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Abstract

Using a simplified pointwise iteration scheme, we establish nonlinear phase-asymptotic or-
bital stability of large-amplitude Lax, undercompressive, overcompressive, and mixed under—
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conditions of spectral and hyperbolic stability together with transversality of the connecting profile.
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(2003) 177-263; C. Mascia, K. Zumbrun, Stability of large-amplitude shock profiles of hyperbolic—
parabolic systems, Arch. Ration. Mech. Anal. 172 (1) (2004) 93-131; C. Mascia, K. Zumbrun,
Stability of large-amplitude shock profiles of general relaxation systems, SIAM J. Math. Anal., in
press], and for special “weakly coupled” (respectively scalar diffusive—dispersive) undercompressive
profiles in [T.P. Liu, K. Zumbrun, Nonlinear stability of an undercompressive shock for complex
Burgers equation, Comm. Math. Phys. 168 (1) (1995) 163-186; T.P. Liu, K. Zumbrun, On nonlin-
ear stability of general undercompressive viscous shock waves, Comm. Math. Phys. 174 (2) (1995)
319-345] (respectively [P. Howard, K. Zumbrun, Pointwise estimates for dispersive—diffusive shock
waves, Arch. Ration. Mech. Anal. 155 (2000) 85-169]). In particular, together with spectral results
of [K. Zumbrun, Dynamical stability of phase transitions in fhasystem with viscosity—capillarity,

SIAM J. Appl. Math. 60 (2000) 1913-1924], our results yield nonlinear stability of large-amplitude
undercompressive phase-transitional profiles near equilibrium of Slemrod’s model [M. Slemrod, Ad-
missibility criteria for propagating phase boundaries in a van der Waals fluid, Arch. Ration. Mech.
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1. Introduction

In the series of papers [38—42,55], Zumbrun and Mascia—Zumbrun, building on methods
introduced in [23,54], have established nonlinean H3 — L7 (respectivelyL.'n H? —

L?) orbital stability, p > 1, of large-amplitude Lax-type shock profiles of systems of
conservation laws with viscosity (respectively relaxation), by a simple shock-tracking argu-
ment using mainly.?¢ — L? bounds on the linearized solution operator. For precursors of
this method, see, e.g., [18,23,26,27,31,32,54]. See also the alternative arguments presented
in [30,52] for small-amplitude Lax-type shock profiles of systems with artificial (Lapla-
cian) viscosity, and in [45,54] for large-amplitude Lax- or overcompressive-type profiles

of systems with general, possibly degenerate viscosity.

The purpose of the present work is to point out that a simple pointwise version of
the argument of [38—-42,55] may be applied also to under-, over-, and mixed under—
overcompressive shock profiles of strictly parabolic systems, giving a simple and unified
treatment of shock stability independent of the amplitude or type of the connecting profile,
depending only on the necessary, Evans-function condition established in [4,14,54,56,57],
equivalent to spectral and hyperbolic stability plus transversality of the connecting profile
as a solution of the associated traveling-wave ordinary differential equation (ODE). In par-
ticular, we obtain for the first time nonlinear stability of general undercompressive profiles
such as arise in phase-transitional gas dynamics and elasticity [43,47-51] or multiphase
flow [1-3,25], extending results obtained for special undercompressive profiles in [23,31,
32] (respectively [23]).

Moreover, the slight additional detail afforded by our pointwise description is sufficient
to give also convergence of the phase shift, or phase-asymptotic orbital stability (definition
recalled below), which was lacking in [38—42,55]. This completes the one-dimensional
stability program initiated in [54], at least for systems with strictly parabolic viscosity, giv-
ing a complete characterization of stability analogous to that obtained by Sattinger in the
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scalar case [46]. The assumption of strict parabolicity is physically appropriate for appli-
cations to phase-transitional shock waves, at least in one dimension; see Remark 4. Indeed,
together with the spectral analysis of [59], our results yield one-dimensional nonlinear sta-
bility of large-amplitude phase-transitional profiles near equilibrium of Slemrod’s model
for van der Waals gas dynamics or elasticity with viscosity—capillarity, one of only two
large-amplitude stability results that have so far been obtained for physical models (the
other being stability of profiles of isentropic gamma-law gas dynamics with1 [37]).
Stability of undercompressive profiles for systems with degenerate viscosity remains an
interesting open problem.

Consider a traveling-wave solution

u(x,t) =u(x —st), Z_lirl]ooﬁ(z)=ui, 1)

or “shock profile,” of a system of conservation laws

w4 f () = (Bwuy) 2
x,t €R,u, f eR", BeR"™", corresponding to an “ideal,” or discontinuous shock wave
_, x <st,
v =1 ©)
Uy, X >Sst,

of the associated hyperbolic system
ur + fu)y =0. 4)

Without loss of generality (changing to coordinates moving with the shock) stake, so
that (1) becomes a stationary, or standing-wave solution convenient for stability analysis.
Following [54,57], we make the standard assumptions:

(HO) f,BeC3.

(H1) Reo(B) > 0.

(H2) o(f'(us)) real, distinct, and nonzero.

(H3) Reo (—ikf (us) — k?B(u+)) < —0k? for all realk, somed > 0.

(H4) There exists a solutiam of (1)—(2), nearby which the set of all solutions connecting
the same values, forms a smooth manifol’}, s e U/ c R¢, % = a.

Definition 1. An ideal shock (3) is classified asdercompressiy&ax, orovercompressive
type according as—n is less than, equal to, or greater than 1, whiedeenoting the sum of
the dimensions_ andi of the center-unstable subspacei@iu_) and the center-stable
subspace of f (uy), represents the total number of characteristics incoming to the shock.
A viscous profile (1) is classified gmire undercompressiugpe if the associated ideal
shock is undercompressive afig- 1, pure Laxtype if the corresponding ideal shock is Lax
type and¢ =i — n = 1, andpure overcompressiugpe if the corresponding ideal shock is
overcompressive anfl=i —n > 1, £ as in (H4) and as in Definition 1. Otherwise it is
classified asnixed under—overcompressitype; see [32,54].
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Pure Lax type profiles are the most common type, and the only type arising in standard
gas dynamics, while pure over- and undercompressive type profiles arise in magnetohydro-
dynamics (MHD) and phase-transitional models. Mixed under—overcompressive profiles
are also possible, as described in [32,54], but seldom encountered; indeed, we do not know
a physical example. In the pure Lax or undercompressive ¢ase= {ii(- — 8)} is just
the set of all translates of the base profilevhereas in other cases it involves also defor-
mations ofi. For further discussion of existence, structure, and classification of viscous
profiles, see, e.g., [32,39-41,54,56-58], and references therein.

Definition 2. The profileu is said to benonlinearly orbitally stablef (-, ¢) approaches
i’ ast — oo, i’ as defined in (H4), for any solutioi of (2) with initial data suffi-
ciently close in some norm to the original profilelf, also, the phasé(s) converges to a
limiting value § (4-00), the profile is said to baonlinearly phase-asymptotically orbitally
stable

An important result of [54] was the identification of the followistability criterion
equivalent toL! — L7 linearized orbital stability of the profilep > 1, whereD (1) as
described in [14,54] denotes the Evans function associated with the linearized ogperator
about the profile: an analytic function analogous to the characteristic polynomial of a finite-
dimensional operator, whose zeroes away from the essential spectrum agree in location and
multiplicity with the eigenvalues of..

(D) There exist precisel§yzeroes ofD(-) in the nonstable half-plane Re> 0, necessarily
at the originA = 0.

As discussed, e.qg., in [54,56-58], under assumptions (HO)—(B4)s(equivalent to

(i) strong spectral stabilityo (L) C {ReAx < 0} U {0},
(ii) hyperbolic stabilityof the associated ideal shock, and
(i) transversalityof u as a solution of the connection problem in the associated traveling-
wave ODE, where hyperbolic stability is defined for Lax and undercompressive
shocks by the Lopatinski condition of [10,33—-35] and for overcompressive shocks
by an analogous long-wave stability condition [56].

Here and elsewherke denotes spectrum of a linearized operator or matrix.

The stability condition holds always for small-amplitude Lax profiles [11,17,24,28,29,
37,44], but may fail for large-amplitude, or nonclassical over- or undercompressive pro-
files [1,12,14,56,60]. It may be readily checked numerically, as described, e.g., in [5-9].
It was shown by various techniques in [38—42,45,54,55] that the linearized stability condi-
tion (D) is also sufficient for nonlinear orbital stability of Lax or overcompressive profiles
of arbitrary amplitude. However, up to now, this result had not been verified in the under-
compressive case.
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In this paper, we present a simple pointwise argument applicable to shocks of any type,
establishing that®) is sufficient for nonlinear phase-asymptotic orbital stability. More
precisely, denoting by

aljt<azjt<~~<ani (5)

the eigenvalues of the limiting convection matrices := df (u+), define

Bt = Y (L 1) V2T /L 7 g g gy 12 B ()
aj_<0 a7>0
Yren 0= x@n Y (Ll +0) L [x —aye]) Y2
aj_<0
+x G Y W xl+0) A+ [y —afe]) T @)
at>0

J
and

Yoo, 1) == (1= x (e D) (L | — ayt] +142) 732

+ (1= xC,0)(1+ |x —aft| +t1/2)’3/2, @®
wherey (x,1) = 1for x € [a] t,a;} ] and zero otherwise, and > 0 is a sufficiently large

constant.
Then, we have the following main theorem.

Theorem 1. Assuming(HO)—(H4) and the linear stability conditionfD), the profilei is
nonlinearly phase-asymptotically orbitally stable with respecCfd® initial perturba-
tions luo(x)| < Eo(1+ |x|)~%/2, Eq sufficiently small. More precisely, there exigt) and
8(400) such that

|i(x, 1) — i®D(x)| < CEo(0 + Y1 + ¥2) (x, 1),
81| < CEo(1+n)7H,
|8(t) — 8(+00)| < CEo(1+1)7Y/2, (9)

whereu denotes the solution R) with initial data g = i + uo.

In particular, Theorem 1 yields the desired result of nonlinear stability in the under-
compressive or mixed case, effectively completing the one-dimensional stability analysis
initiated in [54].
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Remark 1. Pointwise bound (9) yields as a corollary the shafpdecay rate
|i(x, 1) — @D (x)|,, < CEo(L+ 1)~ W21 1< p<oo. (10)

Remark 2. The profiled may be recognized as the superposition of Gaussian “approximate
diffusion waves” moving along outgoing characteristic directions, while the prafiesd

Yo respectively account for nonlinear interactions occurring within the characteristic cone
[a; t,a;ft] and the algebraically decaying tail of the initial data. The profileand v
correspond roughly to the nonlinear diffusion and linearly coupled wévesd» in the

more detailed description of the solution carried out for initial data with the same decay
rate in [30,54] for the Lax and overcompressive ca3ée latter works estimaté — i,
which contains an additional error

i(x) — @0 (x) ~ (0i° /88)5(1) = O ((e ") (1 + 1)~ Y/?) (11)

near the shock layer that is not present in our analysis.

