M401 Spring 2010, Assignment 10 Solutions

la. [5 pts] In class we solved

Uy =

uz(0,) =0; u,(3,£)=0; t>0
u(z,0) =z, x€][0,3].

U‘ZBZE

and we found the solution to be
3 <« 6 n _1n2:2,  NTX
t) = 5 + T?:l 22 <(—1) — 1)6 2 9 "COoSs T

Write down the two-term approximation for u(x,t) (including 2 as one of the terms) and
find an upper bound on its error. Also, write down the three-term approximation for u(z,t)
(including % as one of the terms) and find an upper bound on its error.

Solution. The two-term approximation is

where

(The subscript on R corresponds with the last approximating term, in this case u;. Note
that uy is 0.) We have

o0

6 n _1n2x2, nmwT
LEUIEDY s (17 = 1) eos U
12 1y =1
< — 7T2 ﬁ
n=3
According to our theorem from class
o ]
—d:c =——| =-.
/ 2 2
We conclude 6
By, 6) < St
T
Likewise, the three-term approximation is
3 12 12 x 4
u(z,t) = 5 Fe_%thos % — ﬁe_é cosmx + Rs(x,1).



where

= n’m? 3
We have
= 6 n _1n2:%,  NTX
|Rs<x,t>\s;\n2ﬂ2(<—1> —1)eH " cos 25
12 25 2, 1
=2¢ Zﬁ
n=>5

We conclude

1b. [5 pts| In class we solved

U = 2Ugy
u(0,t) =0; wu(l,t)=0; ¢t>0
u(z,0) =z(1—=x), =z €][0,1],

and we found the solution to be

— 4
u(x,t) = Z (1 - (—1)") e 2™t sin nrra.
n=1

n3m3
We also found that if we use the first approximation

= e sina + Ry (x, t),

ulw ) = =

then we can get an upper bound on the error
1 —1872t
|R1($,t>| S ﬁe .

On the other hand, since we only have a non-zero summand when n is odd, we could write

u(x,t) as

8 —9(2n—1)2n2t .
U(I, t) = Z me 2@2n—1)"r% Sln(2n — 1)71'1’
n=1

Show that if we use this form we do not get quite as good an error estimate as before on the
one-term approximation.



Solution. In this case, we have

8
u(z,t) = 56_2“% sinx + Ry(x,1),.
where -
E e~ 220’7 gin (20 — 1) 7
(9 — 1)3.3°¢
n:2 2n 1 s
We have
8 2 o 1
Ri(z,t)| < — —18“§ — .
| l(zv )|_7T26 — (277,—1)3

Using our theorem from class, we find
i L /°° L 11 e 1
— —_— anr = ———- = —,
—~ (2n— 1) 1 (22 —1)3 42x—1)2 4

2 a2
By, 1)] < e,

We conclude

which is twice as large as the estimate obtained in class.
2. [10 pts] Constanda Exercise 5.5, Parts (i) and (ii).
Solution to (i). We have L =1 and k =1, so

o
—n2r2 .
u(x,t) = ag + E e "™ a, cosnmz + b, sin nw),
n=1
with
o0

f(z) =ao+ Z(an cosnmx + by, sinnwx).
n=1
For Part (i), we have f(z) = 2sin(2rz) — cos(bmz), and matching this with our expansion
we conclude
a; = —1; by =2,

and the remaining coefficients are all 0. That is,

u(z,t) = 2e~ "t sin(2rz) — e cos(5ma).

Solution to (ii). In this case, we have f(x) = 3z — 2, and we need to use the expressions

/ flo
= /_1f(:c) cos nmxdx

1
bn:/ f(z) sinnrxdz.
-1



We compute:

1! 1/3 1
aozi/_l?)x—de: §<§x2—2x}_1) = -2,

and

1 1
a, = 3/ T cosnmrdr — 2/ cosnmxdr

1 -1

T L b1 2 L
=3 [— sin mm‘ — — sin mmdx] — —sin mm‘
nm -1 J_ynmw nm -1
1 1 1
:3[+ 5 cosmm‘ ] = ——(cosnm — cos(—n7)) = 0.
n?m 1l niw

(This is also clear without a detailed calulation since x cos nmz is odd and | _11 cosnmxdr =0
is clear from the graph of cosnmz.) Finally,

1 1
b, =3 / rsinnrxdr — 2 / sin nrxdzx

1 -1

T 1 1 2 1
=3| — —-cosnrx + — COS nmcdx} + —cos nﬂx‘
nmw -1 o nm nmw -1
r 1 1 1 . 1 2
=3| — ——cosnm — — cos(—nm) + —— sin nﬂx‘ ] + —(cosnm — cos(—n))
L nm nm n2m —1 nmw
r 2
:3———N]
L mr( )
We conclude
6 2, (—1)"
) =—2- 23 et .
u(z, t) - ;e - sin nmx

Note on Problems 3—-5. Constanda solves the heat equation with all its standard boundary
conditions, so I can’t reasonably assign any of those cases as homework problems. Problems
3-5 involve fourth order equations for which solutions are quite similar to those of the heat
equation.

