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Abstract

We consider the question of stability for planar wave solutions that arise in
multidimensional conservation laws with only fourth-order regularization. Such
equations arise, for example, in the study of thin films, for which planar waves
correspond to fluid coating a pre-wetted surface. An interesting feature of these
equations is that both compressive, and undercompressive, planar waves arise as
solutions (compressive or undercompressive with respect to asymptotic behavior
relative to the un-regularized hyperbolic system), and numerical investigation by
Bertozzi, Miinch, and Shearer indicates that undercompressive waves can be non-
linearly stable. Proceeding with pointwise estimates on the Green’s function for the
linear fourth-order convection—regularization equation that arises upon lineariza-
tion of the conservation law about the planar wave solution, we establish that under
general spectral conditions, such as appear to hold for shock fronts arising in our
motivating thin films equations, compressive waves are stable for all dimensions
d 2 2 and undercompressive waves are stable for dimensions d = 3. (In the special
case d = 1, compressive waves are stable under a very general spectral condition.)
We also consider an alternative spectral criterion (valid, for example, in the case
of constant-coefficient regularization), for which we can establish nonlinear stabil-
ity for compressive waves in dimensions d = 3 and undercompressive waves in
dimensions d = 5. The case of stability for undercompressive waves in the thin
films equations for the critical dimensions d = 1 and d = 2 remains an interesting
open problem.

1. Introduction

We consider the multidimensional regularized conservation law
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u(0, x) = up(x);
ug(o0) = u4, (1.1

where u, f J,biKm ¢ R x e RY, for some dimension d 2 2 of the space variable,
and ¢t > 0. Using the detailed pointwise Green’s function estimates developed in
[6] for the linear fourth-order convection—regularization equation that arises upon
linearization of (1.1) about a planar viscous shock front u(x1), u(£00) = uy, we
establish that under general spectral conditions (defined below), such as appear to
hold for shock fronts arising in our motivating thin films equations, compressive
waves are stable for all dimensions d = 2 and undercompressive waves are stable
for dimensions d = 3. (In the special case d = 1, compressive waves are stable
under a very general spectral condition.) We also consider an alternative spectral
criterion, valid for example in the case of constant-coefficient regularization, for
which we can establish nonlinear stability for compressive waves in dimensions
d = 3 and undercompressive waves in dimensions d = 5. The case of stability
for undercompressive waves in the thin films equations for the critical dimensions
d = 1 and d = 2 remains an interesting open problem.

Throughout the paper, we will refer to the following fundamental assumptions
on (1.1) and the planar wave solution u(x; — st):

(HO) (regularity) f7, b7¥m ¢ C2(R), b"M(i(x1)) = by > 0.
(H1) (non-sonicity) d, f! (u+) #s.
(H2) 3 g D7M™ (0 (x1))6 61 E1Em 2 0151 for all § € RY and some 6 > 0.

We observe that owing to the generality of f!, we may shift without loss of general-
ity to a moving coordinate system for which s = 0, a convention we take throughout
the analysis.

Conservation laws of form (1.1) that satisfy hypotheses (HO)—(H2) arise, for
example, in the study of thin film flows, in which the height 4 (¢, x) of a film moving
along an inclined plane can, under certain circumstances, be modeled by equations
with fourth-order smoothing only, such as

he + (h* — h¥)y = —(BPhyao)r,  x €R;
hi + (h® — h%),, = =V - (h’VAR), xeR?, (1.2)

(see [2] and the references therein). In this setting, the onset of fingering instabil-
ities is a critical issue and spectral stability has been considered in [3]. However,
to date, no results on nonlinear stability for such equations have been established.
An interesting feature of these equations is that both compressive and undercom-
pressive planar waves arise as solutions (compressive or undercompressive with
respect to asymptotic behavior relative to the un-regularized hyperbolic system),
and numerical investigation by BERTOZZI, MUNCH, & SHEARER indicates that un-
dercompressive waves can be nonlinearly stable [2].

It is well known that for d = 1 solutions, u(z, x) of (1.1) initialized by u (0, x)
near a standing wave solution u(x) will not generally approach i (x) time asymptot-
ically, but rather will approach a translate of u (x) determined by the amount of mass
(measured by fR (u(0, x) — i(x))dx) carried into the shock as well as the amount
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of mass convected along outgoing characteristics to the far field. For d = 1, alocal
tracking function & (r) will serve to approximate this shift at each time ¢. In particu-
lar, the perturbation can be defined by the relation v(t, x) = u(t, x) — u(x — 6(2)),
where §(¢) is chosen so that at each time ¢ the shapes of u(z, x) and u#(x) are
compared, rather than their locations. (See, for example, [10].) We remark that the
notation § for shift is standard at this point for analyses in the current framework
and should not be confused with a Dirac delta function.

In the case d = 2, the shift from the planar shock front i(x;) depends addi-
tionally on the transverse variable X = (x2, x3, ..., x4). In this case, u(z, x) does
not approach a shifted wave asymptotically (the shift goes to 0 as t — 00), but
these ripples along the shock layer slow asymptotic convergence, hindering the
nonlinear analysis. We thus proceed, similarly as in the case d = 1, by introducing
the perturbation v(z, x), defined through

v(t, x) = u(t,x) —u(x; — 8(, X)),
to arrive at the perturbation equation (closely following the notation of [9])

d
(0 — L)v = (0 — L) (ux, (x1)8(z, X)) + Z(Qm +R" + 5"y, (1.3)

m=1

where Q, R, S are continuously differentiable functions of their arguments, and

d
Lv ==Y M () )y — (@ (X)),

Jjkim Jj=1
aj(x1) = B f7 (@(x1)) + b (@(x1))itxyxyxy (1.4)
BRM (1) = B (G (x1)),

with also
Q" = 0" + Y O(vllvgyyl), foreachm=1,....d,
ki
R' = o<e—'7'm>[0<|a|>0(2|8x,.| + D Beml + D 18xjxm D
Jj# Jk#1 JKI#]
+0(188,) + OO 18:,D OO 181+ Y |6m,|>],
j#1 k#1 ki#1
R™ = O™ H[0SHOCY 85,1+ D 1801+ D 1800
j#l jk#1 jki#1
+OCY 18, DOCY 18y D], m 1,
j#1 kl#1
s = o<e—ﬁm‘>[0<|6|>0(|v|> +08NOC Ve )
jki
+O(UNOCY 18] 4+ 1631 + 181y, + [8cj ) |, foreachm =1,....d.
Jjki

(1.5)
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‘We remark that the four critical terms will be
Y 0(vllvg gD O ™HOSHOCD  18:,1)
Jki J#]
O ™h5s,]), O ™HO(8NOC  [vrxex -
ki

which we will show dominate those remaining (see Section 2 for a derivation of
(1.3)). According to (HO)—(H2), we can make the following conclusions regarding
the coefficients of the linear part of (1.3):

(CO) (regularity) a;(x1) € C'(R), b/*™(x1) € C2(R), b (x1) = by > 0,
(C0O’) (asymptotic decay) For some o > 0, there holds

8k
| @it —ap)| = 0. k=o0.1.
1

ak ;
| @ ) = B = 0, k=0.1.2,
X1

(C1) (non-sonicity) either af < 0 < a; (Lax case) or sgn(af“af) = 1 (under-
compressjve case),

(C2) 3 jugm b/ (x1)& jE1E1Em 2 6]E|* for all & € RY and some 6 > 0.
Here,

+ . : . Jklm : jklm
atv = lim a;(x;); and b = lim b/ x1).
j s N j(x1) + LU (x1)

Upon integration of (1.3) we arrive at the integral equation

v(t, x) = /Rd G(t, x; y)vo(y)dy

t
—i—// Gt —s,x;y)
0 JRd
d

X[ (05 = L))y, 8) + Y (@ + Ry + St |dvds,

m=1
(1.6)
where G (¢, x; y) represents the Green’s function for the linear part of (1.3):
d .
G+ Y @G)G)y; ==Y @) Gy ), GO, x31y) = 8,(x).
j=l Jjklm
1.7

The idea behind the pointwise Green’s function approach to stability is to obtain
estimates on G (¢, x; y) sufficiently sharp so that an iteration on (1.6) can be closed.
(See, for example, [9, 10, 12] for complete nonlinear analyses in similar situations.)
Such estimates on G (¢, x; y) have been obtained in [6], wherein the authors observe
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that the coefficients of the operator L depend only on the distinguished variable
x1 and proceed by taking a Fourier transform of (1.7) in the transverse direction,
transforming (x2, x3, ..., xg) into (§1, &, ..., £4—1). In what follows, we denote
the transformed linear operator L.

Our stability theorems will assume spectral conditions on the Evans function,
D(A, &), associated with the eigenvalue problem, Lg¢p = A¢. Briefly, the Evans
function serves as a characteristic function for the operator L¢. More precisely, away
from the essential spectrum, zeros of the Evans function correspond in location and
multiplicity with eigenvalues of Lg, an observation that has been made precise
in [1] in the case—pertaining to reaction—diffusion equations—of isolated eigen-
values, and in [5, 13] in the case—pertaining to conservation laws—of nonstandard
“effective” eigenvalues embedded in the essential spectrum. For a development and
analysis of the Evans function in the current setting, the reader is referred to [6].

As in [6], we will analyze the Evans function with respect to a radial coordinate
p, defined through

(2, &) = (pro, p€o), where [(2o, 50)| = 1. (1.8)
Clearly, p = |(A, §)| = V/|A|? + |€|%. In particular, we will analyze
Djy.5(p) 1= D(pro, p&o), (1.9)

and the reduced Evans functions
A(ro, &) = lim p~' Dy, £, (p).
p—0

In terms of these definitions, our stability conditions take the form (D;) (the sub-
script s follows the notation of [6], for which the sufficient condition for stability
(Dy) was distinguished from the necessary condition (Dy)).

(Dy) Sufficient conditions for linear (and therefore nonlinear) stability.
Condition (1).
D(..§) #0, {(..8):§ R Rer 20, (1.8 # (0.0},
A(ro,§0) # 0, {(h0.60) : 50 € R'™! Rero > 0},

Condition (2). There is a neighborhood V of zero in (complex) &-space so that L
has a unique L? eigenvalue, 1, (§), defined through D(1.(£), &) = 0, A,(0) = 0,
satisfying

he®) = —i% &0k 1 idME g — A g, + O(ED),

where summation is assumed over repeated indices, and we use the notation [u] =
Uy —u_,and

f1= (fPup) — FPus), FPaug) = FPus), . ) — fAuo)).

We assume that one of the following holds (Condition (2a) or Condition (2b)):
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Condition (2a).
Mg 2 Mg, £ e R AY >0,
Condition (2b).
ME=aM =0, all j k1
and

ikl _
e EEE, 2 AJEY, £ e RIS > 0.

Condition (3). For p = pg > 0, there exist constants ¢; > 0 and C, > 0 so that
the spectrum of L¢ lies entirely to the left of a contour defined through the relation

Re ) = —ci([Re &[* — Ca|Im &[* + [Im A]).

We will refer to the contour defined by this relation as I'hoyng.

Remark on thin film equations. Undercompressive viscous shock waves arising
in the thin films equation (1.2) (multidimensional case) have been shown, through
numerical calculations to satisfy Condition (2a) (see [3], especially the discussion
around Fig. 6). In the case of compressive waves arising in (1.2) (and generaliza-
tions; see (3.1) of [3]), the authors of [3] established the exact representation

30— /+°° fu) - f@,
2 —00 Uy —u—

Remark on Conditions (2a), (2b) & (3). In the case of incoming characteris-
tics, signals propagate into the shock layer and then convect and diffuse along the
shock layer with rates depending on Conditions (2a) and (2b). In the case of Con-
dition (2a), the signal propagates along the shock layer similarly to the solution
to a second-order convection—diffusion equation. In the case of Condition (2b),
the signal propagates along the shock layer similarly to a fourth-order convection—
regularity equation. Condition (3) ensures that the small ¢ behavior in the shock
layer is fourth order.

Remark on Condition (1). The condition A (Ao, &) # 0 is a transversality con-
dition. In the case of compressive waves,

Ao, £0) = v (i&0 - [f1+ Aolul),

from which A(Xg, &) # 0 = y # 0, and additionally A (Ao, &) is only O for Ag
purely complex.

Before stating our main theorem, we must specify our selection mechanism for
the local tracking function §(¢, x). In either the compressive, or the undercompres-
sive case, the distinguished eigenvalues A, (§) reduce the time asymptotic decay
rate of the Green’s function G (¢, x; y). (In the case d = 1, the eigenvalue at L = 0
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determines that the Green’s function does not decay in time.) In our selection of
8(t, x), we separate our Green’s function as,

G(t,x;y) = ity, (x1)é(t, %; y) + G(t, x; y),
3y G(t, x5 y) = iy, (x1)ék(t, %3 y) + Gr(t, x; y), (1.10)

where iy, (x1)é(t, X; y) decays at the reduced rate determined by A.(£), with
G(t, x; y) the more rapidly decaying remainder, and the expressions & (z, X; y)
and Gy (1, &; y) need not correspond precisely with yi-derivatives of ¢ and G.In
terms of e(¢, x; y), we define our shift §(¢, X) through the integral relation:

d
8(t, %) = = [ga &, 55 ooy + [ Jga X ent =5, %5 yIN™ (y, )dyds,
1

m=

for which, we will show in Section 2, there holds

p d
v(t, x) =/ G(t,x;y)vo(y)dy—/ / D Gt —s,x;y)N" (s, y)dyds,
Rd 0 Jre —

where, for notational brevity, we take
Nm — Qm+Rin+Sm

We will establish our main results in terms of the transverse norm

1
el = ([ wenirds)”, (1.11)
x Rd-1
and the decay functions

d d-1 — +t%
0(t,x1) = (1+0)"*7 % exp —M
Lt3

d—1

Vi, x) = (1+ t)_T(l_%)[(l +07F A+ | —af )]

_dd-1 4o _d
Yo(t,x1) = I+ x| +0) *7 % (1+x —a )] 4I{|x1|§\a1+|l}

24 4t
Y3t x1) = (1 +|x1[+1) PI(+ |x1]) 21{\X1|§\al+|f}
_@(1_1) _r
Ya(t,x1)) == 1+ * V214 x| +1)
_dd-1
Ys(t,x1) = (1+0)7 4% exp(—nlxi]).

