenf 2 L 2
r (D): Find u 2 V � satisfying

(3.3) a� (u; v) = (f ; v)r for all v 2 V � ;

where

a� (v; w) =
Z

D

1
r

@r (r v)@r (rw) drdz +
Z

D
r (@zv)(@zw) drdz:

This bilinear form is continuous by Proposition 3.1 and coercive by Proposition 2.1(3).
Henceby the Lax-Milgram lemma, there is a unique u 2 V � satisfying (3.3).
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Now we give a regularity result for the weak solution. Let

jvj2eH 2
r (D )

=
�
�r � 1@r (r v)

�
�2

H 1
r (D )

+ j@zvj2H 1
r (D ) ;(3.4)

kvk2
eH 2

r (D )
= jvj2eH 2

r (D )
+ kvk2

eH 1
r (D )

+ k@zvk2
L 2

1=r (D ) ;

eH 2
r (D) = f v 2 eH 1

r (D) : kvk2
eH 2

r (D )
< 1g :

The following regularity theorem is a straightforward consequenceof the well known
regularity estimatesfor static Maxwell equationsin three dimensions.It will be useful to
recall that if v = vr er + v� e� + vz ez in cylindrical coordinates then

(3.5) curl v =
�

1
r

@vz

@�
�

@v�

@z

�
er +

�
@vr

@z
�

@vz

@r

�
e� +

1
r

�
@
@r

(r v� ) �
@vr

@�

�
ez:

Here er , e� and ez denoteunit vectors in the r , � and z directions, respectively.

Theorem 3.1. If u solves(3.3) for an f 2 L 2
r (D), then u 2 eH 2

r (D) and

kuk2
eH 2

r (D )
� Ckf k2

L 2
r (D ) :

Proof. Let D(D) denote the spaceof compactly supported in�nitely di�eren tiable func-
tions on D. If u solves(3.3) with an f 2 L 2

r (D), then the distribution L � u satis�es

(L � u; r � ) = a� (u; � ) = (f ; r � )

for all � 2 D(D). SinceD(D) is densein L 2
r (D), this implies that L � u and f coincide

as functions in L 2
r (D). Now note that (L � u)
 is the � -component of curl curl u � where

u � = u
 e� . Sincethe equality L � u = f holds in L 2
r (D), a corresponding identit y holds in

the isometric space�L2(
):

(3.6) curl curl u � = f 
 e� :

Moreover,

div u � = 0 on 
 ;(3.7)

u � � n = 0 on @
 :(3.8)

Henceby standard regularity estimatesfor vector potentials on convex domains[1],

kcurl u � k2
H 1 (
) + ku � k2

H 1 (
) � Ckf k2
L 2

r (
) :

By (3.5), curl u � = � (@zu) er + r � 1@r (r u) ez: Since the r , � , and z components of
H 1(
) are isometrically equivalent to eH 1

r (D), eH 1
r (D), and H 1

r (D), respectively [2, Propo-
sition 3.17],

1
2�

(kcurl u � k2
H 1 (
) + ku � k2

H 1 (
) ) =

k@zuk2
eH 1

r (D )
+










1
r

@r (r u)










2

H 1
r (D )

+ kuk2
eH 1

r (D )
� kuk2

eH 2
r (D )

:

This completesthe proof of the theorem. �
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3.2. A �nite element space. As mentioned earlier, we will considertwo suitable �nite
element spacesfor discretizing the weak problem, one in this section,and another in the
next. The spacewe considerin this sectionis

eV �
h = f v 2 V � : vjK is in the spanof r; 1=r; r z and z=r for all K 2 Thg;

where, as before,Th is the meshof squareelements that partition D. Note that locally
constant functions are not in this space,yet we shall prove approximation properties by
direct arguments. The �nite element approximation is de�ned as the unique function
uh 2 eV �

h satisfying

(3.9) a� (uh; vh) = (f ; vh)r ; for all vh 2 eV �
h:

To prove that uh approximatesu, we �rst prove an approximation property of eV �
h using

a nodal interpolation operator
e� �

h : eH 2
r (D) 7! eV �

h:

On every element K , ( e� �
hv)jK is de�ned as the unique function in the span of r; 1=r; z;

and z=r satisfying

(3.10) ( e� �
hv)(r i ; zj ) = v(r i ; zj ); i; j = 0; 1;

where the notation for coordinates of verticesof K is as in (2.13). The following propo-
sition shows that e� �

h is well de�ned on all functions in eH 2
r (D):

Prop osition 3.2. For all w 2 eH 2
r (D) and any point (r; z) 2 D,

jw(r; z)j � Ckwk eH 2
r (D )

Proof. For any vertical edgeE containing (r; z) we apply Lemma 3.2 with K = D and
v = @zw to get that

k@zwk2
L 2 (E ) � C(k@zwk2

L 2
1=r (D ) + k@r zwk2

L 2
r (D )) � Ckwk2

eH 2
r (D )

:

Now by a standard Sobolev inequality for H 1(E),

jw(r; z)j � C(k@zwk2
L 2 (E ) + kwk2

L 2 (E ))

Applying Lemma3.2againto bound kwk2
L 2 (E ) and combining theseinequalitiescompletes

the proof of the proposition. �

It is easyto seethat e� �
hw is a continuous function on D and vanisheson @D. We will

now prove an approximation estimate for e� �
h using the following lemma.

