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Pointwise Green’s Function Estimates Toward
Stability for Degenerate Viscous Shock Waves
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We consider degenerate viscous shock waves arising in systems of two conservation
laws, where degeneracy describes viscous shock waves for which the asymptotic
endstates are sonic to the hyperbolic system (the shock speed is equal to one of
the characteristic speeds). In particular, we develop detailed pointwise estimates on
the Green’s function associated with the linearized perturbation equation, sufficient
for establishing that spectral stability implies nonlinear stability. The analysis of
degenerate viscous shock waves involves several new features, such as algebraic
(nonintegrable) convection coefficients, loss of analyticity of the Evans function at
the leading eigenvalue, and asymptotic time decay of perturbations intermediate
between that of the Lax case and that of the undercompressive case.
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1. Introduction

We consider degenerate viscous shock waves arising in the system:

ut + f(u)x = uX.X’ u’ f e ]R27

1.1
u(0, x) = uy(x); (D

that is, solutions of the form u(x — st) = (;(x — s1), Uy(x — st))", u(Eoo) =
(uf, uy)", that satisfy the Rankine—-Hugoniot condition

5= fk(”1+’ ”2+) — filuy, uy)
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and for which s € Spectrum(df(u,)) = {ai};_,. Throughout the analysis, we will
make the following assumptions on the structure of (1.1) and the wave u:

(HO) f e C*(R);

(H1) (Lax degeneracy) Either a; < s < a5 and a/ < s = aj (right side degenerate)
ora; =s<a, and af < s < a7 (left side degenerate);

(H2) (First order degeneracy) For either case aif = s (right or left side degeneracy),
we assume there holds

L d? flug) (1, i) # 0,

where I and r{f denote the left and right eigenvectors of df(u,) respectively,
and d*f(u.) denotes the operator

&’ f(u) (v, v)
_ (%aululfl (u?:’ M?)U% + auluzfl (M?:, ugz)UIUZ + %6uzu2fl (M?:, ug:)“%)

1 £ 4y 2 £ o+ 1 £ kN2
Eaz4lu1f2(ul suy)vy + auluzf2(u1 LUy )V, + zauzuzfz(ul s U5V

Under assumption (H2), both u,(x — st) and u,(x — st) decay to the degenerate side
endstate with rate |x — st|~! (see Howard and Zumbrun, 2004). Though (H1)-(H2)
are stated for clarity in terms of an arbitrary wave speed s, the generality of f
allows us to take s = 0 without loss of generality by shifting to a moving coordinate
frame x — x — st and replacing f with f — su, which continues to satisfy our only
general requirement (HO). Throughout the article, then, we will consider a standing
wave i(x).

We note that assumptions (H1) and (H2) describe the most generic degenerate
case. In particular, (H1) asserts that there is only degeneracy on one side, and not
associated with both characteristics, while (H2) is analogous to the condition for
single equations f”(u.) # 0 (see Howard, 2002a,b). Finally, we mention that our
restriction to the case of identity viscosity and two equations follows from technical
restrictions in the Evans function analysis of Howard and Zumbrun (2004), and
that we regard the cases of general viscosity (including partial regularization) and
an arbitrary number of equations as interesting directions for future work.

Under the assumption of conditions (HO)-(H2), we develop detailed estimates
on the Green’s function of the linearized perturbation equation sufficient for
establishing that spectral stability implies nonlinear stability for degenerate viscous
shock waves arising in (1.1). The full development of nonlinear stability is carried
out in a companion article, (Howard, 2005). We remark that the only systems
analysis to date in the case of degenerate viscous shock profiles regards the partially
regularized p-system,

v,—u, =0
u, — p(v)x = Uyys

which can be reduced through coupling to a scalar analysis and analyzed by energy
methods (see Nishihara, 1995).

Our interest in the degenerate case is motivated both by the physical application
to detonation waves (see Howard, 2002a and the references therein) and by
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its position as a boundary case between Lax and undercompressive waves. The
critical new feature in the analysis of degenerate waves, necessarily absent in the
case of nondegenerate waves (for which s ¢ Spectrum(df(u,))), is the algebraic
(nonintegrable) decay to endstate of the degenerate wave (see hypothosis (H2)). As
a consequence of this slow decay, the convection coefficients for the perturbation
equation found by linearizing (1.1) about u(x) are also nonintegrable, and the
consequent asymptotic analysis is considerably more complicated than that of
the nondegenerate case. More important, the Evans function associated with the
linearized operator has terms of the form +~/2In/, and hence analyticity is lost at
the critical point A = 0, around which long time behavior is determined. This loss
of analyticity has two critical consequences: (1) the study of the point spectrum of
the linear operator near 1 = 0 is more delicate; and (2) the time decay of the linear
semigroup operator e’ is reduced. While the former of these has been considered in
Howard and Zumbrun (2004)—in the case of conservation laws—and in Sandstede
and Scheel (2004)—in the case of reaction—diffusion systems—the latter has not (to
our knowledge) been addressed. This, then, is the critical issue of the current analysis.

It is well known that solutions u(t, x) of (1.1), initialized by u(0, x) near a
standing wave solution #(x), will not generally approach u(x), but rather will
approach a translate of u(x) determined by the amount of mass (measured by
S (0, x) — @(x))dx) carried into the shock as well as the amount carried out to
the far field along outgoing characteristics. In our framework, a local tracking
function d(r) will serve to approximate the shift of this translate at each time 7.
Following Howard and Zumbrun (2000), we build this shift into our model by
defining our perturbation v(z, x) as v(¢, x) := u(t, x + 6(¢)) — u(x). We will say that
u(x) is (orbitally) stable with respect to some measure if for v(0, x) sufficiently small
in that measure we have v(z, x) — 0 as t — oo.

Substituting v(¢, x) = u(z, x + 6(¢)) — u(x) into (1.1), we obtain the perturbation
equation

v, = Lv+ Q(v), + 8(1) (it (x) + v,), (1.2)

where Lv:=v, — (A(x)v),, A(x)=df(a(x)), and Q(v) = O(¥?*) is a smooth
function of v. Restricting the discussion without loss of generality to the case
of right-side degeneracy (see (H1)), we observe that according to hypotheses
(HO0)-(H2), we have, for A, := lim A(x), that A(x) € C'(IR) and

x—Foo

|5 (A(x) — AL)| = O(|x| ™), k=0, 1, (degenerate side)
|05 (A(x) — AL)| = O(e ), k =0, 1, (nondegenerate side),

for some o > 0.
Integrating (1.2), we have (after integration by parts on the second integral and
observing that e'u (x) = u (x)),

w0 = [ Gl x vy + 807,00

[ [ 76,0 5.3 910G ) + 6y )y ds,



76 Howard

where G(t, x; y) represents a Green’s function for the linear part of (1.2):
G +(A(X)G), =G GO0, xy) =0,(x)1. (1.3)

The goal of the current analysis is to develop pointwise estimates on G(z, x; y)
sufficient for establishing that an iteration on v(z, x) will close. The estimates on
G(t, x; y) will be divided into those terms for which the x dependence is exactly i, (x)
(referred to as the excited terms, and denoted E(t, x; y) = u,(x)e(t, y)) and those for
which the x dependence is not exactly u,(x). Typically, the excited terms do not
decay in ¢, and represent mass that accumlates in the shock layer, shifting the shock.
Our approach will be to choose our shift §(¢) to annihilate this mass, so that we
track the shock in time. Following Howard and Zumbrun (2000), we write

G(t,x; y) = G(t, x; y) + i, (x)e(t, y),

for which we have
v(t, x) = /_j:o a(t, x5 Y)vo(y)dy + i, (x) /_::o e(t, y)vo(y)dy + 0(t)u,(x)
- fol f_:o G, (1 — s, x3 Y)[Q(v(s, ¥)) + d(s)v(s, y)]dy ds.

Choosing 4(¢) to eliminate the linear excited terms, we have

50) == [ et yua (14

and consequently
W= [ G vy [ 76,055 0000 )+ 56 dy ds.

We mention that in the iteration on v(z, x), we only require an estimate on d(z), so
in practice we consider the time derivative of (1.4).

Typically, we analyze G(t, x; y) through its Laplace transform, G,(x, y), which
satisfies the ODE (r — 1)

G, — (AX)G)), — 4G, = —0,(0)],

and can be estimated by standard methods. Letting ¢ and ¢; represent the
(necessarily) two linearly independent asymptotically decaying solutions at +oo of
the eigenvalue ODE

Lo = /¢, (1.5)

(L as in (1.2)) and ¢| and ¢; similarly the two linearly independent asymptotically
decaying solutions at —oco, we write G,(x, y) as a linear combination,

_JerONTO) e (N7 (), x>y
G,(x,y) = _ n B "
e (N7 () + o3 ()N (y),  x <,
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where we observe the notation

iN¥ _ golzctl N:F N:F _ ng:cklqu; gokilN/j;
O Ny = | o (kl k2)_ + NF N
L% PialVk1 PratVia

Insisting on the continuity of G,(x, y) across y = x and a step in 0,G,(x, y) (leading
to the Dirac delta), we have

(@I Ny + @3Ny — ¢ Nj — @3 N;J) =0, 6
(f Ny + @3 Ny — @7 N — @3 Ny ) = —1.

Equations (1.6) represent eight equations and eight unknowns, which decouple into
two sets of four equations and four unknowns. Solving by Cramer’s formula, we
have, for example,

©3 en e
det QD;z P Pxn
©n en ¢n

Ny 4) = —

et A A
o ef o ¢

Clearly, then, G, (x, y) will be well behaved so long as

-
Wxs 7) = det<(P1 2o %)7&0.

o o e @

We define the Evans function as D(1) := W(0; 1), which in our setting is equivalent
to the wedge-product formulations of Alexander et al. (1990), Evans (1972/1975),
Gardner and Zumbrun (1998), Jones (1984), and Kapitula and Sandstede (1998).
More precisely, in the wedge-product formulation, we denote

+
Pr

q)]it B ( i/>,
L

Y. (x; 2) = OE(x; 2) A DE(x; 1),

and set

where A denotes a general wedge product on the space of vectors in R* (i.e., A
denotes an associative, bilinear operation on vectors v € IR* for which v A v = 0).
In this case, we obtain through straightforward calculation that

D(J) = e o ™MODDY () AY, (x5 4), (1.7)

which is the form considered in Alexander et al. (1990), Evans (1972/1975),
Gardner and Zumbrun (1998), Jones (1984), and Kapitula and Sandstede (1998).
(As described below, the matrix IM is simply the matrix that arises when (1.5)
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is written as a first order system.) One advantage of (1.7) is that the two (six-
component) vectors Y, are the asymptotically decaying solutions of

Y, = d(x; A)Y,,
where 3/ is defined by

Y, = (&F A BF) = OF' A OF + dF A 0
= (M®) A Dy + O A MDDy = of, D A D5

In this way, the formulation (1.7) may remain valid in cases when our formulation
is not. In the current setting, however, the vectors ®F can be distinctly defined, and
our formulation is valid.

In order to understand the behavior of the Evans function, consider an
eigenvector, V(x; 1), of the linear operator

Lv= v, — (AR)v)..

Since V(x; Z) must decay at both oo, it must be a linear combination of ¢,
and ¢;, and also of ¢; and ¢,. Consequently, these four solutions must be
linearly dependent, and their Wronskian must be zero. In general, away from
essential spectrum, zeros of the Evans function correspond with eigenvalues of the
operator L, an observation that has been made precise in Alexander et al. (1990)
in the case—pertaining to reaction diffusion equations—of isolated eigenvalues, and
in Zumbrun and Howard (1998/2002), Gardner and Zumbrun (1998) in the case—
pertaining to conservation laws—of nonstandard “effective” eigenvalues embedded
in essential spectrum of L. (The latter correspond with resonant poles of L, as
examined in the scalar context in Pego and Weinstein, 1992.)