A difference of the undercompressive from the Lax or overcompressive cases is that
the time-asymptotic distribution of mass is no longer determined in a simple way by the
mass of the initial data, making difficult the description of nonlinear diffusion and cou-
pled waves. We avoid this difficulty by estimating only joint upper bounds and not the
size or shape of component waves. Besides undercompressive stability, this yields also
considerable simplification in the pointwise analysis of Lax and overcompressive profiles.
In particular, we nowhere attempt to identify cancellation in our estimates of nonlinear
interactions, taking into account onfsansversalityof interacting signals, similarly as in
(different-family) Glimm interaction estimates for the hyperbolic case [16]. Compare with
the analyses of [30,45,52] in which a crucial aspect is to identify cancellation in the com-
putation of the linearly coupled wawe Compensating for the lower resolution in our
scheme at the level of diffusion waves is the higher resolution afforded by shock tracking,
as reflected in the absence of term (11). That is, by sufficiently resolving the nondecaying
lowest-order part of the Green function corresponding to shift in the shock location, we are
able to ignore the details of higher-order parts.

Remark 3. Multidimensional nonlinead.! N L> — L? stability, p > 2, has been es-
tablished usingL? — L? resolvent bounds for Lax and overcompressive shocks in all
dimensions! > 2 but for undercompressive shocks only in dimensibps4; see [56-58].

As discussed in [21,22,56], stability of undercompressive shock fronts in physical dimen-
sionsd = 2 and 3 remains an open question even in the (diffusive—dispersive or diffusive—
higher-order diffusive) scalar case, for which detailed pointwise Green function bounds
are available. An interesting future direction might be to attack this problem by pointwise
methods similar to those of this paper.

3 Defined in [52] but not explicitly mentioned in references [30,54tefers to the contribution of quadratic
source terms involving alone, i.e., the second iterate in the nonlinear iteration through Duhamel’s formula.
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Remark 4. In one dimension, a change of coordinates reduces Slemrod’s model for van
der Waals gas dynamics or elasticity with viscosity—capillarity to-aZ2parabolic system

with diagonal, strictly parabolic viscosity, to which our results may be applied; see [51,59].
Likewise, in one dimension, the standard models for imiscible three-phase flow in porous
media may be expressed as & 2 parabolic system with viscosity that is strictly parabolic

on the interior of the physical state space (the set of saturations summing to one) and
degenerate on the boundary; see [3]. Thus, our results generically apply here, too. However,
note that shocks with one state on the boundary do arise in Riemann problems of physical
interest and are not covered by our theory, nor is the degeneracy of the symmetric constant-
multiplicity type encountered in real viscosity models. This would be an interesting case
for further investigation. In multi-dimensions, neither of these transformations is possible,
and so a more special analysis of each specific equation would be required for a stability
analysis.

Remark 5. The arguments in Sections 3 and 4 used to treat pure type shocks require only
f, B € C?; see Remark 10. For constaBi the assumption in Theorem 1 thafe €%+
may be dropped; see Theorem 2.

Plan of the paper. In Section 2, we recall the linearized estimates carried out in [40,54].
Assuming certain pointwise convolution estimates, we carry out in Section 3 the nonlinear
stability analysis of the Lax and undercompressive case. By a slight modification of the
argument, we carry out in Section 4 the nonlinear stability analysis of the complementary
Lax and overcompressive case. In Section 5, we establish stability of mixed-type shocks in
the special cas® = constant, and in Section 6 in the general case. Finally, in Section 7,
we carry out the deferred convolution estimates, completing the analysis.

2. Linearized estimates

We begin by recalling the pointwise linearized estimates established in [40,54], ex-
pressed in a streamlined form convenient for the nonlinear analysis to follow. Linearizing
(2) about a fixed stationary solutiari-(-) gives

U = L%y = (Bg*ux)

(A%u) (12)

X x’

where

Adu=df (i@ ())u — d B () (u, @), B :=B(i’(x)). (13)

The Green functioriy (x, ¢; y) associated with (12) is defined lo}(x, 7; y) := eLa*’(Sy (x),
or, equivalently,

G, — L*G =0, lim G(x,t;y) =8y (x).
t—0t
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Proposition 1[40,54].Under the assumptions of Theorénthe Green functio (x, 7; y)
associated with the linearized equatidii2) may be decomposed 6s= E + G, where

14

dit® (x)
E(x,t;y)=Z 9 |y ej(y,1), (14)
j=1 *

y+a,t y—agt _
ei(y,t)= (errfn( ) — errfn( ))l y) (15)

' ak2>:0 VAt VAt "

for y < 0and symmetrically fop > 0O, with

il <c. Je/enrk] < cye, (16)

and

02 ,G(x.1: y)|

< Ce MIX—YIHD

n
+ C(t*\al/z + |Oly|)/eimy| + |oex|e*"|x‘) (Ztl/Ze(xyakt)z/Mtenx+
k=1

—1/2 —(x—aj (t—|y/a; ))?/Mt —nx+
+ ) Xjagri=pypt e ¢ e

a >O,aj <0

—1/2 —(x—al (t—Iy/a; ))?/Mt —yx—
+ ) X{ar o121y FPemim ' e ) 17)

- +
a >0,aj >0

0 < |a| £ 2for y < 0and symmetrically foy > 0, for somen, C, M > 0, WhereajE are
as in Theorend, ,B,f > 0, x* denotes the positive/negative partxfindicator function
Xtlar 112151} is 1 for |a, t| > |y| and O otherwise, andy = 1 in the mixed or undercom-

pressive case andin the pure Lax or overcompressive case. Moreover, all estimates are
uniform in the suppressed parameter

Remark 6. The error termCe~"(x=>1+1 on the right-hand side of (17) (harmless for our
estimates) accounts for the difference in the far field y| /¢ >> 1 between the exponential
decay of ternE and the Gaussian decay of the full Green functigthat is, it is an artifact
of our bookkeeping system. This repairs a minor omission in [40].

The remaining terms in (17) are convection—diffusion kernels, which we will refer to
respectively as theonvectionkernel, thereflectionkernel, and théransmissiorkernel.
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The x-derivative estimate will only be required in the case of mixed-type profiles (see
Section 6). Finally, we recall the notation

Zz
1
errfn(z) = / 8% de.
JT
—00

Proof of Proposition 1. This is a restatement of the bounds established in [40,54] for
pure undercompressive, Lax, or overcompressive type profiles; the same argument applies
also in the mixed under—overcompressive case. Also, though it was not explicitly stated,
uniformity with respect t@, is a straightforward consequence of the argument.

Remark 7. From (15) and (16), we obtain by straightforward calculation (see [40]) the
bounds

y+ta,t y—at
ej(y,.1)|<C (errfn( > - errfn( ))
| ! | Z VAap, t Vg, t

a; >0
‘ej(y’t)_ej'(y,+oo)|gcerrfn(|y|_at>’ Somea>0’
NG
e (y.0)| < CrY2 Y e ractP/mr,
a;>0
|ye;(y.0)| < Cr7 2 Z o Iy+ag 12 /Mt
a; >0

~t —a;t
+ C)/e_””(errfn(y—i_i) - errfn(y e ))
Vag, t Vg, t
|ye;(y.1) — Bye;(y, +00)| < Ct7H2 37 emlvractP/mr,

a; >0

|8y,ej(y’ [)| < C(t_l + yt—l/Ze—n\yl) Z e—\)’+a;;|2/Mt (18)

a, >0

for y <0, and symmetrically foy > 0, wherey as above is one for undercompressive
profiles and zero otherwise.

Remark 8. The main difference between the estimates for the mixed or undercompres-
sive casey = 1 and the pure Lax or overcompressive case- 0 is the presence of
slower-decaying—?"! terms in derivative estimates fer G. As discussed in [31,32,54,
55,59], these are not only technical artifacts, but reflect real differences in behavior in
the undercompressive case: specifically, that shock dynamics are not governed solely by
conservation of mass, as in the Lax or overcompressive case, but by more complicated
dynamics of front interaction as indicated by rapidly decaying modes?!!.
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We require also the following minimal information about the shock profifes slight
generalization of Corollary 1.2, [54] (which did not inclusl@erivative bounds).

Lemma 1. Assuming(HO)—(H4) and (D), family i®(x) is (under appropriate choice of
coordinatization C3in 8, x andC* in x, with

|oj8kad (v)| < ce™! for1< j+k<3, jk>0. (19)

Proof. The standing-wave ODE may be written (after integratiom taking advantage of
divergence form) as a first-order connection problem

@' =B@~(f@) — fo)). lim i) =ux. (20)

Under assumptions (HO)—(H3,1df (u+) has no center manifold, whenge are hyper-

bolic rest points of (20); see [36] or [54, Lemma 1.1]. The familys thus the intersection

of the unstable manifold at_ with the stable manifold at.., both of which areC2 by (HO)

and standard invariant manifold theory. This intersection is transversal as a consequence of
(D) [14,60], hencer’ is C2 by the Implicit Function Theorem. On the other hand, i€ts

in x by (HO) and (20). Finally, (19) follows from hyperbolicity afy, by standard ODE
estimates on (20) and its variations abatitFor further details, see [40,54,57]0

3. Stability of Lax or undercompressive profiles

We now carry out the proof of Theorem 1 in the Lax or undercompressive case, which
may be treated by a particularly simple argument. In these ¢asels andit® = it (x — §),
so that we may conveniently work with the “centered” perturbation variable

u(x,0) :=i(x +8(@), 1) —u(x), (21)
for which (2) becomes
up— Lu= Qu,uy)y +81) ity +uy), (22)
L := L% where
Qu, uy) = O(|ul® + |ulluy|)
Qu, uy)x = O(|ulluy| + ux[? + u] |t ) (23)

so long agu| remains bounded.
Recalling the standard fact that is a stationary solution of the linearized equations
(12),Lu’ =0, or

o]

/ Gx,t; y)ux(y)dy = eLtlzx(x) =u'(x),

—00
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we have by Duhamel’s principle:

o8]

u(x,r) = / G(x,t; y)uo(y) dy

—0oQ

t o0
—//Gy(x,t—s;y)(Q(u,ux)—i—Su)(y,s)dyds—i—(S(t)ﬁ’(x).
0

Defining
9] t 400
8(t)=—/e(y,t)uo(y)dy+//ey(y,t—S)(Q(u,ux)+$u)(y,S)dyds, (24)
—00 0 —o0

following [38,39,54,55], where is defined as in (15) (that is,= Zj e;), and recalling
the decompositiol’ = E + G, we obtain finally theeduced equations

u(x,1) = / G(x, 13 y)uo(y) dy
[ e ]
—//éy(x,t—s;y)(Q(u,ux)—i—Su)(y,s)dyds, (25)
0 —o0

and, differentiating (24) with respect tpand observing that, (v, s) — 0 ass — 0, as the
difference of approaching heat kernels:

00 t 400

3(t)=—/et(y,t)uo(y)dy+/ / ey (vt —5)(Q@, ux) +8u)(y,s)dyds.  (26)
0 —o0

—00

We shall make use of the following three technical lemmas, the proofs of which are
given in Section 7.