Lemma 3.3. For all v 2 eH 2
r (D),

X

K 2 Th

�
� e� �

hv
�
�2

eH 2
r (K )

� 12jvj2eH 2
r (D )

:

Theorem 3.2. Let kvka� = a� (v; v)1=2. For all v 2 eH 2
r (D),

kv � e� �
hvka� � Chjvj eH 2

r (D ) :

Consequently, if u satis�es (3.3) and uh satis�es (3.9), then

ku � uhka� � Chkf kL 2
r (D ) :
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Proof. Let " = v � e� �
hv. Since r � 1@r (r " ) satis�es (2.17) and @z(r " ) satis�es (2.14), by

Lemma 2.1, we have

kr � 1@r (r " )k2
L 2

r (K ) � Ch2jr � 1@r (r " )j2H 1
r (K )

k@z"k2
L 2

r (K ) � Ch2j@z" j2H 1
r (K ) :

Summingover all elements we have

kv � e� �
hvk2

a�
� C

X

K 2 Th

h2jv � e� �
hvj2eH 2

r (K )
:

Using Lemma 3.3 we �nish the proof of the �rst inequality of the theorem. The second
follows from the �rst by the orthogonality property of the Galerkin method and the
regularity estimate of Theorem3.1. �

4. The azimuthal Maxwell pr oblem: Bilinear elements

In this section,we considerthe sameMaxwell problem and the sameweak formulation
as the one in the previous section. However, we study a di�eren t discretization. We
discretize(3.3) using the standard bilinear �nite element space

(4.1) V �
h = f v 2 V � : vjK is bilinear in r and z for all K 2 Thg;

instead of eV �
h. Now, instead of (3.9), the �nite element solution is de�ned as the unique

function uh 2 V �
h satisfying

(4.2) a� (uh; vh) = (f ; vh)r for all vh 2 V �
h :

Consideringthat bilinear elements are standard and may be easierto implement than the
elements of the previoussection,this discretization may be preferredover (3.9).

To analyze the bilinear element, we shall need a stronger regularity result. This is
becauseit is not possibleto control the error in nodal bilinear interpolation of u using
the norm juj eH 2

r (D ) . Indeed, if u = 1=r on an element K away from � 0, then juj eH 2
r (K ) = 0,

but the error in the bilinear interpolation is not zero. Such a problem did not arisein the
previous sections. We will overcomethis problem by controlling the interpolation error
using an additional derivative of u, namely @r r u. In order to do this, we �rst prove a
regularity result stronger than Theorem 3.1 whereby such derivatives can be controlled
by data.

4.1. A regularit y estimate. To prove an improvement of Theorem 3.1, we begin by
showing that solutions of (3.3) can be approximated by smooth functions. Smooth ap-
proximating functionsareparticularly easyto construct in the caseof our simplegeometry.
Let J� (r ) denotethe Besselfunction of the �rst kind of order � . De�ne

j m (r ) =

p
2

jJ2(� m )j
J1(� m r );

where� m denotesthe m-th positive zeroof J1. De�ne

sn (z) =
p

2sin(n� z):

Then by classicalcompletenessresults for Besselfunctions (see[12, Ch. 8], cf. [16, x 18.5])
the set of functions emn (r; z) = j m (r )sn (z) for all m; n 2 N forms a completeorthonormal
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basis for L 2
r (D). Thesefunctions are eigenfunctionsof L � . Indeed, letting � mn = � 2

m +
(n� )2 we have L � emn = � mn emn : Consequently, expandingu and f in terms of emn ,

u =
X

m;n 2 N

cmn emn and f =
X

m;n 2 N

dmn emn ;

we observe that L � u = f implies cmn = dmn =� mn : Now considerthe partial sums

u` =
`X

m;n =0

cmn emn and f ` =
`X

m;n =0

dmn emn :

The functions u` are smooth approximations to u as shown below:

Prop osition 4.1. The sequence u` convergesto u in eH 2
r (D).

Proof. Clearly u � u` satis�es

L � (u � u` ) = f � f ` ; on D;

u � u` = 0; on @D;

By Theorem3.1,
ku � u`k eH 2

r (D ) � Ckf � f `kL 2
r (D ) :

Sincef ` ! f in L 2
r (D), we have the result. �

We can now give the improvement of Theorem3.1.