We remark that the terms with afr will only appear in the undercompressive case,
for which af > ( is taken as the outgoing characteristic.
We are now in a position to state the main results of our analysis.

Theorem 1.1. Let u(x1) be a planar wave solution for (1.1), and suppose assump-
tions (HO)—(H2) hold, as well as spectral criteria (Dys), with Condition (2a). Then,
for Hélder continuous initial perturbations vy(x) satisfying ||vo| Lo < ¢o and

- _ d 1
/RH lvo()ldx = so(1+ 1D~ r> 1t3 (1.12)

for &q sufficiently small, we conclude:
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(I) Compressive case. For 9, f'(u_) > 0 > 9, f'(uy), and for d > 2 and
la| = 1,

- ~ _dyd-1
lur, ) = et = 8. B = Coo watex0) + (1407 T yste, x|

N _d;l(l_l)_m
038(t, X)ll,p = Coo(1+1) =\ »/ %y

(IT) Undercompressive case. For 9, f'(u_), d, f' (u) 2 0, and ford = 3 and
lo] = 1,

Jut, ) = ey = 8, D)y
L4
< Coo[00tx0) + ya . x0) + (1 + x1 = af 1) $(e, x)
—dlp 1y 1 —dd-1
bl DT T s ) + (40 s )],

s i i (1-4)-
1958, D)llp = Coo( +1) ? .

Remark on conditionr > % + % While our general condition » > 1 is critical to
the argument, the condition r > % + % has been taken for technical reasons (that
will be pointed out in the proofs) to simplify the arguments. We note that in the
case d = 2, r > 1 still suffices.

Remark on the dimensions of validity. We observe that the restriction of our
result in the undercompressive case to dimensions d = 3 is because of the out-
going characteristic, not behavior, in the shock layer. In particular, the application
of our method to linearization about a constant state, which also necessarily has
an outgoing field, is also restricted to the cases d = 3. More generally, we point
out that fourth-order regularization is less stabilizing than is second-order regular-
ization, at least in so much as the rate of approach to the wave is reduced. Such
reduction in rate serves, especially, to complicate the step from linear stability to
nonlinear stability. It is for this step, that the higher dimensions are required.

According to Theorem 1.1, we obtain the following corollary on nonlinear L?
stability.

Corollary 1.1. (L? stability.) Under the assumptions of Theorem 1.1, the planar
wave i(x1) is stable in LP, for p 2 1 in the compressive case and p > 1 in the
undercompressive case, with decay rates as follows:

(I) Compressive waves. For 9, f'(u_) > 0 > 8, f'(uy), and ford = 2,

lu(t, x) —uxr — 8(2, X))l Lrwre)
d-1

= Cs‘o[(l + [)77(17%)7%% +(1+ z)‘%+%],
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(IT) Undercompressive waves. For 9, f'(u_), 8, f'(uy) = 0, and ford > 3,

- - _d(1_1L
(e, x) — @y — 8t N o gty < Cho(1 +1) 10-5),
We have a similar, though weaker, result under the higher-order Condition (2b).

Theorem 1.2. Let i(x1) be a planar wave solution for (1.1), and suppose assump-
tions (HO)—(H2) hold, as well as spectral criteria (Dys), with Condition (2b), and
that the regularity coefficients b7 in (1.1) are all constant. Then, for initial per-
turbations vy (x) satisfying ||vg| L < o and

/ lvo()ldx < co(1+ D™, r>1, (1.13)
Rd-1

for &g sufficiently small, we conclude:

(I) Compressive waves. For 9, f'(u_) > 0 > 9, f'(uy), and for d = 3 and
lo| = 1,

lur, ) = ey = 8. D) = Cool ale, x) +Yst,xn) |,

- _@(1_i> le
1928, D)l < Coo(1+1)" * N 2)7 4,
(II) Undercompressive waves. For 9, f 1 u-), oy f 1 (uy) 20, and ford 2 5,

ll(z, x) — u(x1 — 8(2, i))IILg < C(o[Gi(t, x1) + Y1, x1) + Y2 (t, x1)

+W3(t,X1)+W5(t,X1)],

]

~ _d;l(l_L)
I8¢, )l SCo(l+1r) * V) 4

Moreover, under the additional restriction of Holder continuity on the initial per-
turbation, vy € cotr, y > 0, we can conclude exactly the same estimates for
non-constant b’¥'™ satisfying only (HO)—(H2).

According to Theorem 1.2, we obtain the following corollary on nonlinear L?
stability.

Corollary 1.2. (L? stability.) Under the assumptions of Theorem 1.2, the planar
wave i(x1) is stable in LP, for p 2 1 in the compressive case and p > 1 in the
undercompressive case, with decay rates as follows:

(I) Compressive waves. For 9, f'(u_) > 0 > 8, f'(uy), and ford = 3,

llu(t, x) —u(xy — 8@, X))l prgay
d-1

= Cé“o[(l + t)ff(lfi)’”% + 1+ t)_%er‘*;Pl];
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(IT) Undercompressive waves. For 9, f'(u_), 8, f'(uy) = 0, and ford > 5,

et 3) — Ge1 — 86 ) pqasy < Coo(1 + 0 #075).

Remarks on Corollary 1.2. We note that with » > 1, our condition on the initial
perturbation vg(x) (1.13) is only slightly stronger than boundedness by &g in L.
The assumption in [9] (Theorem 1.2) is |l xjvo|l .1 £ &o, which would correspond
in the pointwise framework with » > 2. In the case r > 2 (in fact for r = 5/4) our
estimate in the compressive case is

_ B ,@<1,1),l
lu(t, x) —u(xi =8, lppwey = CA+1) * 1 2)H,

which corresponds with Theorem 1.2 of [9] (for which 4 is replaced everywhere
by 2).

2. The integral equations

In this section, we develop the framework for our nonlinear iteration on v(¢, x)
and (¢, x). Given a standing wave solution u#(x1) to (1.1), we define our perturba-
tion variable through the relation

v(t,x) =u(t,x) —u(x; — 8, X)).

Upon substitution of u(z, x) into (1.1), we find

d
3y (i (x1 — 8) +v) + Y fI((xr — 8) + v)y
j=1
== > W) = 8) + ) (@ (x1 — 8) + V),
Jjkim

Taylor expanding for small v, we find

d
hia(x = 8) + v+ Y (701 =) + 8 f @ — 8)v +00Y)

j=1

=-> [(bj""” (ii(x1 — 8)) + 8ub ™M™ (i (x) — 8))v + o(UZ))
Jjkim

X (axjxkxlﬁ(xl -8+ axjxkxll))]x .

xj

Taylor expanding now u(x; + §) for small §, and then Taylor expanding around
i (x1), we arrive at the three relations:
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d d
D @ f G = 8)))x; = Y @O f @x))v)y,

j=l1 j=

1
+Y (o™ sie))

=1 !

2 N MG~ 8)3s e VD = 3 B (1)) V),
Jkim jkim

+ 3 (08l vsy0D)

jkim o

Y (0 = )iy itn — 9)

jklm

=D @b @(x1))iLxy 12, V),

m

+> (0<e*ﬁ'“‘)0(|v|)0<z 18] 4 1851 + 182, | + |ax,xkx,|>)x :

]kl m

Xm

For the remaining terms, we have the following proposition.

Proposition 2.1. Suppose u(x1) is a standing wave solution to (1.1), and let (HO)
hold. Then,

d
Bii(xy — 81, ) + Y O, £ @(x1 — 5(t. )

j=1
+3 8, (bjklm(ﬁ(xl —5(t, j)))a;?jxwﬁ(xl -3, i)))
Jjkim
d
=—( — L)(iix,8) — »_ R},
m=1

where R is as in (1.5).

Proof. Denoting i’ = 9y, and Taylor expanding, we have the three relations

iy = 8 = =i ()8 + (0 [81])

X1

Oy £ (@1 = 8)) = By f @ (xr — 8(2, )i’ (x1 — 8(2, %)),

D@0 = 8 ==Y f @)@ (x1)8)s,
J#1 j#1

+3 (0 ss, D)

j#l
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and finally,

> (B @1 = )00, i1 — 9))

Jjkim

= (" @1 — )" (1 - 9))

m

Xm

= 3 (P @100y @5) )
Jjkim

=Y b )i (i ),
m##1

+b! (@ (x1))a®s

Xm

+{ O D] e ™88, 1 + 184,81, ])
jk#1 X

+> 10E ™D > 1810 | + 1850 |
m Jjki#1 o

+D [0 ™5 DO Y 185l
m

Jjki#1 .
Proposition 2.1 follows from combining these relations. 0O

The linearization (1.3) follows through direct substitution from Proposition 2.1
and the relations directly preceding it. Following [9], we next establish a convenient
representation for the integral

t
/ / Gt — 5, %: ¥) @5 — L)ty ()3 (2, $))dyds.
0 JRd

Proposition 2.2. For any f(t, x) such that for eacht, f(t,-) € LP(RY) N C*(RY),
with also f(-,x) € C'(R) we have:

t
| [, 66 =sxn@ = L5 ndyds = fex = [ 6x0 700y,
0 JRA R4
Proof. We first observe that for w(z, x) defined through
t
w(t, x) :=/ fRd Gt —s,x;5)(0s — Ly) f(s, y)dyds,
0

we must have

w; — Lyw = f; — Ly f,
w0, x) = 0.
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We then set, v = w — f, so that

vy = Luv,
U(O, .x) _f(ov x)’

with solution
o(t, x) = —/Rd Gt x: y) £(0, y)dy.

Substituting back for w completes the proof. O

According to Proposition 2.2, our integral equation (1.6) becomes

v(t, x) = A@d G(t, x5 Y)vo(y) — 80, Yy, (yD)]dy + ity (x1)8(z, X)

t
_ / / 3Gy, (t =5, %5 Y)N™ (s, )dyds,
0 Jre“

where the N is as in (1.11), and we have integrated by parts once. We now choose
8(t, X) to annihilate the part of G (¢, x; y) that corresponds with mass accumulating
in the shock layer (measured by the excited terms) designated in (1.10) as e(¢, X; y)
and (for the yy derivative) e (¢, x; y). We take

51, %) = — fR a5 Do) — 80, iy, (1)l

t
—l—/ / Zém(t—s,x;y)N’"(s,y)dyds.
0 Jre 4

According to the Green’s function estimates of [6], e(z, X; y), for y; 2 0, takes the
form

et, X y) = E, % Dy, <ja)y»

where E varies by case. In the compressive case, and under Condition (2b) of (Dy),
we have,
~ ~ ~+ 4
<0, = _d—L |Xx —y — aggtl3
e(t, x;y) =00~ % )exp <——1eff) Ly < ia iy
Mt3 =

where the effective transmission rate szff is described in Section 3. We see that our
linear integral in the definition of §(z, x) satisfies

+laf'lr d—1 F—y—ata’
‘/ O(t~ % )exp ——| J letf |
lay | JRI- Mr3

x [0(3) = 8(0, iy, ()] d5dy|

A

+lajf It )
C/ sup [vo(y) — 80, y)uy, (YDI(y1)dy1,

—laylt 3
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which tendsto O as ¢t — 0. Similarly, we can conclude in each case that § (0, x) = 0,
from which we have our integral equation for &,

DY8(t, %) = —/ D%e(t, X; y)vo(y)dy
Rd

t
[ ] Dt s m N s dvds, @)
0 Jre <

where || < 3 is a standard multi-index. We contrast this approach with the analy-
sis of [9], in which the shift is initialized with a non-zero value determined by the
initial perturbation. With this (implicit) choice of §(z, X), we arrive at the integral
equation for v (¢, x),

v(t, x) = /Rd G(t, x; y)vo(y)dy

t
[ [ S Gt smyNsdyas, @)
0 Rd ™

with G (¢, x; y) as in (1.10).

3. The compressive case

In the compressive case (a; > 0 > a1+), we have the following result from [6].