In Howard and Zumbrun (2004), the authors established that under assumptions
(H0)-(H2), D(Z) can be written as an analytic function plus a small error,

D(3) = D,(3) + O(2*2In2]), asi— 0,

where D,(1) = O(]4|) is analytic in a neighborhood of A = 0. Following Howard
and Zumbrun (2004), we introduce the following stability condition (%).

(2) : D(Z) has precisely one zero in {Re 1 > 0}, necessarily at 1 =0,
and D/ (0) # 0.

While condition (%) is generally quite difficult to verify analytically (see, for
example, Jones, 1984 in the context of the FitzZHugh—Nagumo equations, and Dodd,
1996; Freistuhler and Szmolyan, 2002; Goodman, 1986; Humpherys and Zumbrun,
2002; Kawashima and Matsumura, 1985; Kawashima et al., 1986; Matsumura and
Nishihara, 1985, and Plaza and Zumbrun, 2004 in the case of conservation laws), it
can be checked numerically (see Brin, 2001; Oh and Zumbrun, 2003). A condition
that lends itself more readily to exact study is the stability index, typically defined as

I':=sgnD,(0) x sgn lim D(A).
R3/i—>
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For A€ R,, we have D,(41) € R, so that in the event that I'=—1, D(1) must
have a positive real root, which guarantees instability. In the case that I' = +1,
the question of stability remains undecided. It is shown, for example, in Howard
and Zumbrun (2004) that the degenerate wave arising in the context of the fully
regularized p-system

Up — Uy = Uy
3
Mt—(U+U )x = Uyys
satisfies I' = +1.

Finally, we observe that if stability condition (%) holds, there exists a contour
I', defined through

2q(k) = —dy + id k — d,k?, (1.8)

with d, and d, both positive constants, so that aside from the eigenvalue 1 = 0, the
point spectrum of L lies entirely to the left of I';. We are now in a position to state
the main result of the article.

Theorem 1.1. Suppose u(x) is a standing wave solution to (1.1) and suppose
(HO0)—(H2) hold, as well as stability criterion (2). Then for some positive constants M,
K, P, €, and n, depending only on df(u(x)) and the spectrum of L, the Green’s function
G(t, x; y) described through (1.3) satisfies the following estimates.

(i) y<x<0:

a 2
x——lx —aijt

Gt x:3) = OGP 5 £ O Py i (x)e_(1,y)

+O((l + +t1/2>3/21n(e+t)) {’

G,(t.x:y) = Ot e

+0<<1+

e (t.y) = O(l)e 7 +O(1)II)I<\aEIt}’

ay _
xX——y—ajt
a,

| <larie}?

ar 2
x— L) ay't

+ ot e —m — + u,(x)d,e_(t,y)

-5/2
+ z‘/2> In(e + t)) [t

ay -
X——y—a
a” ! |t}

where

(\+u 1)

e_(t,y) = O P)e w4 O((1+ |y +azt| +72) 7 In(e + )19

(v+ay 1)

2
de_(1,y) = O™ e 3 +O((1 + |y + ay 1] + 7)™ In(e + 1)1

{Iy=lay |t}

(i) x<y=<O:

a
1
,» al

G(t,x;y) = O(t_l/z)e + O(t‘l/z)e e +u.(x)e_(t,y)

+O((l+ +t1/2>3/21n(e+t)) {} o

ay _
X——y—at
a a,

| <larie}?



80 Howard

NE

x—-Lyars

roune E 7, ()0,e_(1,)

"y
12 - .
+t ) In(e + t)>l{|x—f,;y|<|a,’t}’

x—y—ay 1)?
Gy(t.x:y) = O( e

+o((1+

ay _
X——y—at
a

2
(i) x <0< K <y:
G(t,x;y)
-1 _7(%“”’2 ﬁf"‘i')z 12y - b
=0 ")e i +u(x)e, (t,y)+O( /“)e ™ I{‘kﬁ% <tarle)
MGIE
Yo ds e
+0O([1+ x—a’/ ——at—}—tl/z) lne+t>1 N
<< Vi 0 Mo st )

+O((1+ |x —aj 1]+ £72) )01 + IyI)I”

G,(t, x;y)

1} 5| slar 1}

2

YV _ds —
(x ay fK o) —aj r)

=[O (1+ )" A0 (1 + |y])]e” i +u,(x)0,e (t,y)

v ds A
+O<<1+ x—afme—aft —l—t/) 1n(e+t)>1{|

+O((1+x —ap| +1) )1y dari)
=l

§|al’|t}

— [y _ds
x—ay fi ay(s)

Y _ds
xifl( ay (Yx)
where

Y _ds

e (t.y) = O(l)e” u +omry

(i sl )

Oye, (1,y) = O(™"?)e” +O( (147 (1 4 [y))e

+ <<1 + /Ky ald(s) +1 +t1/2> o 1n(e+t)> {

(/A

} +O(l)e i ,

Ji @ity |= <}’

-172 —7( ka6 ) -1 12y -3

de,(t,y) = O '?)e + O 21+ 1)P)e

v ds —3/2
+((1+ +t+t1/2> 1ne+z) . :
(( / a,(s) €0 5 =)
(iv) y<0<ux:
G(t, %) = O (1 + 0)O((1+ [x) e 5 1 ey + (e (1, )

+O((1+ Iy +ay 1) )01 + ) el -y
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+ O (1 40 In(e + 10)O((1 + [x) e 1{M>a 1

+O((1 + [y + ay 1)~ In(e + 0)O((1 + lxl)‘z)e‘ﬁl{m;t}’

—n2
) 1)

(x—y _
G, (1, %;3) = O (14 0O+ 2 Ne™ 7 Lypury + 8, ()0, (1,7)

+O((1+ [y +ayth) O + [x) e Mflwaz

.—'—142’1)2
+O@ (1 + 0 Ine + 0)O((1+ |x)*)e™ 5 Iy ry

+O((1+ [y + ay i) In(e + 0)O((L + [x)) e Ly .y
(V) 0<K<y=<ux
Glt.x:)
= O(")O((1 + [x)™YO( + [yDe™ T + Pt (I i) - IWM)
+ i, (x)e, (1. ) + O In(e + HP)O((L + [x))O(1 + [y])e 5

2
(Ka s +Ii ay(s )
L O 21+ )"™MO((1 + |x) e Whatyliag) Iy

f‘ ds
K ay(s)

O("2(1 + 1 O((1 + [x)) 7—(/-;%:2;%%)
HO( +0 e+ O+ e

K aj ay(s)

)
G,(t, x;y)
= O(™)O((1 + )™ + [y)eF + i, (13, . (1, ),
+ O (1 + )7 In(e + 1)O((1 + |x]) e L
+ O3 (14+07)0((1 + 2)"HO(1 + [y)e 7"
“1n(e + 1)O(e )

+0G " In(e + D)0+ |x) e

2
(% athg+ % sty )
+ O3 (14 07)0((1 + [x) e {

o

$nolE
(vi) 0 < K<x<y
G(t, x;y)
= O(?)O((1 + |x|) "HO(L + [y])e "

it (Leyizeviy = Lyizepi))

i, (e, (1, y) + O [In(e + HPIO((1 + [x]) e "

2
(/" ﬂ](V) )

+0(7?)e

+of(1+

32
+ z1/2> In(e + t))l{

y ds
[am*

)

-
I ae
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2

(fx aL[SS / a AS +t)
+0(l_1/2(1 +t)1/4)0((1 + |X|)_1)€_W+ {

=1}

Y _ds
Bt

(f,% %+/I§ ﬁﬂ)z
021+ 0 Ine + 0)O((1 + |x)) De "s

(s aty +)

+O@ (1 +0"HO((1 + [x) e Iy

=)

5

y _d.
fK al(sj)

=i}
[CF0)

+O0@ 21+ ) In(e + 0))O((1 + |x]) e~ {|

R 25 |=)
Y o ds -2 2
of (1 ¢ o1 g
* (( Haw™ ) > (A RDTe Y )

>_1/2 In(e + t))O((l + |x|)*2)e*‘%1{

o((1+

G, (1, x;y)

/—" ds iy
k a,(s)

=)’

fl: ald(v:)
2
A
+0(t e legg)

~5/2
+ 1172 In(e+1) )1
n(e {l/; ds |<t}

ay(s)

y)

= 0@ )O((1 + [x]) HO(1 + |y])e

[ a?@) i

) 2
(/1'2 o) +x o) +’)

+O> A+ 0"HO((1 + |x]) e i {

+ i1, (x), e, (1, ) +o<<1 +

=)

y _ds
Rz

2
(/x ds f ds +,‘)
K aj(s) 7K a1 (9)

FO( (1) e +0)O(1 + [xl)y e

Y _ds }
Ji 316)
2

-1 1/ 4 _(f,‘(' %ﬂ)
+O¢ ' (1+0)"HO((1 + |x))7)e i I{

(I s

+0(™ (1 + 0" Ine +0)O((1 + |x|)*2)efw g

+o((1+
+o((1+

For 0 <y < K, the integrals

=i}

<t}
<}

y _d:
fK al(ss)

Y _ds
Jea|=

)3/2>0<<1 Hlal) e

Y o ds
fam™
/Kyafi(ssﬁt

1? ﬁ can be replaced by zero, and similarly for x.

-3/ B
) In(e + t))O((l + |x|)*2)e’ml{

=}

f‘ ds
K ay(s)

We observe that the extensive number of summands in the cases x, y >0
arises from the various interactions between the degenerate and nondegenerate
characteristic speeds, and also from the two different decay rates (1 + |x|)~! and
(1 + |x])~?In(e + ). In practice, most of these terms give a negligible contribution in
the nonlinear iteration of Howard (2005), but we record them here for completeness.
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Expressions of the form | Kx % will be fully explained in the analysis; we point out
here only that they are clearly necessary inasmuch as the behavior of a,(s) is only
understood asymptotically, and the algebraic nature of the approach of a,(s) to af
precludes the possibilty of working (as in the nondegenerate case) with asymptotic
endstates. We also mention that the behavior for small ¢ (that is, |x — y| > Kt for

some fixed constant K) is of the form of heat kernels

-y
Mt

O ')e

which can be subsumed into the estimates of Theorem 1.1.

Of particular interest are the estimates on G(t, x; y) with decay rate t~'/4. In the
case 0 < K < x <y, the ODE Green’s functions associated with degenerate decay
in x and nondegenerate decay in y takes the form

S (x,y) = 04~ 2NO(|x| e Vlimtne,

In the case y =0, we can proceed here as though analyzing the heat equation to
immediately recover an estimate of the form

X2
O 2)0(lx] e 1y,

The difficulty arises in the limit as x goes to zero, in which case he have an estimate
of the form

$,(x.y) = O(|4712])e rrstnds,

The exponent [, 115(s; A)ds is O(|A|) and thus near 4 = 0 gives slower decay in 7 than
e~V We observe, however, that this reduced r decay occurs only for |y| > as t, and
this allows the loss of decay in ¢ to be compensated by decay in y.

Regarding the excited terms, we note the relation

e(t,y) = e_(t, Y <o) + e (1, Y) o)
Also, we observe that in the case x <0 < K < y, the term
P it () y1ze,v)
arises naturally in the analysis, and is bounded by the expression
i (1)0(1)e
In the cases x, y > K > 0, the term that arises naturally in the analysis is
P+ﬁx(x)l{\x—y\§eoﬁ]’
and we replace this with
Pt () izeyviy = Prit () i<y + Pt () (Igayicevn = Tipizev)> (1.9)

where the first expression on the right-hand side of (1.9) is an expression of e_ (y, t)
and the second appears in G.
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2. ODE Estimates

In this section we establish the critical estimates on ¢if(x; 1), as well as on a
choice of asymptotically growing solutions of (1.5) and dual solutions to both. Our
eigenvalue ODE (1.5) takes the form

vy — (@ (v, — (ap (X)), = Ay,

Uy, — (a3 (x)vy), — (an(xX)v,), = Av,, (2.1)

Whel‘e akj(x) = aul_fk(ﬁl(.x), itz(x)). Writlng Vl = vl, V2 = Uz, V3 = le’ V4 = sz, we
have the first order system

V' =M(x; 1)V. (2.2)
We will also be interested in the associated integrated equation

wy o~ a“(x)w]X - alz(x)wz), = Jw,

xx

Wy = dy (x)wlx - azz(x)wz), = Jw,. (2.3)

In particular, we will find it convenient when possible to compute growth and decay
solutions of (2.1) by computing growth and decay solutions of (2.3) and computing
their derivatives. We stress that from this point of view, no assumptions regarding
integrability need be made. It is a question, rather, of scaling.