3. [10 pts] Solve the PDE

U = — Kgpre
w(0,t) =0; w(L,t)=0; t>0
Uz (0,8) =0; g (L, t) =0; t>0
u(z,0) = f(z); = €l0,L]

Note. Use Problem 4 from Assignment 9.
Solution. We separate variables with u(xz,t) = X (z)T(t), so that

X (2)T'(t) = kX" (2)T(1).



Dividing by kX (x)T'(t) we find,
T/(t) B X////(x)

= = —)\
kT (t) X (x) ’
giving two ODE
T = —\kT,
and
X" - XX =0.

The boundary conditions on u(x,t) give the following boundary conditions on X:

X(0)
X//(O) —

0; X(IL)
; X"(L)=0.

In Problem 4 of Assignment 9 we showed that the eigenvalues and eigenfunctions for this

problem are
4_4

n*m ., nmx
An = T Xn(x) = sm(T).
It follows that s
To(t) =e it Y,
and so -
u(z,t) = ; boe” TH sin("—zx).
From our initial condition, we have
> nwr
- bn —
) = D bosin(*)

and this specifies the solution.

4. [10 pts| Solve the PDE

Uy = — Kgggn
u(0,t) =0; wu,(L,t)=0; t>0
Uz (0,8) =0;  Upee(L,t) =0; t>0
u(z,0) = f(x); =z €]0,L].

Note. Notice that the difference between Problem 4 and Problem 3 is the boundary condi-
tion at z = L.



Solution. Separating variables as in Problem 3 we obtain two ODE
T = —\kT,

and
X" —_\X =0.

The boundary conditions on u(z,t) give the following boundary conditions on X:

X(0)
X//(O) —

0; X'(L)=0
; X"(L)=0.

First, we verify that there are no negative eigenvalues. We multiply the equation by X" (z)
and integrating on [0, L]. That is,

/OL X" (2) X" (x)dx — A/OL X"(2)X (x)dz = 0.

Integrating each of these by parts once, and using the boundary conditions, we find

L L
—/ X" (z)?dx + >\/ X'(x)*dx = 0,
0 0

so that

L
fOLX///(x)2dx Z 0

Jo X'(2)%dx

Clearly, we cannot have a solution with X'(z) = 0, because this would be constant, and

according to the boundary conditions would be 0. So we are not dividing by 0 here. We can
only get A = 0is X"’ (x) = 0, which means

X(ZL’) = C11’2 + Cgl’ + 03,

for some constants C;, Cy, and C3. But X (0) = 0 implies C3 = 0, and X"(0) = 0 implies
Cy = 0. This leaves 0 = X'(L) = C5, which implies C, = 0. So X(z) =0, and A = 0 is not
an eigenfunction. For A\ > 0 the auxiliary equation is

= A=0=r=—V\+VA =iV +iVA,

where v/\ denotes the unique value of r with positive real part. (See the solution of Problem
4 from Assignment 9 for more details.)

We conclude that the general solution to this ODE is
X(x) = Cre” ey CheV™ 4y cos(VAz) + Cysin(VAz),

with
X"(z) = C1VAe™ Va1 o/ Ne VAT — Oy cos(VAz) — Cyv/ Asin(VAz).



The conditions at x = 0 give
Ci+Cy+C3=0
VA(Cy 4 Cy — C3) =0.

If we multiply the first by v/A and subtract the second, we find C3 = 0. This leaves us with
the equation

Ci+Cy=0.
Also,
X/(L) = \4/X< — 016_ VAL + Cgeé/XL + 04 COS(%L)),
with

X"(L) = W( — Cye VAL 4 OV VA — cos(ﬂL)).
If we multiply v/ times the first equation and subtract the second equation, we obtain
2V N30, cos(VAL) = 0.

If Cy = 0 then (as we’ll see below) C; and Cy are both 0, and we do not have an eigenfunction.

Setting
cos(VAL) = 0,

we find
wL:nﬂ—g,nzl,Q,---é)\n:

For these values of \, we have that cos(v/AL) = 0, so

Ci+Cy=0
—Che” VAL + C’ge%L =0.

If we multiply the first equation by e~ VAL and add it to the second we obtain
02(6_%L —|—€%L) =0= Cg =0= Cl =0.