Lemma 3.1. Under assumptions (HO)—(H2) and (Dy), and for the compressive
case, the following estimates on solutions G (t, x; y) to the Green’s function equa-
tion (1.7) are obtained. For some constants M and n, and for d-dimensional multi-
index a, with |a| £ 3, a1 £ 1,

® yi,x1 20

4
|x —y—at|3

02G(1.x:y) = O~ exp (— ) it ()% (1, F, )

Mi3
+O0(exp (—nlx1 )R, X, y; d + |a])
+0(exp (—lx1)O(exp (~(1% — 51 + D)y <l

({Hx =0=y

4
—ditlel x—y—att3
926G (1, x1y) =0 (1773) Ofexp (—nlxi) exp (—y—)

Mt3

(1 +a1+t)%

xexp | —————
Mt3

+O0(exp (—nlx1D)R(@, X, y; d + |et])

+O(exp (—nlx11)O(exp (—n(|x — y| + t)))l{l}'1\§|d1+|t}

ity (xl)age(t, X, y),
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where, for y1 2 0,
~ ~ ~p 2
d—1+]a| X —y—at|3
et 5.3 = 0 (75 ) exp Q#)
Mt3

(Y1 +a1 t)x
X exp
Mﬁ
X,y

+R(t, d—1+|al),

with

1 apt

~ Y1) - Y1 o~
aeﬂ;f(ts )= <1 + g) Qave — Taiv

and for the case of Condition (2a), we have (again for y; 2 0)

R(t, %, y; k) = O™ % Aly) Faift|™2)

[F — 5 — al
x |:exp (—Teff) (3.1
13

|5€ — 5/ — d;;fl|2
dexp| -2 eftl ! .
’ ( M|y1 F aj't| (I ISlaEl)

while in the case of Condition (2b), we have

~ ~ ~ 4
) L | — § —agt |3
R, x,y;k) =00 Hexp| ———————— ) I}, <1+
1 {Iy11Slay 12}
Mts
In the Lax case, estimates for x| 2 0 are symmetric. Moreover, owing to the non-so-
nicity condition (H1), the first time derivative of e(t, X; y) yields the same estimate
as the first space derivatives.

Remark on Lemma 3.1. For a general discussion of Lemma 3.1 and its proof,
see [6]. We remark here that e(z, X; y) corresponds to the second summand in
the estimate on e(z, x; y), R(t, X, y; d — 1). In the case x1, y; < 0, we refer to
the first term in G as the scattering term, the third as the remainder term, and the
contribution from e(t, x; y) as the excited term. The final estimate in each term
O(e~ MM ‘)O(e_”("z_f'“))l{‘yl Ilat 1) yields exponential decay in time and has no
effect on our iteration. B

Using the estimates of Lemma 3.1, we can conclude the following norm esti-
mates on the linear integrals in our iteration.

Lemma 3.2 (Linear integral estimates). For G(¢, x; y) as in Lemma 3.1, we have
the following estimates for |a| < 3:
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(1) Under Condition (2a), and for vo(y) satisfying (1.12),

- _dyd-1
I /Rd G, x; )vodylipr = Clo(alt, x1) + (1 +1) T s, x)),

o]
S-5) [a+n73 =01,

||/ 3%e(t, % yyvodyll p < Coo(1+1)
RS Lz 1+072, |a|22.

o ,u<1,i>,l
i [, 2.5 w0yl < Caot+n” T \T0)7E

(ii) Under Condition (2b), and for vy(y) satisfying (1.13),
1] Gl vyl < Caotvatron) + st x0),
. ,@(1,l),m
l /Rd 3§€(t,x:y)vo(y)dyIIL§ < Copo(l+1n * AN
L _@<1_1)_1
I [ 2,55 w0yl < Caott+07 T U,

Lemma 3.3 (Nonlinear interaction estimates). For G(t, x; y) as in Lemma 3.1, we
have the following estimates:

(i) Under Condition (2a) and for d 2 2,

t
1,36t = sx s ndydsiyy.
0 JR4 X *
_dd-1
< Cpat )+ A0~ ysx),
1
1 [ ¥ Dt =55 pwis, ydydsig
0 X
k

|la

_d=1 (g _1)_lo

ca+n T % <y,
d—1
2

ca+n T390 g2

t
||a,f /R S Gt — 5, 5 )W, ydydsll
O X
k

1

<ca+n T (5)

[IA

bl

for any W (s, y), satisfying
_3 3 —d1(p-1 _
1l < G i +0i[a+0 T EH a4 0
5
(1 + S)*%*%Uf%)e—mm],

where ) > n, n as in ys.
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(ii) Under Condition (2b) and for d 2 3,

t
Gy (t —s,x; V)V(s, y)dyds|, »
”fo/w; yt = 5.2 Y)W (s, y)dyds]
< C(Ya(t, x1) + ¥s(t, x1))

t
II/ fRd E Dier(t —s,X; y)W(s, y)dyds|;»
O X
k

_d=l(q_L1)_lo
ca+n T34 | < 2,
d-1(|_1

_d-1 _ e
C(l+1 * ( P/ 4 log(2 +1), o] =3,
t
||a,/0 fRdZém 5 E )W, dydsl
k X

_d;l(l_l)_l
SC(+rn) 7 08, (3.2)

NS

A

for any W (s, y) satisfying

d—1

1wl < e+ oi[a+o T b 49

d_d—1 1 _
+d _}_s)*Z*T(l*E)e—nlynl]’
where 1 > 1, n as in ys.

Given the estimates of Lemmas 3.2 and 3.3, the proofs of Theorem 1.1 (Part I)
and Theorem 1.2 (Part I) are almost identical. We thus proceed only in the (slightly
shorter) case of Theorem 1.2 (Part I).

Proof of Theorem 1.2 (Part I). In order to accomodate the case of non-constant
regularity, we require the following lemma on small time behavior

Lemma 3.4. Under the assumptions of Lemma 3.1, and under the additional restric-
tion of Holder continuity on the initial perturbation, vy € COtY (x), y > 0, the inte-
gral equations (2.1) and (2.2) yield a unique local solution v € co+i (HNCYY (%),
secC!ti ONC3HY(F), extending so long as |v|co+y remains bounded. Moreover,
on this time interval

sup [[vll 2 (s + ¥5)~' (1, x1)

xleR

remains continuous, so long as it, and |5;(t + 1, X)|, are uniformly bounded, and
for T > 0 sufficiently small and t 2 7,

- el —
sup [ D*vllp (Ya + ¥s) ™ (1. x1) < CT75 sup vl (Y + 9s) 7 (1 — 7).

x1eR x1€R

where a is a standard multi-index |a| < 3.



P. HOWARD & C. HU

Remark on Lemma 3.4. The key observation of Lemma 3.4 is that we can estimate

derivatives of v in terms of the value of v at slightly previous times. Similar esti-

mates hold in the other three cases. A proof of Lemma 3.4 is given in Section 5.
We proceed now by defining the iteration variable

o) = sup [||U(S,YI,')||L13(W4(S»y1)+W5(S,)’1))_1
yieR,0Ss <t !
1S p=oo

d—1(1_1Y ol
Y D%, (14 T (78
;
|2

d=1(1_1),3
£ Y 108G e (45 T 00 loge
o|=3 Y

0G40 T (754,
Claim 3.1. Suppose there exists some constant C such that
£(1) < Cloo+ M),
where g is as in Theorem 1.1. Then, for ¢y sufficiently small, {(t) < 2C¢p.

Proof of Claim 3.1. Regarding ¢ (0), we first observe that since |[v(0, -)||;1 < &o,
V0, )L = &o, and

0@, y1. )l So+Imb™ r>1,

we can conclude from (2.1) and (2.2) that there exists some constant C| such that
£(0) £ C1&p. We can now choose ¢y sufficiently small so that &y < % and (by

choosing ¢y < CLI) ;“(0)2 < &o. In this way, we ensure ¢(0) < 2C¢p, where C is
as in the statement of our claim. By continuity of ¢(¢), there exists some 7 > 0,
possibly small, so that for 0 < ¢ < 7, £(t) < 2C¢p. Arguing by continuous induc-
tion, we suppose now that T is the first time for which ¢(7) = 2C¢p. If no such T
exists, the claim is established. If 7' does exist, we compute directly,

§(T) < Cloo + (1)) = CGo +4C°55) < 2Co,
a contradition. O
It remains to show that
lvs, y1, -)Ing (Wa(s, y1) + ¥s(s, y)) ™,
and

136, Mo 1+ (75),

are both bounded by C(¢g + ¢(1)?) for some C > 0, all 0 < s < ¢, so long as ¢
remains sufficiently small.
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Combining (3.3) with Lemma 3.4, we find that for r < 1, |a| < 3, (noting that
as t — 0 in Lemma 3.4, r must approach t from above, forcing, t to 0),

1D 0, )l (Pa(t, 20) + W2, 11)
< C 00, 0l (a0, 1) + Y50, x1) ! < € (0),

so that (observing that ¢ (0) < ¢(¢)),

_lal
IID“v(t,X)IILg S Ct™ 20t (Walt, x1) + Ps(t, x1)).
Similarly, for z = 1, and some fixed 0 < 79 < 1,

D% v(z, Ol (Palt, x1) + ¥s (@, x)”!
ol

< Cry ol = 10, )l Lr (Yt = 70, x1) + Y5t = 0. x1)) "
< Cie(t — 1),
so that (observing that ¢ (r — 1) < ¢(1)),
ID%v(t. )l S CrE()Walt, x1) + s(t, x1).
We conclude the derivative estimate
100G, 0l < €5 (405 @O Wl 1) + Y5t x), ol 3.

We have then from our definition of N™, and our definition of £ (¢),

D INT s e S OV 2

for some W (s, y) as in Lemma 3.3. (though the justification of this last assertion
requires considerable calculation, the analysis of each particular term is
straightforward).

Now combining our integral equations (2.2) and (2.1) with the estimates of
Lemmas 3.2 , we obtain,

loe )l < 1 /ﬂ; Gleoxi oyl

t
=+ /0 /Rd ZGym(t —5,x; y)N™ (s, y)dyds||L§
m

< Coo(Walt, x1) + Ps(t, x1)) + CC () (Walt, x1) + Ys(t, x1))
< C(Go + SO Walt, x1) + Ps(t, x1)).

Proceeding similarly, we determine,

S=
B

d=1(1_1)_lel
D5, )IILP<C(4“0+§(I) (L +1) #(-5) Yoo lel =2,

d

1D%5, )2 < CGo+50) 110 T () g2 1), =3,

L( ,1),1
19,:8(z, )IILP SC+eOHU+1) r)o4,
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from which we have
£(1) £ CQo+t1?),

whereby the Lax case of Theorem 1.1 follows directly from Claim 3.1. O

4. The undercompressive case

In the undercompressive case, taken without loss of generality as a, ar > 0,
we have the following lemma from [6].

Lemma 4.1. Under assumptions (H0)—(H2) and (Dy), and for the undercompres-
sive case, we have the following estimates on solutions G(t, x; y) to the Green’s
Sfunction equation (1.7). For some constants M and n and for d-dimensional multi-
index o, with |a| £ 3, a1 £ 1

@) y1,x1 =0

4
d+|a| — —a_t 3
8;‘G(t,x;y) =O(f £ )exp —M
Mt3

+itx, (x1)0ye(t, X, )
+0(~$)0(exp (—nlx1 )
x (06~ %) +@10exp (—nlyNOG))

~ ~ _ 4

E—F—a 1|3 (1 +aj )3

xexp| ——————|exp| ——7F—
Mt3 Mt3

+O(exp (—nlxiD)R, (2, X, y; d)
+O(exp (—nlx11))O(exp (—=n(|x — y| + t)))l{\y1|§\al_|t}‘

(i) x; S0 =y

B;G(t, X, )

= iy, (x1)0e(t, %, y)
d+|a

+0(= ) 0exp (<l )
s s~y 4 o+ 4
% O(exp (—1[y1])) exp (—u> exp (—M)

Mt3

+O(exp (—nlxi DR (1, X, y; d + |a] — 1)
+O(exp (—nlx11))O(exp (—n(|X — y| + t)))l{\yﬂg\aﬁt}’
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(iii) y1 £0 < x)

at 4
_ 4., _4F
(x1 pretaiakl )3

_dtle|
3;‘G(t,x; y) =0(" 4 )exp TR
-5 — (=g +aty
xexp | — —
Mt3

+ity, (x1)dye(t, X, y)
+O(exp (—=nlx1D)R, (¢, X, y: d)
+O(exp (—=nlx11))
xO(exp (=n(lx — y| + t)))1{|yl|§‘a1*|,}-

@iv) x1,y1 =20

4

d+lal —v—a.t|3

0%G (1, x;y) = 0“7 ) exp _w
Mt3

it (202 (1, %, ¥)
+O(exp (—n|x1 )R (¢, %, y; d + |o| — ay)
+O(exp (—nlx1 )OExp (—n(F — 51+ )]y <t -

where for y1 < 0,

ae 5 3) = 0 (175 ) [0 (%) + 010 @xp (-nin 0 (7))

4

E—5—a 1|3 1 +a7n3

xexp|———— |exp| ——7F—
Mt3 Mt3

while for y1 > 0 we have,
~ _d—1
0e(t, % ) = O (=5 ) O (exp (=l )
jalay 1§ — 5 —ate|3
xO(t_ 1 )exp -

Mts3
4
1 —af0)3
X exp —T
t3

+RT(1,%;y,d = 1).
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In the case of Condition (2a), we have

K K o o]
Ry (.53 = O (5 Al +ar172) (0 (% Al +a717%)

o] —or lo|—ay

+0610(e_”‘y1')0(t‘T1/\|y1+a1*t|— : ))

~ o~ ~_ 4
X =y — autl|3
x | exp _M
Mt3
% — 5 — agtl
e <_M|y1—+al_t| I{\y1|§|a;|t}

RY(t, %, y;60) = O™ % Ayt —aft]72)
xO(exp (—=nly1l))

~ ~ ~1 4
X — Y —da.l|3
X |:eXP <_| yM 1 eff | )
t3

¥ -y —ajtl
+exp | ———2 el ) g .
P ( M|y — ai"t| {Iy11S]af" 1t}

while in the case of Condition (2b), we have

Ry (55,0 =0 (175) (0 (17 %) + 10 exp (=nlyi)

o)

4
% — § —agtlt
X exp (_—Mﬁ Ly Say 1)

RT(t, % y, k) = O™ 1)O(exp (—n|x1]))

4
X — 3 —agt|3
xO(exp (—nly1])) exp (——leff
Mt3

XLy Sl 1y

Moreover, owing to non-sonicity condition (H1), the first time derivative of e(t, X; y)
vields the same estimate as a single derivative with respect to any transverse coor-
dinate.