Writing (2.3) as a first order system with Wy = w;, W, = w,, Wy = w; , W, = w;, ,
we have '

W' = A(x; )W, =0,
where
0 0 1 0
0 0 0 1
Alx; L) =
CA=1 0 ane an
0 4 ay(x) axn(x)

which has four eigenvalues p, (x; A) satisfying
a(x) —y/a;(x)* +44

2 9
ay(x) +y/a;(x)? + 44

ay(x) — vV ay(x)> + 44
3 ,

a,(x) + /a,(x)> + 44
3 ,

W A) = Ho (x5 2) =

Ha(x3 2) =

(s ) =
with associated eigenvectors

P(x; 7)1 = (V, V5, V35, V)

_ ( ri(x) ry(x) r1(x) (%) )
D) REw0s A R ) R )]
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Here, a,(x) < a,(x) are the eigenvalues of

A(x) = (all(x) alz(x)> ’

ay (x)  ax(x)

namely
trA—/(trA)> —4det A
a,(x) = 3 ,
trA+/(trA)> —4det A
ay(x) = P ,

tr tr
with associated eigenvectors r, = (1, M) = (1, M) . At x =+ oo,

aya(x) ay(x)
we have uf (1) =0(1), pf(2)=0W7), 15(2)=0(), and p () =07,
prompting our designation of y; and p; as nondegenerate modes, and p, and g,
as degenerate modes. According to our assumption (H1) (and without loss of
generality, taking s = 0 and right side degeneracy), we have

detA, =0, trA, <—0<0,
from which we observe that there exists a constant K sufficiently large so that
x> K = (trA)> —4det A > 0.

In the analysis that follows, we often proceed in the case x > K, observing that for
x < K, all growth and decay solutions can be regarded as O(1) in x.

We note, prior to the statements of our lemmas, that the asymptotic limits
x — £oo of the p,(x; 1) represent the growth and decay rates of solutions to both
our unintegrated equation (2.1) and our integrated equation (2.3). Setting

pe () = lim gy (x; 2),
we have, for |A| sufficiently small,
Reu() <=0 <0  Reys(2) = O(2),
Reyu; () > +0>0 Reu;(4) =O(4)),
Repf() <=0 <0  Repi(2) =O(|2]).

Finally, we mention that throughout the analysis order, terms involving |x| refer to
behavior as |x| — oo, while order terms involving A refer to behavior as || — 0.
The following lemma is proven in Howard and Zumbrun (2004).

Lemma 2.1. Under the assumptions of Theorem 1.1, there exists some constant r
sufficiently small so that for || < rk# IR_ we have the following estimates on
degenerate solutions of the integrated equation (2.3).
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Forx>0k=1,2
Wit (x; 2) = e V™ (i (x) — u ) (1 + Eyi(x; 1)),
Wiy (1 2) = V™ (i1, (x) — )

u (x ) iy, (x)
< Vi i () — +E2(k+2)(x )+ i () — E2k(x /1))

Wi (xs 2) = ™™ (it (x) — uf ) (1 + E4k<x ).
Wi (3 4) = €7 (i1 (x) — 1)

k<) iy, (%)
<+«/_ il —ar +E4<k+z>(x )+ kzl )= - E4<k »(x: A))’

where
Ey(x32), Ey(x; 2) = O(JA2In ) AO(Jx|™)), k=1,2
(N represents min), and
Ey(x;2), Ey(x; 2) = O(12"2)O(Ix[7),  k=3.4.
Additionally, we have for |2'?x| < 1, the error estimates
Ej(x; 2) = Ey (05 ) + O(12"2)O(|x]).

Proof. The only statement in Lemma 2.1 not established in Howard and Zumbrun
(2004) is the |2'2x| <1 estimate on E(x; /). Following the proof of Lemma 4.1
in Howard and Zumbrun (2004), we write w,(x) from Equation (2.3) as w,(x) =
(i, (x) — ui)u, (x), for which

w (x) = e VH(L+ Eyy (x; 1)),
uy (x) = V(=2 + Ex(x; 2)).

We have, then, the ODE for E, (x; 1), 0,Ey(x;2) — NEy(x; 2) = Ey(x; A).
Integrating, we find

En (e ) = By 0:) + [ OBy (2 Dyde,

from which the estimate is clear. The remaining cases are similar. O

We remark that the In A behavior in Lemma 2.1 appears in the analysis of single
equations as well, and appears to be sharp (see Howard, 2002a; Howard, 2002b;
Pego and Weinstein, 1992; Sandstede and Scheel, 2004).

Differentiating the estimates of Lemma 2.1, we obtain estimates on growth and
decay solutions of the unintegrated equation (2.1).

Lemma 2.2. Under the assumptions of Theorem 1.1 and for K large enough so that
x > K assures (tr A)2 —4det A >0, there exists some constant r sufficiently small
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so that for |A| < r, we have the following estimates on solutions of the unintegrated
equation (2.2).

(1) x=<0:
b (x3 2) = e (V3,4 (4) + O (e M),
Vi (15 2) = e DXV (2) + O(e™M)),
where k=1,2, and p (1) and V(1) are eigenvalue—eigenvector pairs for the

matrix A_(A) := lim A(x; 4).

(i1) (nondegenerate solutions) For x > K:

X—> —00

(11, $1)" =1 DF (x; 2) = kD 4+ O(|x] 7)),
(17, ¢ = (P, p1)" =2 B (x; ) = el Dbt () + O(1x] 7)),

Wi )" =2 W (x; ) = el meAn (i 4+ O(|x]™)),
T U™ = W i) = W (x5 2) = /e DN (it d (4) + O(1x[ 7)),

while for 0 < x < K each term is O(1).
(iii) (degenerate solutions) For x >0, k =1,2, and . ¢ R_:

¢ (63 ) = eV (i, (x) — )

iy (0) ) u ( )

(X 2) = ‘«’_ﬁx(ﬁkth + (akl(x)ﬁleZI + ap(x)uy Eyy) + O(|)L1/2|)O(|x|_2)
+0(12)0(x ™),
Wi (x5 2) = eV (g (x) — uf)

(x) iy, (%)
(+ Vi+ Mk(;) =+ By (65 4) + k(u)—xEélk(x 0)

Yo (x; 2) = e+ﬁx(’1ku + (akl(x)ﬁleM + a3 ()it Eyy)
+0O(|4 )

where the E,;(x; A) are as in Lemma 2.1.

Proof. The estimates of Lemma 2.2 on degenerate solutions follow directly from
Lemma 2.1 and Equation (2.3). For the nondegenerate solutions, standard theory
suffices. (See, for example, Zumbrun and Howard, 1998/2002.) O

Lemma 2.3. The Evans function associated with Equation (2.2), defined by

D(2) := det(¢y (0: 2) ¢5(0:2) ¢7(0:4) 3 (05 2)),
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satisfies
®F(0;0 ®F(0;0) @7 (0;0) D;(0;0
D(J) = det +(0:0) 2 (0:0) 27 (0:0) ) 2 (0:0) +0O(]2*In 1)
2WF0;0) AW5H(0;,0)  —ayr;  AW5(0;0)
=:D,(A)+0O(2 i), |i—0,
where

P = (dia- i)

Proof. Though Lemma 2.3 has been proven in Howard and Zumbrun (2004), we
restate a brief account of the argument for later reference. This development follows
that of Gardner and Zumbrun (1998).

Fast decay ODE solutions (®F(x; 0) = O(e**)). The fast decay solutions in
this analysis are @, and ®. For the first, proceeding as in Gardner and Zumbrun
(1998), we integrate

D" — (A0 D), = 1Dy
on (—oo, x| to obtain

P;'(x; 1) — Ay () = 7 [ " B, 1) = AW (3 A),

where /5 (x; 2) is analytic in A. Similarly, for ®; we have
O (x; 1) — A(x) D (x; A) = AW (x5 1),

where " (x; 4) is analytic in A.

Slow decay ODE solutions (P} (x; 0) = O(1)). The only slow decay solution in
this analysis is ®; (x; 4). Integrating again on (—oc, x|, we have

D7 (x5 1) — APy (x; A) + A_r] = A5 (x5 ),

where W5 (x; 4) is analytic in 4, and r{ is the eigenvector of A_ associated with the
eigenvalue aj.

Degenerate decay ODE solutions (95 (x; 0) =u,(x)). Integrating our degenerate
ODE solution on [x, +c0) we have by construction,

DF (x; 2) — AP (x5 2) = 2057 (x; 1) = A(Wah, W)™,

where by Lemma 2.1 %55 (0; ) = W57 (0, 0) + O(|2? In A)).
Now, we compute

. of Dy by Dy
D(Z) = det I
q)l (1)2 CI)1 CI)Z

y=0

det i @y oF @7
= de
ADT + 2 ADS + AW AD; —ayry + AWy ADy + AWy
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I 0\ [ ®f @&F o d;
= det
A 1) \oawr WSt —ayry 4 W5 AWy

_aed (PP @y @,
MW AW —ayry + AWy AWy

From this final expression we see immediately that D(0) = 0. The standard
approach toward gaining higher order information on the Evans function at A =0
involves differentiating this final expression with respect to 4 (see for example,
Gardner and Zumbrun, 1998). Since in the case of a degenerate wave, the Evans
function is not analytic at A = 0, we cannot follow this approach. As observed in
Howard and Zumbrun (2004), however, the claim of Lemma 2.3 can be established
directly from our detailed ODE estimates of Lemma 2.2. |

y=0

y=0

In addition to the estimates of Lemma 2.2, we require estimates on the solutions
dual to ¢ff and Y. The ODE dual to (2.1) takes the form

7y, t a0z, +ay(x)z,, = iz

2y, T ap(X)z), + an(x)zy, = 12, (2.4)

whose solutions we will denote ¢F(x; ), ¥i=(x; 2). Denoting Z, = z;, Z, = z,,
Zy =7z, and Z, = z, , we have the associated first order system

7 = ZA(x; 2), (2.5)
where
00 1 0
~ 00 0 1
A(x; L) =
CA=170 —an —an(
0 4 —ap(x) —an(x)

We will employ the following lemma from Zumbrun and Howard (1998/2002).

Lemma 2.4. Suppose V(x; 1) satisfies (2.2). Then Z(x; 1) is a solution of (2.5) if and
only if ZSV = constant, where

s = (749 1Y,

According to Lemma 2.4, we can describe dual solutions through the relations

B (v DS (s 4) = U (6 DS@GF (s ) =0, Vjik=1,2

BF (s DS (x: 2) = Pt (s DS (6 2) =0, Vj#k

¢7 (6 DSBT (x5 2) = ¥ (v DS (x5 1) = 1

¢F (3 2)S(0) b3 (x; ) = P (x5 DS (33 2) = 227, (2.6)
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and similarly,

b (x: S (63 ) = P (6 DSy (x: ) =0, Vjk=1,2
b7 (x: NS (63 ) = U (x: NS (63 ) =0y, Vjk=1,2.  (2.7)

We remark that the distinguished relations

3 (11 )S()P3 (x: 4) = Y (x3 DSQYF (x: 1) = 27,

are taken as a result of the coalescence of ¢ (x; 4) and 3 (x; 1) at A =0 (see
Lemma 2.2(ii1)).
Accordingly, we have the following estimates on solutions of (2.4).