Theorem 4.1. If u satis�es (3.3) for somef 2 L 2
r (D) then

kukH 2
r (D ) + kuk eH 2

r (D ) +



 @r

� u
r

� 




L 2
r (D )

� Ckf kL 2
r (D ) :

Proof. Let u` be as in Proposition 4.1 and g` = @r r � 1@r (r u` ). Our proof is basedon the
identit y

(4.3) @r (
u`

r
) = �

1
r 3

Z r

0
s2g̀ (s;z) ds:

This identit y follows by integration by parts:

�
1
r 3

Z r

0
s2g̀ (s;z) ds = �

1
r 3

�
r@r (r u` ) �

Z r

0
2@r (r u` )(s;z) ds

�

= �
1
r 3

�
r@r (r u` ) � 2ru`

�
= @r (u`=r):

The operations above are justi�ed becauseu` is smooth. Now we apply the Hardy in-
equality [11],

Z 1

0
r �

�
�
�
�
1
r

Z r

0
F (s) ds

�
�
�
�

2

dr �
4

(1 � � )2

Z 1

0
r � jF (r )j2 dr

with � = � 3 and F (s) = s2g̀ (s;z) to bound the right hand sideof (4.3). This yields



 @r

� u`

r

� 


 2

L 2
r (D )

�
1
4

kg̀ k2
L 2

r (D ) :

Sincef ` = � g̀ � @zzu` and sinceTheorem3.1 givesk@zzu`kL 2
r (D ) � Ckf `kL 2

r (D ) , we have

(4.4)



 @r

� u`

r

� 


 2

L 2
r (D )

� Ckf k2
L 2

r (D ) :
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Now, by standard arguments using Proposition 4.1, it follows that the distributional
derivative @r (u=r) exists in L 2

r (D) and

(4.5) k@r (
u
r

)k2
L 2

r (D ) � Ckf k2
L 2

r (D ) :

It now only remainsto prove that

(4.6) k@r r ukL 2
r (D ) � Ckf kL 2

r (D ) :

This follows from (4.5) and the identit y

@r r u = @r r � 1@r (r u) � @r (u=r)

sincek@r r � 1@r (r u)kL 2
r (D ) � Ckf kL 2

r (D ) by Theorem3.1. �

Remark 4.1. Note that although Theorem4.1shows that the secondderivatives@r r u; @r zu
and @zzu are in L 2

r (D), it is not true in generalthat u
 2 H 2(
). This is because�H 2(
) is
not isomorphic to H 2

r (D) (see[3] for more results in this direction). Indeed,as indicated
by (2.10), onewould alsoneed@r u 2 L 2

1=r (D) for u
 to be in �H 2(
), a condition not given
by Theorem4.1.

4.2. An appro ximation estimate. Now considerthe �nite element approximation de-
�ned by (4.2) using the bilinear spaceV �

h de�ned in (4.1). First we prove approximation
propertiesof V � in the requirednormsusing the nodal interpolant � �

h : eH 2
r (D) 7! V �

h . On
every element K , (� hv)jK is de�ned as the unique function in the spanof 1; r; z; and rz
satisfying

(� �
hv)(r i ; zj ) = v(r i ; zj ); i; j = 0; 1;

wherethe notation for coordinatesof verticesof K areasin (2.13). Proposition 3.2shows
that � �

h is a well de�ned operator on eH 2
r (D). Error estimatesfor this interpolant and the

resulting �nite element error estimatesare given by the next theorem.

Theorem 4.2. For all v 2 H 2
r (D) \ eH 2

r (D) we have

kv � � �
hvka� � Ch

�
jvjH 2

r (D ) + jvj eH 2
r (D )

�
:

Consequently, if u satis�es (3.3) and uh satis�es (4.2), then

ku � uhka� � Chkf kL 2
r (D ) :

Proof. Let " = u� � �
hu. First let usestimate" on elements K with an edgeon the f r = 0g

axis. A simple calculation shows that

(e� �
hv)jK = (� �

hv)jK

on all such elements (where e� �
h is as de�ned in (3.10)). Consequently, by the same

arguments as in the proof of Theorem3.2, we have

j" j eH 1
r (K ) � Chjvj eH 2

r (K ) :

Now considerthe remaining elements. By Proposition 3.1,

Ck"ka� � j" jH 1
r (D ) + k"kL 2

1=r (D ) :

On the elements under consideration,

(� hv)jK = (� �
hv)jK
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where � h is as de�ned in Section 2. Consequently, by the samearguments as in Theo-
rem 2.2, we obtain that

j" jH 1
r (D ) � Chj" jH 2

r (D ) :
Therefore it only remains to estimate k"kL 2

1=r (D ) : If K has coordinates as in (2.13), by
standard estimates(in non-weighted Sobolev spaces)for the interpolant, we have

k"k2
L 2

1=r (K ) � C
1
r0

k"k2
L 2 (K ) � C

1
r0

h4juj2H 2 (K ) � Ch2
� h2

r 2
0

�
juj2H 2

r (K ) :

Sinceh=r0 � 1 for the elements under considerationnow, the interpolation error estimate
of the theoremfollows. The �nite element error estimate follows asa corollary using also
Theorem4.1. �

5. Mul tigrid anal ysis

All the discretizations that we consideredin the previous sectionswere basedon the
meshTh. Now we assumethe standard geometricmultigrid setting: The meshon which
solution is sought, namelyTh � TJ , is obtainedby successive re�nements of a coarsemesh
T1. We assumethat T1 is a meshof congruent squareelements, and Tk is obtained from
Tk� 1 (k � 2) by dividing each squareelement of Tk� 1 into four congruent squares. We
will analyzethe convergenceof the multigrid V-cycle algorithm in this setting for all of
the previousapplications.