Remarks on Lemma 4.1. There are two critical differences between the estimates
of the undercompressive case and those of the compressive case. First, the un-
dercompressive case has a transmission term (Case (iii)), which describes a sig-
nal moving through the shock layer. Secondly, y; derivatives on the excited term
e(t, x; y) in the undercompressive case do not decay with an additional rate in time
as do their counterparts in the compressive case.
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Lemma 4.2 (Linear integral estimates). For G(¢, x; y) as in Lemma 4.1, we have
the following estimates:

(i) Under Condition (2a) and for vo(y) as in (1.12),

|| / Gt x: Wvo)dyll v
R4 x

4, d-1
< Ya(t, x1) + (L+ 0747 sz, x1), x; £0,
S Co _dd-1

O, x1) + it x) + A+ F7 % Ys(t, x1), x1

I A{ad o e, X; y)vo(dyl

_lal
< Co 40T (m5) JA DT el S 1,
R (1+072, |a|=2.

I / é(t, % Yoyl r
Rd *
_d-t(y_1)_1
< coot 40”0,

(i1) Under Condition (2b) and for vo(y) as in (1.13)

II/ G(t, x; y)vo(ydyl
Rd x

<ce Ya(t, x1) + ¥s(t, x1), x =0
- O(t, x1) + 1t x1) + s, x1), x1 20

|| / 02E(t, &5 Yo (n)dyll»
R4 X
_d=1(7_1\_lel
< co+n T (73)-%
B / &1, % Yoyl r
R 5
Ldi(y 1)1
< cop 4+ T (78)4,

Lemma 4.3 (Nonlinear interaction estimates). For G (¢, x; y) as in Lemma 4.1, we
have the following estimates:

(i) Under Condition (2a) and for d = 3,
Forx; £0,

1
||/0 /RdZGyk(t—s,x;y)\I/(s, dyds|l,r
k

< Clyutt.x) + (L+ 07T % s, xp)].
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Forx; =0,

t
||/0 /RdZGyk(t—S,x;y)\I’(s,y)dde”Lg
k 3

< clow, xn + v x)
_dyd-1 o_d
FA 4+ 075 T s, 1) + (L [ —af )5y
_@(2_1)_1
(0 ful 4+ ET Ty,

In addition, we have the tracking estimates,

t
II/(; /Rdzagék(t—s,i;y)\ll(s, dyds|l,r
k ;

“aro TR gz

t
o [ [ Y e = v, vl
k

1 1

<4 T 9)

where
(s, y) = W_(s, M1}y, <o + W+ (s, M)y, >0)
for any W_(s, y) and V4 (s, y) satisfying

d—1
7

< o3 3 -Fe-p —2r
V(s )lpp = Cs™ (1 +9)* (1 +5) Pyl +9)

and
14 (s, y)||Lg
3_d-l(y_1 _ats)i
§CS_%(1+S)4 4 (2 p)l:(l_‘_s)_%exp _w
Ms3
1
0+ 97 A0+ |y —af s ]

3_d_d-1

d=1(1_1
FCsTi(1+5)37 272 ( ”)eXp(—ﬁIyll)
_d d-1 +.—d
FCA+ Iyl +9)7 2% A+ 1y = afsD™ Iy <t

—d5l(a-1)-4 -1
+C(1 + |yi] +5) PR ID T a5

where A represents min, and n > n, n as in ys.
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(ii) Under Condition (2b) and for d = 5,

t
| /() /Rd ZGyk(t — s, x; Y)W (s, y)dyds||L;__z
k X

c Ya(t, x1) + Ps(t, x1), x1 20,
3
O(t, x1) + Y iy Y, x1) + Ys(t, x1), x1 20,

[IA

t
||/0 /Rdza;‘ék(r — 5. %)W (s, Y)dydsl
k

)_
)7\

=

, || =2,

\
In(e +1), |af =3,

d—1
(1+n~ 70"
d—1

A+~ 0
t
i | /Rd;éw — . F )W (s, )dyds] o

<+ T0-5)-

174N
IR TE
N

IS

)

where

\Ij(s’ }’) = \ij(sv y)l{y] é()} + \IJ+(S5 }’)I{ylgo}

forany W_(s, y), and V4 (s, y) satisfying
_3 3 —dzl(2-1 _
19— Ml S CsTHA+9) [+ CH a4 97
“ _4_d;1(1_1) _
+1+9) T U exp iy,

and
19+ (s. 9l
Idsio 1 (1 —ais)3
Ms3 )
1+ A+ Iy —afsh 7 ]

3_d_d-1

3 7(17i> _
+Cs73(1+s5)* * * 4 Plexp(—ql|y1])
_didt 4 od
FCA+ Iyl +s) 277 (L + |yt —aysD™2 Ly < jatys)

—%(4—% —1
+C + [yl +5) P DTy <at sy

where A represents min, and n > n, n as in Vs.

Remark on Proofs of Theorem 1.1 (Part II) and Theorem 1.2 (Part II). The
proofs of Theorem 1.1 (Part IT) and Theorem 1.2 (Part II) follow from Lemmas 4.2
and 4.3 and the proof of Theorem 1.2 (Part I) above.
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5. Proofs of estimate lemmas

In this section we close our arguments in the case of Condition (2b) from (Dy)
by establishing Lemmas 3.2, 3.3 and 3.4 (for the compressive case) and Lemmas
4.2 and 4.3 (for the undercompressive case). The estimates in the case of Condition
(2a) are similar, and hence we omit them here. In each case, the estimates will
proceed from a careful balance between decay of the kernel G and decay of the
initial perturbation vg(y) or the interaction nonlinearity W.

For a general review of our terminology for the scattering case, the remainder
case, and the excited case, we refer the reader to our remark immediately following
Lemma 3.1. Throughout, we will refer to the first nonlinearity, the second nonlin-
earity, etc., by which we mean the summands in our estimates on ||W||, » in their

order given in Lemmas 3.3 and 4.3.

Proof of Lemma 3.2. First estimate of Lemma 3.2. Owing to the symmetry of the
Lax case, we need only consider the case x; < 0, which we divide into the subcases
y1 £ 0and y; 2 0. In the case y; £ 0 we have from, Lemma 3.1, three integrals
to analyze, We begin with the scattering term:

" ¥ —y—a-t]3 i
||/ /Rd o eXp< )vo(y)dydylnL;

. 4
_d —aJli
<cC / / ||exp( >||Lg
(x1 —y1—a; )i
xexp( —! lvo()dFdy
Mt3
[ =5 —a-t1]5
d X — —a_1|3
< Crfsup flexp [~ )y,
y Mt3 *

0 _ 4
X1 — —a, t)3
x/ exp (= XA ay,
—o0 Mi3

_d,d-1 [0 x| —y —ar D}
< Ct 4+4P/ eXp(—(1 a — ) (I +[y1D™"dy
0 Mt3

for some M > M. In the final integral, we observe that either y; is near x; — a ¢
(= —Ix1] — |a; t]; i.e., no cancellation) for which we have decay with rate (1 +
|x1| +£)7", or else y; is small compared with |x; — a, t| and we have exponen-
tial decay in both |x1| and ¢ from the kernel. More precisely, we have the balance
estimate:

4

(x1 —y1—a; )3 _ _

exp(— LB a4 i)™ €0+ +07,
M't3
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where, by taking M’ > M we may reserve a part of the kernel to integrate in y.
Integrating the kernel (which adds growth with rate 7'/#), we obtain an estimate by

_d-1(y_1
o5 ”)(1+|x1|+t)_r.

We observe that the seeming blow-up as ¢+ — 0 is an artifact of the approach. For
small time, we integrate the kernel in every component of y, which yields “growth”

d . . . .
rate t4, canceling the blow-up exactly. We next consider integration over the
remainder term. Proceeding as above, we compute,

0 . % — 5 —at|}
I / / 0 (%) O (exp (=nlxi ) exp (——1 =
—o0 JRA-1 Mt3

X1y 1< lar iy P0 A e
_dyd 0 .
S Ct 47 % exp (—nlxi) I+ D dy

—ajt

_dyd-1
< Ct #79 exp (=nlx1 ).

Finally, for the excited term, we have

4
,L X —y—at|3
||/ f #)0exp (- n|x1|)>exp( y—)
Rd-1 M¢t3

4
(y1 +aj; t)3

X exp (——} vyl

t X

Mt3

dld

4
ot (y1 +a;1)3
TG exp (— alal) | exp (——.1

Mt3

= Ct )(1 + Iy~ dyi

d—1

d=1(1_1)41
<cCt * (1-5)+ exp (—nlx DA +1)7",

which can be subsumed for r > 3- The cases x; < 0 < y; and x; > 0 are similar.
Second estimate of Lemma 3.2. For the second integral estimate of Lemma 3.2,
we have

~ ~ ~ 4
Cd—1_Jal |X —y — atl3
”/ fR Lo e (_ e K CE el

ser o /O (14 Dy < o T (70,

—alt

where we observe that for || < 4 the kernel can be integrated as before and then
we can use the time dependence of the limits of integration to ensure there is no
genuine blow-up as t — 0.
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Third estimate of Lemma 3.2. Finally, for the third estimate in Lemma 3.2, we
observe the relation:

/ &1, % Yyvo(y)dy

- - _— 4
() |F =5 — gt |3
/ f P Yexp | -T2 Ju(dy,
_al Rd-1 Mt§
with the integrand differentiable in ¢ (see the development of [6]), with an estimate
£ = 5 — gyt |
d— X — —da B
| 0 (1~ Y exp (- 2T et
Mt3
[ = 5 — gt
X —y—a.t|:
=0 (i )erp (- IRt
Mt3
‘We then have,
_L Ii—i—fle}ftl’
l| 0 A eXp - |voOdyll»
—ay 1t JRI- 1 Mt3 *
- X—y—a.t|3
= _/ o(t—dTl)exp _M
Rd-1 Mt3
G f)3
d X — -
f / r 1 exp eff vo(Mdyll,r,
_al ]Rd 1 3

<Cr Z( ?)%

vo(—ajt, y)dy

This completes the proof of Lemma 3.2. O

Proof of Lemma 3.3. First we consider integrals of the form
t ~
[ [5G0t = soxi s ndyasi,
0 JR4 X .
t p+oo .
éf / IIf ZGyk(t — 5, x; VW(s, y)dy| pdyids.
0 J—oo Re-1 .

We have two approaches for estimating this norm, which we choose depending
upon whether we want more ¢ — s decay (typically, for s € [0,¢/y], vy > 1) or
more s decay (typically, for s € [t/y, t]). For the first, we have

||/ D Gyt =5, x; )W, 1Al r S sup |Gt — s, x5 )l 2 W]
Rd—1 . X 5 X y
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For our second approach, we take p and g satisfying % + é = 1 and compute

|| f G (6= 5, 35 9)W(s, ) IdF] 0
Rd-1 i

.1 Ll
= II/ Gy P WGy l1dyl e
Rd-1 i
1

1 1
([, 16unwrds) ([ 16.1a5) 1y
Rd-1 Rd-1 i

1 .1
S sup |Gy lly sup |Gy [l 1o
5 ¥ F 5 v

A

A

By symmetry of the Lax case, we need only consider x; < 0, which we divide
into the subcases y; < 0 and y; = 0. For y; £ 0, we begin with the scattering
term, for which we have

[ [ ou-ot)

— J— t —
X exp |x y —a-( S)l W (s, y)dyds| ;»
M — s)% x

t/y dtl d-1
<C1/ / (t—s) * T

4
(x1 —y1—a; (t—s))3
xexp | — — 1|, 1dyids
M(t —s)3 y

to0 | Xl =y —a (t —s)3
+C2/ / (r—s)"2exp _ yi L T ) Wl rdy1ds
t/y J—oo M(t —s)3 Y

5.1

for some constant y > 1. (typically, y can be chosen as any fixed value in (0, 1),
though in certain cases we will choose it more precisely). We have two terms to
consider for || W] ;1. We first consider s € [0, ¢/y], for which we have

5

t/y _del L (Xl_}’l_a_(t_s))%
f f (t—s) TG opp (LD T
Mt —s)}

s ™AL+ )3T (L+ |y1| +5) X dyds,

for which we observe the estimate

4
eXp( Gron-a 6o ))’)(1+|y1|+s) Y <O+ nl 07
M(t—s)3
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Upon integrating the kernel, we obtain the estimate

-NQ

+L _@4’_3 —2r 2 —-3/4
CrT % (140" TH (1 + x| + 1) s—34ds
0

_d-1(y_1 3
< cr (1 )(1+z) THA+ 0+,

which for r 2 1/2 is bounded by 4(z, x1) for all d = 2. For the second term in
W1, we have