Lemma 2.5. Under the assumptions of Theorem 1.1, there exists some constant r
sufficiently small so that for |A| <r, we have the following estimates on solutions
of (2.4). (The order expression O,(-) refers to a term meromorphic in || < d.,.)

(1) x<0:
by (x3 2) = e DY (VL (2) + O(e™M),
Vi ) = e OV () + O(e ),
where k =1, 2, the p; (A) are as in Lemma 2.2, and \N/_ (1) are the eigenvectors of

limx_> o #\(x )) scaled so that Vi(/l) VEQ) = 5’ Moreover lﬁ23 (x; 4), l,b24 (x; 4),

d)B(x 2), and ¢i,(x; 1) are all O,(]1]).
(i1) (nondegenerate solutions) For x > K, k =1, 2:
X, L) = e kM + 7 In
1 (x; 2) = e N[0, (1) + 014 In )]
H(na) = ¢1<k+2>(x 7) = e REAR0 (1) + 012" In 2))].
Y (x; 1) = e JksEAB[0, (1) + 0(122 In )]
= Ul (@ 4) = e K1E29[0,(12]) + O(12 In 2))],

while for x < K each expression is O(1), except ~Tk', which is O(|2]).
(i) degenerate solutions x > 0:

P2 (x; 1) = (0,(1) + O(1A2)O(|x]) + O(| 42 In 2]))
3 (65 2) = B3y (6 2) = e/O(12))O(|x])
P ) = eV (0,(1) + OO (|x]) + O In 4]))
365 2) = Y (6 4) = eY*O(|Z)O(|x]),
where k =1, 2.

Proof. The case x < 0 is nondegenerate, and since the solutions do not coalesce
at 4 =0, straightforward (see, for example, Zumbrun and Howard, 1998/2002).
The only new assertion regards the O(|A]) behavior of \I’ '(v; 4) and Dy ' (y; 4). Such
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behavior is most directly observed by choosing the fast growth solution y/; (x; 1) as
the derivative of a solution to the integrated equation (2.3). In this way, we insure
by construction that

W - AW = O(2]e
Then, according to (2.7), we must have
M~ (x; )5 (x; )" = (0,0,0, )",
where, omitting independent variables for brevity,

_and)lil - a12¢1iz + ¢1i3 _azld)lil - azz(ﬁz + ¢1i4 _(f)ﬁ _¢1i2
—ay ¢y — apdyn + ¢ —andy —andyn + ¢y —dy  —d5n
_anlplil - alz%iz + %iz _a21lp:1t1 - azz%iz + lP1i4 - 1i1 - 1i2

_alﬂpi - a12'//2i2 + lpzi,% —a211p2i1 - azzllfziz + ¢2i4 _lpzil _lpziz

M*(x; 2) =

Applying Cramer’s rule and transposing the matrices, we find

Yo (x; 2)
o1 53] Vi
det| —a; by —apdp + ¢ —andy —andn + ¢y —anyy —apyn + ¥
—ay Py — apdp + O —an Py — andyn + by —anyy —andy, + Yy
det(dy ¢y ¥i ¥a)
o1 3 Y
det| —ay;dyy — apd + ¢z O(4) O(|4])
—ay ¢y — andp + o O(4) O(|4])

= = O(|A])e D,
det(pr ¢y U U5) (1#he

The calculations for l~p2’4(x; A), d~bl’3(x; A), and d~bl’4(x; A) are similar.

For x > 0, the analysis is considerably more delicate, and we carry out a full
analysis for the cases ¢ (x; 1) and ¢3 (x; 1) only. For ¢ (x; A), from (2.6) we have
the relation

M (x; 1)t (x; 1) = (1,0,0,0)".
Applying Cramer’s rule, we find

13(x5 2)
b3 I ¥
det _a11¢;1 - a12¢§r2 + ¢;3 _all‘p?—l - alzlp;rz + ‘//E _alll//;—I - 012%3 + WZ

—a21¢2+1 - azz¢§rz + ¢2+4 _azll//ﬁ - azzlmLz + l//fr4 _021'//;1 - azz‘pgz + ‘P;

det(¢f ¢3 ¥ ¥3)
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We observe now that by our construction from the integrated equation (2.3), we
have the reduced form

¢h ¥h o ¥n
det| AW;, Wii AW,

WS Wi AW,
det(¢f ¢7 ¥ ¥3)

Computing directly, we observe that the numerator has the form

B A) = —

AW (P Wi = Wi Wah) + A2 (Wi Wah — WH WiE) + AW (W, Wi — s, W),

For the terms in parentheses, we have cancellation, exemplified by the calculation,

Wi — ¥ Way = (i (x) — uy) [( f+ T+ Byt - E22>(1 + E,)
2

2

(f+

= (ity(x) — u3)? [ 2V7 4 (Eyy — Egy) — NA(Eyy + En)
+ (EgEyy — EnEy)|

+ E44 + E42> (1 + E22)i|
) Uy ’42

= O(lx]

with similar estimates on the remaining terms. We conclude that the numerator has
the form

ef;m(s;}.)ds[0(|x|—2)0(|/13/2|) + O(|x|*)O(|4* In 4])].

Computing directly (i.e. expanding the determinants), according to the estimates of
Lemmas 2.1 and 2.2, we find

det (¢f &3 ¥ ¥3)
= el mlsAytus(s:ds (ord(2**)ord(]x| %) + ord(A)ord(|x| ) E (x; ),

where by ord( ) we mean strict order, bounded above and below (hence a term we
can divide by), and by E we mean

E(x; 1) = Eyy(x: 2) + Exy(x: 2) — Epp(x: 2) — Ey (x: 2) = O(12"2In 2]) A O(|x| ™).
Combining these representations, we find that
L 2) = e emEABIQ (1) + 0|22 In 4))].

Integrating d) 3(x; 4) on [x, +00), we obtain a similar estimate on (]5 (x5 2). For
¢2 (x; 1), we have

M (x; )3 (xs ) = (0, 272,0,0)".
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Applying Cramer’s rule, we find

¢3(x 2)
I i 21
det I i V5
— _azld)ﬁ - a22¢1+z + d)ﬁt _“21¢1+| - azz‘pE + ¢1+4 _021‘//;1 - azz‘//;z + ‘//;4

det(¢f ¢35 Y ¥3)

We observe now that by our construction from the integrated equation (2.3), we
have the reduced form

novh v

det| ¢, no ¥

WG W AW
det(¢f 67 i i)

433—1 (x; A) — _13/2

Expanding as in the case ¢7;(x; 1), we have

+ + +
11 oYy
+ + +
det 12 n Un

WG W AW
= DD (x| 2) + (2] O] ) + 02 In A1),

from which our estimate on ¢ (x; 4) is immediate. The remaining cases are
similar. O

Lemma 2.6. Under the assumptions of Lemma 2.5, we observe the following critical
cancellation estimates, for which, as in Lemma 2.5, the expression O,(-) refers to terms
meromorphic in a neighborhood of 1. = 0.

(1) Fork=1,2,
AT (Egy (05 2) — Ex (03 ) + m(2) = 0,(127']) + O(1A7*(In 2)*]);
(il) dh(L) Dy (x5 1) — AW (x; 4)

= (B0 2 DO ) + 03 A O DO ™) )

(ifi) d ()W (x; ) + 47205 (x: 2)
= ¢¥™(0,(127') + O(|A2(In 2)*)O(|x]) + (O(|2~"2)O(|x[2))
AO(I27)O(x| ™))
(iv) dh (W)W (x; 2) + 4732 (x; 2)

= ¢(0(| In Z]) + 012 (In )’ )O(|x]) + (O(A*)O(x*) A (O(x]))),
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where m(7) and d,(2) are defined through the relation

Lpdet(¢F Ui b7 @)
dh () = 1732
AT G ol 08 b )

for which m(A) = O(]2~"In 4]).

=21+ m(h), (2.8)

Proof. The cancellation in Lemma 2.6 arises from the coalescing of the decay and
growth degenerate solutions. In the case of nondegenerate waves, independence of
these solutions plays a critical role in the determination of the behavior of the
scattering coefficients (see, for example, Zumbrun and Howard, 1998/2002). Here,
rather, the scattering coefficients must be understood first so that the extent of the
dependence can be observed.

We begin by observing that the estimate (2.8) on the scattering coefficient d5, (1)
(and on m(1)) is a direct result of the relationship

¢5 (05 2) = 5 (0; ) + O(]

which is immediate from the estimates of Lemma 2.2. In particular, since d,(4) does
not depend on x, we can evaluate the determinant quotient at any value of x, and
we evaluate it at x = 0.

Taking k = 1 for definiteness in (i), we first compute

d5 (DS, (x; 2) — 272 (x; )
= (W73 4+ m(2) @ (x; ) — 27205 (x; 4)
=7+ m(ﬂ))e* “(ﬁl(x) — uy)
( «/_+

et Bt )+ e z))
1

_ - fx( L(x) — uf )<f+ =+ Ep(x ) + —— T ——Eu(x; ))>

1 up —

In the case |ﬁx| < 1, we have

(72 + m(i))(l
< f+
IR+ 0<|ﬁx|)>(a1<x> —u; >
<\/_+ =+ Ep(x A) + ———E4(x; })>

1 u — ”

= 0,(127' NO(Ix|™") + ity (1) (Exy (x3 2) = Eg (x3 2272 + m(2))
+0(1272(In 2)*NO(Ix™) + 01472 A 0127 HO(|x| ™). 2.9

_ u+)

T+ Exn(x ) + = +E21(x; ﬂ))
“1 Uy —u

According to Lemma 2.3, spectral stability implies

A3, () ®3,(0; 2) — AW (0; 2) = 0,(127') + 012/ In 2]).
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Combining these last two equalities, we conclude (i). Recalling from Lemma 2.1 the
relations £, (x; ) = E;(0; 2) + O(]2'?))O(|x[), we have

i (x) ((Ezl(x§ 2) — Eg(x; )27 + m(i))

= ity (1) ((Ey (05 2) — Eyy (03 2)2772 + m(2) + O(|2!2)O(|x])277)
=i, (0)(0,(127') + 01472 In Z]) + O, (

/~1O(x)).

from which we conclude (ii). In the case [+/2x| > 1, we observe that |x|~! < /2 from
which (ii) follows immediately from (2.9).

For estimate (iii), we observe as in the proof of Lemma 2.5 that

+ + +
11 2
+ + +
det 12 2

B 1y = = W W
! det(of 3 i ¥3)

)32

= W (Y3101, = b)) + 014D,

with also

noo 9 ¥
det| &y ¢35 Vi
Bt a1y = g W AW W
det(¢f &3 Wi ¥7)
_ )32

- det (o} ¢2+ Ui ul) [W3 (1195, — ¢3,012) + O(12]) |-

We have, then,

A3y (2) + 03 (x; 2) + 27293 (x; 1)

_ _ia/z(wn - an(x)‘ﬁ;rl - alz(x)‘/f;rz
det(¢7 &5 ¥i ¥3)

x [ (dn (D3, = 272¢3) = dfi (dn (D5, — 2772 ¢3,)] + O(1 ).

Combining (ii) with the estimate
det(o] &7 ¥ ¥7)
= elemETAd (ord (23 ord(|x| %) + ord(2)ord(|x|)E),

and repeating the analysis for ¢7, and ¥, we obtain (iii).
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Finally, for estimate (iv) we note that
L VL Yn
det| AW}, wii AW}
WG W AW
det(df o3 Wi ¥3)
/13/2
det(¢f ¢3 Ui ¥3)
x [ Wes = Wb WWS + (Wi — 2 Wi Wi 4+ O(122])]

b3i (x: 2) = 2

with also
ho bn Y
det| AW WS W
WD AW Wi
det(opf ¢35 ¥ Vi)
13/2
T det(¢f o7yl yi)
x [ApHLWS, — ApHLWiDWH + (ApnWih — AdL, W) Wi + O(12%))].