Lemma 2 (Short-time theory).Under the assumptions of Theorem for data ug €
C%(x), Egs.(24)—(25) @lternatively(54), (45) of the following sectionadmit a unique
local solutionu e CO(x) N CO%/2(1), § € CHH*/2(r), extending so long ag| o+«
remains bounded. Moreover, on this domaiop, |u[(0 + 1 + ¥2)~1(z, -) remains con-
tinuous so long as it ant§(1 + ¢)| are uniformly bounded and, far> t > 0 sufficiently
small and som€ > 0,

suplux (@ + ¥1 + v2) "Nz, 1) < CtY2suplul(@ + ¥1 + ¥2) "zt — 7). (27)
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Lemma 3 (Linear estimates)Jnder the assumptions of Theordm

+00
/ G, |1+ 1y1) Y2 dy < CO + v+ ya)(x, ),

—00
—+0o0
/ e 0] (1 Iyl) " ¥2dy < @+,

—00

+00
/ le(yv, 0| (1+1y)"?dy < C,
—00

+oo
/ le(v, 1) — e(y, +00) | (L+ Iyl) 7 ?dy < CA+1)"2, (28)

—0o0
for 0 < r < 400, someC > 0, whereG ande are defined as in Propositich
Lemma 4 (Nonlinear estimates)nder the assumptions of Theordm

t +oo
/f|Gy<x,z—s;y)|w<y,s>dyds<c<e+¢1+wz)(x,r),
0 —

t +00

//|e,~f<y,r—s)|uI<y,s>dyds<C(1+r>—l,
0 —©

+00 400
/ / ey (v, +00) | (y, s)dy < Cy(L+1) "2,
t —00
t 400
/ / |ey(y, t—s)—ey(y, +oo)|'1’(y, s)dyds <C(A+ t)fl/z, (29)
0 —o0

for 0 <t < 400, someC > 0, whenG ande are as in Proposition 1 and

W (y,s):=1+)Y27V20 + Y1+ v2)%0, 5)
+ @+ + Y1+ v, 9). (30)
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Proof of Theorem 1 (Lax or undercompressive cgseDefine

¢(0):= sup (ul@+y1+v2) 1, 0 +[8()|L+5)). (31)
y,0<s <t

We shall establish:

Claim. For all + > 0 for which a solution exists with uniformly bounded by some fixed,
sufficiently small constant, there holds

¢(1) < C2(Eo + ¢(0)?). (32)

From this result, providedsg < 1/4C§, we have that (r) < 2C2Eq implies ¢(¢) <
2C2Ep, and so we may conclude by continuous induction that

¢(t) < 2C2Eo (33)

forall r > 0. (By Lemma 2u € C! exists and; remains continuous so long agemains
bounded by some uniform constant, hence (33) is an open condition.) Thus, it remains only
to establish the claim above.

Proof of Claim. We must show that (6 + 1 + v2) 1 and|8(s)|(1+s) are each bounded
by C(Eo + ¢(1)?), for someC > 0, all 0< s < 1, so long as remains sufficiently small.
By (31), combined with (27), we have fo> 1 that

|ux (e, )| S Co(t = DO + Y1+ Y2 (x, 1 = 1) < C2t (O + Y1+ Y2) (x.1)  (34)
and for 0< ¢ < 1 that
|ux(x, )] < Ct7H25(0)(0 + Y1 + Y2) (x, 0) < Co8 (1)1 H2(0 + Y1 + Yr2) (x, 1). (35)

Combining these estimates, and recalling definition (31), we obtain forall and some
C > O that

18] <cr@+o=1,
|ux, )] <O + Y1+ ¥2)(x, 1),
|ur (e, )] < CeOA+ Y2720 + Y1+ Y2) (x, 1) (36)

and therefore

[0, uy) +8u) (v, )| < CLO*W (v, 5) 37)

with ¥ as defined in (30), for & s < z.
Combining (37) with representations (25)—(26) and applying Lemmas 3 and 4, we ob-
tain
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w0 < [ 1G] ot dy

t o0
+//Iéy(x,t—s;y)||(Q(u,ux)+Su)(y,s)|dyds

f Gt )| (14 D)2y

—00

r o0
+C§’(t)2/ |Gy(x,t—s;y)|l1/(y,s)dyds
0 —o0
< C(Eo+¢(1)?) 0 + 1+ v2)(x, 1)

and, similarly,

15| < / lex (v 1) Juo(»)| dy

t +oo

+//|ey,(y,t—s>||(Q(u,ux>+8u)(y,s>|dyds
0 —x
o0 t 400
/EO|€z(y nl(a+1y)~>? dy+//cg<r> leye (vt — )W (v, s)dyds

—00

C(Eo+¢0?)@+n7h

Dividing by (6 + v1 + ¥2)(x, 1) and(1 + 7)1, respectively, we obtain (32) as claimed.
From (32), we obtain global existence, witkr) < 2C Eg. From the latter bound and
the definition ofz in (31) we obtain the first two bounds of (9). It remains to establish the

third bound, expressing convergence of phagga limiting values (+00).
By Lemmas 3-4 together with the previously obtained bounds (37} aad’ Eo, and

the definition (31) o, the formal limit

5(+00) = / Eoe(y, +oo)uo(y) dy
+00 400
+/ /CEoey(y,—I—oo)(Q(u,ux)—i-Su)(y,s)dyds

0 —x



50022-0396(05)00325-6/FLA AID:4934 Vol.eee(ee, [DTD5] P.15 (1-53)
YJDEQ:m1 v 1.50 Prn:12/10/2005; 11:03 Mdeq4934 by:JOL p. 15

P. Howard, K. Zumbrun / J. Differential Equatioase (eeee) see—see 15
o
-3/2
< [ Boletv. ool (a+1) ¥y
—00
+00 00
+ / / CEO|€y(yv +OO)|lI/(y, s)dyds
0 —
< CEg

is well defined, as the sum of absolutely convergent integrals.
Applying Lemmas 3—4 a final time, we obtain

15() — 8(+00)| < / le(y. 1) — e(y, +00) | [uo(»)| dy

t 400

—i—f/|ey(y,t—s)—ey(y,+oo)||(Q(u,ux)+3u)(y,s)|dyds
0 —x
+00 +00

+/ / ey (v, +00)|[(Qu, uy) + 8u) (v, )| dy ds
t —o0

< / Eole(y. 1) — e(y. +00)| (14 Iyl) 2 dy

—00

[ [ et =9 -0 400)|CE (.5 dvs
0 —o0

+00 +00

+ / / ey (v, +00)|C Eo¥ (y, s) dy ds
tr —o0
<CEo(1+1)72,

establishing the remaining bound and completing the proof.
Remark 9. In the Lax case, a similar argument may be carried out entiref”inusing
simple Hausdorff-Young type estimates [55]; however, this fails for the undercompressive

case. To see why, note that, roughly speakl®,| ~t~12|G| in the Lax case, hence the
typical estimate

t
/féy(t — s)’u(s)|2dyds
0

t
”/ (0 =5)72|G 1t = 5| 2 |u(s)] o [u(s)] 2 ds
L>® 0
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t
~ /(t —5) A4 5)"34as
0

~ 14172 (38)

gives a result sufficient to close the iteration. On the other h#fig) ~ r~Y/2|G| +

¢~¥1|G| in the undercompressive case, and the additional, second term gives a contri-
bution

t

/ |é(t - S)|L>°|“(S)|i°°|e_myl |L1 ds
0

t
~ /(r —) Y21+ ds~ @ +1)"Y?logL+1) (39)
0

for which the iteration does not close. Our sharper, pointwise bounds give instead
le=1u2(s)| 1 ~ (14 5)72, yielding the correct boundp(t — $)"Y2(1 + s)"2ds ~
(L+0)~Y2

4. Overcompressive profiles

We may treat the overcompressive case by a slight modification of the argument of
Section 3, which applies also to the Lax case. As the Lax and overcompressive case have
already been treated by different means in [45,54] we shall only sketch the changes neces-
sary for the argument, omitting most detalils.

4.1. Modified equations

In the overcompressive cases 1, i’ consists not only of translates af but also of
orbits distinct fromi. In particular, the different representatives are not all derived from a
group action, and so we cannot use a centering transformation as in (21), which consists of
the group operations

Ts(u—T_su) =Tsu — u,

whereT,v(x, ) := v(x + a, t) denotes translation im. Accordingly, we work with the
primitive variable

uCx,t):=ii(x, 1) — i’ (x) (40)
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and center thequationsnstead, about some strategically cho8grobtaining in place of
(22) the modified perturbation equation

wy — L%u = Q% (u,uy)y +8(t)(3d°/8) s, + R* (8, u, uy)x + S (8,8,),  (41)
whereQ?% is as in (23) and
R = (A(i® (x)) — A(@®® (x)))u + (B(@* (x)) — B(i°® (x)))uy
= O(e7 15 — 8l (Jul + lux)) (42)
and
§% =5((9i°/98)18(t) — (3it° /38)15,) = O (e "N8]18 — 8.]) (43)

account for “centering errors”; see, e.g., [19,21,57] for related computations. Here, we have
used (19) (see Lemma 1) and Taylor’s theorem to obtain the bounds above.

Remark 10. We have used Lemma 1 with<l j + k < 2, for which f, B merelyC? is
sufficient. Indeed, this weaker regularity suffices for all of the analysis of Sections 3 and 4.