- 4
/t/y/ ¢ —3) AT (_(Xl_}’i—al (tl—s))3) “i145)i 1
M(t —s)3

x exp (=1|y1dyids,

for which we observe the inequality

( (X1 — y1 —aj (t — )3
exp| —

) exp (= — &)y1l)

M@ — s)%
< Cexp (—milxi —a; (t —9))
= Cexp (—ni|xi]) exp (—miaj (t — 5)), (5.2)

in which n; > 0 and we have reserved a term e ¢!l to integrate in y;. Clearly,
on this interval of s, we have exponential decay in both |x1| and ¢, which can be
absorbed by our claimed estimate. For the integrals over s € [t/y,t], we first

observe that for the nonlinearity 51 (1+5) i (27% (14 |y1|+5)~% the argu-
ment remains almost identical. For the second nonlinearity, we proceed by estimate
(5.2), observing that for y chosen sufficiently close to 1, 1 can be taken larger than
n. We arrive at an estimate by

t 0 v —a—(r — i
/ / (t —s) Y exp (_ 1=y —a (tI 5))3 )
t/y J—o0 M(t —s5)3

_1
xs 4(1-1-5)4 v (1 p>eXP(—ﬁ|y1|)dy1dS

_1
< et +07 T 075 exp (i)
t
(t — s)_f exp (—mia; (t —s5))ds
t/y
3 d d-1

1
<Cri4niTiE (1=7) exp (=nlx1)),
which can be bounded by 5. Again, the seeming blow-up as + — 0 can be elim-

1
inated by integrating the kernel to eliminate (+ — s)~ 4 from the final integration

. . . 1 3 .
over s. In this way, for small time, we integrate (+ — s)™ 4 to tT4, which cancels
3

exactly with the derivative blow-up 7~ 4.
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We next consider the remainder term in the Green’s function, for which we have

F v —a- 4
||/f / t—s) )exp( 77|x1|)exp( |x—y—aeﬁ(tI—S)|3>
“ M(t —s)3

XLy <l 10—y P (8, )dydsllp

1y _dil d-1
< / / (t — )~ FHE exp (Cnlu DIV 1 dyids (5.3)
0 —a; (t—s) Y
t 0 |
+C / f (t — 5)~ exp (—nlxi DIV pdy1ds.
/vy J—ay (t—s) Y

Proceeding as above, we consider each summand of |||/ ;1 in turn, beginning with
5

the first, for which we have (for r > 1 and s € [0, ¢/y]):

t/y 0
/ / (r — s)*ﬂJr g1l
0 —ay (t—s)

_3 3_d-i Zor
xs“ (1485 (1+ |yl +5)" 7 dyids
d+1, d-1 1y -
< cr T exp (—n|x1|)/ s_%(l +s)%_%_rds
0
_d+ld-1
S Cr T exp (—nlxi)),

which is bounded by 5. For the second summand of ||| 1. We have, ford = 3:

t/y _d+l y d- 3 3_d _
/ / (0 — )" FHF exp (CnlriDs 1A+ 93¢ exp (“ily Ddyids
—a; (t—s)

_dild-1 1y s 3
SCr 4w exp(—n|x1|)/ sl +9)374ds
0
_dyd-1
S Cr 379 exp (—nlxi)).

We remark at this point, the significance of the interaction between the remainder
term and the second nonlinearity, restricting our analysis to the case d = 3. In the
case d = 1 there is no term corresponding to this remainder, thus the analysis can
be completed; but, the analysis fails in the case d = 2. We compare this with the
case of second-order regularity, for which the analogous time integration becomes:

asi 1y _dtl d-1
T / (1+ ) 8ds < Cit™ 7 7% log(2 +1),
0

_d-1(y_1\_1
which is subsumed by the linear estimate in that case r 2 (1 4 ) 2 (see [9] (The-
orem 2.1)).
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For the integral over s € [t/y, t], analysis of the first nonlinearity is again
straightforward. For the second, we have

3_d_d-1

t o i 3 7(1_l) _
/ / (t—s)"2exp(—=nlxiDs"*A +s5* * ¢ ?/ exp (=nlyi1Ddyids
t/y J—oo

3_d_d-1

3 (1—l) ! 1
<crig4pi 70 exp(—n|x1|>f (t —5)"Hds
t/y

3_d_d-1 1

<cri(l+ t)rrT(l_F) exp (—nlx1),

which for d 2 3 can be bounded by 5.
Finally, for the excited term, we have

t 0 o
||/ f / O((t—s)_%) exp (—nlx1]) exp (_ X -3 aeff(tl s)|3)
0 J—oo JRI-1 M(t _S)§

4
+a, t—9)3
wexp (=TI G yayasi,

M(t —s)3 A

Wy 0 _dyd-t
§C1/ / (t—s) *" % exp(—nlxi])
0 —a; (t—s)

4
[vi +a; (t —s)|3
xexp | — ———— |IWl 1 dyids
M(t — $)3 y
t 0 1
40y / / (t — )4 exp (—nlx1)
t/y J—a; (t—s)
4
[yi +a; (t —s)|3
xexp | — 1 ] W, rdyids. (5.4)
M(t — 5)3 y

For s € [0, t/y] and the first nonlinearity, we obtain

t/y 0 d d-1 @ — 3
/ / (t =) 79 exp (—nlx1]) exp bt ls)l
0 Jay-s) M(t —s)3

_3 3_d-1 oy
xs“4(1+9)47 F (14 [yl +5)" 7 dyids,

for which we observe the inequality
_ 4
( Iy +ag (¢ = )|

exp | —

1 ><1+|y1|+s)—2r
M(t —s)3

4
+a; (t—=s)|3
SCA+Iyil+0 ¥ exp _atel 1)| :
M'(t —s)3
through which we obtain an estimate by
d
s

Yy s s _do1_
Ct 4" % exp(—n|x1|)/ sTi(1+1) "ds
0

d , d—1 _
<CrTTH 40T exp ().
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which can be bounded by 5. For the second nonlinearity, we have

ty o d4d=1 +ay (i -9
f f (t =) 3 exp (o1 exp = 24 9]
0 —ay (t—s) M(t —s)3

3 3_d
xs— 4 (1 +s5)*" 4 exp (=nly1))dyids,

for which we observe the inequality

( 1 +ap @ =9l
exp | — ;

M(t —s)3
for some constants 7, n2 > 0. By the integrability of this last expression in both
y1 and s, we conclude an estimate of form 5. For s € [t/y, t] and the first non-
linearity, we proceed almost exactly as in the case s € [0, ¢/y]. For the second
nonlinearity, an estimate better than 5 follows from the integrability of (5.5) in
both y; and s.

Tracking estimates. We now turn to the second estimate of Lemma 3.3, for
which we have

t 0 o
”// /d O((t_s)_ﬁ_il>e’(p<_|x : aeff(tl S)|3>
; i M(t —s)3

XI|y1\<|a [(t— \‘)}\IJ(S y)dde”Lp

t/y _dydol el
<C1/ / (t—s) 474 4 ||‘~I—’||L1dy1ds
—ay (t—s)

) exp (—iily1)) £ Cexp (—milyi)) exp ™" (5.5)

1+«
+C2/ / (t—s5)" & |W|,rdyds. (5.6)
[y J—ay (t—s) Y

For s € [0, ¢/y], and for the first nonlinearity, we have

1y _dyd-1_Jo| -1 5
/ / (t—9) 7T T T IA £ )T T (L Iyl + ) ¥ dyds
—ay (t—s)

_dd-1_Jo UV 3 3 d-1
<critH sTi(1+s5)i"7 "ds
0

which is better than the claimed estimate. Once again we observe that the apparent
blow-up as¢# — 0 can be eliminated through an alternative integration of the kernel,
and through the observation that our limits of integration vanish as ¢ — 0. For the
second nonlinearity, we have

d—1_ |a|

t/y Cdgdoi
/ / (t—s) 474 457 4(l+s)4 4e ”‘ylldylds
—ay (t—s)

y of 1Y
< Ctifrl“ipl*“TI / s7%(1 +S)%7st
0

1yl
<Ct Ty
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ford =2 3. For s € [t/y, t] and the first nonlinearity, we have

t 0 o 3_d-1(p_1
/ / (=531 1+ 0 T D 4y 49 Zdyids
[y J—ay; t—s)

_d=1(r_1)_
<Cl+1) * (2-3)-2r1 (t—s) (0 4 5)ids
t/y

1) _lal
é Ct (1_ )) 4
for |a| < 3.
We observe, here, that for ¢+ small (e.g., # < 1), we can proceed alternatively,
taking advantage of the length of the y; integration, to write

0 o 3_d-1(p_1
/ / (=531 1+ o T O 4y 49 Zdyids
[y J—ay; t—s)

! I+le] 3
<Cc | (t—s)'"7F s7ids,

t/y

which is O(1) as t — 0 for || < 4. For the second nonlinearity, we have

d—1 1
<c(1+t)7*7“7>/ (—s)" s i1 +5)ids
t/y

for d = 3, which is bounded by the claimed estimate, and is the term where the
log ¢t arises for |a| = 3. (We observe that derivative estimates for |«| > 1 are not
critical to the analysis, because these will always be dominated in the iteration by
lower-order terms).

Finally, we turn to the time derivative estimate (the third estimate of Lemma
3.3). We have

t
3z/f Zék(t—s,i;y)‘l’(s,y)dyds
0 JRI T

t r0
:a,/o /_al_(t_s) /Rd710<(t—s) )

e
xexp(—'x Ao (1 = S )\y(s,y)dydylds

»m

M(t—s)?

SIS
—ay (t—s) Rd-1

—F—ag(t—
X exp _k e W(s, y)dydy\ds
M(t — s)3
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+f0’/Rdlo(<t_s>—Z)

~ ~ -~ 4
xexp | — 7Y~ i 1 2l W(s, —ay (t — s), )dyds.
M(t —s)3

(5.7)

For the first of these last two integrals we proceed exactly as in the remainder

_dd-1 )
case above, obtaining an estimate bounded by (1 + ¢) 5 as required. For the
second, we have

! O ST
”/ / o ((t — s)*%) exp (_ -5 aeff(tl 5)|3 )
0 R M(t —s)3

W (s, —a; (t —s), f)dde”Lé’

1y _dd-1 _
§C1/ (0 — ) 5 (s, —ar (t — 5), )l 1ds
0 y

t
+C [ (¢ =) H W (s, —ay (t — 5). )] ods. (5.8)
t/y Y

For the first nonlinearity, evaluated at y; = —a; (t — s), we obtain

sTid +s)%‘%(2‘%)(1 Flay(t =)+

d—1

3_ _1

<cs i+l TN
for which the claimed estimate is clear for r > 1. For the second nonlinearity,
evaluated at y; = —a; (¢ — s), we obtain

de—l( 1

Si%(l +S)Z_Z_T _E) exp (—7_]|al_(l —S)|),

which gives exponential decay in t on s € [0, ¢/y], and through integration of
e~ (=91 gives, precisely, the claimed decay for s € [t/y,t]. O

Proof of Lemma 3.4. Under assumptions (HO)—(H2), we have the following stan-
dard result on local existence.

Lemma 5.1. Foru(0, x) € C”(x), y > 0, (i.e.,, Holder continuous), and fort > 0
sufficiently small, there exists a unique solution to (1.1) for 0 < ¢ < t satisfying
u(t,x) € C%(t) N CY (x), extending so long as |u|co+y remains bounded, and
satisfying uniform bounds,

ro\
lulcosy ) = C, ulcrgy = C <l_+t> , k=1,2,3,4. (59
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Remark on the proof of Lemma 5.1. Lemma 5.1 can be established in the present
setting of fourth-order regularity in a manner similar to the analysis by GARRONI &
MENALDI in the case of second-order regularity (see [4] (Chapter V)). The method
of proof consists in writing (1.1) in the linear form,

d
w4 Y (AW ) == > (Bt 0t 00

j=1 Jjkim

where

1
A, %) =/ 8 f (yutt, x))dy
0
BKM (¢ %) = bIKM (u(t, x)),

and integrating over Green’s functions. (See Lemma A.1 in the appendix, and the
remarks following it.)
Our perturbation takes the form

v(t,x) =u(t,x) —iu(x) — 8, X)),

and consequently it, and its derivatives, are governed by the behavior of u(z, x),
u(xy1),and §(t, x). In this way, the estimates (5.9), and the regular behavior of iz (x),
are sufficient for closing a small-time iteration on D¢ of (2.1) (in a manner similar
to the large-time iterations that we are considering in detail), from which we can
conclude §(¢, x) € C I+ () NC3tY (x). The claimed regularity on our perturbation
v(t, x) follows, then, immediately from the regularity of u (¢, x), u(x), and §(z, x).
In fact, we have

to\ At
[Vl cotr x) =C, [Vl ck(x) =C (1_—H) v k=1,2,3,4. (5.10)

Fixing now #( and 7, for 7 sufficiently small, we observe thatforzip—t < ¢t < 1,
we can develop our perturbation v(¢, x) as an iteration beginning at time fy — T
(i.e., initialized by v = v(fo — 7, y)), so that for |«| < 2,

D%u(t, x) =/ DYG(t — (1o — 1), x; y)v(tg — T, y)dy
R4
t
—f / ZDgcym(r—s,x;y)N’"(s,y)dyds, 5.11)
to—t JIRA m
and for || = 3 we choose the alternative representation:
DEu(t, x) = / DGt — (1o — ), x; Y)ulto — 7, )y
R4

t
+[ /d D O DEG(t — s, x: Y)(N™ (5. )y, dyds.  (5.12)
0—7T R m
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We observe from (5.10) and (1.5) that for the critical case |¢| = 3