~'2"1/(.X; /1) — 13/2

Combining, we have

PPW
det(oy o3 i ¥3)
+ 7P (W — uh W) + O(
PRW
det(¢f o3 i v3)
+ 7P LW — oW + 0(14))]
P3PW
Codet(pf o1 W Yg
— P (dp ()W — 272 + O(|A])]
JSPWE
det(¢f &5 Wi ¥3)
H(dn()Wy = 27PW) + O(|A])].

A5 (WF (x3 ) + 278 (x5 2) = [dn(2) (P35 Wi — ¢, W35)

)]

[do () (W3 — $3 W)

A

) [le(dzz(i)d);z — /1—3/2[/132)

[Wﬁ (dy (W) 3 — 27%Y3,)

from which we have (iv). O

3. Estimates on G,(x; y)

In this section we develop estimates on G,(x, y), first for the critical case of 4 near
zero (which will correspond with large ¢ behavior).
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Lemma 3.1 (Small || G,(x, y) estimates). Under the assumptions of Theorem 1.1,
there exists r sufficiently small so that for |A| <vr, and for some constant K
sufficiently large, we have the following estimates, for which terms containing O ,(-) are
meromorphic to the right of T';, while the remaining terms are analytic to the right of
I'; and away from the negative real axis.

) y=x=o:

Gi(x, y) = Oa(l)euz’(l)(xfy) + Oa(l)e"m)ﬁlﬂw + O(Ml/2 In /l|)e“37()')x*“27(i)—"
+ ﬁx(x)(oa( )»_1|) + O(M—l/Z ln/”))e—,uz’(i)y,
0,G,(x,y) = O,(|A))e> D= 1 0, (|2])ets Dv1 B 1 O, (1)t D)
+ O(|)L3/2 In /1|)eH§(2)x—HE(?.)Y + ’j‘x(x) (Oa(l) + O(Ml/z In M))e_”;wy.

(i) x <y <0:
Gk(x’ y) — Oa(l)eﬂ;(l)(xi") + Oa(l)eu;(i)xﬁuz’(i)y + O(|/11/2 In M)g/‘;(l)xfuzf(i)y
+i,(x)(0,(27']) + O In A]))e s @,
0,G;(x,y) = O,(|A))es D) + 0, (|A])e's D= D 1 0, (1) D)
+ 0] In 2])es D= DY g (x)(0,(1) + O In 2]))e2 @,
(i) x <0< K <y:
G, (x,3) = O, (1)e's Dlirntsnds 1 Q|71 In 2[)e/s =l
+ O(l)e#{(i)xfﬁy + u,(x) <Oa(|,11 )+ O(Mfl/z In /L|)>€j’z 3(s;2)ds
+ i, (x) (Oa(|/T1 ) +0(i " 1n M))e—ﬁy,
0,G,(x,y) = O, (|2])e!s D=JeimlsDds 4 Q|73 In 3])ets D=l s
+O(2)O(|y))es DD £ i (x)(0,(1) + O(|22 In A[)) e~ fi wsshds
+it, (x)O(|y)e V™.
(iv) y<0<K=<ux
G, (x.y) = O(12~ 2NO(|x| e "D + O P In 2
+it,(0)0, (|27 )e e 4,
0,G,(x,y) = O(1A"2NO(|x| e "1 D 4 O In A])e 71 D>
+ ﬁx(x)Oa(l)e*ﬂz_()‘)y.

JO(|x] F)e YAt

V) 0<K=<y=<ux:
G,(x,y)

= e VI1[0(A7 )03 O + i ()0, (171
+0(1i7(1n 2 )O(|x| )0 (1y)]
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+ eV IEEA[0(127 2O ™) + Ol )04 In Z))]
+0,(1)eh D L ()0, (|47 e i mtsds,
0,G(x,y)
= ¢[00y + O(2 In ADO(xI™) + 0(272)O(1x )0l
+O(]In i|)0(|x|*2)] + O(Ml/2|)0(|x|*1)e7ﬁx7f,¥ 13 (3 2)ds
+i1,(x)0,(1)e Jkm6hds L O (1)eh MDA L Q|12 In A|)ely 116D,
(vi) 0 <K <x <y
G,(x,y) = e I[0(A72NO(Ix[THO(Iy]) + 2, ()0, (12 )O(|x[ )
+0(1272(In 2’NO(|x[™)] + e H 1EAB[0, (1) + 0|4 In A])]
e PREAS[0(127 )O(|e] ) + O(lx 012 In )]
+ 11, (1)0, (|47 e K,
0,G;(x,y) = e™"F10(x[7HO(Iy]) + O,(
+O(ANO(|x| e VATl dds g ()0, (1) ks
+O(|/3 In 2])e Js mstsdds,

2 )e’ J7 n3(s:2)ds

For 0 <y < K, the expressions e/s"5:045 can be replaced by O(1) and similarly
for x.

Remarks on Lemma 3.1. The fundamentally new aspect of the estimates of
Lemma 3.1 with respect to analogous results for nondegenerate waves is the loss of
analyticity in a neighborhood of A = 0. On the degenerate side (x > 0), our linear
equation behaves like a heat equation, and we expect such loss of analyticity, at least
with terms of the form /4. Even on the nondegenerate side, however, the Green’s
function is constructed from solutions that decay at both oo and our expansion
coefficients carry ~/Z and +/A1n A behavior.

Proof of Lemma 3.1. Following Zumbrun and Howard (1998/2002), we establish
estimates on G,(x, y) through the useful representation

G, G\ _ o M) (33 1), x>y
Gy, Gi,)  |® (M DT (0, x<y,

/Lx(\‘

where

v (%)
OF Dy

denote solutions to the eigenvalue ODE (2.1), while

Geo (WoW
Tr T
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denote solutions to the dual ODE (2.4). According to Zumbrun and Howard
(1998/2002) and the methods described there, we have the additional
representations,

(@ @)_Y&@QﬂM@@»@@M»W@& X<y
) = 3.1)

G, G, (®F(x; 2), 0)(PF(3; 1), D~ (3 2))7'S(M ™, x>y

and
~ . —1

(0! (E’ O i)> <~ o ) X<y
G, G\ _ W (x; 4) W (y; 2) 5
(G& G&) - (32)

~ 1~
P (x; A P (y; A

st [ (x3 ) (y: 4) ’ P>y,
Tt (x; 1) 0

In order to see the validity of these relationships, we briefly recall the development

of Zumbrun and Howard (1998/2002). Observing the jump condition,

G, G, 0 —I O
Y = = S N
G, G, I —A

D (y; HMT (D)W (35 7) — D (y; HM~ (D)W (3 2) = S() 7,

we have

or in matrix form
(A T (y; A
@muwbm@(MJ)_jﬁ)C;g£>:ww,

from which we conclude the critical relation

<M+(z) 0

+ (e T N v W (y; 4) B
. _Mu94¢ma¢@w)W)< ).

W (y; )
In order to establish (3.1), we rewrite this last relationship as
eyl (M@ 0\ (T
Dt (y; 2), P (y; 2)7'S 1=( ) ~ :
(®*(3: 2, D03 )7 S) o o) \§0

and for x > y multiply on both sides by (®*(x; 1), 0) and for x < y multiply on
both sides by —(0, @~ (y; 1)). The case of (3.2) is similar.

Case (i) y <x <0. In the case y < x < 0, we compare representations

G, G, 2 N (T ]
(G) G ") = 2 & (s )i (D (03 2) + 30 Wy (s De (D5 (33 2)

jok=1 k=1

Axy
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~ -1 /~
Gi G;Vy _ _1 - (x, /l) v (y, i)
(G G) - (\Tw; @) ( 0 )

IR £ o)
= E S(x) T 1)

and

-1
) E]{p,_ (v; 4)
to obtain the relation
~ . —1
S g (e Do () + 3 (s e, () = SGo) ! (‘f (x; 4 “)> E. (33
k=1 k=1 W (x5 1)

Multiplying (3.3) on the left by lﬁf (x; A)S(x), and recalling relations (2.7), we find

~ -1
Y (x; 1)
) EJ’

e () = Ui (x: 2) ( T

for which e;(7) is the jth component of the vector J satisfying

(«Tf(x; 7)

T (s }v)) 7 =07 (x: ).

Proceeding by Cramer’s rule, we have for j = 1

_) det(P7 (A" Y36 DY Y™ Y3 A))  [1 =1
e = = = = — =

T det (U () Pr (s AT P e )T Y |00 1=2,
and similarly for j=2, so that ¢;(4) = o/, where (3{ represents the Kronecker
delta.

Alternatively, multiplying (3.3) on the left by ¢; (x; 2)S(x) we find

- (x; A))‘l .

dij(2) = i (x; 2) (q,+ )

Proceeding again by Cramer’s rule and observing the estimates of Lemma 2.5
®7(x; A) = O(J4]) and ¥y '(x; 1) = O(]A]), we find the estimates di; (1) = O,(|4]) +
O(127In4l), dj(2) =0,(1) + 0|2 In2]), dy(2) = 0,(1) +O(|2/*In4]), and
d>(2) = 0,(47') + O(J]A721n A|). Collecting these observations, we have

W DV (1)) (O (et D
W AT (24 \Ou(Den @ )7

U (DT (: ) [ 0,(1)es P
Wy (n AW (2 4))  \Ou(l2her P )7
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®7 (x5 (DT 03 D)) ((O,(2]) + O3 In y)ers i

(fbl(x; 2di ()W (y; A)) N ((Oa(lil) +O(|22 In A]))ets W""l“”’)’
7 (5 (DT (3 D)) [ (0,(1) + (272 n 2]))es B-sa

(@;(x; o)W (y; A)) N ((OE(MI) +O(|721n 2))ets e “‘”)’

@5 (x; 2)dy (V7 (v; i)) B ((OG(I) +0(|2In il))e"‘*“)“‘l“)y)

@3 (x; 2)dz; ()T (v; 4) (0,(1) + O A2 In 2[))ets P

3 (v (DT (3 2\ (O, (1)) +O(1A2 In 2]))eti s >
(q>2—(x; 2 dy ()T (y; A)) B ( (0,(1) + O] In 4))ets Prra (2 ) '
Finally, observing that @ (x; 0) does not decay as x — —oo, we conclude that
D, (x; 0) = Pu(x),
for some projection constant P, from which the estimates of Case (i) are immediate.

Case (i1)) x <y < 0. The analysis of Case (ii) is almost identical to the analysis
of Case (i). The only new terms are &y (x; )Py (x; 1) and D5 (x; )P; (x; 1), for

which we find
(cbr (r: Py (7: @) 0, (1)e's D=
D7 (x; DT (y; A) 0, (|)es D |
3 (5 NP3 ()| _ (O, (et
q)z— (x; ;L)E)z_/(y; /1) - Oa(l)eﬂi(l)(x*_\’) .