Let Vk denoteoneof the previously de�ned �nite element spacesVh, V �
h , or eV �

h on the
meshTk . Then Vk is a subspaceof the Sobolev spaceV which we take to be as de�ned
by (2.3) for the Laplaceapplication, and asde�ned by (3.2) for the Maxwell application.
Then

V1 � V2 � � � � � VJ � V:
Let a(�; �) denoteoneof the previously de�ned bilinear forms on V � V (a is either ar or
a� ). To state the multigrid V-cycle in a form suitable for both the applications, de�ne
Qk : L2

r (D) 7! Vk , Pk : V 7! Vk , and Ak : Vk 7! Vk by

(Qkw; � )r = (w; � )r ; for all � 2 Vk and w 2 L 2
r (D);

a(Pkw; � ) = a(w; � ); for all � 2 Vk and w 2 V;

(Akw; � )r = a(w; � ); for all � and w 2 Vk :

We want to compute the �nite element solution uh = A � 1
J QJ f e�cien tly using the stan-

dard V-cycle multigrid algorithm. For any g 2 VJ , the V-cycle iterates v(i ) approximating
v = A � 1

J g satisfy the linear iteration

(5.1) v(i +1) = v(i ) + BJ (g � AJ g);

whereBJ : VJ 7! VJ is the operator de�ned recursively below:
(1) B1 = A � 1

1 :
(2) If k > 1, de�ne Bk : Vk 7! Vk by Bkg = v1 wherev1 is computedas follows:

(a) Pre-smoothing: v1=3 = Rt
kg.

(b) Coarsegrid correction:

v2=3 = v1=3 + Bk� 1Qk� 1(g � Akv1=3):

(c) Post-smoothing: v1 = v2=3 + Rk(g � Akv2=3).
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In the above algorithm, the operator Rk represents a point Gauss-Seidelor Jacobi
smoother and Rt

k denotesits adjoint with respect to (�; �)r . Speci�cally, Rk is de�ned
using a splitting of the �nite element spaceas follows: Let Nk = dim(Vk) and let x i ,
i = 1; 2; : : : ; Nk ; be any enumeration of the verticesof the meshTk which are degreesof
freedom. Let Dk;i denotethe domain formedby the four or two elements connectedto the
vertex x i . Let Vk;i denotethe set of functions in Vk which are supported on Dk;i . De�ne
Qk;i : L2

r (Dk;i ) 7! Vk;i , Pk;i : V 7! Vk;i , and Ak;i : Vk;i 7! Vk;i , by

(Qk;i w; � )r = (w; � )r ; for all � 2 Vk;i and w 2 L 2
r (Dk;i );

a(Pk;i w; � ) = a(w; � ); for all � 2 Vk;i and w 2 V;

(Ak;i w; � )r = a(w; � ); for all � and w 2 Vk;i :

De�ne the the additive Jacobi smoother by

Jk =
N kX

j =1

A � 1
k;j Qk;j ;

and the multiplicativ e Gauss-Seidelsmoother by

(5.2) Gk =
�

I � (I � Pk;N k )( I � Pk;N k � 1) � � � (I � Pk;1)
�

A � 1
k :

We can set Rk in the V-cycle to either � Jk for somescalingfactor � , or Gk .

Remark 5.1. In the above presentation of the multigrid algorithm, it appearsthat one is
required to compute the action of Qk� 1. The massmatrix inversionassociated with this
can be avoided in implementation due to the special form of the smoothers. In addition,
the action of Gk is not implemented as presented in (5.2). In fact, its implementation
avoids the computation of A � 1

k . For details on theseimplementation issues,see,e.g., [7].

Local estimatesenableus to prove the following basictwo sidedbound on the additive
operator. This will bean important ingredient in the multigrid analysis. Similar estimates
are well known for standard applications in non-weighted Sobolev spaces.

Lemma 5.1. There is a constant CJ independentof k suchthat for all v 2 Vk ,
1
4

a(v; v) � (J� 1
k v; v)r � CJ

1
h2

k

(v; v)r ;

where hk is the meshsizeof Tk .

With the help of this lemma,we can now prove the uniform convergenceof V-cycle for
the axisymmetric Laplaceand Maxwell equations.