[DFv(t, x)| = /]Rd ID¢G(t — (1o — 7). x: M[v(to — T, Y)Idy

t
+ f / DGy, (= 5.5 9)I[0lGs = (1o — 7)™
to—7 R4

3 _1
D ol = (to = ) TFTY Y gy (s = (g — )2
J Jk
1
Y el (s = o = )75 Jayds,
jkl

where we have used the observation that our small- and large-time iterations deter-
mine that D%§ € L. Tterating (5.11) and (5.12), we determine

¢
ID3vllr = €t = (to — )™ sup flvlio — 7, x1, )l 2,
: xle]R

from which the main estimate of Lemma 3.4 follows, see [13] (Lemmas 11.5 and

11.6) for similar arguments. Finally, we remark that in the last iteration we observe

a balance in which for s near 7y — 7 (the lower endpoint of our nonlinear iteration),
@l

we have (t — (g — r))"T behavior in the nonlinear integral from G (¢ — s), while
for s near ¢+ we have slightly better behavior from the nonlinearity. 0O

Proof of Lemma 4.2 First estimate of Lemma 4.2. For x| < 0, Lemma 4.2 can be
established through the calculations involved in the proof of Lemma 3.2. For the
case x1 = 0, we must consider new integrals involving signals being carried away
from the shock layer. In the case y; < 0 < xj, and for the scattering kernel, we
have

4
3

+
0 J <xl - Z_l—yl - ai‘rt)
L o(tyen] L2
—o0 JRA-1

Mt3
L + _ 4
X —y- (aa;? Y +a+)t|3
xexp | — R vo(y)dydyr |l r
£3 ¥
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+

In this case, either Z—Lyl is away from x; — afrt, for which we have kernel decay
1

of form

(v —af 1)’

d_ d—1
_,J’_i
Ct *" o exp|— T
Lt3

+
a . .

for L > M, or Ly is near x| — a]+t, for which we have decay of form
a

d—1

_d=1(q_1
o7 1’)(1 +lx —att)

In this final estimate, we can alternatively integrate vo(y) in y; to conclude the
estimate

The case of an outgoing signal for y; = 0 can be analyzed similarly, and the same
estimates arise.

Since derivatives of e(z, x; y) with respect to ¢ and x are the same in the
undercompressive case as the compressive case, the second and third estimates
of Lemma 4.2 follow from the second and third estimates of Lemma 3.2. 0O

Proof of Lemma 4.3. In the undercompressive case x1, y; < 0, analysis of the
scattering and excited kernels proceeds as in the compressive case, and we need
only consider integration against the new, slowly decaying, remainder kernel of
form,

_d % — 5 — a3
O (17%) OCexp (= (lx1| + i) exp S el L INEDR

for which

t 0
d
II/f f (t — )~ 4 exp (—nlx1]) exp (=nly1l)
0 J—aj (t—s) JRI-!

~ ~ ~ 4
X — Yy —a.,.t|3
X eXp (——| yM T et >lIJ(s, y)dyds||r

t3 *

1y o _did-1
§C6Xp(—n|x1|)/ [ (t —5) %
0 —ay (t—s)
xexp (=nlyiDIW-(s, Yl 1dyids

t 0
1
+CeXp(—UIX1I)/ / t—s)%
t/y J—ay (t—s)
x exp (=nlytDIWY-(s, y)IIL;dmds-
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For the first nonlinearity, we proceed as in previous cases to determine a solution

d | d—1
bound by C Le 1 l~%7°%  For the second nonlinearity, and for s € [0, 7/y], we
have

ty 0 _dyd-1 —3/4 3_d _
eXP(—Tllxll)/ / (t—s) *7 % s (1 +5)37 4 exp (=nlyi1))dyids
0 —ay (t—s)

_dyd1 [TV 3_d
< Cexp (—nlxy)e # 41’[ sT4(14+s5)2"4ds
0
_d i d1
S Crexp(—nlx e *"#, (5.13)

where the last inequality is true for d = 5. We remark that for d = 4, a logarithmic
term arises from the time integration. In the compressive waves analysis detailed
in [9], the authors accomodated such a term by accepting time decay reduced by
a sufficiently small exponent o. In our case, such an augmentation fails, because
the reduced decay worsens with at each iteration. The fundamental difference is
that the shift in [9] is chosen through purely linear considerations, and its decay is
unaffected by the rate of decay arising through the integrations. For s € [t/y, ]
and for the second nonlinearity, we obtain

4 0 d d-1
_7+;
eXP(—nlel)/ f (t — )~ 4% exp (<nlyi])
t/y J—a; (t—s)

3_d d—l(l

; d=1_1
xsTi(1 451177 ») exp (—ily1))dyids

—1 1—

_d_d-1q_1y ! _1 .3 3
S Cexp(—nlxihd+0"4 377 (t—s) 45 (1 +5)%ds

ty

,Q,E(I,L}Fi
S Crexp(=nlx A+ + T, (5.14)

which satisfies the claimed estimates for d = 4.

For undercompressive waves, we must consider separately the case x; = 0, for
which our Green’s function estimates describe signals carried away from the shock
layer along the outgoing characteristic a]+ > 0. For y; £ 0 £ xj, the remainder
and excited Green’s function terms are as in the case x1, y; < 0, but we have a
genuinely new scattering that describes a signal moving through the shock layer.
We have

4

+ 3
(xl — %yl —af(t - s))

t p0 a1
||f/ / (-5 4 exp| - 1
0 Joo Jra-1 Mt —s5)3

-5 - (éf;fyl +a+> (1 — 53
xexp | — : I W_(s, y)dyds|»
M(t —s)3 ¥
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d+1 , d—1
aly

t/y O
< C/ / (t—s)"
0 —00

XIW—(s, )l 1dyrds

t 0 |
+C/ / (t—s)"2exp| —
t/y J—oo

7 exp

4

<x1 - —+y1 —at —s))

M (t —s)§

4

+ 3
<x1 — %yl —af (- s))

M(t —s)3

X[ (s, Vi pdyrds. (5.15)

For s € [0, ¢/y], and our first nonlinearity, we have
4
t/y 0 a1 ()q - _)’1 —a NG —S))
/ / (t o exp | —
0 —00 M(t — s)§
_3 3_d-1 _or
Xs 4(1+S)4 T+ Iyl +s) T dyds

for which the quantity — -1 y1 —i—al s is always positive. In the event that x; = a1 t,

the exponential kernel is always positive, and we have an estimate by

4
+.\3 0
dil X1 —ayit)” _3 3_d-1_
CtFHT ex _l—af)? sTI(1+ )57 "ds
P i
Lt3 —00
(x1 — af 1)’
_d+l d-1 Xy —a;t
<ci F S exp | - —— 14

1
Lt3

In the event that x; < a1+t, we observe the balance inequality

4

+ 3
<X1 - Z_i—)’I —af (1 — S)>
exp | — : A+ yl+s)"
M(t —s)3
4
< (xl_aii_l‘)3 —r
< clexp [ -0 Ja+ Il +9)
M/t — )5

4
(X1 - —y1 —af(r - S))

+exp

M(t —s)5

1+ v —aeh ™),

(5.16)
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where M’ > M. For the first estimate in (5.16), we have precisely the same analysis
as in the case x; = af't, while for the second estimate in (5.16), we compute

t/y 0 _dtlid-1 3 3 d-1
/ / t—s) * wsTi(l4s5)s 1
0 —0

x(1+ [x1 —af t) ™ (1 + |yi| + )" dyids
_dildot 1y
SCrm TP A4 x —af) / “3(1 4 5)im T g
0
d+l
<ct” +4ﬂ+2(1+|x1—a1t|) r

where this last inequality is true for d 2 3 and can be subsumed into the claimed
estimates. (Observe that the alternative minimum estimate can be obtained by inte-
grating (14| y1| +s)*2’ in both yj and s). For this nonlinearity the case s € [t/y, ]
is similar. For the second nonlinearity and for s € [0, t/y ], we have

4
t/y 0 ey (Xl ,y1 —aj T —s))
/ / (t—s) £ exp | —
0 —o0 M(t—s)§
_3 3_d _
xs~4(1+s5)47 4 exp (—nly11)dyids.

In the event that x = art, we have no cancellation in the exponential kernel, and
we obtain an estimate by

4
3

—at t/y
—dyl Xy —agt _3 3_d
Ct +4P exp —@ / sT4(1+s)3 4ds

Mt3 0
4
3 403

SCF%*dTplexp ——(xl a} 1) ,

Mt3

where in this last inequality we have taken d = 3. In the event x; < afrt, we
observe the balance inequality

ot
<x1 - —y1 —a (t—s)
exp | — exp (—nly1l)
4
3

M (t —s)§

_(xl —aj (t —s)
M/(t—s)§

S C|exp exp (—=7ly1])
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4

+ 3
<x1 — Ly —af (1 —S)>
1

+exp| — exp (—n1ly1l)

M(t — )3

X exp (—n2|x1 - afr(t - s)|)

For the first estimate in (5.17), we have

Wl

(5.17)

1y o _deld-1 xi —at(t—s))
/ / (T exp _m-ai@=) sTI(l45)3 0
0 —00

M/(t — )3
x exp (—7|y1dyids,

where we now observe the additional balance inequality:

4
+ 3
x1—aj(t—s
exp —(1 i ¢ 1)) (l—l—s)_%
M'(t —s)3
4
+.\3
x| —ajt
éc exp _M (1+S)_%
Lt —s)3

3 (x1 — af(t — s))%

M'(t —5)3

+exp

For the first estimate in (5.18), we have an estimate by

4
3

_dbld-1 (x1 — ajf't) iy 5 3 4
Ct # "W exp| ———7"— sT4(1+s)3 4ds
Lt3 0
d_ d—1 ( +¢)%
_aya-l X1 —da 3
§Clt it 4p exp _—ll ,
Lt3

d
(I + |x1 —a;ft)~%

(5.18)

where in this last inequality we have taken d = 3. For the second estimate in (5.18),

we similarly have an estimate by

4
_ 4l d-1 a [y x| —ay(t—s))3 3 3
ct N m 14y —afrtl)71/ exp (—( ! ¢ ) )S4(1+S)4d5
0

M/(t —s)3

_dyd-1 d
ST I 4 —af )T

In this final expression we observe that since we are in the case x; <

(5.19)

+
a;'t, t decay

additionally yields x; decay. The second estimate in (5.17) can be analyzed in a
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similar fashion to the first. For the case s € [¢/y, t],

4

+ 3
t 0 1 <x1 — Z—l-yl —af@t— S))
/ / (t—s) 2exp| — 1 ;
t/y J—o0 M(t —s)3

3_d_d-1

_3 —(1—l) _
xsTi(l4+5* * 1 ?) exp (—nly1Ddyids.

In the event that x| > aft, we have no cancellation in the exponential kernel, and

we obtain an estimate by

g-tt(1-4) o 1 =)

Cll+1)" —
t3
4
! (x1 —a) (1 —9))? _1 3 3
X exp | —¢ ; (t—s)"2s 4(1 +s)4ds
iy M —s)}
4
_d_d-1({_1),1 x| —atr)3
<c(l+1 4 (1 1’)+4exp _M ,
Lt3

which can be subsumed for d = 3. In the event that x; < a1+t, we proceed from
estimate (5.17). For the first estimate in (5.17), we have

4
3

toro xi—at(t—s 3_d_d-1(|_1
/ / (t — )" 7 exp e 1)) i 4 i E09)
1)y J=o0 Mt —5)3

x exp (—1nlyiDdyids
,4,&(14) ! |
=C+n * L (t—s)2

t/y
4
(xi—aft—9)"\ s 3
xexp | — ; s~ 4(1 +s)4ds,
M'(t — )3

for which we observe the balance inequality
4 4
3 3

(a—aas) (atus)

(t—s)_% exp - SCx; Yexp| — -
M'(t —s5)3 M'(t —s)3
(5.20)
from which we obtain an estimate by
_d=l(p_ 1) _1
C(l+1) * (2 P)xl 2, (5.21)

The second estimate in (5.17) can be analyzed similarly.
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We remark here that in the undercompressive case, two new terms have arisen
from the nonlinear analysis, (5.19) and (5.21). These terms must be considered in
all cases y; = 0.

For the undercompressive case x; < 0 < yj, a signal begins at y; and is con-
vected to the far field at +o0, so that our Green’s function decays with exponential
rate in both x1 and y;. In this way, we obtain an estimate in all subcases by Vs (¢, x1).