Case (i) x<0<K<y. In the case x<0<K <y, we compare the
representations

GO0} 2 % s Dy D5 4
ng GA;,}. =j,kZ:1¢k (x5 )dkj( )'10, (y; 4) (3.4)

and

G, Giv L o o |
G, G;v;y = —(0, D (x; ))(DF(y; 1), D (3 1) ' S(y)

2
== ¢ (6 DES (DT (v; 1), (v 1) 'Sy
k=1
to obtain the relation

2
S (D (: ) = —ES (@ (31 2), @ (3: )7 S

j=1

(We observe that the scattering coefficients d,;(4) here are not necessarily the same
as the coefficients d;;(4) from Cases (i) and (ii).) Multiplying this last equation on
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the right by Sy (y; 4), we find

d(DWF (72 SO (373 2) = =5, (P (2 2), @7 (33 2)) 707 (v 2).
Proceeding as in Case (i) and the proof of Lemma 2.3, we find
det(y, ¢35, Y1, ¢3)

det(¢), ¢5, b1, ¢7)

iy () = SHPL D 0LV 1 L o In ).

det(¢), ¢3, 7, $7)

On the other hand, for d,,(1) and d,,(4) we have, due to our scaling (2.6),

dy(4) = =0,(1) + O(|2*In 2]),

_spdet(df, ¢7, Y7, ¢3)
do() = )32 2> V2> Ps i
2B = T 91 61 )
_3pdet(ey, 5. o7, ¥3)

det(¢pf, 3, b1, ¢7)

d21(i) = 4

In this case, we observe that the fast growth solution 3 can without loss of
generality be constructed by determining the fast growth solution to the integrated
equation (2.3) and computing its derivative. Constructed in this way, y; clearly
satisfies

(W — A)W) 0,

‘,1:0 =

according to which

det(¢pF, 7, Y, §3) = det or e W &y .
SRS 2T AW WG Wy

Proceeding as in Lemma 2.3 and observing cancellation between the degenerate
solutions ®; and V¥, as in Lemma 2.6, we conclude

dip(2) = O,(1) + O(|2* In 2]),
and similarly,
dy(2) = 0,(127')) + O(|2~ 2 In ).
Gathering these observations, we have the estimates,

O (x; A)dy () (v: ) (0,(1) + O(|A2 In A]))ets PeJi m(s:ds

(‘E (x; )y (D)W (3 i)) B <(0a(lil) +O(|2 In i]))ets W*‘”ﬂ*ﬂ““) ’
O (5 Ndp(DY (5 A\ [ O(h)ers DV

<<I>r (s D), () (v; i)) - (0(Iil)0(|yl)e"5 “)v‘@’) ’
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3 (x; )y ()T (v; 4) (0, (1) + O(|2" In 2]))ets Al sl s

(sz‘ (x: Aoy ()T (y; 2)) B ((Oa(|21|) +0(]421n )v|))eu4<z>xﬁy)
@5 (x: )y (D5 (3 7)) O([y])ets D= '

(‘I’z (3 )y (DT (v; 7»)) <(0a(|?~‘1 )+ 047" In A]))ers i “3(”)‘”)

Case (iv) y<0<K<x. In the case y<0<K<x, we compare
representations

G, G, 2 o
(G) GA) = > & (s (DY (v 4)

k=1

and

G, G
( : Ay):(<I>+(x;i),())(q’*(y;)»),‘l’(yﬂ))ls(”1

G, G,
2
=Y i (s DE(®T (v 1), (v ) 'S,
k=1
to obtain the relation
2
Yo dy (D5 (3 ) = EJ (D (33 1), D (v 1)~ S(n) . (3.5)

j=1

Multiplying Equation (3.5) by S(y)¥; (; 4) on the right, we find
dy(2) = Ef(@F(y; ), (3 )y (33 A).

Proceeding as in Case (iii), we determine d;(2) = O,(1) + O(|2*In 1)), d,,(7) =
0,(1) +O(|21In 2]), and d,,(4) = O,(|27"]) + O(|2~"*1In A]). Moreover, for the
critical term d,,(4), we have

det(yy, ¢5, ¢7, $7)
det(¢7, ¢3, b1, d7)

According to our scaling, ¢3 (x; 0) and ¢5 (x; 0) are both proportional to #,(x), and
the numerator vanishes at 1 = 0, giving

5_112(/1) =

d,(7) = 0272 1In 1) + O(|In 2)).
Collecting these observations, we find
O (x; 2)dy, ()T} (33 2) _ ((0,(1) +O(]2*In Al))elimsds=ir By
OF (x; )dy DT (5 2))  \(0,(1) + O(|A12 In if))elialsAds—r Gy | °

(cbr(x; 2)dyy(2) V5 (v, z))
®F (x5 2)dyy(2) W5 (v 2)

(0127121 2]) + O(| In A]))els (D= )y
(0,(1) + 0|42 In 2|)els msdsmi G |7



104 Howard

(O(I22)O(|x|~") + O(|x|2))e~ Vw2

(<I>;<x; 2)dy (D)W} (; z))
®F (x; 2)dy (2) V7 (v 2)

((O(MI/ZI)O(IXI‘l) +O(|x|2))e ix—mﬂ)y)

<<1>2+<x; 2)day ()5 (; @)
®F (x; 2)dyy (1) W57 (v 2)

_ ([Oa(“‘lboaxrﬂ +O(I 2O ) + O(7 17 1na|>0<|x|—2)]eﬂ_m(Z)y)
) [0(22)O(|x| ") + O(|x|2)]e Vs 4 :

Case (V) 0<K<y<x. In the case O0<K<y<x, we compare
representations

G, G, 2 - 2 ~
LG = X DG 5 )+ X b el (n A (3.6)
G/“x G/LX}' J.k=1 Jok=1

and

G, G\ _ . e 2). D (v NS ()!
ka G;va = ((I) (X, /L), 0)(@ (y, )’ (y, )) (y)

¢ (v DE (P (v 2), @ (3 ) 'S, (3.7)

2
=1

k

to obtain the relation
2 N 2 -
Y ALOWT (D) + Y e (DdF (v A) = EF(@T (v ), @ (v ) 'S (3.8)
j=1 j=1

Multiplying Equation (3.8) by S(y)¢, (y; 4) on the right and employing relations
(2.6), we obtain

e (DD (35 DSMPF (3 ) = EF(DH (33 1), @ (5 1) ¢/ (03 2).
In the case k =1 = 2, we have
PPy (7) = (0,1,0,0)(D* (35 2), & (v: 1)~ $7 (33 ).

Observing that J = (®F(y; 1), D (y; 1)) "'¢5 (y; 4) is a matrix equation, we apply
Cramer’s rule to determine

_apdet(dr ¢y 4 45)

det(¢7 ¢3 ¢ ¢7)
Similarly, ef,(2) = e, (1) =0, and ¢f(2) =1. We analyze the d;;(1) similarly,
arriving at d (1) = O(12~"2In2)), d5(2) = O(4"21n2)), diy(i) = O,(12"]) +
O(|A'?1n2]), and d3,(4) = 272 + m(L), where m(1) = O(|2"'InZ]). (This last
decomposition is as in the case of Lemma 2.6.)

=7

en(2) =170 (2)
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Combining these observations and expanding G,(x; y) in detail, we have (for
0<y=x

G, G, . - i -
((; G ’) = ¢f (5 DL (DT (3 4) + o (6 Dd (D3 (v; )
i

xy

+ 3 (s A3 (T (v 2) + b3 (x5 Dy (A3 (33 )
+ (6 A)PT (v 2) + A7 hT (x5 )T (v ).

Computing directly from Lemma 2.2 and from Lemma 2.6, we have

OF (v Dl (DT (r: ) = (0(1277 In 4]))eli bl
O (23 Dy (DT (53 4) = O( 4 In ek A lirtnb,
O} (3 A)d ()T (372 2) = (00127 In 2]) + O(y)O(| In A])) el 26,
O (v LT (33 2) = O( 4 In ADO(|y]eli Ao/,
O (1 )Bf (2 ) = O, (1)el MO 1 04 In 2]yl 1A%,
OF (v DB (13 1) = O, (k102 £ 0|2 In i)l e,
5 (x: Adf ()T (33 1) = (0,47 DO(Ix) + O~ ZDO(|x| ™) + O(|x| )
x 01272 In 2])) e~ Jkmssdds
5 (x: )5, ()T (33 2) = (O(1x7) + O(x| 714 In Z]) + O(12)O(|x| ™)

—ox— ¥ u3(s; A)ds
X e (/1( u3(s34) s

and finally, according to Lemma 2.6,

5 (3 ) (d5 (D)W (v 2) + 471205 (v 1))
Volx—y 1/2 1 P1+’_4x 12 732 2
= e/ 0 OGO + 75 + 0012 5O 200 |
®F (x; ) (dH (W5 (33 2) + 272®F (v: 1)
= ¢ I[0(1x])O(|y]) + 01272 In AO(|x|™") + O(|22)O(|x|)O(ly])
+O(|In 2DO(|x|7)].
Case (vi) 0 <K <x<y. The case 0 < K < x <y is similar to Case (v), with
only two new terms, namely,
Wi (i YW (v 2) = O(1)e Je 156 1 (|12 In ] yem Je 1ssids,
W (s AW (33 2) = O, (A D% 4 01212 In e frsas,
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and, according to Lemma 2.6,

(F (s Do (2) = 27320 (o 1)) W5 (y: 2)
= e VI[0(272)0(|x[ )0y
+0,(127"DO(|x|) + O(|A2(In 2)*)O(|x|™)].
(D3 (xs A)do(2) — 4712 (s D)W (33 2) = e 0O HO(y).

”

Lemma 3.2 (Large |4| G,(x, y) estimates). For A bounded to the right of T'; and for
|Al > M, some constant M sufficiently large, there exist constants C,[8 > 0 so that

12312 x—y)
b

G, (x, )| < C|lA7"Ple?
|5yGi(x’ y)| < Ce P12 Pl

Proof. The large |A| behavior of G,(x,y) depends on viscosity rather than
convection and can be developed exactly as in the nondegenerate case. See in
particular Zumbrun and Howard (1998/2002), p. 806. |

Lemma 3.3 (Medium |4| G,(x, y) estimates). For A bounded to the right of I, and
for r <|A| < R, any fixed constants R > r > 0, there exists C > 0 so that

1G;(x, )| = C,
10,G,(x, )| = C.

Proof. The medium || estimates follow from decay properties rather than decay
rates and can be developed exactly as in the nondegenerate case. See in particular
Zumbrun and Howard (1998/2002), p. 805. O

4. Estimates on G(t, x; y)

We now employ the estimates of Lemmas 3.1, 3.2, and 3.3 to derive estimates on the
Green’s function G(¢, x; y) through the inverse Laplace transform representation

1 ,
G([’ X; y) = % /1" e"’G)l(x, y)di,

where the contour of integration I' must encircle the poles of G, (which occur at
point spectrum for the operator L).

Before beginning the detailed proof of Theorem 1.1, we give a brief overview of
the approach taken and set some notation. The analysis is divided into two cases,
|x —y| < Kt and |x — y| > Kt, where K is a constant chosen sufficiently large in
the analysis. Generally speaking, in the case |x — y| < Kt, we use the estimates of
Lemma 3.1, while in the case |x — y| > Kt, we use the estimates of Lemma 3.2,
though in all cases contours must eventually involve large | 4| estimates.

In the cases for which we use Lemma 3.1, the estimates on G, (x, y) are divided
into a number of terms that can be integrated separately against ¢”. For every such
term, the contour of integration, I', will be chosen to depend on ¢, x, and y. In the
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ImA

essential / BN

spectrum .

/ /// Re)

-] eyl [x—y>>t

Figure 1. Contours in the case of analyticity at 1 = 0.

event that |x — y| > ¢, it will typically be advantageous to take a (parabolic) contour
that crosses the real axis far to the right of the imaginary axis, while for |x — y| K ¢,
it will typically be advantageous to take a contour to the left of the imaginary axis
(see Figure 1). In either case, we only follow our contour of choice until it strikes
the contour I'j, defined in (1.8), which aside from the point 4 = 0 lies to the right of
the point spectrum of L. Throughout the analysis, then, for chosen contour I, we
will use the notation I'* to indicate the truncated portion of the contour that stops
at I';.