Theorem 5.1. The multigrid V-cycle with the smoother Rk set to either the scaled Jacobi
smoother � Jk with 0 < � < 1=2 or the Gauss-Seidelsmoother Gk convergesat a rate
independentof h: There is a � < 1 independentof k suchthat

(5.3) 0 � a((I � BkAk)v; v) � � a(v; v); for all v 2 Vk :

Proof. The caseof the Jacobi smoother: According to [8, Lemma2.1], oncewe prove that
the spectrum

(5.4) � (I � RkAk) � [� � ; 1); for all k;
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and

(5.5) (R� 1
k (I � Pk� 1)v; (I � Pk� 1)v)r � CP kv � Pk� 1k2

a; for all v 2 Vk ;

then (5.3) follows with

(5.6) � =

 CP

1 + 
 CP
; with 
 = max

�
1
2

;
� 2

1 � �

�
:

To verify (5.4), note that by Lemma 5.1, � (� JkAk) � (0; 4� ]; so

� (I � � JkAk) � [1 � 4� ; 1):

If we choose0 < � < 1=2; then (5.4) holds with � = 4� � 1.
To verify the secondcondition (5.5), we �rst usea duality argument. Let w 2 V satisfy

a(w; � ) = (v � Pk� 1v; � )r ; for all � 2 V:

Then, using Theorems2.2, 3.2, or 4.2, as appropriate,

kw � Pk� 1wka � Chkkv � Pk� 1vkL 2
r (D ) :

Hence,

(v � Pk� 1v; v � Pk� 1v)r = a(w; v � Pk� 1v)

= a(w � Pk� 1w; v � Pk� 1v)

� kw � Pk� 1wkakv � Pk� 1vka

� Chkv � Pk� 1vkL 2
r (D )kv � Pk� 1vka:

Thus,

(5.7) kv � Pk� 1vkL 2
r (D ) � Chkkv � Pk� 1vka:

The proof of (5.5) can now be completedusing (5.7). Indeed,

(� � 1J� 1
k (I � Pk� 1)v; (I � Pk� 1)v)r �

CJ

� h2
k

kv � Pk� 1vk2
L 2

r (D ) ; by Lemma 5.1;

� Ckv � Pk� 1vk2
a; by (5.7);

so (5.5) holds.
The case of the Gauss-Seidelsmoother: According to [8, Lemma 2.2], oncewe verify

that

(5.8) kI � RkAkka � 1;

and

(5.9) (R
� 1
k (I � Pk� 1)v; v � Pk� 1v)r � CM k(I � Pk� 1)k2

a; for all v 2 Vk ;

whereRk = Rk + Rt
k � Rt

kAkRk ; the convergenceestimate (5.3) follows with

(5.10) � =
CM

1 + CM
:

Inequality (5.8) follows from the product representation

I � GkAk = (I � Pk;N k ) � � � (I � Pk;1);
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so it su�ces to prove (5.9). Using standard arguments [7] utilizing the fact that a basis
function \in teracts" with at most eight other basisfunctions, it is easyto seethat

(5.11)
N kX

i =1

a(Pk;i v; v) � 92 a(GkAkv; v):

Since(5.11) implies that a(JkAkv; v) � 92 a(GkAkv; v), by Lemma 5.1, we obtain

h2
k

CJ
(w; w)r � (Jkw; w)r � 92(Gkw; w)r ; for all w 2 Vk :

Consequently,

(G
� 1
k (v � Pk� 1v); v � Pk� 1v)r �

CJ92

h2
k

kv � Pk� 1k2
L 2

r (D )

� Ckv � Pk� 1vk2
a; by (5.7);

so (5.9) follows. �

6. Numerical resul ts

In this section,wegive the resultsof numericalexperiments illustrating the convergence
rates of the V-cycle multigrid algorithm. We report three numerical experiments, onefor
the axisymmetric Laplace problem and two for the azimuthal Maxwell problem. In all
cases,we divide the unit squareinto n � n squareelements with n = 2k and usethe �nite
element discretizationswhich we have previously discussed.The boundary conditions are
as described in the previoussections.

We implemented the V-cycle multigrid algorithm with onesweepof point Gauss-Seidel
smoothing as described in Section 5 for all cases. One can use the V-cycle multigrid
operator BJ in two ways. One obvious way to use it is in the linear iteration (5.1). By
Theorem5.1, this iteration will convergeat a rate independent of the number of unknowns.
The rate of convergencein the energynorm is at most � J � kI � BJ AJ ka. Another way
to usethe V-cycle is to useBJ as a preconditioner for AJ in a preconditionedconjugate
gradient iteration. In this casethe convergenceis determinedby the condition number of
the preconditionedsystem� (BJ AJ ). Note that by Theorem5.1,

(1 � � J )a(v; v) � a(BAv; v) � a(v; v);

so � (BJ AJ ) � 1=(1 � � J ): Since � J is bounded away from one independently of J , the
condition number is boundedfrom above independently of J .

In Table 6.1, we report the valuesof � (BJ AJ ) and the convergencerate kI � BJ AJ ka.
These values were computed using estimatesof the largest and smallest eigenvalues of
BJ AJ provided by a few iterations of the Lanczosmethod. As we seefrom the tables,
the observed convergencerates are almost identical and clearly demonstrate a rate of
convergenceindependent of the number of levels.