Defining
[} t 400
8(1) :==38x — / e(y,t)ug*(y)dy—/ / e(y.t —5)8%(8,8)(y,5)dyds
—00 0 —
t 400
+f / ey(v.t — ) (0% (u,uy) + R (8, u,uy)) (v, 5) dyds,
0 —
ug* =i — i (44)

by analogy with (24), we obtain reduced equations

o0 t o0
u(x, 1) = / G(x,z;ymé*(y)dwf / Grot — 51 y)(5%(5,8)) (v, ) dyds
—00 0 —

1 o0
—//Gy(x,t—s;y)(Q‘S*(u,ux)+R6*(8,u,ux))(y,s)dyds (45)
0 —oo

and
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00 t +o0o
§(t)=— / e (y, t)ug* »dy— / / er(y, t —5)8%(8,8)(y, s)dyds
—00 0 —o0
t 4oo

-l-//ey,(y,t—s)(Q‘S*(u,ux)+R8*(8,u,ux))(y,s)dyds. (46)
0 —o©

4.2. Asymptotic shock location

An important feature of the Lax or overcompressive case is that the stability criterion
(D) in these cases implies that the (nonlineabasymptotic state of the perturbed shock
must be formally determined by conservation of mass, in the sense that relation

+0oo

/ (iio(y) — i(y)) dy = / @ —am)dy+ Y mirf+ Y mir; (47)
a;<0

—00 aj+>0

is full rank, hence uniquely soluble fer ", 8o for [ — i) (y) dy sufficiently small,

wherea;—L andr;—L denote eigenvalues and right eigenvectord of= f(u4.), m]i denotes
asymptotic mass in thgth outgoing characteristic field dtoo, ands. o, denotes the as-
ymptotic shock location, or, equivalently,

+00
/ (120 - 128+°°)(y) dy = Z mjtr?E (48)
—00 ajiEO

for 6100 = O(Ep), the latter estimate a consequence of full rank; for further discussion,
see [31,32,54,56], and references therein. Centering dbet, -, we may thus arrange
that

+00 +00
/ uy (y) = / (o — ™) (y)dy =Y m7iry, (49)
—00 —00 afzo

while maintaining our assumptions on initial perturbat'uﬁ'l. In these coordinates, we
may expect thas () — §,| decays to zero.

Remark 11. In the undercompressive case, (47) is underdetermined, as a system of
equations in  — i + £ > n unknownsm, 3+00, @nd so the asymptotic shock location
cannot be determined a priori in terms ofthe mass of the initial perturbation. Indeed, neither

the asymptotic shock locatidn », nor the asymptotic mass distributiom%t are in general

expressible a&-linear functionals of the initial perturbation [32], but evolve dynamically
in a nonlinear and apparently complicated fashion.
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A second consequence of (47), this time at the linearized level, ig that-oo) (con-
stant in the Lax or overcompressive case; see Proposition 1) must be orthogonal to all
“outgoing modes” !, + >0 andr a; < 0, hence with choice of coordinates (49) we
have

+00
/ e(y, +oo)ug (y)dy =0. (50)

—00
A final consequence of (47) is that the map

+oo
5—>S:=/n(a“—ﬁ)(y)dyeR‘ (51)

—00

must be invertible, wherdl € ¢ x n is any (constant) full rank matrix with rows or-
thogonal to outgoing mode$ Reparametrizing by = §, we may thus arrange that

§= [T —a)(y)dy, and thus

+00

/ (3 /8)(y)dy = I, (52)

—00
for § in a neighborhood of the origin, so thﬁﬁ“;o I15%(y,s)dy = 0foralls, and therefore

—+00
/ e(y, +00)S%(y,5)dy =0. (53)

—00
Combining (50) and (53), we obtain the alternative representation

5(t) =8, — / (e(y, 1) — ey, +00))uo(y) dy
t +o0o
—/f(e<y,t—s)—e(y,+oo>)sa*<8,3t>(y,s>dyds
J
t +OO
+//ey<y,r—s>(Q3*<u,ux)+R8*<8,u,ux))<y,s)dyds, (54)

0 —o0

from which we may observe decay b — §,| without a priori knowledge of the global
behavior ofu.
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4.3. Stability argument

Working within the framework of Egs. (45), (46), and (54), we can carry out the proof of
Theorem 1 for the Lax or overcompressive case by essentially the same argument presented

for the Lax and undercompressive case in the previous section using Lemmas 2—4 together
with the following lemma proved in Section 7.

Lemma 5 (Auxiliary estimates)lUnder the assumptions of Theoréin
t +o0o

//|Gy<x,z—s;y>|¢1<y,s)dyds<C(e+w1+wz><x,r),
0 —

t +00o

/ / leye (vt — )| @1y, 5)dyds < CA+ 1),
0 —

t +oo
/ / |ey(y, t— s)|<D1(y, s)dyds < C(1+ 1)~1/? (55)
0 —o0
and
t +o0o
/ / |G(x,t =55 9)|®2(y, s)dyds < CO + Y1+ P2) (x, 1),
0 —o0
t 400
/ f ler (v, — )|y, s)dyds < C(A+1) "2,
0 —
t +oo
/ / le(y.1 —5) — e(y, +00)| @2y, 5 dyds < C(A+1)~Y2, (6)
0 —o©
where

®1(y, ) 1= e MWIsTV2(0 4 1 + ) (. 5) < Ce M2712(1 4 )72,
D(y,s) = e_’”yl(l—i—s)_3/2. (57)
Specifically, defining
¢ = sup (lul®+y1+v2) 1y, 1) +[8)|A+s)
v,0<s <t

+[8(s) = 8| (L +5)Y?), (58)
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noting that

|0 <cw.  [R¥| <@+, [ <P,

and applying our convolution lemmas, we may obtain (32) as before, yielding at once
global existence and the claimed rates of decay.

Remark 12. It was crucial in the argument to linearize about the limiting praifie= in
order that erro§ be manageable, i.e8,— 3, ast — +oo.

5. Mixed type profiles, constant viscosity case

We now present an alternative proof subsuming Lax, undercompressive, overcompres-
sive, and even mixed under—overcompressive cases in a single argument. For clarity of
exposition, we first restrict to the simpler caBe= constant, which permits also the fol-
lowing slightly stronger result. The general case is treated in Section 6.

Theorem 2. Let B = constant. Then, assumir{gi0)—(H4), and stability conditionD),
the profileu is nonlinearly phase-asymptotically orbitally stable with respedintat nec-
essarily Holder continuoysnitial perturbations|ug(x)| < Eo(1+ |x|)~%/2, Eg sufficiently
small. More precisely9) is satisfied for someé(-), §(+o00), wherei denotes the solution
of (2) with initial dataiig = i + uo.

Proof. Definingu as in (40), we obtain

up — L%u = Q% (u), + 8(1)(3i° /38) |s, + R (8, u)x + $%(8,8,), (59)

where
0% =0(jul?), (60)
R = (A(a% () — A(@® (x)))u = O(e |5 — 8, |u) (61)

ands$® is as in (43). Defining

00 t +00
3(t) = 85 — / e(y,t)ug*(y)dy—/ / e(y.t —)8%(8,8,)(y. s)dyds
—00 0 —o©
t +0o

+/ / ey(y.t —5)(0Q% ) + R* (8, u))(y, s)dyds,
0 —o0

ud (y) = (i — ®) (y), (62)
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we obtain

ulx,t) = T(u,8,8,8,) )

o0 t oo

= [ Gornaimars [ [ Gor-sins*6.00)0.dvds

—00 0 —o0

t oo
—f / Gy(x,t—s;y)(Q‘S*(u)+R5*(8,u))(y,s)dyds
0 —©

and

5(t) = T3(u, 8,8,8)(t)

00 t 400
:=—/et(y,t)ﬁg*(y)dy—//et(y,t—S)S‘S*(S,St)(y,s)dyds
—0o0 0 —o0
t +oo

+/fey,(y,t—s>(Q5*(u)+R5*<3,u))(y,s)dyds.
0 —o©

Defining now

oo

T5(u,8,8,8,)(t) :=— / (e(v, 1) — e(y, +00))ity () dy
t 400
—/ / (e(r,t —s) —e(y, +00)) 8% (8, 8) (v, s) dy ds
0 —o©
t +o0o
+//(ey(y,t—s)—ey(y,+oo))
0 —©
x (Q%(u) + R*(8,u))(y, s)dyds
+00 +00
+ / / e(y, +00)$% (3, 8)(y. 5) dy ds
! —00
400 +00

‘/ / ey(y. +00)(Q% () + R (8, 1)) (y. 5) dy s,

t —oo

(63)

(64)

(65)
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and

o]

Ty (4.5,8.8)(1) = 5, — f e(y. +00)il (v) dy

—00

+00 +00

—/ /e(y,+oo)55*(5,8)(y,s)dyds

0 —
+00 +00

+/ /ey(y,+oo)(Q5*(u)+R5*(5,u))(y,s)dyds, (66)

0 —o©

we may express the solution of (62)—(64) equivalently as the solution of the fixed-point
equation

(,8,8) = (T, T, Ty) (u, 8,5, 8) (67)
in combination with
Ts,. (1, 8,8,8) =5y (68)
Defining norm
(g, = F O+ Y1+ 92 oy + e OQ+DY?] )
+[ROQA+D] o, (69)
and Banach space
B:={(f.g.h): |f.g. hl; <+o0), (70)
we find by the estimates of the previous sections that, for
liio — it (x) < Eo(1+Ix]) ™2,
Eq sufficiently small,(7,, 75, 75, 75, ) is a well-defined mapping from
BO,r)cBxR—BxR

for r > 0 sufficiently small, with
i 12
IT1Bx® = O(Eo+ 184] + |, 8,8) ;). (71)

Moreover, essentially the same estimates yield thais Fréchet differentiable on
B(0, r), with
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3(7;3 7:35 7;'5 7:3+oo)

- = 8,8 72
9(u.5.9) O], 8,8)],), (72)
084
and
87’8+c>c> N
5. =0(|w.8.9)],), (74)
where the final equality (74) follows from
(0(T5,0 — 8:)/08) = / e(y, +00)(9a’ /33)15, () dy + O(|(u, 8,8)| )
=1 +0(|.8.9)],). (75)

Remark 13. Here we require the full regularity’, B € C3, since our estimates of
(3/88)R%* and (3/98)S% involve three derivatives ai’ with respect toS and also three
derivatives off with respect ta:.

In turn, relation

o]

f e(y, +00) (3 /38) 15, (y) dy = It

—0oQ
follows from the standard fact thé@t(3i® /36)|s, = 0, hence

+00
/ Gx. 1 y) (39 138) 5. (v) dy = (9 /38) 15, (x)

—00

which, together with the fact thdt = (3 /36)|s, (x)e(y, 1) represents the only nondecay-
ing part of G (x, ¢; y) under stability criterion®), yields
+o0
(0 /38)15.06) [ et +o0: (03 /38) . (3) dy = (01 25) s, ()
—0o0

in the limit ast — +o0.

Combining (72)—(74), we find that, fdEg, r sufficiently small,7 is contractive with
respect to norm

@, j kD], =G j. o[, +Cl, (76)
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for C > 0 sufficiently large, with|7 (0)|, = O(Ep). Applying the Contraction Mapping
Theorem, we find that (67)—(68) have a unique solutioffifrom which the stated decay
estimates follow by definition of- [;. O

Remark 14. The above contraction mapping argument may be recognized as an alternative
version of the Implicit Function Theorem argument commonly used to establish orbital
stability, as for example in [20,46].