While there are a great many terms in G, (x, y) to analyze, the analysis of several
is similar. Two particularly important terms are the scattering and excited terms
from the case 0 < x <y (|x — y| < K1),

$,(5,3) = O~ 2NO(x| )O(y)e ¥, and
E;(x,y) = ﬁx(x)oa(|)»_l|)e_ﬁ‘x_y‘,

Though several estimates will be more technical than these, the fundamental ideas
are all contained here. For the first we take the heat-equation-like contour defined
through

VI = B e

Lt

for which

k) =

—_ |2 _ _
|xthf| +2ik|thy| R di= (2i—|thy| —2k>dk,
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ImA

7T l_,* ReA

branch

Figure 2. Contours in the case of a branch along Re 1 < 0.

where L is chosen large enough so that for & sufficiently small, this contour remains
in a small neighborhood of the origin. We follow this contour until it strikes I';, and
then follow I'; out to the point at oo (see Figure 2).

Observe in particular that though our contour of choice in this case always
crosses the real axis to the right of the imaginary axis, it moves rapidly into essential
spectrum. Letting £k* represent the values of k for which we strike I';, we have

+k*
‘ [ e, a2 = O ™HOWD [ 01w )e VIO gy
r* _k*

2i o

_1 o b
=0( O(y)) [ e | 2
—k* L—[y + ik

dk

(=2

= 0(*)0(x"HO(|yDe .

Finally, along T,, we observe that Rev/A> 0 and O(|A(k)~'2|) = O(1), so that
our integral decays at exponential rate in time, ¢, n > 0. Since |x — y| < K¢, we
have

o o =9)?
e M < ez — " k2 1

which leads to our final estimate on this term

(x—y)?

O~ ")0(|x["HO(lyDe 7.
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For FE,(x,y), we again begin along the contour defined through
Valk) = "‘ y‘ + ik, along which we have

2 ;= o
mw/OMWWMm*4=mw/ f%ﬁﬂﬂw7mw'|m
= —k* | injz + lkTy - k2|
t 2
=(XM|50<————)oalﬁy(mﬂ
|x =yl
In the event that |x — y| > €,4/7, we observe that < 1, so that we have an

Vl_fo

estimate by (recalling that we are considering the case 0<x=<y)

_ _ _=y? _ _ _p?
O "*)0(|x|)O(|x — ye™ 7 = O~ "*)O(|x|*)O(|y))e™ 7.

In the event that |x — y| < €,+/7, we proceed as in Howard (2002a,b) and divide the
integrand into an analytic term and an error, as

1 / P+ﬁx(x)e"”ﬂ|x’y‘

d
2ni Jr A
1 P, (x)ej‘t 1 P, (x)elt(e*x/ﬂxfy\ —1)
=5 | ———di+— L d. 4.1
2mi /r A + 2mi /r A (4.1)

Here, we have observed that for O,(]A!|) meromorphic in 4 in a neighborhood of
the origin, we have

0,(14~ I)— +0(1)
whence

@uﬂwnquMkmfﬁW”=5¥§9fﬁww+mwﬁk4%ﬂ,
the second of which can be subsumed into S, (x, y). For the first integral on the right-
hand side of Equation (4.1), we employ analyticity of numerator and denominator
to proceed similarly as in the nondegenerate analysis of Zumbrun and Howard
(1998/2002) and shift our contour to the left of the imaginary axis, using Cauchy’s
integral formula to compute the residue. Our estimate on this term becomes

Pyt () y)<eyviy-

For the second integral, we first consider the strip of I'* over which |vZ(x — y)| < I,
for which we have

/mmwwﬂwund
1"*

Al = O(|x|72) / e/ito(|‘/zﬂ(x_y)|)d;tl
A I A

= O(lx)0(y) [ Oz "?)eds

_ _ 7()(*.\')2
= 0(|x|)O(yDO(™?)e =,
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where we have made use of the observation that for |x —y| < €/1,

Ce=“7". On the other hand, for [v/Z(x — y)| > 1, we have |172| = O(|x —y|) and
consequently the estimate

[ B
* )L

dz‘ = 0(jx| )

[ 0012 2)O(x — y)dA),
l"*
as above. Our final estimate becomes

O )0(x] 2)0(sDe T + Pty () ey

Note in particular that in this analysis we have determined critical tracking
information regarding how rapidly mass in the far field contributes to a shift of the
shock wave. According to our choice of shift d(¢) in Equation (1.4), we will have a
linear term of the form

A
o0 ~ P [ vy,

for which we observe that the window of mass that has accumulated in the shock
layer at time 7 is [0, €,4/7].

Proof of Theorem 1.1. In the small time case |x — y| > Kt, some K sufficiently large,
we can proceed via the large || estimates of Lemma 3.2, which are exactly the same
estimates as in Zumbrun and Howard (1998/2002). In this case, we take the contour
defined through

_x =yl ;
Vok) = T + ik,

from which an analysis precisely as that of the heat kernel yields estimates of
the form

(Gltox: )] < Cr e i

which can be subsumed into the estimates of Theorem 1.1.
For the case |x — y| < Kt, we proceed in a number of subcases.

Case (i) y <x<0. According to Lemma 3.1, we have five integrals to
evaluate in the case y <x <0, beginning with the integrands O, (1)et> PG,
0, (1)ets D=1y and u (x)O,(|A7!)e "> *>¥, Each of these arises in the case of
nondegenerate waves and can be analyzed as in Zumbrun and Howard (1998/2002).
Summarizing, we have

(x—v—zfz)z

[ 0. 0ed) = 0@ R)e
r

— 2
a)
(A—H—\ —ay t)

/O (l)e)t+/4 (A)x— uz(n)\d) _ O(t—l/Z)e T’

1.0 [ 0,02 D 0 dz = i, (0 (0 “H + O yeiry). (@2)
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For the term O(]A"? In 1|)ets WD*=#2 (DY we must alter the analysis employed above so
as to avoid 4 € IR_, where we lose analyticity. Expanding 5 (1) and p3 (1), we have

- Y+ 47 1 1
(a)” + == A o h O, (Realliay = 0)
4y

-

S() =2

.Uz( ) 3 @
-y @Y FE 1 I

oy V@ F A 1, L 00, (Recall: ar <0).
2 a; (a7)’

Our principal contour will be chosen as in Zumbrun and Howard (1998/2002) by

the relation

(=)o (5~ oy )@
_ (—%—k%)},R—}— (#—é)iivﬁ(—%—k%)h

where A, is the critical point where the contour crosses the real axis. Expanding
k) = dg + Ak + 2,k + - - -, we immediately find 4, = i(1 + O(4g)) and

&
fo = S (14 0G).
ay a

for which 4, < —y < 0, some fixed y. We choose A, optimally by minimizing the

exponent function

— ALY LS
g(zR)—ARt+< p= + aZ)JVRjL((al)} (a2)3>ﬁ?’

for
- — %y _ g -

=l g Te Tl (X ey Y

D 2t (@)t (ay)’t

Note in particular that our contour of choice is entirely determined by our choice
of . Following Zumbrun and Howard (1998/2002) in the case ;‘;—: > 0 (that is, for

= 2Ly| > |aj |r), we take

o_
+E’ € S e S M’
_ P- _
o o
p=1—, 1< = <,
p_ A
12 0< ‘i‘_— <2
p_

to obtain an estimate by
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which can be subsumed into estimates (4.2). The difficulty arises in the case ;—* <0

(that is, |x — Z—iy| < |ay|t), when the nondegenerate analysis would select A, <0,
according to

o_
—E€, —€ > —
. P _
04
Ir=1=> —7P> = > €
p- TP
o_
7 0= ===~
P

which is precluded by our branch along 4 € R_. At this point, we arrive at the
primary new feature of the degenerate-wave contour analysis. The idea in the
nondegenerate case was, for 7 > |x — y|, to take contours that remain entirely in the
negative real half-plane and thus take advantage of exponential time decay, which
dominates the exponential growth in |x| and |y|. In the degenerate case, we cannot
avoid passing our contours through the positive real axis, and our new approach
will be to move our contours quickly into the negative real half-plane.
We first observe that we can integrate along essential spectrum

I, = {/ : Either Re i, (1) = 0 or Re u; (1) = 0}
to obtain an estimate

O(t73/4 In t)I{

ay _ .
= sl<lar e}

Alternatively, we can move more rapidly into essential spectrum by taking the
heat-equation-like contour

Vak) =t + ik,

which we denote I',, until it strikes the non-degenerate contour described above.
Along I';, we have

Mk) =72 4+ 2ikt™" —k*; di= (it —2k)dk;  and
Re (k)? =t + k* — 6k*t72,

so that

. . +k*
‘ / 0|22 In 4])ei+s Dx=in v g )| < ¢ / 12i7 = 2k (" + ik)[In(s~" + ik)]|
r; e

e e o

We observe here that for |k| sufficiently large, we cannot get a good estimate along
this contour. The index k*, then, where we cross the nondegenerate contour, is
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critical. Indexing our nondegenerate contour by I, we have

(‘lr)3 (“2 )3 ) 2 3
221+ 0()) + O(F),
(R 0G) o)

a a

x y

M) = Jg +il(1 +O0(g)) +

for which the intersection with I', occurs for

2 72— g
1+0(2)

for which we recall that in this case iz < 0. In the first case, ™1/ < ;—: <0, we
choose Az = —'/2, for which (for 7 > 1) we have |k| < C+"/. In this case, since
|x — %y| < |aj|t, the exponent k“((alf)3 — %4)3) is bounded, and we can integrate
over |k| < Ct~"* to obtain an estimate by

-3/2
0( " t) iz}

In the case —e < Z—* < —t7172, we choose

ay _
xX——y—ajt
a,

For this range of k, we have

X K e
_kz<t_i_+1_>+k4< L {3)=_x (T e
a a, (a] ) ((12) W - W @) - (a;)B

1
5= 2+ Z) vou,

a a,

IA

a

for which we can integrate over k as above. In the final case, I;—: < —e, we observe
that

k2 o
(R e ) (2 2 ) B (o)
a a, (ay) (ay) @)r ~ @)F p-

for which we have decay as in the previous cases for k> < €. We can choose d,, (for
the contour T'; defined in (1.8)) sufficiently small so that we strike I, for k*> < €. The
nondegenerate analysis of Zumbrun and Howard (1998/2002) applies along I';, and
we obtain an estimate that can be subsumed into those above.
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The remaining term in this case, O(]A""?In A|)e " *?, can be analyzed as in the
case

0()}/2 In /1) els (D= (ﬂl)y,

with x set to zero. The estimates on Gy(t, x; y) follow similarly.

Case (i) x <y <0. According to Lemma 3.1, we have five integrands to
evaluate in the case x <y <0, though the only integrand not examined in the
analysis of Case (i) is O,(1)e®s P& which arises in the nondegenerate case and
has been analyzed in Zumbrun and Howard (1998/2002), with an estimate by

(x—y—ay

Ot )

Estimates on G (z, x; y) in this case follow similarly.

Case (ili)) x <0< K <y. According to Lemma 3.1, we have seven
integrals to evaluate in the case x <0 < K <y, beginning with the integrand
0, (1)e!s Dx=JimsAds Since py(x; A) is analytic in / in a neighborhood of A = 0, this
integral can be analyzed similarly as in the nondegenerate case. We must, however,
keep track of the y-dependence in p, through the Taylor expansion

y Y o ds Y ds
L A)ds = —, 72 (%),
/Ku3(s J)ds et /Ka1<s)3+ (%)

for which we take y > K. (In the event y < K, we can subsume y behavior into
0,(1) and proceed with an estimate for the case y = 0.) Consequently, we choose
our contour A(k) through

(_i o] a0 ((a)lfﬁ [t e

x v ds x Yo ds ; * Y ds
(ol (oL e )AL o)

for which

Ak) = Zg + ik(1+ O(Zg)) +7(x, )k (1 + O(2g)) + O(KY),

where

(((41+)z - Ii ald(z):‘)
2(x,y) = C=+7 1)
a

K ()

<7, <0.