Appendix A. Pr oofs of the lemmas

Proof of Lemma2.1. In view of Proposition 2.1, it su�ces to prove the requiredestimate
for smooth functions v.
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Bilinear elements hr; 1=r; z; z=ri -elements
Laplaceequation Maxwell equation Maxwell equation

J � (BJ AJ ) kI � BJ AJ kar � (BJ AJ ) kI � BJ AJ ka� � (BJ AJ ) kI � BJ AJ ka�

2 1.13 0.12 1.08 0.08 1.08 0.08
3 1.19 0.16 1.17 0.14 1.17 0.14
4 1.20 0.17 1.20 0.17 1.20 0.17
5 1.21 0.17 1.21 0.17 1.21 0.17
6 1.21 0.17 1.21 0.17 1.21 0.17
7 1.21 0.17 1.21 0.17 1.21 0.17
8 1.21 0.17 1.21 0.17 1.21 0.17
9 1.21 0.17 1.21 0.17 1.21 0.17
10 1.21 0.17 1.21 0.17 1.21 0.17

Table 6.1. V-cycle convergencerates

(i) Suppose(2.14) holds. Integrating the equation

v(r; z) � v(r 1; Z ) = �
Z r 1

r
@r v(�; Z )d� +

Z z

Z
@zv(r; � ) d�

over Z 2 (z0; z1) and using (2.14) we obtain

hv(r; z) = �
Z z1

z0

Z r 1

r
@r v(�; Z ) d� dZ +

Z z1

z0

Z z

Z
@zv(r; � ) d� dZ; so

h2jv(r; z)j2 � 2h ln(
r1

r
)
Z z1

z0

�
�
�
�

Z r 1

r
� j@r v(�; Z )j2 d�

�
�
�
�dZ + h2

Z z1

z0

Z z

Z
j@zv(r; � )j2 d� dZ:

Hence

h2kvk2
L 2

r (K ) � 2h2k@r vk2
L 2

r (K )

� Z r 1

r 0

r ln
r1

r
dr

�
+ h4k@zvk2

L 2
r (K ) :

It is easyto show that
Z r 1

r 0

r ln
r1

r
dr

(
= h2=4 if r0 = 0;

� h2=2 if r0 > 0;

so the result follows.
(ii) Suppose(2.15) holds. Then, since

(A.1) v(r; z) = v(R; z0) +
Z z

z0

@zv(R; � ) d� +
Z r

R
@r v(�; z) d�;

integrating over R 2 (r 0; r1) and utilizing (2.15), we �nd that

hv(r; z) =
Z r 1

r 0

Z z

z0

@zv(R; � ) dRd� +
Z r 1

r 0

Z r

R
@r v(�; z) @� dR; so

h2jv(r; z)j2 � 2h ln(
r1

r0
)k@zvk2

L 2
r (K ) + 2

� Z r 1

r 0

�
�
�
� ln

r
R

�
�
�
�dR

� � Z r 1

r 0

�
�
�
�

Z r

R
�@r jv(�; z)j2 @�

�
�
�
�dR

�
:
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Sinceln(r 1=r0) = ln(1 + (h=r0)) � h=r0 and

(A.2)
Z r 1

r 0

Z r 1

r 0

r

�
�
�
� ln

r
R

�
�
�
� dRdr = r0r1h +

5
12

h3 � ln(
r1

r0
)(r 3

0 +
1
2

(3r 2
0h + r0h2)) �

11h3

12
;

we obtain after further integration that

h2kvk2
L 2

r (K ) <
3
2

h4k@zvk2
L 2

r (K ) + 2h4k@r vk2
L 2

r (K ) ;

from which the neededestimate follows.
(iii) Suppose(2.16) holds. Multiplying (A.1) by R1=2 and integrating over R gives

2
3

h3=2v(r; z) =
Z r 1

0

Z z

z0

R1=2@zv(R; � ) d� dR +
Z r 1

0

Z r

R
R1=2@r v(�; z) d� dR:

Proceedingas before,we �nd that

4
9

h3kvk2
L 2

r (K ) � h5k@zvk2
L 2

r (K ) + h2k@r vk2
L 2

r (K )

Z r 1

0

Z r 1

0
r

�
�
�
� ln

r
R

�
�
�
�dRdr:

The integral canbe evaluated by taking the limit asr 0 ! 0 in the equality of (A.2). Then
we get the required inequality.