6. Mixed type profiles, general case

The constant-viscosity assumption of the previous section made it possible to work in
a weightedL® norm, since we needed to gain only a single derivative in the associated
nonlinear iteration scheme. To treat the general case, we work instead in a Hélder space
using Schauder-type smoothing estimates like those of Lemma 2.

Proof of Theorem 1 (General casg In the general, variable-viscosity case, we may ex-
press the perturbatianof (40) again as the solution of Eq. (59), but wigi* and R%* now

depending also on, .
To accommodate this fact, we imposemnalso Holder continuity,

luolco+a < C, 77)
and impose om the uniform bounds
|u|core < C, lulcr < Crm Y2+, lulce < Ct~ 11, (78)
or equivalentlyju|, < C, for

1/2—«

lu|q = Sumulco+a + lulcis + |u|C2s1_°‘), (79)

s=>0
together with|(u, 8, 8)|§1, |84 < Ep sufficiently small, for
R -1
(g =[O+ V1 +v2D Y

+ [0 fEPA+ D20 + Y1+ v Y iy

+[eO@A+DY?| oy + [HOA+D] o,y (80)
(note: now augmented with derivative bound). Denote

By:={(f.g.m): |f. 8 hly <+oc},  C:={(f.g.m): |fla <+00}.  (81)
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We now defineZs, 7;, and7Zs, by (64)—(66), exactly as before. However, we defipe
now implicitly, as the solution of

9]

To(u,8,8,8,)() = / G(x,t;y)ﬁg*(y)dy

—00

r o0
+/ / Gx,t—s:y)8%(8,8)(y,s)dyds
0 —

r o0
—/ / Gy(x,t — s )(Q% (u, 9 T)
0 —

+ R (8, u, 9:Ty)) (v, 5) dyds, (82)
or equivalently as the solutiomof
v — Lo (wyv = 0% (u)y + 8(t) (90t /38) |5, + R* (8, u)x
+ %8, 80) + T% (u, ux, vy), (83)
where
L% (uyv == B(i® + u)vix — (A(@™)0), (84)
and
T (u, uy, ) = O((Jul + lux ) v,
T (e, ve) e = O((ltte| + It ) [Vl + (] + [x]) [Vrc]) (85)

for |u| sufficiently small.

Observing that’(«) may be expanded as a nondivergence-form operator @Gttt
coefficients, we may obtain by standard Schauder or parametrix theory, similarly as in
Lemma 2, both short-time existence for (83) and also the smoothing estimates

vle2(t) < Ct 2 (Juol core + |ule),

SUPIUx (6 + Y1+ ¥2) (2. 1) < €1 (Juley + SUPluol (0 + Y1+ 9212, 0)) - (86)
Z Z
forO<r<1land

[vlc2(t) < C(Juolcora + ule + vlc1(t — 1)),

SUPIu (60 + Y1+ ¥2) (2. 1) < C(luley +SUPIVI@ + Y1+ M@t = D) (8D)
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for + > 1. Substituting these bounds in (82), and performing estimates similarly as in Sec-
tion 5, we find by the same type of continuous induction schemétlatvell defined, and
bounded from a sufficiently large ball about the origin to itselffianC) x R. Moreover,
similar estimates yield thaf restricted to this same ball itB; N C) x R intersected with

a sufficiently small ball if3., x R is contractive in the rescaled norm

|G, j. kD), =GB+ Clll, (88)

with |7 (0)|, xr < CEo. Combining these facts, we obtain a unique fixed-point solution
in (B1NC) x R, for which

|(u,8,8)], < CEo,

yielding similarly as in Section 5 a global solution of the perturbation equations satisfying
the claimed bounds. We omit the detailsa

7. Technical lemmas

We complete our analysis, finally, by the proof of the deferred technical lemmas used
in Sections 3-6.

7.1. Short-time theory

Proof of Lemma 2. We carry out the proof for Egs. (24)—(25). The proof for Egs. (54),
(45) goes similarly. By standard Schauder or parametrix theory [13,15], there exists a
unique solutioni € C%t%(x) N C1*%/2(r) for + > 0 sufficiently small of the original
(unshifted) equation (2), extending so long|af-o+«(,, remains bounded and satisfying
uniform bounds

¢ —1/24a ¢ —14a
|M|C0+oz(x) < C, |M|Cl(x) < C(l——i—[> s |u|C2(X) < C(l——{—[> (89)
depending only SU| o+ y)-
This in turn determines, hences, through (26) by a straightforward contraction-
mapping/continuation argument. (Note: in establishing contractivity for small time of the
right-hand side of (26), we must establish bounds of form

t +oo t
C/ / |ey|(|ﬁx|2+|ﬁ||ﬂxx|)dyds<é/(|ﬁx|im+|a|Loo|axx|Lw)ds<1
0 —oc 0
for + > 0 sufficiently small, which follow bye,|;1 < C, a consequence of Remark 7, and

integrability of |iix|2. + |i]zo]ii| L0, IN turn @ consequence of estimates (89).) From
(26), moreover, we easily obtain th&ie C1+*/2, and uniformly bounded for short time,
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so that perturbatiofi (x + 8(¢), t) — i(x), or equivalently its shifii(x, t) — u(x — 3(2)),
enjoys the same regularity propertiesiagRecall thatii € C2, as a solution of the?2
traveling-wave ODE.) Moreovefii| o+« remains uniformly bounded so long &§ o+«
does, and vice versa, since their differeii¢e — §()) is uniformly bounded irc%+<.

This verifies the first assertion. To verify the second, observe for fixadthatu (x, ¢)
for 1o — © <t < tp by Duhamel’s principle satisfies

o8]

u(x,t)= / G(x, t—(to—1); y)u(y, to—1)dy

—00

t o0
—l—/ /Gy(x,t—s;y)(Q(u,ux)—i—Su)(y,s)dyds

0—T —00
and therefore

o0

ux(x,t)= / Gx(x,t —(to—1); y)u(y, to—1)dy

—00

t o0
+/ /Gx<x,r—s;y>(Q(u,ux>x+Sux)<y,s)dyds.

10—T —00
Combining (23) and (78), we obtain

t

qu(x,t)lé/IGx(x,t—(to—r);y)llu(y,to—r)lderC/ Gx(x,t—s:1y)]

10—7 —00

x (Juxl(s = o — ) 7 4 lul(s — to— 0) ) (v, )dyds,  (90)

from which we readily obtain

0, )] < (1 = (o — 7)) P supluz, to— W Lz, 10 — 7))
Zz

for 1o — T <t < rg by a contraction argument based on the convolution estimates of Lem-
mas 6-8, thus verifying (27). (By uniqueness, the fixed point obtained by contraction
mapping must in fact ba.) See [53, Lemma 5.1] or [54, Lemma 11.5] for similar ar-
guments.

Likewise, we obtain by quite similar argument the Hélder bound

972 | M ] < (1 = o — 1)~ suplu(z. to = ¥ Mz 10— T)

)
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Whereaf‘/zu(x, t) denotes limsup, g [u(x, )| cote/z—c 1+ With SOMe abuse of notation.
Combining this fact with the uniform boun@, ¥ —1| < C obtainable by direct calculation,

we obtain the claimed continuity of sytull/‘l(z, -)]. Indeed, we obtain Hdélder continuity,
c0+e/2. 4

7.2. Integral estimates
Throughout the analysis, we will make use of the following lemmas.

Lemma 6. Let f(y) > 0 be a bounded, nonincreasing function &1, and also let
f € LY(R). Then for anyz > 0 andz > 0, and for anyw > 1,

+0oo

/ at2e= @ f(y)dy < (%f(m@) A @21 fllaw))
0

T _ 2
+ [(%_ufumm) A (al/ZIIfIILl(m)}e we,
foranyy < (1 — 1/w)?, and wheren represents minimum.

Proof of Lemma 6. Lemma 6 is proven as [23, Lemma 6.3]0

The following two lemmas, useful in analyzing théx, r) terms in the nonlinearity,
can be proven in straightforward fashion by completing an appropriate square.

Lemma?. Foranyx, y, s, t, M1, M2 a, andb, we have
(x —y—a(t—s)>? N (y — bs)?
M1(t —s) Mos
. (x—a(t—ys) —bs)2
T M@t — )+ Mos

Ma(t =) + Mas ( _ (xMas — (aMz+ bM1)(t — s)s>)2
M1 Mos(t — s) Miy(t —s) + Mas ’

Lemma8. For anyx, y, s, t, M1, M2 a, b, andc we have

(x—4%y—at—s5)% (y—ecs)?
M1(t —s) Mos
(x—a(t—s)—c5)> Mt —s5) + Ma($)?s
T M — )+ Ma(9)2s | MiMa(4)2s(t —s)
a  (@($)?Ma+ (a(t — ) + cbs)M)s(t — 5) — x(4)>Mas \ 2
* (Zy - Ma(t — 5) + (9)2Mas ) '
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Proof of Lemma 3. In each case of Lemma 3, we proceed in the agse< 0. The case
y <0< x is similar to the reflection estimate for y < 0. The case > 0 is entirely sym-
metric. (See Remark 6 for a discussion of our terminology regarding convection, reflection,
and transmission kernels. We will designate the gase0 as the Lax case and the case
y =1 as the undercompressive case.)

For the first estimate in Lemma 3, we consider the integrals

f|G<x | (L 1))~ 2d

Convection estimate. For the convection kernel, according to Lemma 6, we have

0
_ (x—y—a t) 32
[ e )
—00

(x— “k t)

SCY2A (L4 I —aptl) 2+ A4 V2w ),

whereM’ > M can be taken as close 3 as we choose (by choosing theof Lemma 6
sufficiently close to 1). In the event thatanda, have opposite signs, we have decay of
the form(|x| +¢)~%/2, which can be absorbed by the claimed estimates. In the event that
anda; have the same sign, the terigis+ 1)~ 12e=((x=a %)/ (M1) gre exactly thed (x, 7).

In order to see that the expression/? A (1+ |x — a; t|)~>/? can be absorbed into the
sumé + yr1 + ¥, we first observe that faw — a; 1| < C/7,

(x— ak /)

-3/2

V2N (L4 |x —at]) T <@+ )T e

for some constant’;. On the other hand, fax —a, ¢| > C\/t,

1+ |x—a,t 3/2<t’1/21—+-x a;t 1/2
k

which is sufficient in the cask| < |ay |¢. Finally, for x € [%t, 2a; 1], t7 Y2 < C (x| +

1)~1/2, while for x ¢ [%t, 2a, t], there can be only limited cancellation betweeand
a, t, and we have

-3/2
~

<C(1+ x| +1) %2

(14 [x —a;7])

For |x| > |ay |t, we analyze the case — a; t| < C./t as above, leaving the case<
ayt — C/t, for which

_ -3/2 -3/2
L2 3/< /2.