Similarly as in the analysis of Case (i), we choose our principal value of A, to
minimize

, X Yy o ds X Y o ds
s =i+ (= [ o (= [ a )e
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so that

o —ar [y a,df;) at . ((a]+)2 —ay [y aliZﬂ)
P ’ 2t cPE t '

We can now proceed as in Case (i) with

&
+e, +eS - S4M
V4
& &
A =1 = t_1/2<|7|56
p b
-12 < %< p
= AR O>i)>it

The final estimate becomes

(ap g it —ar

ot '?)e” Wi

For the integrand i, (x)O,(|4~"|)e /e #3945 we can proceed again as in the case
of nondegenerate waves, with u;(x; 1) treated as above. We find

. N (f'v a6 ’r)z
/ Oa(uv_ll)ﬁx(x)eﬂ_fk l‘?s(S;}.)dsd)L — ljix(x) <0(1)€_ ) n O(l)I{U\ . |<[}>
r

a1
For the integrands O(|A"1n Z|)e!s Wx=fkmdds and g, (x)O(|A~"1n A])
e~ JkmssA4s e proceed as in the analysis of O(|4"/2In A|)ets W*—# () in Case (i). We

obtain estimates that can be subsumed into those above, as well as the additional
estimate

Yy o ds
—3/4 - o 4]73/2
[0(; lnt)/\0<|x ai /K ol lnt)}l{x S

which we observe for ¢+ bounded away from zero can be alternatively recorded in

the useful form,
B /y ds
a —a,;
Vg ays) !

of (1+ s

The fundamentally new terms in this case are O(1)e*s (Ax='iy and

|+ tl/z) 3/2 In(e + t)> [

Y ds
—aj [} 75 1<lay i}

i, (x) (0,127 + 01272 In 2[))e ™™

In both cases, we first observe that for %z 0, we may take advantage of the
observation that along the contour chosen for the integrand O, (1)e!s Wx—Ji w4,
and for || sufficiently small, we have Re+/ly > Re f3 ps(s; A)ds, so that the
estimates obtained can be subsumed into those above. For 2 < 0, we begin with the
integrand O(1)es D+ for which we proceed similarly as in the Case (i) analysis
of O(|221n A|)ets W=y by taking the degenerate contour defined through

v

UK
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VA(k) = - + ik (denoted, again, I',), until it strikes the nondegenerate contour
defined above for the term O, (1)e!s D*=Jk A4 (denote here T,). Along T, we
have

2

k) = == +2ik— —k*; Rel(k)’ =

y4 2
= — k + K,
th2 Lt L4t L2t2

and consequently

_ f y2 2 X X 4
Re(At + uy (A)x — Ay)f—ﬁt—k I_E +(a;)3k

In this case, our contours I';, and I, intersect for

),2

k2 — 272
12 M
1+0(3)

_;“R

In the case —t 71?2 <% <0, we have A, = —t"'/2, and the growth term —;k*

@)

R

remains bounded. For the second case —e < ;_i] < —1~ 12 we choose

Yy _d
lz_ Ka](AY)

&
p @r ~fiaer

for which I';, and I'y,, intersect for
Yy _ds
1 a_ “JK 4 () -1 y2
2
(tlf)3 K al(S)3

We have, then,

—y—z—k2<t—i> x3k4§—y—2—k2 AR I_F—kz
Mt (ay) Mt (ay) @y

Our estimate becomes

(%) A [O(lx — ayi| e ] (

1 _ )
=i g5 I<lar e}

where the time decay O(¢7!/?) can be obtained in the usual way by integrating along
essential spectrum. Finally, we observe that for y > 0

e =14 O(Vi),
for which we have

0,(1)e"s D=2 = 0, (1)e ¥ + O(|V7y])e's .
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Proceeding through the nondegenerate analysis with O, (1)e*s Y%, and proceeding as
above for the estimates O(|+/Zy|)e’s ?*, we obtain an alternative estimate of

(x—a7 1)?

O(™"P)e— + [0 A (O(y)O(|x — art[)].

We next consider the term itx(x)Oa(|}L|‘l)e‘ﬂy in the case IZ) < 0, for which we

take the contour defined through /A(k) = 7 + ik. Following Howard (2002b), we
divide the integrand into an analytic piece plus a non-analytic error,

Jt—7y it at( ,—Ty _ 1
[ ——a=[ Sar+ =Dy,
"k "k F*

A A A

For the first we proceed as in the nondegnerate case by taking a contour that passes
to the left of the imaginary axis (and to the right of I';). By Cauchy’s integral
formula, we obtain an estimate by

RO

e =slarle

) +u, (x)O(e™).
For the second, we observe that in the case |+/Ay| < 1, we have

t(,—7y _
[ Mﬂ‘ _ = 0(+"'?)0(ly)),

At )
/ e O(|f/_y|)d/1‘
)\. * A

while for [v/Ay| > 1, we have | 7| < Iyl, so that

/ e””(e‘ﬂy — l)di’ B

[ (e = 1Oy
A I

Vi

The final term in this case is i, (x)O(|]A~"2In A|)e~¥*, for which we again take
the contour defined through /2 = +- + ik to determine an estimate by

] — 0(~"0(y).

i ()0 n f)e .

Derivative estimates follow similarly.

Case (iv) y <0 <x. According to Lemma 3.1, we have three integrands to
evaluate in the case y < 0 < x, beginning with O(|A~/2))O(|x|™)e V>~ 1y where
we recall

> —/(a7)?+ 47 1 1
‘uz_(/l) _ a, (az) A -y jjz +O()%)
2 a, (a5)

For |y| > a5t, we expect the kernel to propagate to the right with speed a5,
remaining to the right of the shock layer. Observing that along the contours
employed in Case (i), we have Re(—+/1) < Reu; (4), we conclude that by making
this estimate we can obtain the initial bound

— 2
(—y=ay

O HO(lx| e 7 Ijynury-
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For |y| < a5t, we expect the kernel to cross the shock layer and begin decaying in

)C2 .
x according to the degenerate rate e*?r. In this case, we take the 4contour defined
through V4 = £ + ik (where (k) = 25 + 2ik: — k2, Re A(k)? = 77 — S5k + k),
where L is assumed sufficiently large so that |A(k)| < r prior to striking the

nondegenerate contour. Along the degenerate contour, we have

‘O(|x|]) j;* ()(|)L—l/2|)e/1t7«/7)c7,uz’(l)yd;L

k* 2 2 2 2 y 4 63 ) 4
et (e 0) - o2 (-

=0(x ™) [ e

2
= O(|x[7)O(y + ay1|?)e 1

dk

{Iyl=ay1}>

where as in the analysis of Case (i), our contours I, and I, intersect for k
sufficiently small so that the growth terms are subsumed. Finally, we observe that
for |y| > a;t, we have

_ 2
(x—y—ay n*

|x —y—ayt| ™ Pe

a2 o2
t—1/4e—% _ |x —y—ayt|
t1/4

().—v—uzﬂ‘)2 (r y—ay 1)2

< Clx—y—ay] e w5 < Cly+ayi| e

The analysis of our second term from Lemma 3.1,
O(|2~2 In 2)O(|x| 2)e 7,

is almost identical and can be estimated by

OG0 DO e 5 Ly sy + Oy + ™ P In e g
The excited term, i, (x)O,(|27"|)e*> ¥, can be analyzed as is its counterpart from
Case (ii). Derivative estimates follow similarly.

Case (V) 0 < K <y < x. According to Lemma 3.1, we have seven integrands to
evaluate in the case 0 < K < y < x, beginning with O(|2~2))O(|x|~")O(|y|)e V!
and O, (]2~1)O(|x|72)e~V#  which were both analyzed in the beginning of this
section, with combined estimate

(xx

OO ™)O(yhe™ ™ + Poity () eoyi<ep -

The third integrand, O(|2~"2(In2)2)O(|x|72)O(|y))e V!, can be analyzed
similarly to obtain an estimate by O(:~"/2(In 1)2)O(|x|2)O(|y|)e~ 7.

We next consider the integrand

O(M_l/z|)O(|x|_l)e_ﬂx_f'§ u3(s;/l)ds.

We observe that for | [ ‘“)| > 1, we may use the observation that Re(—+/1x) <

Re(— [¢ u3(s; A)ds) and take a contour as in the nondegenerate analysis. In this way
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we obtain an estimate of the form

2
\ i
(/1§ o) +I§ af(ﬂ)*)

O MO e g
K(IIA

In the case | [y ;%51 < £, we take the contour defined through \/4(k) = 7 + ik, with

x2 x* 6x2

2, 2 2 4
k) = 55 + 21k— —k*  Reik)’= T Tk K

until it intersects the nondegenerate contour. We have, along I,

o™ [

3*1/2|)e)«t*ﬁ«**f1§ ;g(s;i)dsd)v’

Ax+7. 2
= ‘O(le‘l)/r* O[5y Pk G = Ik SO 4 ‘

R s 2 Yy _ds 46 4
_ X k-4 JP e G M ds+O(|2(k)?)
— O(|x| 1)/1(* €L2' Lt (Lz,z ) K ay(s) (L 44722 ) K ()3 dk

Y ds B
:°</K a A

which we observe can be subsumed (in the case x > y > 0) in;o previous estimates.
Similarly, the summand O(|A~2In A))O(|x|2)eV=~fkm(E=ds Jeads to an
estimate by

12 ,
)0(|x|1)e%1|

y _ds
Ji o |5

2

(fK ap(s /K ai(s )
Ot 1n 1)O(|x|2)e" +1{

Yy o ds
+O</K o

the latter of which can be subsumed into previous estimates.
The summand & (x)O,(|]A~"|)e /k5A45 has been evaluated in Case (iii), and
the summand

=)
}’

f‘ ds
K aq) |~

In z)0(|x|2)e3‘i1{

y _d.
fK al(yj)

ﬁx (-x)oa ( | Ail |)e7 J& w3 (s; A)ds

can be analyzed by nondegenerate methods to obtain an exponentially decaying
excited term plus further estimates, that due to their exponential rate of decay in
x can be subsumed. The integrand Ou(l)ef»vk msAds can also be treated by non-
degenerate methods, which lead to an estimate that can be subsumed.

Case (vi) 0 < K < x <y. According to Lemma 3.1, we have eight integrals to
evaluate in the case 0 < K < x <y, beginning with the summands

012" 2DO(x| HO(y)e Y1 and 0,127 )O(|x|2)e V1,
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which were analyzed in the introduction of this section. Following the arguments
introduced there, we also find that the summand O(|A~2(In 1)2)O(|x|")e~ v
leads to an estimate by

)2
O (In 1))O(|x| e~ 5.

For the summand O, (1)e™ /s (94 x > K we can proceed by taking contours
from the non-degenerate case to obtain an estimate by

U 507

Ot Ve —m

For the summand e~ /s ©©45Q(| 212 1n 1|), we first consider the case | f - (S)| >

for which the nondegenerate contours do not cross the negative real axis, and takmg
. & g’

them, we conclude an estimate of O(+~*In#)e”— m . For the case | [ ad(i) t,

A2 1n Al)ets D=1y in Case (i),

and take the contour defined through ~2 = ¢!+ ik until it strikes the non-

degenerate contour defined through

yods Yo ds Y ds Yo ds Yo ds
) 22 " " 4 )2 " 4 "
/x al(s) /v a,(s)’ iR/x a(s) - R'/X a,(s)’ " ll/’f a(s)’

with 4z chosen according to

o
—E€, —€ Z __+3
_ Py _
Jp = 2, s 2 s e
P+ P+
2 0 s I,
P+
where
— Y _ds
y =0(_+ 7. = fx al(;)+t _/)
R [_7+’ + 2t > . al(S)3 =
We determine an estimate by
, -32
Y o ds
O(*1n1) /\0< t+/ In z),
v a(s)

which for ¢ bounded away from zero can alternatively be written in the form

0((1 + r+/j%‘ +t1/2) ln(e+t)>.

The remaining cases were analyzed in Case (v). O
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