(iv) Proof of the last caseis similar to the oneabove. �

Proof of Lemma2.2. It is easyto verify that

@r z(� hv) =

8
>>><

>>>:

3
2h5=2

Z h

0

Z z1

z0

� 1=2@r zv(�; � ) d� d� if r 0 = 0;

1
h2

Z r 1

r 0

Z z1

z0

@r zv(�; � ) d� d� if r 0 > 0:

The estimateof the lemmafollows taking norms on both sidesand applying the Cauchy-
Schwarz inequality. �

Proof of Lemma3.1. Let u 2 eH 1
r (D). First, we extend u to a function eu on the right half

plane R2
+ � f (r; z) : r > 0g such that

(A.3) keuk eH 1
r (R2

+ ) � Ckuk eH 1
r (D ) :

This can be done as follows: (i) Re
ect u about the f z = 0g line to get a function
in the rectangle f 0 < r < 1; � 1 < z < 1g. It can be easily seenthat the standard
arguments that prove that re
ection gives bounded extensionsapply to our weighted
Sobolev spaceas well. (ii) Next, re
ect the combined function about the f z = 1g line to
get a function in f 0 < r < 1; � 1 < z < 3g. (iii) Now re
ect about the f r = 1g line to
get a function in f 0 < r < 3=2; � 1 < z < 3g. Note that this re
ection doesnot re
ect
the valuesof u near the f r = 0g line to the r > 1 side. (iv) Finally, eu is obtained by
multiplying the function resulting from the previousstepswith a smooth cut o� function
that is identically one in a neighborhood of D and hascompact support in the extended
rectanglef 0 < r < 3=2; � 1 < z < 3g. This function satis�es (A.3).
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Next we cut o� the function eu to zero smoothly near the f r = 0g line. Let � " (r ) 2
C1 (R2

+ ) be a cuto� function satisfying

0 � � " � 1(A.4)

� " (r ) =
� 1 if r � ";

0 if r � "=2;
(A.5)

j@r � " (r )j � C=" for all r;(A.6)

and de�ne
eu" = � " (r ) eu(r; z):

Then, if S" denotesthe strip f (r; z) : 0 < r < "g, we have

keu" � euk2
L 2

1=r (R2
+ ) � keuk2

L 2
1=r (S" ) ;

k@r (eu" � eu)k2
L 2

r (R2
+ ) =

Z

R2
+

�
�
�
�@r eu(1 � � " ) + eu @r (1 � � " )

�
�
�
�

2

r drdz

� 2k@r euk2
L 2

r (S" ) + C keu=rk2
L 2

r (S" ) ;

k@z(eu" � eu)k2
L 2

r (R2
+ ) � k@z(eu" � eu)k2

L 2
r (S" ) :

Sincekeuk eH 1
r (S" ) ! 0 as " ! 0, we �nd that given any � > 0 we can �nd " > 0 for which

(A.7) keu" � euk eH 1
r (R2

+ ) � �:

Finally, we mollify the function eu" obtained above. Let

� � (r; z) =

(
c�;� e� ( � 2

� 2 � r 2 � z2 ) if r 2 + z2 < � 2

0 otherwise;

wherethe constant c�;� is chosensuch that
R

R2 � � (r; z) drdz = 1. De�ne

eu"� = eu" � � � :

If we choose� < "=4 then

keu"� � eu" kL 2
1=r (R2

+ ) �
4
"

keu"� � eu" kL 2 (R+ ) :

Moreover, by the well known propertiesof molli�ers, keu"� � eu" kH 1 (R2 ) ! 0 as � ! 0. Now
choosing � > 0 further smaller if necessary, we can ensurethat

keu"� � eu" kL 2 (R+ ) � "� and keu"� � eu" kH 1 (R+ ) � �;

so that
keu"� � eu" k eH 1

r (R2
+ ) � 5�:

Combining this with (A.7) we concludethat for the arbitrarily given � , there exist " and
� such that

keu"� � uk eH 1
r (D ) � 6�

and eu"� 2 C1 ( �D) \ L 2
1=r (D). �
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Proof of Lemma3.2. Becauseof Lemma 3.1, it su�ces to prove the stated inequality for
v 2 C1 ( �D) \ L 2

1=r (D). For such v,

v(r; z)2 � v(a;z)2 =
Z r

a
@r v2(�; z) d�:

Integrating with respect to z we get
Z z1

z0

v(a;z)2 dz =
Z z1

z0

v(r; z)2 dz �
Z z1

z0

Z r

a
2v(�; z)@r v(�; z) d� dz:

Applying the Cauchy-Schwarz inequality and integrating both sideswith respect to r ,

hkvkL 2 (Sa ) � kvk2
L 2 (K ) + 2hkvkL 2

1=r (K )k@r vkL 2
r (K )

� r1kvk2
L 2

1=r (K ) + hkvk2
L 2

1=r (K ) + hk@r vk2
L 2

r (K ) :

Hencethe lemma is proved. �

Proof of Lemma3.3. On any element K (with coordinates as in (2.13)), the following
identities hold:

@r
1
r

@r (r e� �
hu) = 0;(A.8)

@z
1
r

@r (r e� �
hu) =

2
h2(r1 + r0)

Z

K
@r z(r u) drdz;(A.9)

@zz
e� �

hu = 0;(A.10)

@r z
e� �

hu =
1

h2(r1 + r0)

�
(1 +

r1r0

r 2
)
Z

K
@r z(r u) drdz(A.11)

� h
r1r0

r 2

Z z1

z0

(@zu(r1; � ) + @zu(r0; � )) d�
�
:

Theseidentities hold even when r 0 = 0. Taking L 2
r (K )-norms on both sidesof (A.9) and

applying the Cauchy-Schwarz inequality gives

k@z
1
r

@r (r e� �
hu)k2

L 2
r (K ) � k

1
r

@r z(r u)k2
L 2

r (K ) � juj2eH 2
r (K )

:

For (A.11), we take L 2
r (K )-norms on both sides,apply triangle inequality, and estimate

the line integrals using Lemma 3.2:

k@r z
e� �

huk2
L 2

r (K ) � 4k
1
r

@r z(r u)k2
L 2

r (K ) + 4
r1 + h
r1 + r0

k
1
r

@zuk2
L 2

r (K ) + 4
h

r1 + r0
k@r zuk2

L 2
r (K ) :

Summingover all elements andapplying Proposition 3.1completesthe proof of the lemma.
�

Proof of Lemma5.1. Since

a(JkAkv; v) =
N kX

j =1

a(Pk;i v; v) =
N kX

j =1

a(Pk;i v; Pk;i v) �
N kX

j =1

jvj2H 1
r (D k ;i ) � 4a(v; v);

the lower inequality is proved.
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To prove the upper inequality, we apply a well known characterization of additive
operators [7]. Speci�cally, for any v 2 Vk decomposedas v =

P N k
i =1 vi with vi 2 Vk;i , we

have

(J� 1
k v; v) =

N kX

i =1

a(vi ; vi ):

Henceit su�ces to show that

(A.12)
N kX

i =1

a(vi ; vi ) �
C
h2

k

kvk2
L 2

r (D ) :

This inequality will follow (by summing) oncewe prove the local inequality

(A.13) aK (vi ; vi ) �
C
h2

k

kvk2
L 2

r (K ) ;

for all K and i such that vi is nonzeroon K . Here aK (�; �) denotesthe restriction of the
integralsappearingin a(�; �) to K . We split the proof of (A.13) into several cases(wherein
we omit the multilevel subscript k for convenience).

We �rst considerelements K which intersect � 0, i.e., K = [r 0; r1] � [z0; z1] with r 0 = 0.
The analysisproceedsby mapping to the unit squareand using the equivalenceof norms
on a �xed �nite dimensionalsubspaceof bilinear functions de�ned on the unit square.
For example,if a = ar ,

aK (vi ; vi ) = h
Z 1

0

Z 1

0
r̂ (j@̂r v̂i j2 + j@̂zv̂i j2) dr̂ dẑ

� Chkv̂kL 2
r̂ ((0 ;1)2 ) = Ch� 2kvkL 2

r (K ) :

Here r̂ = r=h and ẑ = (z � z0)=h. The above argument also works for a = a� with the
bilinear approximation spaceV �

h . It alsoworks for the approximation spaceeV �
h, because

on the elements under consideration, the span of r; 1=r; r z and z=r reducesto bilinear
functions.

For r0 > 0, bilinear elements with a = ar and a = a� are treated using the analogous
well known resultsfor bilinear �nite elements in unweighted norms. For example,if a = ar ,

aK (vi ; vi ) � r1

Z

K
(j@r vi j2 + j@zvi j2) drdz

�
Cr1

h2
kvk2

L 2 (K ) �
Cr1

r0h2
kvk2

L 2
r (K ) :

The estimatesfor a = a� are similar.
Finally, we needto considerthe caseof r 0 > 0 and eV �

h. We begin by observingthat for
any function w in eV �

h, the function q(r; z) � rw(r; z)jK is a linear combination of r 2; 1; zr;
and z. Let r̂ = (r � r 0)=h, ẑ = (z � z0)=h, and q̂(r̂ ; ẑ) = q(r; z). Let V̂ denotethe spanof
r̂ 2; r̂ ; r̂ ẑ; ẑ; 1 on the unit square.We clearly have q̂ 2 V̂ . BecauseV̂ is �nite dimensional,
scalingarguments show that there are constants C1 and C2 independent of h and q such
that

(A.14) C1kqk2
L 2 (K ) � h2

1X

i =0

2X

j =0

q(r0 + j h=2; z0 + ih)2 � C2kqk2
L 2 (K ) :
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Without loss of generality, let x i = (r0; z1) be the vertex corresponding to vi . Then,
letting p(r; z) � r vi (r; z), we have by (A.14),

kr vi k2
L 2 (K ) = kpk2

L 2 (K ) � Ch2r 2
0v(r0; z1)2

� Ch2
1X

i =0

2X

j =0

(r0 + j h=2)2 v(r0 + j h=2; z0 + ih)2

� Ckrvk2
L 2 (K ) :(A.15)

To prove (A.13), we use inverseinequalities for quadratic functions. Sincervi is qua-
dratic on K ,

aK
� (vi ; vi ) �

1
r0

Z

K

�
j@r (r vi )j2 + j@z(r vi )j2

�
drdz

�
1

r0h2
krvi k2

L 2 (K ) �
C

r0h2
krvk2

L 2 (K )

�
Cr1

r0h2
kvk2

L 2
r (K ) :

This completesthe proof of the lemma. �
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