Critical undercompressive case, x1,y; = 0. Finally, we consider the case
x1, y1 2 0. For the scattering term, we have

4

I _d+l [x —y —ay(t —s)|3
|| f f / (t =) exp (- I N g (s dydsl
0 Jo Jre-t M(r —s5)3 5

4
t/y o) Cdgl, d-1 X1 — —a+t—s 3
gc/ /(“ﬂ)1+“%p—(1y1 Nl )
0 0 M(t —s)3

X0 G5, Wl dyids
t o0 _ _ +t_ :

A ) MURETE)
t/y JO M(t —s)3

X W 5. )l rdyds. (5:22)

Wl

In this case, we have five nonlinearities to consider. For the first—taken in order
from Lemma 4.3—and for s € [0, t/y], we have

t/y 0 _d+l d-1 X1 —yl—aj(t—s
[ttt gm0
0 —00

4
3

M(t —5)3
+4)3
—ajs
xs_%(l—l—s)%_d‘tjexp ——(yl 11 ) dyids;
Ms3

we can write
xi—yi—af(t—s)=x—ajt)—(y —afs),

from which we obtain

4
3

4
exp (= yi—af @ -9)? exp _(n—as)
Mt —s)3 Ms}
+ i +0\3
X1 — —a, (t—=s —da; s
< Cexp —8(1 yi 1(1 ) exp —e(yl 11)
M(t —s)3 Ms3
4
coxp [ Lz er)?
p 1 ) (5.23)

Lt3
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which is slightly less accurate than the analogous expression derived through com-
pleting a square in the case of second-order regularity (in particular here, we must

take L > M), but suffices. Integrating the kernel with divisor Ms %, we compute

4
1y _d+l  d=1 xl—a+t 3 1 3 d+l
/ (t—s)" 7% exp —# sT2(145)3" 7 ds
0 Lt3
(m-afn') (v
_d+l 4 d-1 X]—apt)° Yo 3 _d
< Ct MET exp | — 11 / sT2(1+s)d 2 ds
Lt3 0
(1 —afr)’t
_d_d-1 Xy —a,t
< O oxp | LA
Lt3

where in the last inequality we have taken d = 3. Likewise, for s € [¢t/y, t], using

again (5.23) and this time integraing in y; the kernel with divisor M (r — s)%, we
have

4
¢ (Xl —Cl?_ )3 3 éfﬂ(zfl),l
(t —s) dexp ; sTE(1+s5)4 4 P’ 2dyids
ty Lt3
4
3_d-1(p 1\_1 x1—ajt)3 !
<+t T ) T ey —M (t —s)"Tds
Lt3 t/y
4
1_d-1(r 1 x| —atr)3
<Ci(1+n* T (2 P)exp —% :
Lt3

which is sufficient for d = 3. For the second nonlinearity, we proceed similarly,
beginning with the balance estimate,

4
3

(x1 =y —af (=)

exp | — - (1—|—|y1—a1+s|)_’
M(t —s)3
+ 5
X1 —y1—a; (t—ys))3
§C[exp —8(1 j‘;( 1()1 )
t—5)3
4
+.\3
X1 —a,t _
X eXp —% (1+|y1—al+s|) "
Lt3

4
_ _ ot — 3
+exp oo 4 9) (1+|x1—afr|)—’]. (5.24)
M(t —s)3
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For s € [0, t/y] and for the first estimate in (5.24), we integrate (1 + |y — ars Did
in y; to determine an estimate by

t/y d+1 _atp)3 ;
/ t—s) ERET exp ( —(x1 a]1 ) s%(l +s)%*1ds
0

Lt3
a1 X1 —art)3 t/y
<CrTTT exp % / sTH(1 +5)i 4 ds
Lt3 0
_d . d-1 X1 —a;1)3
éclt 4+ 4p eXp _(1—I1) s
Lt3

where in the last inequality we have taken d = 3. For the second estimate in (5.24),
we integrate similarly (14 |y; — afs|)” (only one of these has been lost in (5.24)),
to determine an estimate by

t/y _dsl d-1 3_d-1
/ (t—s) * "% (1+|x —a1t|) 4(l+s)1_Tds
0

a1 1y _
< TR A 4 —atr)” ’/ sTi(1 451" T ds
0

d—

d
<CrTTET Ay —af i
where in this last inequality we have again taken d = 3. (We can obtain the alter-

native ¢ decay by replacing (1 + |x; — a; Fr))~" with (1 +5)~ 4) Fors € [t/y, t]

and the first estimate in (5.24), we integrate the kernel with divisor M (¢ — s)3
(also, replacing (1 + |y; — ars|)_’ with its alternative (1 + s)_1/4), to determine
an estimate by

! —at
(t—s)*%exp —M 7(1+S)
t/y Lt3

d—1

58 bayas,

Al

which has been analyzed above, and is sufficient for d = 3. For the second estimate
in (5.24), we proceed similarly to determine an estimate by

t

3_d-1(p_1)\_1
(=554 —af s a4t T C) s
t/y
3_ u(z_i)_l ! 1
<Cri(4+0" TG A4y —aft) T | - s)"vds
t/y
d—1

1 7(24)
SCid+0? P A4k —af 1),

which is sufficient for d = 3.
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For the third nonlinearity, we begin with the balance estimate

(1 —y1 —af (t —5)3 _
exp | — T exp (=1n[y1)
M(t —5)3

—att—s)i
<c [exp (—(X‘M”El 4 )f))3)exp<—ﬁ|y1|)
'(t — )3

v —at— )3
+exp (—S(xl A (t. 2k ) exp (—milx —a; (1 — $)1)
M(t —s)3

X exp (_772|)’1|):| : (5.25)

For s € [0, t/y] and the first estimate in (5.25), we have

4
t/y 0 _dtl_ d-1 xi —at(t—s))3
f / (t—s) %Jrvexp —(1 i ¢ 1))
0 —00 M'(t —5)3

d
(1+s)"4
x exp (—n|y1[)dyids.

In the event that x; = a1+t, we have no cancellation in the kernel and we determine
an estimate by

+
_dtl d-1 Xy —a
Cr & T® exp —( L

t) 1y d
a-al / (1+5)~%ds
M't3 0

4
3

4
_ . +\3
< ot e [
M't3
In the event that x; < a1+t, we have the estimate
4
+ 3
X1 —a; (t—ys))?
exp —( ! i { 1)) (1+s)_%
M'(t —5)3
4+ .4
X1 —a;t)3
< Clewp (-2 UD7 ) 1 40y
L(t—s)3

4

— gt — 3
+ exp _(x1 ay (t ls)) (1+|x1—al+f|)_%]~ (5.26)
M'(t —s)3

For the first estimate in (5.26), we proceed exactly as in the case x; = af’t and
obtain the same estimate. For the second estimate in (5.26) we have an estimate by

4
4l d-1 1y x1—at@t—s)3
Ct 4+4p(1+|x1—a1+t|)*%f exp _m—aie—y)
0

- ds
M'(t —s)3

_d_d=-1 d
SCritTH (A4 | —af )78
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For s € [0, t/y] and the second estimate in (5.25), we have
1y 0 _dbld-1
|7 =T exp (e~ af - )
0 —00
x expmliD (1 4 S)—%dylds,

which can be analyzed in a manner similar to that of the previous case. For s €
[#/v, t] and the first estimate in (5.25), we have

t 0 —_at —
/ / (t—95)"2exp _mar@ f))
t/y J—oo M'(t —s5)3

4
3

In the event that x; = afrt, we have no cancellation in the kernel and obtain an
estimate by

d_d-1(1_1 x| —art)’
Cl+1) + 7 (1 p)exp _M (t —s)"2ds
Lt3 ty

_ _ 7t
§ Cl(l +t)7%7d41<17%>+% exp _w
Lt3

which is sufficient for d = 3. In the event that x| < art, we observe the inequality

4
3

4
+ 3 +
x1—a; (t —s)° _ x1—a; (t—s
(t—s)_%exp ——(1 i ¢ 1) §Cx11/zexp —(1 1 ¢ 1))
M'(t —s)3 M'(t —5)3
(5.27)
We have, then, an estimate by
t + %
_d_d-1(_1) _1 x1—aj (t—s ;
C(l41) * ¢ ( ”)xl 2/ exp —M (t =) 25 i(1 +5)ids
tly M'(t —s)3

<c +t)’d4;1(2’%)x1‘%.

For the second estimate in (5.25), we proceed similarly.
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For the fourth nonlinearity, we proceed from the inequality

4
+ 3
xp—yr—a (t—s) _d
exp —( L : ) (1+|y1—afrs|) 4
M(t —s)3
( Fa—s)? (1 —afn)’
Xy —yr—a; (t—s))3 X —a;t
§C[exp —& ! T exp | — 11
M(t —s)3 Lt3

4 4
x(I+|y1—afs)*
4
3

=y —af =)
Mt —s)%

T exp (1 + |x1 —arn)—%]. (5.28)

For s € [0, t/y] and the first estimate in (5.28), withd = 3, we integrate (1 + |y; —
afrs |)_% in y; to obtain an estimate by

_dtl, d-1 x| —ajt t/y -
Ct™ 7 7% exp _{ 1 ) f (1495727 % ds
Lt3 0
N
dd-1 ()cl—al l‘)3

For the second estimate in (5.28), we observe that since y; < a1+s, we have no
cancellation in the kernel for x; = af‘t, and consequently can proceed exactly as

. .. _d
above. For the case x; < afrt, we integrate the remaining (1 + |y; — afrs|) 41in
y1 (on the bounded interval y; € [0, afrs]) to determine an estimate (for d = 3) by

_d+l,d-1 a (1Y _dd-1 1
Ct— +t®m (1+|x1_art|)—1/ (145) 7t 4,;+4dy1ds
0
_dd-1 d
SCi T (Lt |xg — a7,

For s € [t/y, t] and the first estimate in (5.28), we integrate the kernel with divisor
Mt — s)% to determine an estimate by

4
3

+ t
_d d-1 X1 —a,t
CA+0" 2% exp —M / (t —s)"1ds
Lt3 1y
+03
_did=1.3 X1 —ajt)
<SG+ 2w Tiexp _M ,

1
Lt3

which is sufficient for d = 3. For the second estimate in (5.28), we observe again
the lack of cancellation for x| = a?‘t, and proceed exactly as in the case of the first
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estimate. For the case x| < art, we have an estimate by

_dyd-t rod [ _1
CA+1) 27 (A +|x;—ajt) 4 (t —s) 4ds
t/y

d 3 ,d-1
<1+ 07T E (1 4y —af )7,
which is sufficient for d = 3.

For the fifth and final nonlinearity, we first observe that for x; = aft, (and
yi £ a]+s), we have no cancellation in the kernal decay, and immediately deter-

mine an estimate by

4
- —af1)3 1)y
_d+l  d-1 X a,t 3
Cit # T exp _M / (1 +s)*%(d*1)+%ds
Mt3 0
+3\
_d-l(y_1 Xy —a,t)’
1O (1 +1) ° (4 P)exp —M (t — ) Hds
Mt3 t/y
+3
_d, d-1 X1 —agt
§C3t 4+4p exp _M
Mt3

For x; < af’t, we observe the inequality,
n 4
(xi —=y1 —a] (1 —9))3

_d=1(y_1
: A+l + 9 T a4y
M(t —s)3

exp

(x1 e af'(t — s))% ox (x1 — af'(t — s))%

M(t —5)3 Mt

< C[exp —¢

_d=ly_ 1 _

x(1+ [y1] +5) ( P)(1+|y1|>1
4
3

+
X1 — —a,; (t—=s _d=1(y_1
_m-n 1(1 ) (A + |x1 —ait| +9) +(+-3)
Mt —s)

+ exp

x(1+ |+ v = af (=)D~ (5.29)

For the first estimate in (5.29), we integrate (1 + |y |)_1 in y; (on the bounded
interval y; € [0, af’s]) to determine an estimate by

4
3

+ 3

_d+l d-1 UV X1 —ay (t—s) 3

ct # +4”/ exp —< i ) (14934 D In(e + 5)ds,
0 M(t —s)3

4
3

d—1

) ' x| —aj (t —s)
+Cd+n * (4 P)ln(e—l—t) (l—S)_%eXP —< S )
t/y

; ds.
M(t —5)3
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For s € [0, t/y], we observe the inequality

4
+ 3
p— l‘_ 3
exp [~
M'(t —s)3
(x1 —af (t — s))% (x1 — af“t)% J
< C[exp —& . exp| ————— |0 +s)7 4
M'(t —5)3 Lt3
4
+ 3
J— l‘_ 3
+ exp _(x1 a; ( S)) A+ |x —affl)_%]- (5.30)

M'(t — 5)3

For the first estimate in (5.30), we have an estimate by

4
_ —att)3 t/y
_d+l d-1 Xy —agt _34—
Ct™ * 7% exp —# / (145719 Din(e + 5)ds
Lt3 0
+0 3
SCF# %’lex ——(xl_al t)
=0 p 1 ’
Lt3

for d = 3. For the second estimate in (5.30), we have an estimate by

_dild-1 _d
Ct™ 7% (14 |x —at) 74

4

(x1 —af'(t—s))3

; ds
M't3

tly 3_d
/ (1+s)4 2 In(e + 5) exp
0
d_ d—1
< Cu T E (1 vy —af ).