AL+ [x —agt)) C(l+|x—al_t}+tl/2)



50022-0396 (05) 00325-6/FLA AID:4934 Vol.eee(ee, [DTD5] P.31 (1-53)
YJDEQ:m1 v 1.50 Prn:12/10/2005; 11:03 Mdeq4934 by:JOL p. 31

P. Howard, K. Zumbrun / J. Differential Equatioase (eeee) see—see 31

Reflection estimate.In the case of the reflection kernel, Lemma 6 provides the estimate

(x— L v—a:t)z

0
/ t_l/ze_”ki(l_'_'y') 3/2
—00

(x— n t)2

@V ),

SC(2A (14 |x —ajt))

which can be analyzed exactly as above. For the transmission kernel ai, we have
exponential decay in. In the event thatx| > ¢ for somee > 0, we have exponential
decay in bothr andx, which can be subsumed. In the event that< ¢, we have

at

(x— —/_ y—u-f't)z

0 J
fr—l/ze—kTe (14 |y)) " 2dy < C @412,
—00

which can be subsumed into the claimed estimates. The case&fOrare similar.
For the second estimate of Lemma 3, we consider integrals of the form

/|el(y,t>|(1+|y|)*3/2dy,

where according to Remark 7,

2
<x+ak 1)

|e,(y,t)| <cr? Z

a, >0

According to Lemma 6, we can estimate this integral as

0
(v+ 2
f|ez<y,r>|(1+|y|)*3/2dy<c/fl/2 - 1+1y)) " Pay<ca+n32
—00

The third estimate of Lemma 3 follows directly from the boundedneg$)gf).
For the final estimate of Lemma 3, we consider integrals of the form

0
/|e(y,r> e(y. +00)| (14 1y]) 22
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where according to Remark 7,

le(v. 1) —e(y. +00)| < Cerrfn(|y| - ‘”)
Mt

for someC, M, a > 0. Computing directly, we have, then

0
f le(y, 1) —e(y, +00)| (14 1¥])~

—00

|y|—af> 32,
<C errfn 1
/ ( Mt (+1y1)”

32,

Myt
6712 dz) (1+ |y|) 3/2

3t Myt
:%C/( e_Z2d2>(l+|y|) ¥24
o0
0
o] ([reponre
-3

112
< C1(1+ 1) Y2 4 Coe~ 2",

This completes the proof for, y < 0. As discussed above, the cases in which either
or y is positive follow similarly. O

Proof of Lemma 4. For Lemma 4, the proof of each estimate requires the analysis of
several cases. We proceed by carrying out detailed calculations in the most delicate cases
and sufficing to indicate the appropriate arguments in the others. In particular, we will
always consider the case y < 0. The casey < 0 < x is similar (though certainly not
identical) to the reflection case for y < 0. The estimates for > 0 are entirely symmetric.

We will ignore always the error teriie~"(*~¥I+1) in (17), which is negligible for all our
calculations (see Remark 6). For the nonlinea#ityve observe the inequality

W < CQA+5)Y257Y2(02 4 y2 + y2).
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Nonlinearityf?. We begin by estimating convolutions of the form

t

f/|Gy(x,t—s;y)‘(1+s)l/zs_l/zé(y,s)zdyds.
0 —o©

Lax convectiony <0. Fora; <0, we consider integrals of the form

 my—a =9)? 12 1/2 <y—aj—s>2
/ /(t—s) CoMe=s (L+s)” 12— 125 — dyds,

where the constanit’ arising ind? is larger than the exact constaht/2 (making the term
an upper estimate). According to Lemma 7, we have

(xva(ta)) )as)z

t 0 _ _ 2
(xfak (tfs)faj s) 1/2 1/2
0 —oo
‘ xs— (ak +aj )s(t—. .))
X e Mst=s) (= Mt dy ds
! (X*llk_(ffs)*{l‘;s)z
Ct_l/z/(t —) VA4 5) Ve ds.

The convection rate, can be either positive or negative, so we divide the analysis into
three cases: (14) <0<a., (2 a; <a < 0, and (3)q, < a; < 0. For the first, we

observe that forx| |a] |z, we can wnte
x—a; (t—ys) —a;s = (x —a;t) — (a,: —a;)(t —5).

In this last expression, — a; “tand—(a; aj_)(t —s) are both negative and cannot cancel,
and we can compute

t
(x—al: (t—s)—a?s)z

c;*l/zf(t—s)*l/2(1+s)*1/2e*7m —ds
0

t
()cfa.fl)2

<crt? / t — ) Y21+ 5) Y2 3 ds
0
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_an2
(x “j t)
t

<CA+10)Y2e

(We observe that the seeming blow-upo#/? ast — 0 is compensated for by the interval
of integrations € [0, ¢].) In the event thatx| < |aj_|t, we further divide the analysis into
cases €[0,r/2] ands € [t/2,t]. Fors € [0, ¢/2], we write

X —a; (t—s)— aj_s = (x — ak_t) + (ak_ — aj_)s,
forwhichx —a, t <0 and(a, — a;)s have opposite signs and cancellation occurs. In this
way, we have the balance estimate

(x 741; (tfs)fa; s)z

(1+45)"Y2e~ Mi

(x —a; (t —.r)—a;.r)z (x 7(1;[)2

T (A s) V2w

<Cl(a+ | -]

We observe that this kind of balance estimate is contained within the proof of Lemma 6,
but that the lemma cannot quite be directly applied, because we first must recognize which
variables balance. In this way, the current analysis is a refinement of the analysis of [23].
We also observe that it is critical that foe [0, ¢ /2] the cancellation comes from(which

on this interval does not yield decay), while fors € [t/2,¢] it will be critical that the
cancellation comes frorfr — s). Indeed, at a purely technical level, this observation drives
the analysis. Computing directly, we now have

t/2 _ -2
(x—ak (t—s)—zzj s)
z—l/zf(z —) VP45V ds
0
t/2 _1/2 (xfzzk_ (tfs)—a;s)z
éCt_l/Z/(t—s)_l/z[(l—i— |x—ak_t|) e~ Mi
0

(x—a;[)z

+ (L 45)" V2w ]ds.

Finally, observing that in this case — a, t| > c(|x| + t), and that > |x|/|aj_| we deter-
mine an estimate by

(1+1+1x) "

which can be subsumed intly . In the case € [7/2, r] we argue similarly, beginning with
the relation

x—a; (t—ys) —a;s= (x —aj_t) - (ak_ —aj_)(t —5).
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For the second caseji < a, < 0), we again begin with the subcaisg > |a;|t, for

which the argument for the casé < 0 < a; holds. Similarly, for the subcase| < |a, |t
we write ‘

x—a (t—ys) —aj_s = (x — ak_t) + (ak_ —aj_)s,
for which again there is no cancellation, and we obtain an estimate loythe event that
la, |t < x| < laj|t, we proceed in the cases [0, /2] ands € [t/2,t] exactly as in the
casea; < 0 < a, . The third caseg, < a; < 0 follows similarly, though here we begin
with the cases$x| > |q, |t and|x| < |aj_|t.

Lax reflection,x < 0. Forag, <0, a; < 0, anda, > 0, we compute from Lemma 8
(followed by direct integration)

i 2
xf —) a T v))
o a, 5?2

//(t—s)‘l T (L s) Y252 dyds

(xfa; (r—s)—af % s)z

\ (o= (L))
< Ct_l/Z/(t — ) Y2157 V2% o ds.
0

In the caséx| > la; |t, we write

- 4 - 9
x—a; (t—s)—q —7s:(x—a<t)+ a; —a;— |s,
J a J J a

k k

for which there is no cancellation and we obtain an estimate of the form of a diffusion wave.
We observe that fola; /a, | > 1 the estimate arising from this integral will in general be
broader than the d|ff]u5|on wave we began with (we will get a constant greatetLi}han
We can proceed, however, by dividing the integration ovérto casess € [0,¢/C],
sufficiently large, for which we have control over the breadth of the diffusion Wave, and
s € [t/ C,t] for which we have exponential decay inwhich can be subsumed by our
estimates. (Fokx > C1t, C1 sufficiently large, we clearly have exponential decay in both
|x] and¢; hence, we can take decayrito give similar decay irx|.)

For the caséx| < |aj_|t, we first consider the casec [0, ¢t/ C], for which we write

- a; - -
x—a; (t—s)—aq——=s=x—a;t)+\a;, —a —|s,
J a; J J a;
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and proceed as in the Lax convection case with[0,¢/2]. Fors € [t/C,t —t/C], we
clearly have(r + |x|)~1 decay, which can be subsumed, whiledaz [ —¢/C, t] we write

_ _a; _a; _

x—a;(t—s)—aq —s=\|\x—a —=s|—a;({—ys),

J a a J
k k

and proceed as in the Lax convection case wihz/2, t].

Lax transmissiony <0. Fora; <0,q, >0, anda;r > 0, we consider integrals of the
form

t 0 (xf%\fa;rr) (y—a )2
//(t—s)_le_ 5 e M1 4 5) 1257120 s dyds
0 —

+

(x—af(l—s)—af %5)2

M((l—s)-%—(i)z)x
< Ccr Y2l /(t —5) 2 +5)7 Y% % ds.
0
In this case, follx| > et, and fixede > 0, we have exponential decay in bdthj andz,

which can be subsumed into our estimates. In the tgse€ ¢t, for the case € [0, /2],
we write

at at
x—a"'(t—s)—af—is:(x—a*t)—}— cﬁ'—al_—i s,
J a; J J aj

and proceed as in the Lax convection case wihO0, ¢ /2], while fors € [t/2, t] we write

" _aj _a] e
x—a;(t—s)—a —s=\x—a —t)+|aq —=—a; |t—ys),
! - - a 7

and proceed as in the Lax convection case wighr/2, ].

Undercompressive convectiong 0. Foraj‘ < 0, we consider integrals of the form

12 (v\ak(tv)) 1/2 12 (as)
//(t—s) 12~ mu=s1 ¢ M1 4 5)" V2572~ T dyds,

for which we observe the inequality

(v-a} )2
e MW=t < CeMIIp™n28
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We can now employ Lemma 7 and proceed as in the Lax convection case, taking advantage
of the integrability ofe 711! in y and the integrability ot—"2* in s. Estimates in the un-

dercompressive reflection case and undercompressive transmission case follow similarly.
This concludes the analysis of the nonlinea¢ity

Nonlinearityl//lz. We estimate convolutions of the form

o

f/ x,t—s5; )| A+ Y2572y 2 dy ds.
0

—00

Lax convectiony < 0. Foraj_ < 0, we consider integrals of the form

(v y—a, (t— r))
/f(t—v) i (14 5) Y2512

0 als
x (1+ ]yl +s)71(1+ ly —a;s|)7ldyds.