We conclude that the eigenvalues and eigenvectors are

(n — ) . (n—3)mz
An, = 71 X (x) = sin( 7
The solution is ( 1)
ad (n—%)*x? n— )T
t) = b,e KTty 2
(z,1) ; e T sin(————),
and so . )
n—:)Tx
flx) = an sin( 227,
n=1



We now multiply this equality by

. (m— )z
sin( 7 )
for m =1,2,... and integrate on [0, L] using the orthogonality relation
L _1 _1 L =
/ sin((n 2)7m') sin((m 2)7m)dm _J2 mEn
0 L L 0 m#n

(Verified, as in class, with trig identities.) This gives

(n—)ma

L
b, = %/0 f(x) sin(T)dz,

which completely specifies the solution.

5. [10 pts] Solve the PDE

Uy = k(uxx - u:c:c:c:c)

uw(0,t) =0; w(L,t)=0; t>0
Uz (0,8) =05 uge(L,t) =0; t>0
u(z,0) = f(x); x€]0,L]

Note. Brace yourself.

Solution. Separating variables with u(x,t) = X (z)7T'(t) we find
X(2)T'(t) = k(X"(x) = X"(2))T(t).
Dividing by kX (z)T'(t) we find

T/(t) _ X//(x) _ X////(x)
KT(%) X ()

— —)\’
which gives two ODE
T = —\kT,

and
X/l// _ X// _ )\X — 0

where the latter equation has boundary conditions

X(0)=0; X(L)=0
X"(0)=0; X"(L)=0.

First, we verify that there are no negative eigenvalues. We multiply the equation by X" and
integration on [0, L] to obtain:

L L L
/X”X””d:zs—/ X”zd:)s—)\/ XX"dx = 0.
0 0 0
8



Integrating the first and third terms by parts, and using the boundary conditions, we find

L L L
—/ X" dx —/ X"dy = —)\/ X"dz,
0 0 0

foL X" dr + fOL X"
fOL X"2dx

For A = 0 to be an eigenvalue we require X”(z) = 0, so that X (z) = Ciz+C5. But X(0) =0
implies Cy = 0 and X (L) = 0 implies C; = 0, so X(z) =0 and A = 0 is not an eigenvalue.

so that

A= > 0.

For A > 0 the auxiliary equation is
rt—r2—X=0.

The key to solving an equation like this is to recognize that it’s a quadratic equation for

s = r2. The solutions are
,_1xVITdx
—

When the + root is taken r? is positive, while when the — root is taken 72 is negative. This
means we have two real roots

r

n 1++V1+4A
r = _—
2 Y

and two complex roots

n 1 —+vV1+44A 4 V14+4Xr -1
r= — =)\ —.
2 2

In order to reduce notation a little, we’ll set

1+ V1+4A V144X -1
r = 3 T = )
2

2

so that the roots are 4, and +ir,. With this notation, the general solution is
X(z) = Cie™* 4+ Coe™ ™" + Cscos(rax) + Cysin(rqz),

with
X"(x) = Cyrie"™ + Cyrie™ ™" — Car cos(rqx) — Oyrs sin(rox).

The condition X (0) = 0 gives
Ci+Cy+C3 =0,

while the condition X”(0) = 0 gives

Cl’f’% + 027“% — Cg’f’g = 0.



If we multiply the first of these equations by 7? and subtract the second, we obtain
Cs(rf +7r3) = 0.
We notice that

14+V1I+4\N V1+4x—1
+ e
2 2
and so C3 = 0. Next, X (L) = 0 implies

Cie"t 4+ Che "t 4 Oy sin(reL) = 0,

ri+rs = 1+4X#0,

while X”(L) = 0 implies
Cyr2ent 4 Cor?e ™l — Cyr2sin(ryL) = 0.
If we multiply the first of these equations by r? and subtract the second, we obtain
Cy(r? 4 r3) sin(ry L) = 0.

Again, 72+ 72 # 0, and C; = 0 (as we'll see below) would leave only the trivial solution, and
so we require 1oL =nm, n =1,2,.... That is,

V14+4) -1 n’r?  nirt

2 L=nmr, n=12....=\= 12 _'_?’

You might notice that this is simply a sum of the eigenvalues associated with the operator
D? and those associated with the operator —D*, with these boundary conditions. The fact
that the spectrum (i.e., the eigenvalues) associated with the sum of these operators is simply
a sum of their eigenvalues is an example of the Spectral Mapping Theorem. That won’t be
on the final. Now, where was 1?7 Right, with these eigenvalues the expression Cjsin(ryL) is
0, so we have

n=12....

01 + CQ =0
C16T1L + C26_T1L = 0,

and this implies C} = Cy = 0. Therefore, the associated eigenfunctions are
nmx
X, (z) = sin(——).
() = sin("T")

The PDE solution is

n2x2 | gt nimwx

ule,t) = Y bye MO sin (=
n=1

=)
with also -
nmwx
= b, sin(——).

)= 3 busin7)

This is simply a Fourier sine series for f, and we find
2 L
b, = z/o f(x) sin(nLL:C)dx,

which specifies the solution.
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