For s € [t/y, t], we observe the inequality

(xl —afr(t —s))% _

4
1 3

: S Cx, *exp|—
M/t — s)3

(x1 — afr(t — s))

M/(t — )3

(r— s)_% exp| —

Integrating the kernel, we determine a final estimate by

d—1

1)\, 1 1
Ci(l +1) (4 P>+zln(e+t)x1 2,
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which is sufficient for d 2 3. For the second estimate in (5.29) and for s € [0, ¢/y],
we integrate (1 + |y |)_% (to avoid the In) to determine an estimate by

_dtl 4 d-1

t/y
7 W/ (1 +x1 — aft] + ) 3@ 4 vy —af ¢ — s)]) "2 ds.
0

dil elx1—aj1|
—cr TS / (14 |x1 —aj 1| +5)"3@D+s
0
x(1+|x1 —a T =)~ 4ds

_dtlydol +|xl —aj'1|

elxy a

x(1+ |x1 —af (t = )~ Fds

d+1

‘**W/ (1+|x1—a1 t] +5)"3E@-D+5
+|)C| a

x(1+|x1 —a - s)|)_1ds
d+1  d—1 3
< (4 Iy —af o)) 3O,

fore > 0 sufﬁciently small which is sufficient for d = 3. (In the event that
t)y < i Tlx1 —a tt|, we proceed similarly, altering the second integral and omit-

ting the thlrd ) Finally, fors € [t/y, t], integrating (1+4|y;|) 2, we have an estimate
by
_d-1(y 1\, [t
C(l+n) 7 (4-5)+3 (t—$)" 21+ |x) —af (t —5))) " 2ds
t/y
_d=1(y 1 _1
< (rn T

which is sufficient for d 2 3.
Remainder estimates. We next consider the remainder term estimates in the case
x1, y1 2 0, for which we have,

t ptoo u
II/ / / (t —s)" 4 exp (—nlx1]) exp (=nly1])
0 Jo Rd~1

-5 —af (z—s)|s
X exp el Wy (s, y)dyds|lp p
Mt — )3 i

t/y p+4oo _d d-1
= C/o /o (t—s5) *7 4 exp(—nlxi))exp (=nly1 DI+ (s, W 1dyids
t +00 1
+C // /0 (t =) 3 exp (=nlxi ) exp (=nly1 DIV+(s, )l pdyids.
t/y x

For the first nonlinearity, we observe the estimate

exp <_M> exp (—n|y1l) £ Cexp (—n15) exp (—n2ly1])

Ls3
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for some n; > 0 and 72 > 0. Integrating this last expression in both y; and s,

d_ d—1
we develop an estimate by Ct 414 e~ valid for all d > 1. For the second
nonlinearity, we proceed similarly from the inequality

(L4 |y1 —af s~ exp (—nlyi1]) £ C(1 + )" exp (—=n1|y1]),

again integrable in both s and y;. For the third nonlinearity, we proceed exactly
as in (5.13) and (5.14) to determine an estimate only sufficient for d 2 5. For the
fourth nonlinearity, we observe the estimate

4 _d _d
(I+ 1yt —asD™2exp(—nlyi]) = C(1 + )" 2 exp (—=n1ly1]),

_dyd-1 .
from which we obtain an estimate by Ct 5 el foralld > 1. Finally, for
the fifth nonlinearity, we have the estimate

d_ d—1 t/y
Cit™ 7% exp (—nlx1)) / (1+5)"3@=Dgs
0

d—1

— (4,i) 4 1
+Co(1+1) * P/ exp (—nlxil) (t —s)"4ds
t/y
_d,yd-1
S Ct #7 % exp (—nlxl),

where we have taken d = 3.
Excited estimates. Finally, for the excited term in the undercompressive case
with y; > 0, we observe that

4
3

(n—aft-9)
Mt —s5)3
< Cexp(—m( —s)) exp (=mly1l), (5.31)

exp (—nly1l) exp

for some n; > 0 and some 1, > 0, from which an estimate by Cz‘_%*_d“;ﬁ1 el
follows immediately foralld = 1. We observe here that the only difference between
the compressive case and the undercompressive case with regard to decay in time is
that (r — s)_% is replaced by (¢ — s)_%, the need for either is obviated by (5.31).

Tracking estimates (Second and third estimates of Lemma 4.3.). In the case
yi £ 0, and for the second estimate in Lemma 4.3, the nonlinearities for the
undercompressive case are identical to those for the compressive case, and the term
in 9% ex (t, X; y), of form

0%y exp [ - E=T I 5.32
(t ) exp I {(Iy11€ay It} (5:32)
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can be analyzed exactly as before (see (5.6) and the analysis that follows). For the
new term in Bgék (t, X; y), we have

r—v—a- 4
L ofoort {2
M(t —s)3

x exp (—1n|y1 |)I{|yl|§|al_\(t—s)}\y—(s’ y)dyds ”L{’

1y Lttt
gclf f (=97 T exp im0 ydnids
—ay (t—s)
t 0 ol
+C) f / (=) % exp (cnlnDIV_ [ rdnids.  (533)
[y J—ay (t—s) 7

For the first nonlinearity, we have

1y _d=lyd-1 el 3
/ / (t—s) & "4 dexp(—=nlyiDs4
—ay (t—s)

(14837 F (1 + |yi| + )2 dyids

t 0 el 3
+ (t—s)" Fexp(—nlyi)s—4
t/y J—ay (t—s)

3_d-1(r_1
x(145)7 7 2 ”)(1+|y1|+s)_2’dy1ds
1 _M t/y
<cp T sTA(1+9)i T ¥y
0

_d=1(n_1)_
1C(141) 7 (2-3)-2 (t—s) Fs 3 + ) dds
t/y
ccre-pe

for any d 2 1. For the second nonlinearity, we have
t/y _dotidot el
/ / (t—19) 7% exp (—nlyiDs i (1 + )i dyds
—ay (t—s)

,,4,@(1,;)
/ / (t =)~ % exp(—nlyihs i1+ )7 T U0 gy as
t/y _al (t—s)
1\_lal [ty
< e~ 0-5)- 4/ sTi(1+5)i7 %
0

_4_@(14)
+Cr(1+1) * 4 » (t—s)" 4s 4(1+s)4ds
1y

cor o,

where we require d 2 5 in the first integral and || < 3 in the second.
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In the undercompressive case y; = 0, our excited kernels all decay at exponen-
tial rate in |y |, and we need only consider estimates

o0 s oot 4
II/ /+ / (t—s) T '3)exP<—|x_y_aeff(t1_S)|3>
M(t —s)3

x exp (—n|y1 |)I{|y| |<\a1+|(;_s)}“p+(s» y)dde”Lé7

o

t/y paj(t—s) _u+7_7
= le ,/ (t—s) & 7% Fexp(- 77|y1|)||‘lj+||L1dy1ds
a (t s)
+C2/ / (t =) exp (- DIl rdyids.
t/y

For the first nonlinearity, we have

t/y a (t s) _7_,_7_&
/ / £ aAexp (—nlyil)

4
+)3
_ —ajs
XS 4(1+s)1_7l_%exp _()’1—11) dyids
Ms3

a (t s)
/ / (t — )% exp (=nly1)
t/y

+ 4
3 3_d-lpp 1y 1 — 3
xs7H(1 40T e (LU g gy,
Ms3

In this case, we observe the estimate

4
3

1 —afs)’ )
exp (—nly1l) exp I Cexp (=n1ly1]) exp (—=n2s),
s3

from which we immediately obtain an estimate by
d— 1 ]
;T Hi-5)- )
Analysis of the second nonlinearity proceeds similarly from the estimate

exp (—nlyiD( + Iyt —a;fs)™ < Cexp (—milyiD + )~

The third nonlinearity is critical, as it is the only case in which the term el

which has replaced =7 from the compressive case, is of no additional help. We
have
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tly ra F(t—s) _dil_;,_i_i
/ f (=)~ T % T exp(—nlyi))s i (1 +5)3~ Sdyds
ay Fr—s) o] 3 7_4_d;1(1_l)
+/ / (0 — )" Fexp(nlyiDs 1+ 5757 U0) gy ds
/vy 40

d—1 1\ ety
< Clt_“(l_")_“/ sTH(1 4 5)3 % ds
0

d—1 1

W [
4 ’ t—s)" s 4(1+s)4ds
t/y

O+ 0

o)

’

where in this last inequality we must take d = 5. Four the fourth nonlinearity, we

have

t/y aj (t s) _M_FL_*
/ / (t—s) * "% 4 exp(—nlyiD
0 0

x(145)~F (1+|y1—a1s|) Sdyids
ap (l*S) el _i+ﬂ
+/ / (t—=s)" +exp(=nlyiDd+s) 2" %
t/y JO

x(1+ |y1 — afs))~2dyds

d-1 1\ _lel [tV
gclt*TO*E) 4/ (14 5)"F ds
0

_djd-1 [T _lel
1O+ % | (t—s)"Tds
t/y

o)

’

where we have taken d = 4. For the final nonlinearity, we have

o

t/y ar(t—‘v) _d=1_,d—1_|a|
/ /O (=) T T exp(calyi DA+ 9~ T4D A gy dyyds
t afr(tfs) ol _@(4_l)
-7 7 -1
+// / @ —s)" % exp(=nlytDA +s) P71+ |y1D)” dyids
Y

d—1_la| 1]V
< clt‘T“LW‘T/ (1+5)"3€@Dgs
0

_d-1(y_1 t
+C(1 41 * <4 ”) (t —s)" 5 ds
t/y

cor s

)

where for the final inequality we require d = 3.
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For the third estimate of Lemma 4.3 and for y; < 0, we have a term identical
to (5.7), and a term new to the undercompressive case,

o [ [ 097 ) o ai
—ay (t—s) JRI-!

4
Yy —a(t =83
X exp (—'X Y = S~ ) )\If(s,y)didylds

M(t —5)3

ff [, 0(c=F) oep-nini)
—ay (t—s) Rd-1

—F—agt—
xexp | — ¥ =) = e ( S)| W_(s, y)dydyids
M(t —s) 3

t 1 _
+/ / 0 (=975 )0E™ )
0 JRd-1

~ ~ -~ 4

— Y — r— 3

xexp | — =)~ degr( - 2l W_(s, —aj (t — ), y)dyds.
M(t —s)3

(5.34)

For the first integral on the right-hand side of (5.34), we proceed exactly as for the
transverse derivative case y; < 0 with |«| = 1. For the second integral on the right-
hand side of (5.34), we observe that the exponential decay in (f — s) compensates
for the loss of algebraic decay, and we can proceed as in the compressive case. In
the case y; = 0, we have the expression,

a; (t s)
o [ [ [, 0 (a7 ) 0w i
Rd-1

4
— v — t — 3
X exp <— K-y aeff( 2l >\IJ+(s, y)dydyids

M(t—s)3
t paf(t-s) d
Z// / 0 ((t = )"%) OCexp (—nlyi 1))
0 0 ]Rd*l
4
xexp< £ =5 = eyt ”")m(s,y)d&dylds
M(t—s)?

//Rdl (t =75 ) OCexp (~af (¢ = 5)))

~ 4

— Vv — t — 3

xexp | — X -y aeff( - 2 W_(s, afL(t —5), y)dyds.
M(t —s)3

(5.35)

For the first integral on the right-hand side of (5.35), we proceed as for the transverse
derivative case y; = 0 with |a| = 1. For the second integral on the right-hand side
of (5.35), and for the first undercompressive nonlinearity, we have an estimate by
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1y _d=lyd-1 d—1_ 1
/ (t—s) 7w exp (—n( —s))s— 4(1+S)17777
0

4
(art—Zars)g
xexp | —————— |ds
Ms3

! 3 u(z_l)_l

+/ (t =) Texp (—n(t —s)s T +)7 7 7 7))
1y

4

-2
< oxp _M s

MS3
< Cit 47 %

for d 2 1, and similarly for the second undercompressive nonlinearity. For the
third undercompressive nonlinearity, we have

t/y d—1, d—1 3
/ (=) T T s 11 +5)i Texp (—lay 1t — ))ds
0

4 3_d_d-1 1_1) +
—{—// s 4(1+s)4 a1 r)exp (—laj|(t — s))ds
t/y
§C1t_% %(1_7),

sufficient for d = 1. For the fourth undercompressive nonlinearity, we have an
estimate by

d

/Ot/y(t — s)’%Jr%e_"(’_”(l +af(t—s)+s)" LA
x(1+ |t — 2ats)) " %ds
+/,/ty e (L +af (1 —5) + 9T (14 laitt — 2a}s))"%ds
<cu it

ford = 1.
Finally, for the fifth undercompressive nonlinearity, we have an estimate by

t/y d—1 , d—
/ (t =) T eI 4 af (0 — ) +5)71@D
0

x(1+la; (t —s))~'ds

+/ e (1 taf (—s)+5) T )(l—f-la (t —s))"ds
t/y
<o it

ford = 2.
This completes the proof of Lemma 4.3. 0O
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Appendix

The following lemma on linear PDE can be verified by the parametrix methods
of [4]. See also the proof of Lemma 3.4 of the current analysis, and Proposition
11.3 of [13].

LemmaA.l. Forx e Rt > 0,and j, k,I,m = 1,...,d, let Al (t, x), BI*" (¢, x),
and C(t, x) be uniformly bounded in L® (R4 x RY) and COF (1) N O+ (x) for
some y > 0, with also for some 6 > (0

> BT, x)E k&g 2 01E*, VE € RY,

Jjkim

where 6 is independent of x € R4, and for ¢ € [0, T], some T > 0, depends only
onT.Thenfor0 < ¢ < 1t < T, 7 sufficiently small, there exists a Green’s function
G(t,x;y)eC L) n C*(x) associated with the Cauchy problem for

. -y
v =—C(t,x)v—Y A, vy — Y B )0y
Jj Jjkim

satisfying bounds

Wl

x—y|
+lo I
t3

ID2G(t, x; y)| < Ct_dTe M3 o] < 4, (5.36)

where C and M depend only on the L* bounds of the coefficients and on 6.
Moreover, for a linear equation in divergence form

v =—C(t, )v — Y (AT (t, x)v)y; — > (B (1, x)0r ),

Jj Jjkim

with the same assumptions in place on C (¢, x), Al (1, x), and B/K™ (¢, x), there is a
Green’s function G (¢, x; y) € C°(t) N C3(x) in the distributional sense satisfying
(5.36) for all || < 3.
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