Clearly, the primary new element here is that we no longer have the precision afforded
by Lemmas 7 and 8. We proceed instead through balance estimates similar again to those
that arise in the proof of Lemma 6. We consider three subcases;; (1) 0 < a; , (2)

a; <q < 0,and (3}, < a; < 0, beginning with the first. We begin by considering the
interval x| > |a; [, on which we write

x—y—ak_(t—s)z(x—al_t)—(y—al_s)—(ak_—al_)(t—s). (91)

Fors €[0,t] andy € [a; s, 0], we havey — a; s > 0 and consequently each term in (91)

is negative, and we have no cancellation. (This observation is true for each of the subcases
listed above.) Integrating in straightforward fashion, then, we can conclude an estimate by
CO(x,1). For|x| < |aq |t, we begin by writing

X—y—a (t—s)= (x—ak(t—s)—a S) (y—a 5),

from which we see that either— y —a, (t —s) isnearx —a, (t —s) — ajsor

|y—aj_s| >e|x—ak_(t—s)—aj_s

’

for somee > 0. More precisely, we have the estimate

r—y=a (=)

_1/26_ M(i—s)

(1+]y—a;s])

—y—a_ (1=9)?
_1/26* M(i—s)

<C[(1+ |x —ak_(t—s)—aj_sD
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1/2 (x—uk_(r—s)—aj_s)z (X—y—ak_(t—s))z
+ @+ y—ars|) e T W e e, (92)

For the second piece of this estimate, we have

g (=9)-d; T2 (—y—ag (1-s)?
//(t -5~ l T MG e € M(i—s)

Ouls

X (1+s)1/2s*1/2(1+ ly] + s)71(1+ ly — aj_s|)7ldyds.

On the intervals € [0, t/2], we integrate(1 + |y — aj_s|)_1 in y, while on the interval
s € [t/2, t] we integrate the remaining Gaussian kernel. We obtain an estimate, then, by

l/2 X a t—s)—a v2
c/z—1(1+s)1/2s—1/2|og(1+ C's)e” %ds
0
(.vrfa;(I*.Y)fn;x)z
+ c/(1+ D7 —s) V2T Wa s,
t/2

both of which can now be analyzed by the methods of the Lax convection case with non-
linearity 62.
The critical new estimate in this case is

(x—y—a, ( r))
/ /(t — ) te” i :> (1+ |x —a; (t—ys) —a;s})fl/z

0
ay’s

x (1+5)Y2572(14|y| +s)_1(1+ ly — aj_sl)_l/zdyds.

For x| > |a’ |t (thoughlx| < |a; |t; we recall that the casg| > |a; [t has already been
consideredﬁ, we write

X —ay (t—s) —a;s = (x —a;t) — (a,: —a;)(t —5),
for which we have no cancellation and straightforward integration provides an estimate by
A+ 072 + |x —agt) Y2 For x| < la; |z, we divide the analysis into the cases

s €[0,7/2] ands € [t/2,t]. In the case € [0, /2], we write

x—ap (t—s)—a;s=(x —a;1) — (a; —a)s,
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for which (observing that fox <0 anda, <0, |x —a, t| = |x| + |a; [t),

(L |x —ap @ =) —ays|) 2@+ [yl +5) 7
<C[A+Ixl+0) (1 +1yl +5) 77
+ (L |x —ap =) —a7s|) AL+ Iyl +lxl +0) . (93)

For the second estimate in (93), we integréte- |y — aj*s|)*l/2 to find

/2 0 o,
(x—y—a (1-5))
/ f(r - s)—le*%(lﬂ)l/zs—l/z(u Iyl +5) "
0 ags
x (1+]y —a;s})_l/z(l—i- |x —ag (t —s) —a;s|)_1/2(1+ x| —i—t)_l/zdyds

t/2
<Cr M1 x| 1) /(1 +9)Y2ds
0

<Cr2(14 x| +1) V2

The first estimate in (93) can be analyzed similarly. In the casgr /2, ¢], we have
x—a; (t—ys) —a;s = (x —a;t) — (a,: —a;)(t —5),
for which we have
(t — s)_1/2(1+ |x —a (t—s)— aj_s|)_1/2
<C[lx— a;t|_1/2(1+ |x —a (t—s)— a;s|)_l/2

+ =) V2 (14 |x —are]) M)

For the first of these, we estimate

t 0
[ [@=97 2= a2 - ap -9 —apsl) 2
f/zaj_s

(x—y—aj (1—5))?

e = (14 9)Y25 Y2(14 |y| +5) tdyds

<CA+1) Yx - aj_tl_l/z
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t
X / (1+ |x - ak_(t _S)aj_s|)_l/2(1+s)l/zs_l/zds
1/2
<CA+0Y2x —aze| 2,
and similarly for the second. We remark that the apparent blow-up=at; 7 is an artifact

of the approach and can be removed by the observation that feaj‘t| < C4/t, we can
proceed by alternative estimates to get decay of f@(m ).
The remaining cases; <q; < 0 andg, < a; < 0 follow similarly as in the Lax

convection case fa?, with the arguments augmented by balance estimates along the lines
of (92).

Lax reflection. Fora;” <0,q, >0, andaj‘ < 0, we consider the convolutions

a;j 2
x——x—a Tt v))

//(I—S) M(r $)

0
a;s

X (l—i—s)l/zs_l/z(l—l- [y +s)_1(1+ |y —afs|)_ldyds.

For|x| > |a]?|t, we write

a; a;
X ——=y —a;(t —s5) = (x —a;t) — (—_y —ajs>.
A A

_ a; _ .
Here,x —a;1 <0 anda%y —a; s >0, and hence we do not have cancellation, and we get
k

an estimate by'0(x, r). For|x| < |aj_|t, we write

aj_ aj_ aj_
XxX——y—a.(t—s)= x—a._(t—s)—a_—s)—— —a; s),
a y Jj < Jj 1 a a (y 1 )

k k k

from which we have the inequality

a 2
—Jy_aT -
x Ly aj (t .v))

(L+1y—a;sl) V2w

o

(x—"i_y—a/-’(t—s))z

a. -1/2 a !
e_ M(t—s)

x—a. ({t—ys) —af—j_s
J a;
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O T T ) R (e B
- N2 —— % e %!
+ L+ ]y —as|) 7% M=) e M=) .

We proceed now as in the Lax convection caseﬁ@rwriting fors €[0,¢/2],
. _aj . - Y

x—a; t—s)—q a—_s:(x—aj t)+ (aj —q a—_)s

k k

and fors € [t/2, 1],

al_ a_ _aj_ B
X —a; st =s)—a —s=|x—aqa; —t +\a —=—a; J(t—ys).
A A A !

Lax transmission. Fora;” <0,a, >0, anda;r > 0, we consider the convolutions

ot

2
xfiv a+(r v))

//(t—s) M(t o) —7)|X|

0 als
X (1+s)1/2s_1/2(1+ [y +s)_1(1+ |y —al_s‘)_ldyds.

In the casex| > er, some fixedt > 0, we have exponential decay in bdth andr, which
can be subsumed. In the cdsé < ez, we proceed almost exactly as in the Lax reflection
case fory 2.

Undercompressive convectionForaj‘ < 0, we consider the convolutions

(x—y—a (1—5))2
//(,_s)—l/Z — i b

0 ars
x (L+5)Y2s V2 (14 |y + s)_l(l—i- ly— afs|)_ldy ds.
We observe here the inequality
e (14 |y — aj_s|)_1 < ClemPlemm2s 4 o=bl(1 4 )=
Integratinge="*! (or e=11I), we now proceed similarly as in the analysis of the Lax con-
vection case fowlz. Similarly, the undercompressive reflection and transmission estimates

follow as in the Lax reflection and transmission estimates. This concludes the analysis for
the nonlinearityy2.
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Nonlinearitywzz. We estimate convolutions of the form

t a

lS
[ [ 16st=simlas oYy, s2ayas,

0 —o0

Lax convection. Fora; < 0, we consider convolutions of the form

1 7(xfy7a,:(tﬂ))2
(t—s) e M(=5)

x (1+s)1/2s71/2(1+ ly —ays| +s1/2)73dy ds.
We write
x—y—ag(t—s)=(x—a (t=5)—ays) = (y —ars).
for which

r—y=a;_(t—s))?
=3/ Ze_ M(t—s)

(1+ |y—al_s| +s1/2)

r—y—a (1—s))?
_3/26_ M(t—s)

<C[(l+|x—ak_(t—s)—a1_s|+sl/2)

(oa (=907 02 (,”ak—m)f]

M (1—s) P M(i—s)

+(1+ |y—a1_s| +S1/2)_3/26_

For x| > |a7 |t, we write
x—a (t—s) —aj_s: (x—al_t) — (ak_ —al_)(t—s)— (aj_ —al_)s,
for which there is no cancellation and integration gives an estimate by

(x—a; t)2

Cr1+ 07t og(L + He™ 7 + Col+ 1) Y41+ |x —ayt] +172) 2,

For |x| < laq |t, we consider only the casg < 0. The caser, > 0 is similar. We first
consider the additional subcase < |a, [, for which we write

x—a,?(t—s)—afs:(x—ak_t)+(ak_—al_)s.
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Observing that there is no cancellation between these terms, we can proceed exactly as in

the caséx| > |a; |t to getan estimate by (6 (x, t) +¥2). For the casén, |t < |x| < |aj_|t,

we divide the analysis into subcases [0, ¢/2] ands € [¢t/2,t]. Fors € [0, t/2], we write
x—ak_(t—s)—al_s=(x—ak_t)+(ak_ —al_)s,

for which we have

(1+ |x —a; (t—s) —aIs| +sl/2)_3/2
<@+ v —ape|+53)7%
+(A+|x—a (t—s)—ags|+|x —ak_t|l/2+s1/2)_3/2]. (94)

For the first of the estimates, integratitig+ |y — ay s| +s%/2)=%/2, we estimate

1201 (x—y—ar (i—5))?
/ / (t— s)_l(l—i- |x —ag (t —s) —ays| +s1/2)_3/2e_W
0 —©
X (1~|—s)l/2S_l/2(l+ ly —ays| +s1/2)_3/2dyds
t/2
< Ct_lf (l+ |x — a,:t| +31/2)—3/2(1+S)l/2s—1/2(1+81/2)—1/2ds
0

<SCA+0¥* 1A+ |x —art]) V2

Fors € [t/2,t], we write
X—ag (t—s)—ays=(x—art) = (4 —ay)@ —s),
for which we have

—3/2
(t —s)_l/2(1~|— |x —a, (t—s) —al_s| +s1/2)

<C[|x—a17t|7l/2(1+ }x—a,:(t—s)—ais| +sl/2)73/2

+ (=) V2 (L4 |x — a1t +5Y2) V7.
For the first, integrating over the Gaussian kernel, we estimate

ars
- 2
(—y—a; (1=9))

t
[ [a=9 s b—aa -9 —aps| 4543 32w
t/2—00
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X (1+S)l/2s—1/2(1+ |y —ays| +s1/2)_3/2dyds

3/2 —1/2

<C(1+11%)" ajt|

t
x / (L+ |x —ap (¢ — ) —ags| + 1Y) 2@+ Y27 M2 45
t/2

v =

<CAl+ t)_l/z(l—l— |x — ak_t|)_l/2.
The second estimate in (94) can be analyzed similarly.
The Lax reflection and Lax transmission estimates follow similarly. Finally, for the
undercompressive estimates in the case of nonlinea’/xgtywe observe that fowy €
(=00, ay s] exponential|y| decay yields exponential decay, and the estimates follow

in straightforward fashion. This concludes the analysis for the nonlinaafitynd conse-
quently for the nonlinearity

A+ 5)Y25720 + v + ¥2)2.

Nonlinearity(1+s)~1(0 + ¥1 + ¥2). We consider convolutions of the form

t

0
f / Gy (et — 59| (L4 5)"20 + Y + v2) dy ds.

0 —o0

Lax convection. Fora; <0, we consider integrals of the form

(x y— ak (t— Y)) (y— a _s)
//(t—v) L= (1+s) L Y2~ 1o dyds.

We observe that this integral is better than the one analyzed in the Lax convection case with
nonlinearity9?, except that the constaitin the diffusion kernel must now be kept. (In
general, our balance estimates increase the size of this constant, see especially Lemma 6.)
According to Lemma 7, we can estimate this integral by

1
e / (6 = 5) Y2 (L4 )L T 0 (00 g

For|x| > |a;|t and the case; <a;,we write

x—a; (t—ys) —aj_s =(x —aj_t) — (ak_ —aj_)(t —5),
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for which there is no cancellation and integration yields an estimate by

(x 7aj_t)2

(L+1)Y2e Wi

whereM <M’ < L. For|x| < |aj_|t, we divide the analysis into the subcases|0, 1/ C1]
ands € [t/ C1, t] for some constanf; sufficiently large. In the event thate [t/ Cy, 7], we
integrate(r — s)~1/2 to obtain the estimate

cl+n4,

which can be subsumed. On the other handdf[0, ¢/ C;1], we observe that by choice of
C1 the divisorM (¢t — s) + Ls can be kept as close tdt as we like. SinceM < L we
can use this observation to recover the expected estimate. Otherwise, the analysis proceeds
exactly as in the Lax convection case for nonlineafity

The Lax reflection and Lax transmission estimates for nonlineétity 1) =16 follow
from the Lax convection argument and Lemma 8. The undercompressive estimates follow
similarly.

In the case of the nonlinearitil + s) 11, we observe that foy € la; s, 0],

A+ <@+ 1yl +5) "
and so
A+t <y

Hence the convolution estimates for his nonlinearity follow from those for the nonlinearity
wf. Finally, estimates for the nonlinearitg + s) ~1v, are straightforward. This concludes
the analysis of the first estimates of Lemma 4.

Excited term estimates.The remaining estimates of Lemma 4 regard ¢ikeitedterms
e(y, t). For the integral

t 0
//|eyt(y,t—s)’l1/(y,s)dyds,
0 —o0

we have according to Remark 7,

(ytag 12

|ey,(y, t)| < C(fl—i— yfl/ze*”m) Z e~ Mi

a; >0

We observe that these estimates correspond precisely with the Lax and undercompressive
convection kernels withh = 0. In this way, we immediately obtain an estimate by

CO+¥1+¥2)(0,n) <Ci(L+17
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for some constant;. For the integral

o

o0
/ ey (v, +00) ¥ (y, s)dyds,
0 —

3

we have from Remark 7,
ey (v, +00)| < Cye "™

where as usuglt is 1 for undercompressive profiles and 0 otherwise. For the nonlinearity
(1+ 5)1/2571/292 we observe the inequality

(a7 92
e Ml 35— < Ce—7)1|y|e—772S7

for some fixed;; > 0 andn, > 0. We estimate
7
0 —

. - _ s . . . 1/2.,-1/2,,.2
by the integrability of nyl ande="25. Similarly, for the nonlinearity 1+ s)%2s=%/2y 2,
we use the inequality

e mle=n2s (1 4 )"Y2-12 gy g5 < C,

\o

3

e (14 [y — a/fs|)*1 < ClemPlems 4714 5)71],
from which the required estimate follows from the integrabilitgof:/¥l and of(1+s) 2.
For the nonlinearity(1 + s)Y/2s~%/2y:2, we havey € (—oo, aj s], for which exponential
|y| decay yields exponential decay and the estimate is immediate. For the nonlinearity
(1+ )16 + ¥1 + ¥2), we observe the inequality
e + Y1+ Y2) (y,5) < CeTPI(L+5)7h

We have, then an estimate by

0
/
0

For the integral

0 00
/ e*771|Y|(1+S)*2dyds<C1/(1+S)72<C2.
50 0

o

t
/ ley(y. 1 —s) —ey(y, +00)|¥ (y, s)dyds,
0 -

2
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we have from Remark 7,

(y+n;r)2

ey (v.1) = ey (v, +00)| < €2 ) e

a; >0

Observing that our estimate @n,(y, 1) —e, (v, +00)| takes the form of the Lax convection
kernel multiplied by(r — 5)1/2, we proceed exactly as there to determine an estimate by
Cl+n~12

For the integral

[e¢]

/ ley(v. 1 —5)|¥(y,5)dyds,

t

we have from Remark 7,

_ <y+aA n? y+a t y—agt
ey(y, )| < Cr71/? +Cye” ”'V'<errfn(—k> —errfn(—)).
orlser . Va1 )™ e

a, >0

For the first, we can proceed similarly as in the Lax convection estimatesfdr. For the
second, we observe the inequality

e-’l\ylg/(y’ 5) < Ce—ﬂl\y|(1+s)—3/2s—l/2.

We estimate, then
oo 0
f / e-ﬁl|y|(1+S)—3/2S—l/2dyds

<CO+1) 12 / A+ Y2as <A+ 1)7V2

This completes the proof of Lemma 40
Proof of Lemma 5. Observing that the first three estimates of Lemma 5 are significantly

less precise than the second three, and moreover can be established by similar methods, we
begin with the fourth,

1 —s39)|Pa(y. s)dyds,

o\
8\0
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where

Bo(y.s) < Ce M(145)"%2,
Again, we ignore in our computations the negligible error teter?(*=>1+1) in (17).

Convection estimate.We consider integrals of the form
(x—y—ai (1=5))2
//(t—s) V2g= = ¢~ (1 4 )32 dy ds.

In order to make use of the localization due to the teri*!, we use the inequality
(vX—y—ak_(t—S))z
e~ T Mu= eI

_ (x—a;([—x))z (xfyfak_(tfs))z _
< C[e M/ (1—s) e*’ﬂy\ + e—wewl\yle*nzlkak (f*S)|]. (95)

For the first of these two estimates, we have the integral
(x—ay_(1=s)?
//(t—s) YV2,m W= e (1 +5)"%2dy ds.

Inthe caséx| > |a; |t, we have
x—a,:(t—s)z(x—ait) — (a,: —ai)t+a,:s < (x—a;t) <0.

We have, then, an estimate by

(xa [)

(x—a t)
Cyt Y2 —wr /(1+s)_3/2ds+C2(1+t) 32~ 3 f(z $) V245
t/2

<CA+0nY2% &

For |x| < |aj |t, we write
x—ak_(t—s)z(x—ak_t)+ak_s

Inthe event that,” > 0, we havelx —a, t| > c(|x| +1¢), so that

(v—aj (1=5))%

A+5)"¥2e Wi <c(lx]+1)" 72
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In this case, we have the estimate
c(1x+ t)_S/Z/(t —5) V2as < (x| +0)7"

Fora, <0, we first consider the case| > |a, |t, for which we again write
X—a, (t—s)= (x —a,;t)—i—a,:s.

Observing that there is no cancellation between these terms, we can conclude an estimate
by C6(x,t) as in the caséx| > |a; |t above. In the evenlx| < |a, |¢, we integrate (for
€ > 0 sufficiently small)

(x—a (t—s))?
//(z ) V2™ W e (1 4 5)"32dy ds

elx—ag 1] ,
<cu 2 f o (L) Y2 ds

0

Clx—ay tIAt/2
+ Copt Y2 / (1+5)73?ds

€lx—ay t|

12 ,

4 a2 / T (14 s)- Y245

Clx—ay tIAt/2

+Ca(l+ t)*?’/Z/(r —s5) Y2
t/2

(x— —a; t)2

<C1@+07Y2e T + Co(+ 0 Y2 (1t v —age|) YA

For integration over the second estimate in (95), we proceed similarly.
In this case the analyses of the reflection estimate and the transmission estimate do not
differ significantly from the analysis of the convection estimate.

Overcompressive excited estimatefor the integral

t
//!ez(y,t—s)}e_'”y'(l+s)_3/2dyds,
0 —oo
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we have an estimate by
O t=5)© )2
/ f (t —s) Y2~ HE MWL+ 5)32dyds,

for which we observe the inequality

Ota (t=s)?
e~ TMa Yl C[e*')l|y\e*772(l*5)].

We have, then

0
/ / (t — )~ Y2l == (1 4+ $y=32 4y ds

t/2
< Cie” 7’/(1+s) 3205 4+ Co(L+ 1)~ 3/2/@ 5) " H2emm2l=5) g g
/2
<CA+1)7%2
For the final integral
t 0
/ / le(v.1 = 5) = e(y, +00)|e ™A+ 5)"¥2dy ds,
0 —o©

we have an estimate by

t 0
Iyl —a( —s)\ _ —3/2
C errffn| ————= vl /2 dy ds,
// <M*¢—s )e 1+s) yds
0 —©

for some constant®/ > 0, a > 0. In this case, we observe the inequality

Iyl —at—s)\ _ iyl —na(i—
errfn[ Z———"2 | Yl < CemmIIpn2(t=9)
( Mt —s =

from which the estimate follows as above.
The remaining cases of Lemma 5 can be analyzed similarty.
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